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PREFACE 


Thirty years ago, when I first thought of writing a book, the book 
I wanted to write was the first three chapters of this Volume II. At that 
time I was rapidly discovering the results that now constitute Chapter 10. 
For me, at least, these essentially algebraic ideas explain why the subject 
of Banach *-algebras works so smoothly. 

Back then, Jacques Dixmier’s book was the only substantial exposition 
of the subject of C*-algebras. Thus my first manuscript, written between 
1970 and 1978, contained many of the results in the present Chapters 9, 
10 and 11 plus a complete exposition of C*-algebras. I have always re- 
garded the category of C*-algebras as a purely algebraic category: any 
*_-homomorphism is necessarily contractive. Hence the information com- 
ing from the complete norm is geometric, but this information is already 
completely encoded in the *-algebraic structure. Any of the several purely 
algebraic formulae for the complete norm provide a Rosetta stone. Not only 
is the norm determined by the algebraic structure, it is also very rigid. So 
much so, that one can tell whether a unital Banach algebra (without any 
involution) is a C*-algebra merely by examining the infinitesimal shape of 
its unit ball near 1 (cf. Theorem 9.5.9). 

The rich geometric and topological structure of general Banach algebras 
lives somewhat uneasily with their algebraic structure. Cohabitation is 
made possible by the phenomenon of automatic continuity, but automatic 
continuity only intervenes sporadically. 

Some Banach algebras have information encoded in their geometry. Re- 
call that the algebraic structure of L}(G) = @'(G) will not distinguish the 
two non-commutative 8 element groups since both semisimple algebras are 
just Mz @ C’. However Wendel’s theorem shows that the normed alge- 
bra L'(G) is a complete set of invariants for any locally compact group 
G up to homeomorphic isomorphism. In particular, the normed algebra 
£1(G) distinguishes the two non-commutative 8 element groups easily. In 
this case, the *-algebra structure is no more help than the non-involutive 
algebra structure since the only reduced *-algebra structure on this 8- 
dimensional algebra is that of the C*-algebra C*(G). Considered from 
another viewpoint, this example shows that C*(G) does not distinguish 
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these two groups. The C*-algebra C*(G) also fails to distinguish between 
many other non-isomorphic locally compact groups. An even more striking 
example of the importance of geometric information is the Fourier algebra 
of a (not-necessarily abelian) locally compact group G. This subalgebra 
of Co(G) has commutative, pointwise multiplication and yet as a normed 
algebra it is a complete set of invariants for G up to homeomorphic group 
isomorphism. 

For Banach *-algebras automatic continuity is not any more dependable 
than for general Banach algebras, but the Gelfand—Naimark semi-norm + 
provides a secure link to the reliable world of C*-algebras. In terms of 
representation theory we have the formulae 


y(a) = sup{||T.||:T a *-representation of A} VaeA 
= sup{||Za|| : J a topologically irreducible *-representation of A} 
= sup{||T.|| : T a pre-*-representation of A}. 
The final formula is very powerful since general pre-*-representation 
(i.e. *-representations on not-necessarily complete pre-Hilbert spaces) are 
not usually even bounded and yet they are needed for various extension 
arguments on *-representations. In terms of *-algebra structure we have 
the remarkable formulae 
y(a) = sup{w(a*a)!/? : w a state on A} 
inf{t € R, : t? — a*a is positive in A'} VaeEA 
= v(a) (the unitary semi-norm at a) 


For Hermitian Banach *-algebras (which include C*-algebras as very 
special cases), the non-involutive algebra structure fits perfectly with the 
*-algebra structure. Thus the Jacobson radical is the reducing ideal and ev- 
ery primitive ideal is the kernel of a topologically irreducible *-representation. 
Hence, the spectral radius gives the *-algebraic formula 


y(a) = p(a*a)'/? Wa EA. 


For C*-algebras, the Gelfand—Naimark semi-norm is the complete C*-norm 
and this expression in terms of p is its most important *-algebraic formula. 

I have never formally published much of the material in Chapters 9, 10 
and 11. For three decades I always believed (unrealistically as the outcome 
shows) that this book would be published in a few years. Thus separate 
publication seemed unnecessary. On the other hand I used many of these 
ideas in courses I taught and in lectures I gave as early as 1970. Hence 
some of these unpublished ideas have been referenced in the literature. 
BG*-algebras are probably the leading example. 

Chapter 9 expounds the theory of *-algebras mostly without any addi- 
tional hypotheses. Many authors have developed some of this theory in a 
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similarly rarefied context, but here the development is pushed further than 
it has been elsewhere. One might say that few of the ideas in Chapter 9 
are new, but quite a few of the details are. 

Chapter 10 is the heart of this volume. Along with parts of Chapter 2, 
it is the central contribution of the whole two volume work. Section 10.5 
on *-regular BG*-algebras is its newest portion. 

For the most part, Chapter 11 simply translates the results of Chapters 
9 and 10 to the case of Banach *-algebras. 

Chapter 12 is an expanded and modernized version of my survey article 
(1978]. It deals with locally compact groups and the *-algebras that arise 
from them. The inversion map on a group gives any reasonable algebra built 
on the group multiplication an involution. Hence group algebras belong in 
a volume on *-algebras. There is particular emphasis on George Willis’ 
theory of totally disconnected locally compact groups and on classes of 
locally compact groups that include all compact and all locally compact 
abelian groups. 

Volume II has two missing chapters. I finished a preliminary version 
of Chapter 13 on the cohomology of Banach algebras eight years ago. It 
presented some more recent results on the cohomology of Banach algebras 
very much in the style of Barry E. Johnson’s original contributions. Chapter 
14 on K-theory for functional algebras and general Banach algebras never 
progressed beyond a detailed outline. Since this whole work concentrates on 
complex Banach algebras, I would have developed K-theory for Z2-graded 
algebras. The natural setting for K-theory in analysis is Banach algebras 
rather than C*-algebra. In the end, I had neither the space nor the energy 
to complete these chapters. Age and health intervened. I have left some of 
the bibliographic citations for these chapters, because I felt they belonged 
in the bibliography of this work. 

I want to warmly thank again all those who have helped in this work. 
Their names are given in Volume I. Special thanks are due to Richard M. 
Koch, Helge Gléckner, Kenneth A. Ross, George A. Willis, Horst Leptin, 
Barry E. Johnson, Elise M. Oranges (of Cambridge University Press) and 
my wife Laramie. I also want to thank the many colleagues and friends who 
have made my 35 year study of Banach algebras and *-algebras so reward- 
ing, exciting and full of beauty by their many fascinating contributions to 
the subject. 


Errata: Since Volume I was published, I have maintained an Errata for it 

on my web page: http: //darkwing.uoregon.edu/palmer / 

I hope to continue this for both volumes. Please send corrections to: 
palmer@math.uoregon.edu 

I will also try to continue noting a few important additional results even 

though they do not correspond to any errors in the original work. 


With love, this volume is dedicated to: 


Laramie Palmer 
(June 17, 1940- ) 


Jesse David Palmer 
(May 12,1968- _—+) 


Abraham Amos Palmer 
(February 1,1970- _—+) 


Ruth Elizabeth Palmer 
(July 15,1972- __—=») 
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9 
*_ Algebras 


This chapter deals with the algebraic theory of *-algebras satisfying no 
additional hypotheses. They are not assumed to have any a priori norm or 
topology. These *-algebras lack many of the properties characteristic of the 
Banach *-algebras which will be studied later. The chapter centers around 
the theory of *-representations on Hilbert space. These *-representations 
are defined in a natural algebraic fashion but turn out to have interesting 
topological properties. 

Here is a brief outline of topics in the chapter. A *-algebra is a complex 
algebra with a fixed involution, usually denoted by (*). A *-representation 
of a *-algebra A is an algebra homomorphism T of A into the algebra of 
all linear operators on some Hilbert space, such that T satisfies 


Ta* = (T.)* Vae A, 


where (T,)* is the Hilbert space adjoint of the operator T,. (More detailed 
definitions are given in the body of the chapter.) A linear operator T on 
a Hilbert space has an adjoint (defined on the whole of the Hilbert space) 
if and only if TJ’ is bounded. Therefore, any *-representation of a *-algebra 
A maps into the Banach algebra of bounded linear operators on its Hilbert 
space. Thus we may endow an arbitrary *-algebra A with the weakest 
topology in which all of its *-representations (on all Hilbert spaces) are 
continuous. We call this the *-representation topology. The closure of zero 
in the *-representation topology on A is the intersection of the kernels of all 
of the *-representations of A. Clearly it is an ideal that is invariant under 
the involution—a *-ideal. It is called the reducing ideal of A and is denoted 
by Ar. The *-algebra is said to be reduced when its reducing ideal is {0}. 
It is easy to see that the quotient A/Ap has the structure of a reduced 
*_algebra. The reducing ideal and *-representation topology measure the 
“size” of the set of *-representations. Their properties, and in particular 
their relationship to the positive linear functionals and C*-semi-norms on 
the *-algebra, unify many of the results of this chapter. 

Section 9.1 deals with various preliminaries. It introduces our notation 
and language and shows the form that several well-known results take in 
the special case of *-algebras. It also offers some natural examples. 

Section 9.2 deals with *-representations with special emphasis on the 
range of the *-representations. The theory of *-representations of *-algebras 
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is much simpler than the theory of representations of arbitrary algebras. 
The major reason for this is the existence of a complementary closed in- 
variant subspace for each closed invariant subspace. Thus closed invariant 
subspaces always decompose the *-representation, so that *-representations 
break apart into direct summands quite easily. Any *-representation is the 
direct sum of a trivial *-representation and a highly non-unique family of 
topologically cyclic *-representations. 

Section 9.3 is actually a digression. We prove the von Neumann and 
Kaplansky density theorems at this point in order to emphasize their ele- 
mentary nature. Some basic properties of C*-algebras are derived in each 
of these first three sections. A C'*-algebra is defined to be a *-algebra that 
is *-isomorphic to some closed *-subalgebra of the *-algebra B(H) of all 
bounded linear operators on some Hilbert space H. All of the proofs in this 
section are based on simple properties of operators in B(H) with particu- 
lar emphasis on numerical range considerations. Theorem 9.2.16 already 
shows that any C*-algebra A has a complete algebra norm satisfying the 
C*-condition (||a*a|] = ||a||? for all a € A) and that this norm is unique in 
the strong sense that any (even possibly incomplete) norm || - || satisfying 
the C*-condition is given by the formula 


a+ |la||=p(ata)'/? Vac A, 


where, of course, p is the spectral radius. 

Section 9.4 returns to the main thread of ideas with a very detailed dis- 
cussion of the relationship between certain linear functionals on a 
*-algebra and its topologically cyclic *-representations. If T and S are 
*_representations of a *-algebra A with topologically cyclic vectors z and 
y, respectively, then T and S are equivalent (in the natural sense) if all 
a € A satisfy (T,z,z) = (Say,y). The map a+> (Tyz, z) is an example of 
a positive linear functional and is said to be represented by T. A simple 
but ingenious and elegant construction due to Gelfand and Naimark [1943] 
produces a *-representation T” from any representable positive linear func- 
tional w such that JT” is equivalent to any *-representation that represents 
w. This gives a *-representation in each equivalence class of topologically 
cyclic *-representations. Up to equivalence, all *-representations are ob- 
tained by taking direct sums. Each representable positive linear functional 
on a *-algebra is associated with a non-negative number called its bound. 
Those with bound one are called states of the algebra. 

If T' is a *-representation of a *-algebra A, then the map a:A — Ry, 
defined by o(a) = ||Tq|| for all a € A is an algebra semi-norm satisfying the 
C*-condition: o(a*a) = a(a)? for all a € A. Any algebra semi-norm satis- 
fying the C*-condition will be called a C*-semi-norm. The set of C*-semi- 
norms on a *-algebra is treated in Section 9.5. Theorem 9.5.4 shows that 
every C*-semi-norm arises from some (actually many) *-representations in 
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the way indicated above. This result is closely related to the Gelfand- 
Naimark [1943] characterization of C*-algebras. This characterization and 
other basic results on C*-algebras are given in Corollary 9.5.6. 

Section 9.6 contains some of the most interesting results of the theory of 
*_representations. While it is by no means true that every *-representation 
is the direct sum of topologically irreducible *-representations, the results 
of this section show that topologically irreducible *-representations do oc- 
cur in fair abundance relative to other *-representations. This is proved 
by investigating those states, called pure states, that define topologically 
irreducible *-representations. They occur as the extreme points of certain 
compact convex sets of positive linear functionals. The method is due to 
Irving E. Segal [1947a]. 

Many of the previous results are synthesized in Section 9.7, which deals 
with the reducing ideal and *-representation topology. The reducing ideal 
is the largest set on which all representable positive linear functionals, or 
all pure states, or all topologically irreducible *-representations vanish. It 
contains the Jacobson radical, so that a reduced *-algebra is always semi- 
simple. Easy examples show that a reduced *-algebra need not have a 
faithful *-representation on Hilbert space. Although the *-representation 
topology is not Hausdorff unless the *-algebra is reduced, it is otherwise a 
very well-behaved and interesting topology. For instance, two-sided ideals 
are *-ideals if they are closed, and positive linear functionals are repre- 
sentable if they are continuous. Commutative *-algebras and *-algebras 
satisfying certain conditions which hold for all reduced *-algebras are also 
studied in Section 9.7. 

For arbitrary *-algebras, the involution is only weakly related to the 
rest of the algebra structure. A much closer relation can be ensured merely 
by insisting that either the spectrum of hermitian elements be real or the 
spectrum of elements of the form a*a be non-negative. The corresponding 
*_algebras are said to be hermitian or symmetric. These two properties, 
together with a stronger property called complete symmetry, are studied in 
Section 9.8. Each *-algebra A has a *-ideal A, such that Az is symmetric 
and A/A;, has no non-zero symmetric *-ideals. A similar result holds for 
complete symmetry. 

The set Ay = {hE A: h* = h} of hermitian elements of a *-algebra A 
is weakly ordered by the positive cone 


n 
Ag, = {S_ aia; :ne N; a; ec A}. 


jHl 


A linear map y: A > B between *-algebras A and B is said to be hermitian 
if it satisfies p(Ay) C By and positive if it satisfies p(A;,) C By. Linear 
maps between *-algebras satisfying these and various additional stronger 
restrictions are the subject of Section 9.9. Completely positive maps, Jordan 
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*-homomorphisms, and Schwarz maps are studied and *-homomorphisms 
are characterized in terms of these concepts. 

Many of the results of this chapter will be strengthened in subsequent 
chapters as algebras satisfying stronger and stronger hypotheses are consid- 
ered. However, a large proportion of the concepts dealt with in the rest of 
this work are introduced here, and almost all of the further developments 
depend on facts proved in this chapter. 


9.1 *-Algebras 


This section simply introduces the basic terminology of *-algebras, re- 
states a few fundamental results on algebras in the case of *-algebras and 
provides some standard examples of *-algebras. It assumes familiarity with 
the theory of algebras as presented in Volume I or a comparable source. 
Many of the results are so basic that it is hard to identify their historical 
sources. Most were at least adumbrated in John von Neumann [1929a] or 
Israel Moiseevié Gelfand and Mark Aronovié Naimark [1943], and they were 
well-developed by the time of Naimark’s first expository treatment [1948] 
(cf. Segal [1947a]). For more details on the history see Doran and Belfi 
[1986] and Doran [1994]. They are not often presented in such a general 
setting as here. Some general remarks on examples precede §9.1.7. 

Recall that in this work all algebras have the complex field C as scalar 
field and that we write A* for the complex conjugate of A € C. 


9.1.1 Definition Let A be an algebra. An involution on A is a map 
*:A-— A that satisfies the following conditions: 


(a) Additive: (a+b)* = a*+b* VabeA 

(b) Conjugate homogeneous: (Aa)* = A*a* VAEGacEA 
(c) Anti-multiplicative: (ab)* = b*a* Va,beA 

(d) Involutive: (a*)* = a Vaca. 


An algebra together with a fixed involution is called a *-algebra. A subset 
S of a *-algebra A is called a *-subset if it is closed under the involution 
of A (i.e., if a € S implies a* € S). A function y mapping a *-algebra A 
into a *-algebra B is called a *-function if it preserves the involutions (i.e., 
if y(a*) = y(a)* holds for all a € A). The meaning of any more specific 
term with a prefix ( *- ) attached will follow from the above definitions. 
If A is a *-algebra, define A,, Ay, Ay (if A is unital), Ay and Ap by 


nm 
A, = {S_ aja, :n EN; a,r€A for k=1,2,...,n} 
k=1 
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Ay = {ue A:uu* =u*u=1)} if A is unital 
An = {cE€A:cc* =c'*c} 
Ap = {peA:p=p*=p*} 


and call the elements of ( A; / Aw / Av (if A is unital) / An Ap ) 
( positive / hermitian / unitary / normal / a projection ). If h and k 
belong to Ay and k — h belongs to A;, we write hh < k (or k>h). 

A linear functional w on a *-algebra JA is called positive if w(A,) C R,. 

The complex numbers C are always considered as a *-algebra with the 
complex conjugation function 4 +> A* as involution. 

If A is a non-unital *-algebra, then its unitization A! (Definition 1.1.11) 
will always be considered as a *-algebra with the involution 


(Ata)*=\M+at VdAtae Al. (1) 


Similarly, its double centralizer algebra D(A) (Definition 1.2.2) will always 
be considered as a *-algebra with the involution 


(L,R)"=(R*,L*) V(L,R) € D(A), (2) 
where L* and R* are defined by 
T* (a) = (T(a*))* VT EL(A). (3) 


In accord with this definition, a normed *-algebra is simply a normed al- 
gebra that is also a *-algebra. No relationship between the norm and the in- 
volution is required. A Banach *-algebra is a complete normed 
*-algebra. Note that the completion of a normed *-algebra A need not 
have a natural involution unless the involution in A is continuous. Simi- 
larly, the closure of a *-subset need not be a *-subset unless the involution 
is continuous. The definition of expressions with a *-prefix applies to such 
terms as *-homomorphism, *-ideal and *-subalgebra. 

The set Ay of hermitian elements is a real linear subspace of a *-algebra 
A. The elements of the real linear subspace 


iAy = (ih: h € Ay} = {k € A: k* = —k} 


are called skew hermitian. In fact, A is the direct sum as a real linear space 
of Ay andiAy. The direct sum decomposition into hermitian and skew 
hermitian parts of a is given by 


a =[(a+a*)/2]+i[(a—a*)/2)] VaedA. (4) 


The set A, of positive elements is obviously a convex cone (2.e., it 
is closed under convex combinations and under multiplication by positive 
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constants). Hence we call A; the positive cone. By definition, zero belongs 
to A,. It is also clear that each positive element is hermitian. Some 
*_algebras enjoy one or the other of the following two useful properties: 


A, —A, =An or AgN(-Az) = {0}. 


See Propositions 9.1.6 and 9.7.23. 

If A is unital, the set Ay of unitary elements is a *-subgroup of the 
group Ag of invertible elements. Thus Ay will be called the unitary group. 
Unitary elements are obviously normal. The inverse agrees with the involu- 
tion on Ay so that the inner automorphism 86, defined by a unitary element 
u is a *-automorphism: 


latu = u*a*u = (u*au)* = 6,(a)* VaeEA;, ue Av. 


6,(a*) =u_ 

The set Ap of projections is just the collection of hermitian idempotents. 
Every projection is positive. If p is a projection in a unital algebra, then 
1 — pis a projection and if ¢,n € T, then Cp + 7(1 — p) is unitary. 

It is easy to check that A is a *-ideal of A’ and its image under the 
regular homomorphism is a *-ideal of D(A). An easy calculation also shows 
that this is the only involution on D(A) that will make the regular homo- 
morphism into a *-homomorphism. 


9.1.2 Proposition The spectrum and spectral radius in a *-algebra A 
satisfy: 


Spa(a*) = Spa(a)" = {rA":A€ Spa(a)} VaeAd (5) 
pa(a")=pa(a) VaeA. (6) 

Proof (Cf. Definition 2.1.5.) If there is an inverse b for \ —a in A!, then 
b* is an inverse for A* — a* and conversely. Oo 


Note that the anti-multiplicative property of the involution in a 
*_algebra shows that any *-subset that is also a one-sided ideal is in fact 
a two-sided ideal. Thus the term *-ideal is completely unambiguous. We 
record here the connection between *-homomorphisms and *-ideals. 


9.1.3 Proposition Let y be a *-homomorphism of a *-algebra A into a 
*_algebra B. Then the kernel ~~ 1(0) of — is a *-ideal in A, and the range 
(A) of y is a *-subalgebra of B. Conversely, if I is a *-ideal in a *-algebra 
A, then the natural map yp: A - A/T is a *-homomorphism relative to the 
natural *-algebra structure in A/T. 


Proof Recall that the quotient algebra of an algebra A modulo an ideal Z 
is the set of cosets A/Z = {a+Z : a€ A} wherea+TZ={a+b: be T}. 
The algebraic operations and natural map are given by (a+Z)+(b+Z)= 
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a+b+TZ, \(a+TZ)=Aa+TZ, (a+ 7Z)(b+Z) = (ab+Z) and y(a) =a+TZ. 
The assertion that y is a *-homomorphism implicitly defines the natural 
involution in A/Z. Explicitly, we have 


(a+Z)*=a°+ZT VWaeA. O (7) 


9.1.4 Proposition The Jacobson radical, Baer radical, and Brown- 
McCoy radical of a *-algebra are all *-ideals. 


Proof (Cf. Definitions 4.3.1, 4.4.5 and 4.5.1.) Theorem 4.3.6(a) states 
that the Jacobson radical] is both the intersection of all maximal modular 
left ideals and also the intersection of all maximal modular right ideals. 
Since the involution changes each maximal modular ({ left / right ) ideal 
into a maximal modular ( right / left ) ideal, the Jacobson radical is a 
*_ideal. The set of prime ideals and the set of maximal modular ideals 
are both invariant under the involution. Hence the Baer radical and the 
Brown—McCoy radical are *-ideals. Oo 


We will mention several examples of *-algebras at the end of this sec- 
tion. Other examples arise by taking *-subalgebras of known *-algebras. It 
is easy to see that the subalgebra alg(S) generated by any *-subset S of a 
*_algebra A is a *-subalgebra. If A is a topological *-algebra with contin- 
uous involution, then the closure of alg(S) is a closed *-subalgebra. The 
next proposition gives some methods of constructing closed *-subalgebras, 
even when the involution is discontinuous. It also shows that the spectrum 
of any normal element can be computed in some (maximal) commutative 
*_-subalgebra that contains the element. The usefulness of these results was 
first recognized by Paul Civin and Bertram Yood [1959]. 

Definition 1.1.4 states that the commutant S' of a subset S of an algebra 
A is S’ = {a € A: ab = ba, for all b € S}. Spectral subalgebras were 
introduced in Definition 2.5.1. A spectral *-subalgebra is just a *-subalgebra 
that is also a spectral subalgebra. 


9.1.5 Proposition Let A be a *-algebra. 
(a) If S is a *-subset of A, then S’ is a spectral *-subalgebra so 


Sps:(b) U {0} = Spa(b)U {0} ps(b)=pald) VWbES'. 


If A is a topological algebra, S' is closed. 

(b) Each normal element and each commutative *-subset is included in 
a maximal commutative *-subset. 

(c) A *-subset C is a mazimal commutative *-subset if and only if it 
satisfies C =C'. Any such setC satisfies: 


Spe(c) € Spa(c) C Spe(c) U{0} VecEC (8) 
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with equality on the left unless C has an identity and A does not. 


Proof (a): Fora € S and b € S’, we get b*a = (a*b)* = (ba*)* = ab*. Thus 
b* belongs to S’ so that S’ is a *-subset. Proposition 1.1.5(a) shows that 
S' is a *-subalgebra. The rest of (a) now follows from Propositions 1.1.5, 
2.9.2 and 2.5.3. 

(b): Zorn’s lemma proves this. 

(c): Suppose that C is a maximal commutative *-subset. Commutativity 
implies C C C'. For any h € (C’)y,C U {h} is a commutative *-subset that 
includes C. Thus C includes (C’)y by maximality. However, C’ is the linear 
span of (C’)y and C is a linear subspace (by maximality again), so C equals 
C'. Conversely, C = C’ implies that no larger set is commutative, so that 
C is even a maximal commutative subset. The spectrum condition now 
follows from (a) since C will contain (by maximality) an identity and any 
inverses that are in A. 0 


9.1.6 Proposition Let A be a *-algebra. Then A, is a convex cone 
satisfying 
spanA, = A? and A, —Ay, =AqnJA?’. 
Hence Ay equals Ay — Ax if and only if A? = A. 
The relation < introduced in Definition 9.1.1 1s a weak order relation on 
Ay satisfying 


th<tk h+j<k+j Vh,k,j € An withh<k; te R, 
so that (Ay, <) is an ordered real linear space. 


Proof We have already noted that A, is a convex cone. Since A, is a 
cone, (Ay, <) satisfies the displayed properties which are the definition of 
an ordered real linear space. (It is not generally true that h <kandk<h 
imply h} = k, but in Section 9.7 we determine when this is true.) 

The two displayed equations both follow from 


3 
* 1 -— mm, “7 p\ * -m 
a"b= 7 5 i~™(a+i™b)*(a+i™b). (9) 


m=0 


The inclusion A, — A, C Ay MA? is an immediate consequence of the 
definition. To see Ay NA? C A, — A}, note for all S77 _, andy € An NA?: 


nr nr 
di anbe = (S_ ande)* 
k=1 k=1 
1 mm 
= 5 S| (ands + bgaz) 
k>1 


[(a + by)" (af + dp) — agay — bfdg]. 


i 
nN] 
Me: 
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Hence we have A, — A, = Ay if and only if A = A?. Oo 
Examples of *-Algebras 


There are two main sources of *-algebras: groups and Hilbert spaces. 
If G is a group, then the inversion map u +> u—! is an involutive anti- 
automorphism of G. This can be used to introduce an involution into 
suitable algebras associated with G. Sometimes the group involved is hid- 
den as a group of automorphisms of some other structure which is in the 
foreground. As we will show in detail below, the Hilbert space adjoint is an 
involution on the Banach algebra B(H) of bounded linear operators when- 
ever H is a Hilbert space. Most interesting involutions arise from one or 
the other of these sources. 

Hilbert spaces give rise most directly to C*-algebras. This book is pri- 
marily concerned with *-algebras and Banach *-algebras more general than 
C*-algebras. Nevertheless, the study of more general *-algebras is based 
in part on the easier theory of C*-algebras, so we must begin the study 
of C*-algebras in this section. It will be pursued even more vigorously in 
Sections 9.2 and 9.3, but after that our focus will shift permanently to more 
general *-algebras. 

Fundamentally, the category of C*-algebras is a purely algebraic cate- 
gory in contrast to the topological-algebraic categories of Banach *-algebras 
and Banach algebras. We will show (Theorem 9.2.16) that the complete 
C*-norm of a C*-algebra is unique (even among not-necessarily complete 
C*-norms) and can be completely described (indeed, explicitly defined) by 
several purely algebraic formulas involving the involution. Consequently 
*_isomorphisms and *-homomorphisms between C*-algebras are, respec- 
tively, isometries and contractions. For more general Banach *-algebras, 
such maps are not always even continuous. 


9.1.7 Involutions on ¢'-Group Algebras We shall postpone a full 
discussion of group algebras until later, but we begin here with the easiest 
case—discrete (or non-topological) groups. For any group G, Section 1.9 
defines the Banach algebra ¢'(G) with convolution multiplication: 


f *g(u) = s f(v)g(v—"u) Vigell(G); ueG. 
veEG 
It is easy to check that the map *:£1(G) — £!(G) defined by 
fi(u)= fu") Vf Ebl(G);ueG 


(i.e., f* = f- in the notation of §1.9.11) is an involution. For any u € G, 
the function 6, € £'(G) (defined by 5,(v) = dy,y) is unitary. Thus u +> dy 
is a group isomorphism of G onto the subgroup dg of £1(G)u. 
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We will now construct an isomorphism between the category G of groups 
and group homomorphisms and a certain restricted category GB*A of 
Banach *-algebras. Informally, the objects in the category GB*A are the 
¢:-group algebras just described. Formally, they are pairs (A,7) consisting 
of a unital Banach *-algebra A with an isometric involution and an identity 
element of norm one, and a contractive unital *-homomorphism 7: A —> C. 
For any such pair (4,7), we define G(.A) by 


G(A) = {u€ Ay : 7(u) = |Jull}. 


Note that any u € Ay satisfies |r(u)|? = T(u)*7(u) = T(u*u) = 7(1) = 1. 
The inequality 


l|uvl| = r(uv) = r(u)r(v) = [lull |lo}| > |luo| 


shows that G(A) C A is closed under multiplication. Furthermore, 
u € G(A) implies r(u*) = r(u)* = |lul| = |lu*||, so that u* is the in- 
verse of u in G(A). Thus G(A) is a subgroup of the unitary group Av. 
A pair (A,7) with the above properties is an object in GB*A if it also 
satisfies 


So Aguell= So lAkl VneN; Ae EC; up € GA); un A uy fk A. 
k=1 k=1 


The morphisms in GB* A from (A,7,) to (B,7,) are the contractive unital 
*-homomorphisms y: A - B satisfying Tg op = Ty. 

Next we describe the functor @! from G to GB* A. If G is a group, then 
é'(G) is the Banach *-algebra already described and tg: é'(G) > C is the 
map defined by 

ta(f)= Dif) vVfelG) 
u€G 
and called the augmentation homomorphism of €'(G). It is easy to check 
that 7g is a contractive unital *-homomorphism of ¢'(G) into C. Further- 
more, G(é'(G)) is just the subgroup {6, : u € G} of £'(G). (To see this, 
note that any w € G(é'(G)) satisfies 


\Jew||° — 6(€) = f[eo|l? — w * w*(e) 


el? — SO w(u)yw* um") = (SS teow) 1)? — DO teow)? 


uEG ueG ueEG 


S> SS Jw(u)} fw), 


uEG vEG\{u} 


0 


which shows that the support of w is a singleton.) Hence, (£'(G), 7¢) is an 
object in the category GB*A. If 0:G — H is a group homomorphism, we 
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define £'(6): £1(G) — £'(H) by 


L(a(f)(v)= YS flu) WEG); vEH. 


O(u)=v 


It is easy to check that @'(@) is a morphism in GB*A and that the map 
(':G — GB*A is a covariant functor. 

In order to show that the functor £' is actually an isomorphism of cat- 
egories, we define the inverse functor. To each object (A,7) in GB*A, 
we associate the group G(A). To each morphism y:(A,7,4) — (8,78), we 
associate the group homomorphism G(y) = ylgi4):G(A) > G(B). It is 
clear that y does map G(A) into G(B) since w € G(A) implies 


e(w) ll < [wl] = 74 (w) = ta(y(w)) < Ile(w)l. 


Furthermore, when a pair (4,7) satisfies the definition of an object in 
GB*A, the map 
@: £'(G(A)) 9 A 


defined by 
a(f)= So f(uu Vel (G(A)) 


uEG(A) 


is not only a contractive *-homomorphism satisfying Tg3;0% = 7, but also an 
isometric *-isomorphism. Since the group isomorphism of G + G(é'(G)) 
given by u — 6, has already been noted, this shows that ¢':G > GB*A 
and G: GB* A — G are an inverse pair of isomorphisms of categories. 
Note that if the augmentation map tg: 1(G) > C is omitted from all of 
the above considerations, then G — £'(G) still defines a functor from G into 
the category B* A of Banach *-algebras and contractive *-homomorphisms. 
The procedure described in §1.9.3 allows the group G to be recon- 
structed (up to isomorphism) from the abstract Banach *-algebra £'(G). 


9.1.8 Involutions on M(G) and L!(G) If G is a locally compact group, 
recall that the Banach space M(G) of all complex regular Borel measures on 
G is identified with the dual Banach space of Co(G) by the Riesz represen- 
tation theorem. In §1.9.8 we showed how to endow either of these spaces 
with a convolution product. For measures p,v € M(G), this product is 
given by 


[ fduev= [ [ fluv)du(u)dv(v) Vf € Co(G). 


We define an involution on Co(G)* by 


w*(f)=w(f-)* VWweECo(G)*; f € Co(G), 
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where f~ was defined in Section 1.9 by 


fow=flut)* VueG. 


When Co(G)* is identified with M(G) via the Riesz representation theorem, 
this involution becomes 


p*(E) = w({u-! : ue E})* VpeM(G); EEB. 


Either definition gives an isometric involution. 

For any locally compact group G, left Haar measure \ = Ag is defined 
in §1.9.10 and used in §1.9.11 to define the convolution algebra L!(G) with 
product 


g*xh(u) = [ s(eynoty) du Vghe L(G); ueG. 


The Radon-Nikodym theorem identifies L1(G) as the subset of M(G) con- 
sisting of measures absolutely continuous with respect to A. This is a closed 
ideal of M(G) ~ Co(G)*. It is easy to see that L1(G) is a *-ideal under 
this involution and that the restriction of the involution to L'(G) becomes 


a Af- or f*(u) = A(u)7*f(u-")* VfE L'(G); weG. 


The integral of a function g with respect to Haar measure is often denoted 
by fo 9(u)du instead of [, gdA or J, g(u)dX(u). 

The *-algebras M(G) and L1(G) will receive substantial attention in 
Chapter 12 where Table 3, page 1484, gives all of the relevant formulas. 
For the present we consider only the case of locally compact abelian groups. 
Let G be such a group, so that G is unimodular (i.e., A = 1) and L'(G) 
is the abelian Banach algebra that was studied in Section 3.6. Let G be 
the character group (or dual group) of G. That is, G is the group under 
pointwise multiplication of all continuous group homomorphisms x:G — T 
considered as a topological group under its compact-open topology. The- 
orem 3.6.2 shows that G is homeomorphic to the Gelfand space [';1(g) of 
L’(G) under the map x ++ 7, defined by 


Ix (9) = [ g(u)x(u)"du = , g(u)x(u)du Ss Vg E L(G); x EG. 


These definitions make the next result (in which we have identified ',1(g) 
with G) clear. It is related to the subject of Section 9.8. 

Proposition Let G be a locally compact abelian group. Then each y € 
P'y1(g) is a *-homomorphism. Consequently, the Gelfand homomorphism 
A: L(G) + Co(G) is also a *-homomorphism. 
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Now let G be a compact group. Then the Haar measure of G is finite 
and we will assume \(G) = 1, as is customary. It was also shown in §1.9.10 
that G is unimodular. Obviously L?(G) is included in L1(G), so that we 
can define the convolution product of two functions g,h € L?(G) by the 
formula given above for L'(G). The Cauchy-Schwarz identity shows that 
lg * h(u)| = | fo g(v)h(v-*u)dv| < ||gll2||All2. This implies that g * h is in 
L©(G) C L?(G) and |\g * Aloo < |Igllal|h|l2. It is also easy to see that the 
involution sends L?(G) into itself isometrically. Hence L?(G) is a Banach 
*_algebra which is also a Hilbert space under the same norm. The inner 
product on the Hilbert space also satisfies the following identities: 


(fxg h)=(9,f"*h) (g*f,h)=(g,h*f*) Vif,g,he L*(G). 


Fubini’s theorem establishes the first equation as follows: 


(f *g,h) = [ [ f(v)g(v-!u)h(u)*dodu = [ [ f(v)g(v-u)h(u)* dude 


=f [ow seoynouyauaw = ff a(w)scoyn(ony* dvd 
= [fa fw )n(w-'u) "avd 


= ff stp (wy (w*w)*awd = (9, f° +). 


We have verified that for a compact group G, L?(G) satisfies the definition 
of an H*-algebra. (Cf. Theorems 9.1.32 and 9.1.33 below.) The theory of 
Hilbert algebras will allow some of the above ideas to be extended to non- 
compact groups. The involution we have given for L(G) also defines an 
involution on the algebra of almost periodic functions which was introduced 
in §3.2.16. 


9.1.9 The *-Algebra of Linear Operators on a Finite-Dimensional 
Space The most fundamental example of a *-algebra is the algebra of all 
bounded linear operators on a Hilbert space. We begin with the finite- 
dimensional case. 

Let V be a finite-dimensional linear space. Then the linear space L(V) 
of all linear maps from Y to itself is an algebra with composition as mul- 
tiplication. However, this algebra is also a Banach algebra in the (more 
fundamental) topological category of Banach algebras. That is to say, it has 
a unique topology coming from a complete algebra norm. Uniqueness is 
obvious: Since £(V) is finite-dimensional, any two linear space norms on it 
are equivalent, and they are also complete. The existence of such a Banach 
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algebra topology comes from choosing a (necessarily complete) linear space 
norm on V and then giving £(V) the operator norm 


IT || =sup{|IT(v)||:veViy VTEL(Y), 


where V, denotes the closed unit ball of V. 

Now suppose that we choose a basis v, V2,...,VWn for V. This allows 
us to represent the operators in £(V) as matrices. For details see Section 
1.6, but at least recall that T € L(V) is represented by the matrix (ti; )nxn 
satisfying T(v;) = >\j_, tijvi. This matrix representation sets up an iso- 
morphism (which depends on the basis and the particular order in which 
the basis elements are listed) between £(V) and the algebra M, of alln xn 
matrices. This matrix representation is useful for calculation. 

However, from our present viewpoint the matrix representation has a 
deeper utility: It allows us to introduce an involution. Since £(V) and M,, 
are isomorphic, it is enough to define the involution on M, 


Oigdaxn = Ajelnxn 9 V sg )nxn € Mn. (10) 


It is easy to check that this conjugate transpose involution satisfies Defini- 
tion 9.1.1. In terminology that we will further explain below, this involution 
when transferred to C(V) amounts to declaring that our original basis is 
an orthonormal basis for a Hilbert space structure on V. We have shown 
that £(V) has a unique *-algebra structure for any finite-dimensional lin- 
ear space V in which a basis has been chosen. It is worth noting that this 
involution depends on the choice of basis but not on the particular order 
in which the basis elements are listed. We will describe other involutions 
on M,, below (summarized in Theorem 9.1.46), but we have just described 
the fundamental one. 

Let us forget V now and concentrate on M,, as a *-algebra with the 
conjugate transpose involution. We know that M, acts by matrix multi- 
plication on the linear space C” of all column vectors of length n. If we 
provide C” with its usual inner product 


if) 
(a,y)= So ceyp Ve = (a1,22,..-,2n)) y= (Yrs---5Yn), (10) 
k=1 


then it is easy to check that this involution satisfies 


(A*z,y) = (a, Ay) Vaz,yEC”. (12) 


The Banach *-Algebra of Operators on a Hilbert Space 


9.1.10 Definition A hermitian bilinear functional on a linear space ¥V 
is a function (-,-) of X x ¥ into C satisfying: 
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(a) 2+ (a2, y) is linear for each fixed y € ¥. 

(b) (z,y) = (y,x)* for all z, ye X. 
A hermitian bilinear functional is said to be positive definite and is called 
an inner product if it satisfies 

(c) (z,2) > 0 for all non-zero z € ¥. 
A linear space ¥ together with a fixed inner product is called a pre-Hilbert 
space. The function x +4 ||z|| = (z,x)!/? defines a norm on a pre-Hilbert 
space. A pre-Hilbert space that is complete in this norm is called a Hilbert 
space. For any pre-Hilbert space 7, we denote its Hilbert space completion 
by ¥. Two vectors z,y € XX are said to be orthogonal if they satisfy 
(z,y) = 0. The orthogonal complement of a subset S C 4 is denoted and 
defined by St = {x € X : (x,y) = 0 for all y € S}. 

Let ¥ be a pre-Hilbert space. If T and J* are elements of L(4’), we say 
that 7* is an adjoint of T if it satisfies: 


(Tzr,y)=(z,T*y) Va,yer. 


The set of all elements of £(4’) that have an adjoint in £(4) is denoted by 
L,(4), and the set of all elements of B(¥) that have an adjoint in B(%) is 
denoted by B,(%). 


The inner product of a pre-Hilbert space can be recovered from the 
norm by the polarization identity 


(x,y) = i tle+! yl Vy eX, (13) 


which is proved by expanding the right side. 

Note that the adjoint of an element in £,(4’) is unique. (If T* and T"’ 
were both adjoints for JT, then they would satisfy (z,T*y — T’y) = 0 for 
all z, y € X. In particular, each y € XY would satisfy ||T*y — T’y||? = 
(T*y —T'y, T*y — T'y) = 0, so that condition (c) would imply T* = T’.) 
The adjoint of T € £,(A’) will always be denoted by T*. It is easy to check 
that (£.(A’), *) and (B,(4),*) are both *-algebras. The latter is normed 
since it is a subalgebra of the normed algebra B(%). 

Our use of 7J* to represent this Hilbert space adjoint of T actually 
conflicts with the previous definition of 7* as the Banach space adjoint 
of T. The dual H* of H is conjugately, linearly isomorphic to H, so that 
the Hilbert space adjoint and Banach space adjoint of T € B(H) do not 
agree even if we are sloppy about identifications. The present definition 
is intended to supersede the previous definition of T* whenever T' is an 
operator on a Hilbert space or a pre-Hilbert space. This slightly imprecise 
notation is standard. 

The Hilbert space completion of a pre-Hilbert space is just the usual 
completion of the normed linear space with the inner product extended by 
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continuity. We assume that the reader has some familiarity with Hilbert 
spaces. In particular, for each continuous linear functional w on a Hilbert 
space H, there is a unique vector y € H satisfying w(x) = (z,y) for all 
z € H. Furthermore, ||y|| equals ||w||. The next proposition collects the 
elementary results on the algebra of bounded linear operators on a Hilbert 
space that will be needed in this and the following section. 


9.1.11 Proposition If H is a Hilbert space, then: 

(a) BCH) = B,(H) = C.(H), so the Hilbert space adjoint defines an 
involution T +> T* on B(H). 

(b) ITI} =[T*] VT € BH). 

(c) |IT*T\|=|ITI" = VT € BCH). 

(d) Jf (-,-) ts a hermitian bilinear functional on H for which there is 
a constant t satisfying |(x,y)| < t||z\| |ly|| for all z, y € H, then 
there is a unique operator T € B(H) satisfying (z,y) = (Tz, y) for 
allz,y €H. Furthermore, T satisfies ||T|| < t. 


Proof (d): For each xz € H, the map y +> (y,z) = (z,y)* is a linear map 
satisfying |(y,x)| < (¢||z||)\ly||. Hence there is a unique vector 2’ € Heya) 
satisfying (y,x) = (y,x'). However, x’ depends linearly and continuously 
on z, so that the map z + 2’ is an element of B(H),. Denoting this element 
by T gives (z,y) = (y,T'z)* = (Tz, y). 

(a): For any T € B(H), define a hermitian bilinear functional on H by 
(x,y) = (z,Ty) for all z, y € H. Then (-,-) satisfies the hypotheses of (d) 
with ¢ equal to ||T||. The operator T* € ||7'||B(H); satisfying (T*z,y) = 
(z,y) = (x,Ty) is obviously an adjoint for T, so we conclude B(H) C 
B.(H) C L.(H). Conversely, suppose that T belongs to £.(H), so that 
(Tz,y) = (z,T*y) holds for all z,y € H. If {tn}nen is a sequence in 
H converging to x and {Tz,}nen converges to z, then all y € H satisfy 
(Tin,y) = (fn, T*y) > (z,T*y) = (Txr,y). We conclude z = Tz. The 
closed graph theorem now shows that T belongs to B(H). We have already 
noted that T +» T* is an involution on B,(H#), which we now see is equal 
to B(H). 

(b): We have already shown ||T*|| < ||7'|| and the involutive property of 
(*) gives the opposite inequality. 

(c): The submultiplicative property of the operator norm easily implies 
T*7T || < |lT*I| |IT |] = ||7|?. Conversely, all « € H; satisfy ||Tx||? = 
(Tz,Tx) = (T*Tz,x) < ||T*T||. Applying the definition of the operator 
norm (||7|| = sup{||T'z|| : z € H1}) now gives the opposite inequality. O 


Here is an example which shows that a pre-Hilbert space 1 need not 
satisfy any of the equalities of (a) in the above theorem. Let + be the space 
£2(N) consisting of functions f: N — C with finite support. We consider 7 
as a pre-Hilbert space with the inner product and norm of £?(N). Let My 
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be the set of all N x N complex matrices. For any A = (@n.m)n.men € Mn 
and x € 4, we define Az to be the sequence 


(Az)n = s- Gn Dri VneéNn. 
meN 


Hence an arbitrary A € My sends 4% into the linear space of all sequences. 
It is easy to see that a matrix A corresponds to an element of £(%) if and 
only if every column of A has only finitely many non-zero entries. 

The matrix with first row 1,2,3,... and all other entries zero determines 
an element T of £(4’) which is not in B(4). This element T' is also not in 
L,.(¥) since its adjoint would have to be defined by the matrix that has 
1,2,3,... as its first column, and this does not define an element of L(V). 

Similarly, consider the operator R defined by the matrix with the se- 
quence 1, 2,3,... down its main diagonal and all other entries zero. Then 
R is self-adjoint and thus a member of £,(-7), but it is clearly not in B(X). 
Finally the matrix with first row 1,1/2,1/3,... and all other entries zero 
defines a bounded operator S which has no adjoint. This shows that L(%), 
L.(X), B(¥) and B,(4) are all distinct. 


9.1.12 Definition Let ||- || be a norm on a *-algebra A. The identity 
lla*al| = |lal”> VaeA 


is called the C*-condition and any algebra norm satisfying it is called a 
C*-norm. 


Proposition 9.1.11 shows that the operator norm on any *-subalgebra 
of B(H) is a C*-norm. Conversely, the Gelfand-Naimark theorem (Corol- 
lary 9.5.6) shows that any *-algebra with an algebra norm satisfying the 
C*-condition is isometrically *-isomorphic to a *-subalgebra of B(H) for 
some Hilbert space H. ‘Traditionally, a Banach *-algebra on which the 
given complete norm satisfies the C*-condition is called a C'*-algebra. (We 
will state our formal definition of C*-algebras somewhat differently in Def- 
inition 9.2.14 below, but it will describe the same *-algebras.) Obviously 
closed *-subalgebras of B(H#) are C*-algebras, and the Gelfand—Naimark 
theorem asserts that any C*-algebra (in the present sense) is isometrically 
*_isomorphic to a C*-algebra. The C*-condition is also important in Theo- 
rem 9.1.17 below. Theorem 9.5.14 below will show that a linear space norm 
satisfying the C*-condition is automatically submultiplicative. 

We need a simple result on extending C*-norms. 


9.1.13 Proposition Let ||-|| be an algebra norm on a *-algebra A. 

(a) The inequality ||a*a|| > |lal|* for all a € A is equivalent to the 
C’*-condition. 

(b) If A is non-unital and || - || is a C*-norm, then the following 
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definitions extend ||-|| to be a C'*-norm on the unitization and 
double centralizer algebra of A: 


|A + al| sup{||(A + a)b|| :b € Ay} VA+taceA! 
W(Z,R)| = |JL|}=l|RI| Vv (L,R) € D(A), 


where ||L\| and ||R|| are operator norms. 


Proof (a): Submultiplicativity gives |a*|| ||al| > |la*al| > |Jal]?, which 
implies ||a*|| > ||a||. The involutive property then gives ||a*|| = ||a|| for 
all a € A. Now the C*-condition follows from the inequality by another 
application of submultiplicativity. 

(b) For the unitization, we have 


(A + a)*(A + @)]| sup{||(A + a)*(A + a)bl| :b € Ay} 
sup{||b*(A + a)*(A + a)b|| :b € Ay} 
sup{||(A + a)b||? :b € Ay} = [JA + all’. 


IV Il 


The inequality ||L(a)||? = ||L(@)* L(a)|| = ||R(L(a)*)al] < |}AII ||Z(@)|| lel 
shows that the operator norm satisfies ||Z|| < ||R||. Symmetry com- 
pletes the proof that LZ and R have the same norm. The definition shows 
\|R*|| = || R]| and ||Z*}| = ||Z|]. Also note (LZ, R)*(L,R) = (R*L, RL*) 
and ||R*(L(a))a*|| = ||R(L(a)*)*a*|| = |laR(L(a)*)|| = ||L(a)L(@)*|| = 
||Z(a)||?.. These inequalities imply ||R]| ||Z|| > ||R*Z}| > ||L||?, from ae 
the C*-condition is immediate. 


9.1.14 Finite-Rank Operators  Finite-rank operators on a Banach 
space were introduced in Definition 1.1.17. Proposition 1.1.18 showed that 
they are just the operators with finite-dimensional range. It is convenient 
to make a slight change in notation when dealing with finite-rank operators 
on a Hilbert space H. For z,y € H, define z ® y* by 


r@y"(z) =(z,y)z VzeH. 


With this new notation, these rank-one operators satisfy 


(r@y")(z@w") = (z,y)x@uw" 
(r@y")" = yer" 
T(z®y") = T(z)@ey" (14) 
(x@y*)T = 2@(T*(y))* 


for all z,y,z,w € H and T € B(H). Proposition 1.1.18 shows that the set 
Br(H) = {Srp Ce OUR? NEN; Te, ye € H} Of all finite-rank operators 
is an ideal of B(H) which is included in all non-zero ideals. The second 
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equation in (14) shows it is a *-ideal. It is the socle of B(H) and is dense 
in the ideal Bx (H) of compact operators in the operator norm. We will 
define additional *-ideals of B(H) which are Banach *-algebras in their own 
norms (different from the operator norm). The finite-rank operators will 
be dense in these algebras in their own norms. 


Involutions on Pointwise Algebras of Functions 


Let be a set and let F((Q) be the algebra under pointwise multiplica- 
tion of all functions from 2 to C. For each f € F(Q), define f* € F(Q) by 


f*(w) = fw)" YVwen. 


Clearly this makes F((Q)) into a commutative *-algebra. This involution 
can be defined on a subalgebra of F(Q) if and only if the subalgebra is a 
*_subalgebra. Various *-subalgebras are important, and we have already 
considered several. For instance, the algebra B(Q) of all bounded functions 
was considered in Section 1.5. It is a commutative Banach algebra under 
the uniform or supremum norm 


IF lloo = sup{lf(w)|:wEeQ} Vf E BQ). (15) 


This norm and involution clearly satisfy the C*-condition. A *-subalgebra 
C of B(Q) is closed in the uniform norm if and only if it is also a Banach 
*-algebra under || - ||,.- 

The algebra C(Q)) of all bounded continuous functions on a topological 
space 91) was investigated briefly in §1.5.1. We wish to specialize to the 
case in which the topological space 2) is locally compact and consider the 
algebra Co({Q) of continuous complex-valued functions on {2 vanishing at 
infinity. Note that Co({QQ) is unital if and only if Q is compact. In that case, 
Co(Q) equals the algebra C({Q), which contains all continuous complex- 
valued functions on 2. We restate Theorem 3.2.12. 


9.1.15 Theorem Let (C, ||-||) be @ commutative Banach algebra. Then 
C is isometrically isomorphic to Co(Q) for some locally compact space Q if 
and only if there is an involution on C relative to which || -|| ts a C*-norm. 
In this case, the Gelfand homomorphism is an isometric *-isomorphism of 
C onto Co(['c) and Q is naturally homeomorphic to T¢. 


Note that the question of whether C is isometrically isomorphic to Co(Q) 
for some locally compact 2 does not explicitly involve an involution at 
all. Only the very satisfying answer uses an involution. The only part of 
this restatement that is not obvious from our original formulation is the 
existence of a homeomorphism from 2 to [¢. We may assume C = Co(2). 
For each w € Q, define y,, € Te by yw(f) = f(w) for all f € Co(Q) = 
C. The map y : 2 + T[¢ defined by w +» y is injective since functions 
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separate points in (2. It is also a homeomorphism onto its range, since a 
net {wa}haca C 2 converges to w if and only if f(w.) converges to f(w) for 
all f € Co(Q), which occurs if and only if y,,, converges to y,. The last 
theorem of §1.5.1 shows that y is surjective. 

Theorem 9.1.15 shows that C'p(Q) is a complete set of invariants for the 
locally compact Hausdorff space 9: If Co(M) and Co(T) are isometrically 
isomorphic, then 2 and YT are both homeomorphic to the Gelfand space 
of this commutative C*-algebra. Similarly, the theorem shows that Ic 
is a complete set of invariants for any commutative C*-algebra C since 
C is isometrically *-isomorphic to Co(['¢). We show below that *-isomor- 
phisms between C*-algebras are necessarily isometric and that isometric 
unital isomorphisms between commutative unital C*-algebras are *-isomor- 
phisms. Hence, C and Co(['c¢) may be considered either as *-algebras (so 
isomorphism means *-isomorphism) or as Banach algebras in the geometric 
category (so isomorphism means isometric isomorphism). 

This theorem has many important consequences. Section 3.2 derived the 
Stone—Cech and Bohr compactifications from it. We shall now investigate 
its functorial properties and then restate the functional calculus for normal 
elements in C*-algebras which was derived from it in §3.4.21. 


Functorial Properties 


Let 2. and T be locally compact Hausdorff spaces and let F:2 + YT bea 
continuous map. There is a natural way to define Co(F’): Co(T) — Co(Q): 


ColF)(g)=9°F Vg Ee Col). 


However, if F:R > T is defined by F(t) = e?7* for all t € R, then Co(F) 
of any non-zero function is a non-zero 27-periodic function which cannot 
vanish at infinity. Thus Co(F’) does not send Co(T) into Co(R). 

This cannot happen if 2 is compact as well as Hausdorff, and we want 
to use that clue to discover which continuous functions F' will work well 
with locally compact Hausdorff spaces. Let F:2 — YT be a continuous map 
with 2 and YT both Hausdorff and 2 compact. Then any closed subset K of 
{. is compact so that its image F'(K’) is compact and thus closed. Therefore 
F is a closed map. Similarly, if K is a compact subset of Y, then YT \ K 
is open, so its preimage F(T \ K) is open. Therefore, F’* (I) is closed, 
hence compact. If F:9 — YT is any continuous map between topological 
spaces, we will call it proper if it is closed and the preimage of any compact 
set is compact. We have just seen that in the category CT2 of compact 
Hausdorff topological spaces and continuous maps, all maps are proper. Let 
LCT, be the category of locally compact Hausdorff topological spaces and 
continuous proper maps. Then CTz is a full subcategory. It is easy to see 
that the proposed definition of Co(F’) does send Co(YT) into Co(Q) when F 
is proper as well as continuous and when 2 and Y are just locally compact 
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Hausdorff spaces. (For g € Co(Y) and € > 0, there is some compact K C T 
so that |g(v)| < € for all vu € Y \ K. Hence Co(F)(g) = go F has absolute 
value less than e off the compact set F'*(K).) Hence Co is a contravariant 
functor from LCT, to the category of commutative C*-algebras where the 
morphisms are *-homomorphisms. 

There is an inverse functor [ for Cg which attaches the Gelfand space to 
any commutative C*-algebra. For any *-homomorphism vy: A — B between 
commutative C*-algebras A and B define ['(y):T'p > T% by 


Ty(yy=yee Vy ers. 


Clearly ['(y)(7’) is always an algebra homomorphism from A to C, but 
it may easily be zero. (Consider y:C > C @C defined by y(A) = (A, 0) 
for all X € C. Then 7'(A, 4) = p for all (A,u) € C@C belongs to T'cgc 
but ['(w)(7’) is zero.) This is similar to the problem we overcame in the 
last paragraph for Co, so we will call a *-homomorphism y: A — B proper 
if y(A) is not included in any proper closed ideal of B. Notice that if 
A and B are both unital, then y: A — B is proper if and only if it is 
unital. Theorem 10.5.2(d) below shows that any proper closed ideal of any 
C*-algebra is the intersection of primitive ideals. An easy calculation shows 
T(Co(F))(y) = Yew) for any F:Q — Y and any y € T'o,(a) where 
Yw(f) = f(w) as described in the proof of Theorem 9.1.15. Hence Co(F) 
is a proper *-homomorphism for all continuous proper functions F. Thus 
we now define CC* to be the category of commutative C*-algebras and 
all proper *-homomorphisms. We also denote the category of commutative 
unital C*-algebras and unital *-homomorphisms by CUC*. Again this is 
a full subcategory of CC*. 

In the following two commutative diagrams the vertical arrows are, re- 
spectively, the Gelfand homomorphism (which is a *-isomorphism by The- 
orem 9.1.15) and the homeomorphism w ++ ¥,, introduced in the proof of 
that theorem. Since they are both natural maps, the diagrams establish 
the claimed isomorphism of categories and prove the next theorem. 


Co(T T(Co(F 
nie SS Co he ss pelt i 
A A y Y (16) 
A ey B 0 = YT 


9.1.16 Theorem The inverse contravariant functors Co and T described 
above establish isomorphisms of categories between the dual of the category 
( CT, / LCT: ) of ( compact / locally compact ) Hausdorff spaces and 
( continuous / continuous proper ) functions and the category { CUC* / 
CC* ) of commutative { unital C*-algebras / C*-algebras ) and ( unital / 
proper ) *-homomorphisms. 
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This remarkable theorem means that the *-algebra theory of commuta- 
tive unital C*-algebras is identical (except for the reversal of all maps) to 
the topological theory of compact Hausdorff spaces. This correspondence 
extends to not-necessarily unital commutative C*-algebras and locally com- 
pact Hausdorff spaces as long as the morphisms in both categories are re- 
stricted to be proper maps. Thus non-commutative C*-algebras may be 
considered as a generalization of topology. 

This viewpoint has proved to be extremely fruitful in studying these 
algebras. However, in this work we wish to study *-algebras and Banach 
*.algebras that are considerably more general than C*-algebras. Even in 
the commutative case they contain much more information than topology, 
which is therefore no longer a good guide to their theory. Part of their 
information is geometric, as we shall see when we consider group algebras. 

The situation is analogous to that of Hilbert spaces considered as special 
Banach spaces. Hilbert spaces contain no interesting geometrical informa- 
tion (because they are so round), so they can be classified up to isomorphism 
by the cardinal number of their orthonormal basis. By contrast, the iso- 
morphism theory of Banach spaces is too complicated to be classified in any 
simple way. The extreme rigidity of C*-norms (which makes the category 
of C*-algebras an algebraic category rather than a topological algebraic 
category, as we shall explain further below) restricts the information they 
can carry, and makes their study much more tractable and less rich than 
that of general Banach *-algebras. 


The Functional Calculus for Normal Elements in C*-algebras 


In §3.4.21 we derived the following useful theorem as an immediate 
consequence of Theorem 3.2.12 (which we just restated as Theorem 9.1.15). 
Throughout this work, we use z to denote the function z:C — C defined 
by 2(A) =A for all A€ C. 


9.1.17 Theorem Let A be a C*-algebra. For each c € An, let A(c) be 
the smallest norm-closed unital *-subalgebra of A! that includes c. Each el- 
ement d of A(c) ts normal and satisfies Spy: (d) = Sp(-)(d). Furthermore, 
there is an isometric *-isomorphism, denoted by f +» f(c), of C(Spa(c)) 
onto A(c) which satisfies: 

(a) z(c) =c and I(c)=1E A’. 

(b) f(c)=foé Vf EC(Sp(c)). 

(c) Spai(f(c)) = f(Spatc)) Vf € C(Sp(c)). 

(d) g(f(c))=gef(c) VfFEC(Sp(c)); g € C(Sp(F(c))). 


An Involution on the Disc Algebra 


Before leaving the subject of involutions on algebras of functions with 
pointwise multiplication, we note that the disc algebra A(D) (introduced in 
§1.5.2) has a different involution. Pointwise conjugation of values does not 
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leave an analytic function analytic. However, if f:D — C is in A(D), then 
f*:D — C defined by f*(A) = f(\*)* for all A € D is also in A(D). If f 
has the power series expansion f = }\°_, @nz”, then f* has the expansion 
f* =>, atz". This amounts to conjugation of values if the variable is 
restricted to the real line. See also §9.7.25 below. 


Positive Operators and Numerical Range 


We will now derive a number of properties of the C*-algebra B(H) 
preparatory to introducing the Banach *-algebras of Hilbert-Schmidt and 
trace-class operators as additional examples. When we discuss C*-algebras 
formally in the next section, we will show that many of these properties 
extend to all C*-algebras. Definition 9.1.1 introduced positive elements in 
an arbitrary *-algebra. For operators on Hilbert space, the concept is older 
and more obvious. Corollary 9.1.21 below will show that the next definition 
is a special case of that given previously. 


9.1.18 Definition A hermitian element of B(H) is called a self-adjoint 
operator. An operator P in B(H) is called positive if it satisfies 


(Pz,z)>0 VareEH. (17) 


A projection operator is a self-adjoint idempotent operator (i.e., P € B(H)n# 
satisfying P — P* = P*). The set of all ( self-adjoint / positive / projec- 
tion ) operators in B(H) is denoted by ( B(H)y / B(H)+ / B(H)p). 


Let H be a Hilbert space. For any idempotent operator P € B(H), 
PH = {Px:a2€H} = {x €H: Px = x} and ker(P) = (I — P)H are 
closed linear subspaces. If P is a projection operator, then (I — P)H = 
(PH)+ = {x € H: (2,y) = 0 for all y € PH}. Any linear subspace K 
of H satisfies 72 = K- @ K+ and there is a unique projection operator P 
satisfying PH = K-. It is called the projection on K~. The C*-condition 
gives ||P||? = ||P*P|| = ||P], so any projection operator has norm 1 or 0. 

We need alternative descriptions of the positive operators. We will use 
elementary results on numerical range to derive them and a number of other 
properties of B(#1). Some of these properties are often derived from much 
deeper results. The numerical range of operators on Hilbert space was first 
introduced by Otto Toeplitz [1918]. We described a much more general 
notion of numerical range in Section 2.6 of Volume I. 


9.1.19 Definition Let H be a Hilbert space and let T be an element of 
B(H). Then 
W(T) = {(Tz, 2): 2 € H, |[z|| = 1} (18) 


is called the numerical range of T’ and 


IT lw = sup{|A]: A € W(T)} (19) 
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is called the numerical radius of T. 


9.1.20 Theorem Let H be a Hilbert space. Any operators S,T € B(H), 
any self-adjoint operator R € B(H)y and any » € C satisfy: 

(a) W(S+T)CW(S)+W(T); WAT) =AW(T); WJ) = {1}; 
and W(T*) = W(T)*. 

(b) W(T) CR if and only if T=T". 

(c) Sp(T) C W(T)~. 

(d) \(A—T)“I| < (dist, W(T)))2 WA C\ WUT). 

(e) The numerical radius is a linear space norm on B(H) which satisfies 

A(T) < [IT lly < ITI < 2 llw- 

(f) p(R) = [IRlly = IIFll 

(g) W(R)~ =co(Sp(R)). 

(h) An operator P € B(H) is positive (1.e., W(P) C R,) tf and only if 
it is normal and has non-negative spectrum (i.e., Sp(P) C R,). 

(i) For each positive operator P € B(H),, there is a unique positive 
operator P!/? € B(H)4 satisfying (P'/?)? = P. Furthermore, P'/? 
is a limit of polynomials in P and thus belongs to any norm-closed 
unital subalgebra of B(H) including {P}". 


Proof (a) and (b): The first three results in (a) are immediate from the 
definition. The equation (Tz,x7) = (T*z,z) = (x,Tx) = (Tz,z)* implies 
the last result of (a) and the sufficiency of (b). The inclusion W(T) C R 
implies (Tz, z) = (z,Tz) = (T*z, z) for all z € H. Thus we have (Tz, y) = 
(T*x,y) = (2, Ty) for all 2, y € H by the identity: 


3 
(T2,y) = 7 i (T(@ + ty), 2 iy), (20) 
k=0 


which is proved by expanding its right side. This gives T = 7*, proving 


(b). 
(c) and (d): Of course, dist(A,W(T)) denotes inf{|A — yw] : wp € W(T)}. 
For \€ C\ W(T)~ and z € H with ||2z|| = 1, we note 


(A — Tz] 2 (A — T)z, 2)| = |A - (Tz, 2)| 2 dist(A, W(T)) > 0. 


This implies ||(A* — T*)z|| > dist(A*, W(T*)) = dist(A, W(T)) > 0. If y is 
orthogonal to the range of A — T, it is zero since we have 


0 = (y,(A—T)(A* — T*)y) = I\(A* — T*)yll? > llyll?dist(a, W(T))?. 


Hence (A—T)H is dense in H. Therefore, \—T has an inverse in B(H). (To 
see this, note that ker(\ — T) is clearly zero. If {(A —T)an}nen converges © 
to y € H, then ||z, —2m|| < dist(A, W(T))—||(A — T) (zn — 2m)|| converges 
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to zero, SO {%n}nen converges to some 2x satisfying (A — T)z = y and 
\|z||dist(A, W(T)) < lly.) 

(e) and (f): The first two results under (a) show that || - ||w is a linear 
space norm. The first and second inequalities in (e) follow, respectively, 
from the inclusion in (c) and the obvious inequality: |(Tz,x)| < ||Z'|| for all 
xz € H with ||z|| = 1. Suppose that R belongs to B(H)y. Then Proposition 


9.1.11(c) shows ||R]| = cal * este \|R2” |" Ses p(R), since 
(B(H), ||-||) is a Banach algebra. These results and the first two inequalities 
of (e) prove (f). For the last inequality in (e), define R = (I + T*)/2 and 
J = (T —T*)/2i in B(H)yg to get T= R+iJ. We see 


ITI] < RI + lil = Rll + lll < Tw +1" ll = 2llTllw- 


(g): If r and s belong to W(R), there are xz, y € H satisfying ||z|| = 
lly|| = 1, r = (Rz,z) and s = (Ry,y). If we also assume r ¥ s, then z and 
y are linearly independent, so ||tx + (1 — t)y|| never vanishes and thus 


{(R(ta + (1 — ty), te + (1 — t)y)/||tz + (1 — é)yll? : t € [0, 1]} C W(R) 


is a connected subset of the real line which contains r and s. Therefore, 
W(R)7- is a closed convex set. By (c), it includes the compact convex set. 
co(Sp(R)). If W(R)~ is the interval [r,s], then p(R —rI) = ||R-rI||w = 
s—r follows, so s—r belongs to Sp(R —rJ) and hence s belongs to Sp(R). 
Similarly we derive r € Sp(R), which implies co(Sp(R)) = W(R)-. 

(h) and (i): If P is positive, (b) shows that P is hermitian and there- 
fore normal, and (g) shows that its spectrum is non-negative. Conversely, 
suppose that P is normal with non-negative spectrum. Then the func- 
tion f(t) = #'/? for t > 0 is continuous on Sp(P). Theorem 9.1.17 with 
A = A! = A(P) = { polynomials in P} gives a normal operator P!/? in 
A with positive spectrum satisfying (P!/?)? = P. Since f 4 f(c) is a 
*-isomorphism, and (in this case) f* = f, P}/? is self-adjoint. Thus (g) in 
the present theorem shows that P1/? is positive. Since P belongs to A, it 
is the limit of polynomials in P. We complete the proof of (h) by noting 
that (Pz,r) = ((P!/*)*z,2) = (P)/22, P'/2z) > 0 for all x € H implies 
that P is positive. To complete the proof of (i) we only need to establish 
the uniqueness of P?/?. 

Suppose that Q belongs to B(H), and satisfies Q? = P. Then QP = 
Q? = PQ shows that Q commutes with all polynomials in P and hence 
with P!/2, We see 


(P\/? — Q)? = 2P - 2P'/Q = 2P'/*(p/2 — Q) = -2Q(P1/? — Q). 
Thus any x € H satisfies 
0 < (2P1/?(P!/? — Q)z,(P'/? — Q)z) 
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((P!/? — Q)3z, 2) 
(—2Q(P’/? — Q)z, (P'/? — Q)z) < 0. 


We conclude (P!/? — Q)? = 0 by the second equality of (f). Using (f) 
again, we see ||P!/? — Q|| = p(P1/? — Q) = p((P!/? — Q)?)'/8 = 0, so P/? 
is unique. QO 
9.1.21 Corollary Let H be a Hilbert space. The set B(H)+ of pos- 
itive operators is a norm-closed cone (it.e., it is closed in the norm and 
under multiplication by non-negative real numbers and addition) satisfying 


B(H)p C B(H)+ © B(H)x, 


BHH)+ = {> TfTk : Te € B(H) for allk EN and S_ ||Ty\|? < co} 
k=1 k=1 


= (TET; :neN; T, € B(H) for k = 1,2,...,n} 
k=1 
= {T°T:Te BH) ={R?: RE BH)z} 
= {P’: Pe B(H)+} ={P € B(H)n : Sp(P) C Ry} 
{P € B(H)y: some (hence all) t > ||P|| satisfy ||t — P|| < t}, 
BHH)y = B(H),-BCH)+ and BH)+N—-B(H)+ = {9}. 


In fact, for any self-adjoint operator R there are unique commuting positive 
elements Ri and R_ satisfying R = Ry — R_, Ri R_ = R_R, = O, 
Sp(R) U {0} = Sp( Ry) U Sp(—R_) and ||R|| = max{]|R+||, |] R-|]}. 


Proof The definition shows directly that the set of positive elements is 
closed in the norm and under addition and multiplication by positive num- 
bers. Hence it is a closed cone. We have already noted that Theorem 
9.1.20(b) shows that positive operators are self-adjoint. The simple compu- 
tation ()o,_, TeThr, 2) = pe (Tee, Tet) = pe, ||Te2||? > 0 shows that 
all such sums are positive. Since B(H)4 is closed, this shows that each of 
the first six sets in the display is included in its predecessor. However, The- 
orem 9.1.20(i) shows that the sixth set {P? : P € B(H)+} equals B(H) +. 
Theorem 9.1.20(h) shows B(H), = {P: P € B(H)n; Sp(P) C R, }, so the 
first seven sets are equal. 

The eighth set provides a convenient computational definition of positive 
operators. Theorem 9.1.20(b) and (f) show that this is the set of self-adjoint 
operators with non-negative numerical range and hence equal to the set of 
positive operators. Any element P with both P and —P positive would 
have numerical range {0} and hence be 0 by Theorem 9.1.20(e). 

Use the functional calculus of Theorem 9.1.17 again. For R € B(H)x, 
define Ry and R_ by Ry = f(R) and R_ = g(R), where f and g are 
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re ee Oe 


Then we see that R, and R_ are self-adjoint operators with non-negative 
spectrum satisfying the desired properties since z|p = f — g and fg = 0. 
If [ is the Gelfand space of the smallest closed unital subalgebra of B(H) 
containing R, then Theorem 9.1.17 gives Sp(R) = R(T) = fo R(T) U 
g° R(T) = Sp(R,) U Sp(R_). Theorem 9.1.20(f) establishes the norm 
condition. 

Finally we prove uniqueness. Suppose that R also satisfies R = Ri, — 
R'_ with R’, and R‘_ positive and satisfying RL RL = R_LR = 0. The 
computation R!,R = R' (Ri, — R_) = (R,)? = RR‘, shows that R!, and 
also R'_ commute with R. Since R, and R_ belong to {R}", all four 
positive operators commute. Since the expressions 


(R, — Ri,)’ = (Ry -— Ri.)(R_ — RL) = -(Ri RL + RR) 


are self-adjoint with the spectrum non-negative on the left and non-positive 
on the right, (Ry — R',)? is zero. Theorem 9.1.20(f) shows that Ry, is 
unique, so R_ is also. oO 


9.1.22 Definition For any positive operator P € B(H), the unique 
positive operator with square P is denoted by P!/? and called the posi- 
tive square root of P. For any operator T € B(H), the positive operator 
(T*T)1/2 is denoted by |7'| and called the absolute value of T. 


Partial Isometries and the Polar Decomposition 


We have seen that any element a in any *-algebra has a Cartesian repre- 
sentation a = h+ik where h = (a+a*)/2 and k = (a—a*)/2i play the role 
of the real and imaginary parts of a. The analogue of the polar decomposi- 
tion of a complex number is much more ethereal. It does not hold beyond 
the range of W*-algebras (which we introduce in the next section). We will 
prove it here for operators on a Hilbert space as John von Neumann first 
did in [1932]. The first problem is to find a suitable generalization of the 
complex numbers of absolute value 1—the pure rotations in C. 


9.1.23 Proposition The following conditions are equivalent for an oper- 
ator W € B(H). 

(a) W*W is a projection operator. 

(b) WW* is a projection operator. 

(c) W=WW'*W. 

(d) W*=Ww*ww'. 

(e) W is an isometry when restricted to ker(W)+. 
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(f) W maps the closed linear subspace W*WH = ker(W)+ 
tsometrically onto the closed linear subspace WW*H = WH. 


Proof (a)=>(c): This follows from (WW*W — W)*(WW*W — W) = 0 by 
the C*-condition. 

(b)=(d): This follows from (W*WW* — W*)*(W*WW* — W*) =0. 

(c) <> (d): Let the involution act. 

(c)=(a) and (b): Multiply on the right or left by W*. 

(c)=>(f): Equality (c) and the inclusions WW*WH C WW*H C WH 
(which hold for any operators) show WW*H = WH. The equations 
WW*We = Wz and 


||W*We|? = (W"*Wr,W*Wo) = (W*Wo,2z) = (W2,W2) = [|W] |? 


show that W is an isometric linear map from W*WH onto WW*H = WH. 
These subspaces are closed since they are the range of projection opera- 
tors. If z belongs to (W*WH)+, we conclude ||W2||? = (W*Wz, zx) = 0. 
Conversely, if x is in the kernel of W and y € H, we find (1,W*Wy) = 
(Wz,Wy) =0,so(W*WH)+ = ker(W). This implies W*WH = ker(W)+. 
(f)=>(e): Obvious. 
(e)=>(a): The projection P on ker(W)+ satisfies WP = W and 


(W*Wa, x) = ||[Wel|? = ||W Pell? = ||Pe||? = (Pa, 2) ViEH. 


Either the polarization identity (13) or a numerical range argument now 
shows W*W = P. oO 


9.1.24 Definition An operator W € B(H) satisfying any (hence all) of 
the above conditions is called a partial isometry. If W is a partial isometry, 
then (W*W / WW*‘* ) is called the ( initial / final) projection of W. For 
any operator T € B(H), the closed linear subspace (TH™ = {Tx: 2 € H}~ 
/ ker(T)+ ) is called the ( range / support ) space of T. (N.B. The range 
space of T is the closure of the range of T.) The projection onto this 
subspace is denoted by ( ranp(T) / supp(T) ) and called the ( range / 
support ) projection of T. 


Proposition 9.1.23(f) helps to explain these names. It shows that the 
range of a partial isometry W is closed, so that it is also the range space of 
W and that the ( support / range ) projection of W is its ( initial / final ) 
projection: 


supp(W) = W*W_ranp(W) = WW" V partial isometries W. (21) 


For any operator T € B(H) and z,y € H, the equation (z,Ty) = 
(T’*z, y) shows that z belongs to ker(T™) if and only if it belongs to (TH)+. 
This implies (TH)~ = ((TH)+)*+ = ker(T*)+. Hence supp(T*) = ranp(T). 
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Applying this result to 7J* in place of T gives supp(7') = ranp(T*). We 
record these simple results in the next theorem. 


9.1.25 Polar Decomposition Theorem For any T € B(H), there is 
a partial isometry W satisfying: 

(a) T=WIT\. (22) 

(b) The initial projection of W is the range projection of |T|. 

(c) The final projection of W is the range projection of T. 
Furthermore, if P is any positive operator and V is any partial isometry 
with initial space equal to the range space of P and satisfying T = VP, 
then they also satisfyV =W and P=|T|. Finally, T and W satisfy 


supp(T) = ranp(T™) = supp(|T|) = ranp(|T|) = W"W (23) 


supp(7") = ranp(T) = supp(|T"|) = ranp(|T"|)=WW* — (24) 
Teawrr=T*w T* = |T|W* |T*|=WwiT|w*. (25) 
Hence T* = W*(W|T|W*) is the polar decomposition of T*. 


Proof Let T € B(H) be arbitrary but fixed. Any x € H satisfies 
\|T2||° = (T*Tz, x) = (\TP2,2) = || |TIz\). 
Hence the map W defined by 
W(\Tilz)=Tx VWareEH 


is an isometry of the range of |T'| onto the range of T. (It is well-defined 
since |T'|z = |T'|y implies || |T'|(a — y)|| = |[T(z — y)||.) We can extend W 
to an operator W:H — H by defining 


W(x+y) =lim Tz, Vax €(\TIH)~; y € (\T|H)* with x =lim |Tlzn. 


Then W is well-defined for the same reason. It clearly satisfies Proposition 
9.1.23(e) and (a), (b) and (c) of the present theorem. 
In order to prove the uniqueness, we assume that V and P are as given. 
Then we get 
T*T =(VP)*VP = PV*VP =P*. 


The uniqueness of positive square roots implies P = |T|. Since W and V 
have (|T'|H)~ as initial space and satisfy W|T| = V|T|, they are equal. 
Multiply equation (22) by W* on the left and note W*W = supp(W) = 
(IT|H)— to get W*T = |T|. Taking the adjoint of this and (22) gives 
|T| = T*W and T* = |T|W*. The operator W|T|W* is positive since 
any z € H satisfies (W|T|W*2,2) = (|T|W*z,W*z) > 0. Its square is 
WIT|W*W|T|W* = WIT|?W* = TT* = (T*)*T*, so it is the unique 
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positive square root |7J*| of this expression. This establishes the polar 
decomposition of T*. 

We proved the first and third equalities of (23) and (24) just before 
stating this theorem. The final equality of (23) is just (b). Similarly, 
(c) applied to the polar decomposition of T* shows W*W = ranp(T"), 
completing the proof of (23). Given the polar decomposition of T’*, (24) is 
just (23) with T replaced by T*. Gl 


A spectacular consequence of this theorem is that every ideal of B(H) 
is a *-ideal. The formulas T = W |T|, |T| = W*T = T*W and T* = |T|W* 
from (22) and (25) show that an ideal contains all of T, |T| and T* if it 
contains any of them. Also, for any non-zero z, y € H, the polar decom- 
position of T = z @ y* is given by ((\lz|| |lyll)"'z@y*) ((lxll [ly "y @y"). 
On the other extreme, T is invertible if and only if |T| is invertible and the 
partial isometry in its polar decomposition is a unitary operator. Finally, 
T is normal if and only if it satisfies |T| = |T*|. This implies that its polar 
decomposition satisfies WW* =W*W, W|T| = |T|W and T* = W*|T]. 


Unitary Maps and Orthonormal Bases 


In both the category of Hilbert spaces and the category of pre-Hilbert 
spaces, the isomorphisms are obviously bijective linear maps which preserve 
the involution: 


UeEL(X,Y) such that U(Y) =) and (U(z),U(y)) =(z,y) Va,yEe X. 


Such maps are called unitary maps or unitary isomorphisms. Preservation 
of the inner product implies preservation of the norm. Thus unitary maps 
are injective, continuous and even isometric. Conversely, the polarization 
identity (13) shows that a linear isometry U: ¥ + Y between pre-Hilbert 
spaces preserves the inner product. Hence a surjective linear isometry be- 
tween pre-Hilbert spaces is a unitary map. Thus the unitary elements of 
the *-algebra B(H) are the unitary maps of H onto itself. In the category of 
Hilbert spaces that is a full subcategory of the geometric category of Banach 
spaces, the morphisms are contractive linear maps which do not preserve 
the inner product. Hence the category with unitary maps is preferable. 


9.1.26 Definition A subset H of a pre-Hilbert space 7 is said to be 
orthonormal if it satisfies 


(hk) =6ne Wh, kEH. (26) 


If X = H is a Hilbert space, then an orthonormal set that is maximal 
(under inclusion order) is called an orthonormal basis or a Hilbert space 
basis for H. The cardinal number of an orthonormal basis for 1 is called 
the Hilbert space dimenston of H. (This definition is justified in Corollary 
9.1.29 below.) 
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In §1.8.11 of Volume I, we showed that the set H = {h, : n € Z}, where 
hn(C) = ¢” is an orthonormal basis for the Hilbert space L?(T). A Hilbert 
space, like this one, which has a countable orthonormal basis is separable 
since the rational complex linear combinations of basis elements form a 
countable dense subset. Conversely, if a Hilbert space is separable, it has 
a countable orthonormal basis. The easy proofs of this and the next three 
results should be in any book which discusses Hilbert spaces, so we will 
omit them. There are no corresponding results for pre-Hilbert spaces. 


9.1.27 Proposition Any Hilbert space H has an orthonormal basis, and 
any orthonormal subset of H can be enlarged to be an orthonormal basis for 
H: 


9.1.28 Theorem The following are equivalent for an orthonormal set H 
in a Hilbert space H. 

(a) H is a basis (i.e., it is a maximal orthonormal set). 

(b) Ifx EH satisfies (x,h) = 0 for allh € H, then zx = 0. 

(c) H is the closed linear span of H. 

(d) For all x €H, the unordered series 


z=) (a,h)h 


heH 


converges to x in the norm of H. 
(e) For all x, y € H, the unordered series of compler numbers 


(z,y) = > (2,h)(h,y) = >_ (a, A)(y, h) 


heH heH 


converges to (x,y). 
(f) For all x € H, the unordered series of positive numbers 


Nell? = So Me, A)? 


heH 


converges to ||x\\. 


9.1.29 Corollary Any two orthonormal bases for a Hilbert space H have 
the same cardinal number. Let H be an orthonormal basts for a Hilbert 
space H. Then the map that sends each x € H to the function 


ht» (z,h) VhEeH 


is a unitary isomorphism of H onto €7(H). Hence Hilbert space dimension 
classifies Hilbert spaces up to unitary isomorphism. 


The Natural Trace for Positive Operators 
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9.1.30 Proposition Let {z,. : a € A} be an orthonormal basis for H. 
Then the function 


P+ So (P2a,za) WP EBH)s (27) 
acA 


from B(H) to the extended non-negative real numbers is independent of 
the choice of orthonormal basis. For any T € B(H), the value is the same 
whether P is T*T or TT*. 


Proof Since all of the terms in the sum are non-negative, it exists as a finite 
or infinite unordered series. Let {wg : 8 € B} be another orthonormal basis 
for H. Then, for any T € B(H), Theorem 9.1.28 gives 


Si (PT 2a,2a) = >. |ITzall”= >> >> |\(L2a,we)? 


acA acA aecA BEB 
= >> S| (Tze, w_)|? = = > (T* we, 2a) |? 
BEB acA BEB acA 
= S- |T*wall’ = 55 (TT*wz, wa). 
BEB BEB 


Our assertions follow by first noting that JT’ may be chosen self-adjoint and 
then taking the bases equal. O 


9.1.31 Definition For a positive operator P € B(H)+, the extended 
non-negative real number defined by (27) will be called the (natural) trace 
of P and will be denoted by Tr(P). An operator S € B(H) is said to be a 
Hilbert-Schmidt operator if Tr(S*S) is finite. The set of Hilbert-Schmidt 
operators is denoted by Bys(H). 


If P € B(H)p is a projection operator, we may choose an orthonormal 
basis for PH and then extend it to be an orthonormal basis for #1. Since 
(Pzq, 2a) will be 0 or 1 depending on whether z, € PH or not, this proves 


Tr(P) = Hilbert space dimension of PH VP€B(H)p. (28) 


In the above expression we interpret all infinite cardinals as oo. 
Hilbert-Schmidt Operators 


Our next example of a *-algebra is the collection Bas(H) of Hilbert- 
Schmidt operators just defined. The next theorem contains several prop- 
erties first noted by S. W. P. Steen [1940]. They became the defining 
properties of H*-algebras introduced by Warren Ambrose [1945]. 


9.1.32 Theorem Let H be a Hilbert space. The set Bys(H) of Hilbert- 
Schmidt operators is a *-ideal of B(H) which is dense in the ideal Bx (H) 
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of compact operators. It is a Hilbert space under the inner product and the 
corresponding norm: 


(S,T)us = S (Sza,T22) WS,T € Bus(H) (29) 
acA 
WSllas = (S,5)32 = (Ir(s*5))? (30) 
1/2 
- (5 tssat") VS € Bys(H), 
acA 


where both series converge unconditionally and are independent of the choice 
of orthonormal basis {z,. : a € A}. It is also a Banach algebra under this 
norm, which satisfies: 


Silas = WAST las =IS*llas 
S|] < |S] 
| Hs V S€Bus(H); TE BCH) (31) 
ITSllas < ITI WSllas 
IST las < WSllesllTll. 


The inner product (-,:) 75 also satisfies: 


roe! big = (T,S 
VS,T =. (S,V*7 32 
( Jus ( Jus VV EBX) (32) 


If {Za : a € A} is an orthonormal basis for H, then {z_. ® 23 : a, B € A} 
is an orthonormal basis for Bys(H), so that the set Br(H) of finite-rank 
operators is dense in Bys(H) relative to its norm ||-||p¢5. Finally, rank-one 
operators satisfy: 


© * 
lz @u"llvs = Utell tall Ganeed 
®y*,z@w* = »z)(w, 33 
(x @y"*,z Jus (x, z)(w,y) VS € Bys(H) (33) 
(S,z ® y") irs (Sy, x). 


Proof In this proof we denote B(#) and Bys(H) by B and K, respectively. 
Also, {24 : a € A} will always be an orthonormal basis for H, subject to 
additional conditions when needed. 

We take the last expression in (30) as the definition of the Hilbert- 
Schmidt norm || - || 475. Convergence is not a problem and we get 


Y= \(Sza;T2a)| < d= WWSzall (IT zall 


acA acA 
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1/2 
(= \Szall” S~ iP) (34) 


acA acA 
WSllasiITilas  VS,TEK. 


lA 


II 


Thus the expression in (30) converges unconditionally, and we will use it 
as the definition of the Hilbert-Schmidt inner product (-,-) 7 - A slight 
generalization of Proposition 9.1.30 shows that both of these expressions 
are independent of the choice of orthonormal basis. 

Next we show that K is a linear subspace of B which is closed under the 
involution. Proposition 9.1.30 and the definition of the Hilbert-Schmidt 
norm show that K is closed under the involution, which is also an isometry 
on K giving part of (31). Inequality (34) shows that when Tr((S+7)*(S + 
T)) is expanded for any S,T € K, it is bounded by (||Sllz5 + ||T'Ilzs5), 
and hence is finite. Thus K is a subspace and ||- ||. is a linear space norm 
on it. It is now easy to check that (-,-);-¢ is an inner product and that 
ll - llag is the corresponding norm. 

The simple computation 


Slits = > - (S2e,S2a) = S_ (S*S20; 2a) 
acA acA 
= S (|Sza,2a) = > (1S|zas|Sl2e) = Il |SI Ils 
actA acA 


establishes the first line of (31). Any unit vector x may be included in an 
orthonormal basis, so 


Sz? < >> \Szall” =|Sllzg Vee MjSEK 
acA 


proves the second line in (31). The next inequality follows by noting 


ITS\ls =D. WT Szall? <|TIW? SS WSzell? = (THN Stlas)? 
aca acA 


for any T € B and S € K. The final inequality can be derived from the 
third by applying the involution which is an isometry in both norms. Either 
of these inequalities shows that XK is at least a one-sided ideal in B. Since 
we have already shown that it is a *-subset, it is a *-ideal. Note also that 
the second line of (31) and either of the next two show that || - |lpg is 
submultiplicative. Hence K will be both a Banach algebra and a Hilbert 
space in this norm as soon as we have proved completeness. 

In order to show that K is complete, let {S, : n € N} be a Cauchy 
sequence in K with respect to its norm ||- ||,,,~. The second line of (31) 
shows that {S,, :n € N} is a Cauchy sequence with respect to the operator 
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norm || - || and hence has an operator norm limit S in B. We claim that S 
belongs to K and that it is also the limit of the sequence in the norm || - || 79. 
Fix the orthonormal basis {z, : a € A} for the rest of this paragraph. For 
any € > 0, there is an N € N satisfying ||S, — Sm||po < € for alln, m > N. 
This implies 


3 (Sn —Sm)Zzall?<e  V finite sets TC A; n, m>N. 
aer 


Taking the limit as m approaches infinity, we get 


S-I(Sn-S)zall’ Se Wn2N. 


aéer 


Since I’ was an arbitrary finite subset of A, we conclude that this inequality 
holds for A in place of [. Therefore S belongs to K, and it is the limit in 
the norm of the sequence {S, : n € N} in the Hilbert-Schmidt norm. 

Proposition 1.1.18 shows Br(H) C K. For any 2, y € H and S € K, 
choose an orthonormal basis starting with ||y||~!y to prove 


(S,2@y")us = >. (S(2a),t By" (Za)) = (Sy), 2 @y*(y))/Ilyll? = (Sy, 2). 
acA 


This is the last equation in (33). Substituting S = z@w”* gives the previous 
equation. The first equation in (33) follows by choosing z @ w* as r @ y”. 
(In the language of Section 1.10, K is the Banach space tensor product of H 
and #* (which is the Banach space dual of H and hence conjugate linearly 
isomorphic to 74) relative to the reasonable tensor norm || - || 7,9.) 

The middle equation of (33) shows that {z, @ zg : (a, 8) € Ax A} is an 
orthonormal set in K. Since any S € K satisfies (S, za ® 23) 74 = (Sz, 2a); 
Theorem 9.1.28(b) shows that {2 ® 2% : (a, 8) € A x A} is an orthonormal 
basis. Thus Br (7) is dense in K by (c) of the same theorem. Since Br(H) 
is dense in the ideal Bx (HH) of compact operators relative to the operator 
norm, the first inequality of (31) now shows K C Bx(H). 

It only remains to establish the equations in (32). The middle equation 
is elementary: (VS,T) ps5 = digea(VS2a,T 2a) = Yigeal(S2%a,V"*T2a) = 
(S,V*T) 5. When S and T belong to K, inequality (34) and the proof of 
Proposition 9.1.30 give (5,T) ig = Digca(S%a:T 2a) = Dae al(T* S20; 2a); 
and hence >) ¢4(T*S2a,2a) = Digea(ST*2a,2a)- The first equation of 
(32) follows. To get the third equation, note: (SV,T) 75 = (T*,(SV)*) as = 
(T*,V*S*) ag = (VT",S*) as = (S, TV") - O 


Hilbert-Schmidt Operators as Integral Operators 


Before leaving the theory of Hilbert-Schmidt operators, we wish to 
exhibit the beautiful classical origin of the theory. We choose the sim- 
plest case. Let I be the unit interval with Lebesgue measure. (With a 
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few changes, J could be any o-finite measure space.) Define H and K by 
H = L*(I) and K = L?(J x J) and denote their inner products and norms 
by (-,-), [|- |] and (-,-), II - ||], respectively. (Thus we have abandoned the 
use of K for Bys(H).) 


For any h,k € K, define 
1 


hx k(s,t) = [ rls.ryeer t)dt. (35) 
0 


By moving constants through integral signs after applying the Cauchy- 
Schwarz inequality, we get 


[ [ [hx k(s, t)|2ds dt 
[ f [ h(s,r)k(r, t)dr 
f f Uf oe f e(r,0) Par ds dt (36) 
i [ i "Ih(s,7) 2dr ds / aia 


] 1] ] ] 
/ / Ih(s,r) 2dr ds , / \k(r,t)|2dr ot = {IIA IINAUII 
0 0 ¢) 0 


which proves that this product is again in K and that the norm ||| - ||| is 
submultiplicative. Hence K is a Banach algebra. It is a Banach *-algebra 
under the isometric involution 


[I]. * Rill? 


2 


ds dt 


lA 


k*(s,t) = k(t, s)* VkEK; s,t el. (37) 
For any f,g € H, define f @ g* in K by 
f @g"(s,t)=f(s)g(t)” Vas,tel. (38) 


The linear span of all such functions in K satisfies the defining properties 
of the algebraic tensor product H ® H*, where H* is the Banach space 
dual of which is isometrically, conjugately linearly isomorphic to H. As 
an abstract tensor product of Hilbert spaces, H ® H* has a natural inner 
product and corresponding pre-Hilbert space norm: 


(fg, h@k*)=(f,h)(k,g) and ||f@g*|l=lIfllllgll Vig bh kEH. 


If we denote the linear span of all the functions f ® g* in K by H @H", it 
is easy to see that the inner product and norm just given agree with those 
inherited from K. (Note the many distinct uses of * above.) 
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For any function k € K, we define a linear operator K,:H — H by 
1 
Ky (f)(s) = [eon soa VfEH; sel. (39) 
0 


We make a calculation similar to (36): 


[wstsvartae= [ 
[ ([ to, e)Pae f(t) ds 


] 1 1 
| / Ik(s, t) 2dt ds / f(t) Pat = {IAIN IAI. 
0 0 0 


This shows that K,(f) belongs to H, K;, belongs to B(H), and its operator 
norm satisfies ||Ay|| < |||*|||. The function k is usually called the kernel of 
the integral operator K,. (Obviously this is an entirely different meaning 
of the word “kernel” from its use to describe the preimage of zero.) 


9.1.33 Theorem Let H be the Hilbert space L?(I) and let K = L?(I x I) 
be the Hilbert space and Banach *-algebra described above. Then the map 
K:K — B(H) defined by (39) is an isometric *-isomorphism of K onto 
Bus(H) with its Hilbert-Schmidt norm. For any f,g € H, the function 
f ®g* inK defined by (38) satisfies Krg,- = f ®g*, where the right side 
1s interpreted as a rank-one operator. Hence K maps the algebraic tensor 
product H ® H* onto Br(H). Furthermore, K can be identified with the 
Banach space tensor product H@H* of H ® H* under its pre-Hilbert space 
norm, which is a reasonable tensor norm. The map K is also a unitary 
isomorphism of K onto Bys(H) considered as Hilbert spaces. 


2 
Ae (FDI? ds 


/ k(s, t)f(t)dt 
Q 


IA 


Proof The set {h, : n € Z} is an orthonormal basis for #4 when hy, is 
defined by h,,(t) = e?7*"*. Clearly the functions knm(s,t) = hn @h*,(s,t) = 
hn(s)hm(t)* form an orthonormal set in K. In fact, the Stone-Weierstrass 
theorem proves as before that {knm : (n,m) € Z x Z} is an orthonormal 
basis for K. Theorem 9.1.28 gives 


Kells = > UWKehnll? => 3° |(Kebnshm)|? 


neZ neZ mez 


1 1 
= DDI [HedraWin(s)*aiaor 


= S> S[k, kam)|? = IINFIII?. 


neZ mez 
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Hence each integral operator K;, belongs to Bys(H) and the map K (z.e., 
k +» K;,) is an isometric linear map of K into Bys(H). Under this map the 
function f @ g* € K defined above is mapped onto the operator f @ g* in 
Br(H) defined in §9.1.14. Since the image of K under this map is complete 
and contains the dense set Br(H), we conclude that the linear map K is 
an isometric linear isomorphism of K onto Bys(H). It is easy to check that 
this map is an algebra isomorphism. 

Since we have just shown that K is an isometry onto Brs(H), it is a 
unitary isomorphism. Reasonable tensor norms were introduced in Defini- 
tion 1.10.23. The rest of the theorem follows immediately from the remarks 
in §1.10.24 to §1.10.26. O 


Hilbert space concepts were developed by David Hilbert (e.g., [1906]) as 
the name suggests, although he does not seem to have formally considered 
infinite-dimensional spaces as such. Erhard Schmidt [1908] did consider 
such spaces. The term Hilbert space was already used by Frigyes Riesz in 
his important book [1913]. The approach to integral operators of Hilbert- 
Schmidt type that we have just given was initiated by Schmidt [1907] work- 
ing under the influence of Hilbert. For further details on the early history 
of integral operators see E. Hellinger and Otto Toeplitz [1927] and Antonie 
F. Monna [1973]. 

The abstract definition of Hilbert-Schmidt operators in an abstract 
Hilbert space is due to John von Neumann [1927]. All of the ideals of 
B(H) were classified by Calkin [1941], who credits von Neumann for most 
of these results. The general approach to Hilbert-Schmidt operators and 
other classes of operators through the completion of Br(H) ~ H ® H* in 
a suitable norm is due to Robert Schatten [1943a], [1943b], [1946], [1950], 
[1960] and to Schatten and von Neumann [1946], [1948]. The book by 
Schatten [1960] contains many further details and additional references. 


Trace-Class Operators 


9.1.34 Definition Let H be a Hilbert space. The set Bys(H)? of linear 
combinations of products of Hilbert-Schmidt operators will be called the 
trace class of operators and denoted by B;(H). For any trace-class operator 
T and any orthonormal basis {z, : a € A}, the expressions 


Tr(T) = S” (P2755 2e) and 
aeA 


WT lr = NTP les = TIT) = So (Tze 2a) 
acA 
will be called the (natural) trace and trace norm of T, respectively. 


Theorem 9.1.32 shows that the trace and trace norm of a trace-class 
operator are well-defined by unconditionally convergent series independent 
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of the choice of orthonormal basis. It also establishes that the various 
expressions for ||T'||7 agree. If P is a positive operator in the trace class, 
then the present definition of Tr(P) agrees with Definition 9.1.31. If H is 
finite-dimensional, Br(#) equals B(H) and our present trace agrees with 
the elementary trace discussed in §1.6.2. 


9.1.35 Theorem Let H be a Hilbert space. Then Br(H) is a *-ideal of B(H) 
satisfying Br(H) C Br(H) C Bus(H) C Bx(H). It is a Banach *-algebra 


with isometric involution under the norm ||-||7, which also satisfies: 
Tr = WAT] lr = [17" [lz 
IT < "lTilas < [IT Ilr 
WST|Ilr  < ST (ZF Ilz VT € Br(H); SE BCH). (40) 
ITS\lr < [IT IIrIISI 
Tis << ITH NT lle 
The trace function is a contractive *-linear functional on (Br(H), ||- ||r): 


ITX(T)| < [Tle Tr") = Tr(T)" ss VT € Br(H) 
satisfying the trace identity: 
Tr(ST) = Tr(TS) VS,T € Bys(H) or VT € Br(H); S € B(H). 


The ideal Br(H) of finite-rank operators is dense in (Br(H), ||-||r). The 
latter space can be identified with the Banach space tensor product H@H*. 
Under this identification, the trace norm is a reasonable tensor norm. Fi- 
nally, rank-one operators satisfy: 


Trz@y")=(2,y) = |le@y"Ilr=l|lzilllvll Vae,yeH. (41) 


Proof Theorem 9.1.32 establishes the first claim. It also gives the trace 
identity for Hilbert-Schmidt operators and equation (41). We have already 
noted that the polar decomposition formulas T = W |T| (22), |T| =W*T = 
T*W, and T* = |T|W* (25) show that any ideal of B(H)) such as Br(H) 
contains T if and only if it contains |T| and T*. Furthermore, |T|!/ is a 
Hilbert—Schmidt operator if and only if T is trace-class. We can now estab- 
lish the trace identity under the alternative hypotheses T € Br(H) and S € 
B(H) as follows: Tr(ST) = Tr((SW|T|!/*)|T|!/?) = Tr(|T|}/2SW|T|}/2) = 
Tr((|T|2/2S)(W|T|}/2)) = Tr(W|T|S) = Tr(TS). Any T € By(H) with 
polar decomposition T = W|T| satisfies ||T||, = Tr(|T|) = || |T| |l- = 
Tr(W*W|T|) = Tr(W|T|W*) = Tr(|T*|), which gives the first line of (40). 
The first inequality in the second line of (40) was already proved in Theo- 
rem 9.1.32. The next inequality follows from the submultiplicativity of the 
Hilbert-Schmidt norm: ||T||#s < || |T|!/?||2,¢ = ||TIIz- 
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For the third line, let S € B(H) and T € Br(H) be arbitrary with polar 
decompositions T = W|T| and ST = V|ST|. Theorem 9.1.25 gives 


ST Ilp = Tr(|ST\) = Tr(V*SW|T)) 
Tr(|T}}/2V*SWI|T]}/?) = (V*SWIT | /?, |T |?) 
. 2 
< ||V*SWII NITE Alas < ISH NT Ile- 


An application of the involution transmutes this into the fourth line. The 
final line follows from 


A 


2 2 
ITW56 << IWITPPW NTE Ales 
2 2 
MEA WITT les = UTI AT Ile 


lA 


The following inequality is equivalent to the trace function being con- 
tractive with respect to the trace norm: 


[Tr(ST)| < |S ITip VS € BCH); T € Br(H). 


We prove it by using the Cauchy—Schwarz inequality again: 


Ir(ST)| = [Te(SWIT)| = (ITP, ITP2W*S*) gs| 
< WTP llasll ITP ?W*S* lls 
< WSs < UNS UIT ly. 
We can now prove that || - |/r is subadditive so that it is a norm. For 


S, T € Br(H), let S, T and S+T have polar decompositions S = U|S|, T = 
V|T| and S+T = W|S + T\, respectively. Then we get 


IS + Thr Tr(|S + Tl) = Tr(W*[U|S| + V|T II) 
Tr(W*U|S|) + Tr(W*V|T) 
[WU] [Sle + We yl Tle 


Slr + IT Ilr. 


Il 1A 


The first, third and fourth lines of (40) show that ||-||7 is submultiplicative. 

The rest of the theorem will follow when we show that (Br(H), || - ||-) 
is complete and Br(H) is dense in it. There are several proofs of these 
facts. The first could be established in the same way completeness was 
proved in Theorem 9.1.32, but we will show below that (Br(H), || - |l-) is 
isometrically linearly isomorphic to the dual Banach space of Bx (H) which 
gives completeness as a byproduct. We will base the density of Br(H) on 
the polar expansions discussed next. Pending these results, we declare the 
proof complete. 0 
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The definition of the linear trace allows us to give a useful new formula 
for the Hilbert—Schmidt inner product: 


(S,T)#s = Tr(T*S) V S,T € Bus(H). (42) 


Polar Expansions for Compact Operators 


We digress to prove a useful characterization of compact operators on 
Hilbert space which will also lead to characterizations of trace-class and 
Hilbert-Schmidt operators. This more concrete form of the polar decom- 
position holds exactly for compact operators. We begin with a simple 
approach to the spectral decomposition of compact hermitian operators. 


9.1.36 Theorem Let H be a Hilbert space and let R € Be (H)y be a non- 
zero self-adjoint operator. There exist an orthonormal sequence {2n}nen of 
characteristic vectors and a sequence {rn}nen of corresponding character- 
istic values with {|rn|}nen monotone decreasing to zero such that 


R= > Tain @ I> (43) 


converges in norm and satisfies ||R — S~,_, rete @ 2i|| = |rniil for all 
neéN. If R ts a finite-rank operator, the sequences above are finite lists. 


Proof First we show that there is a unit vector xz € H that satisfies Ra = 
+||R||xz for one choice of the sign. Theorem 9.1.20(f) shows that we can 
choose a sequence of unit vectors z, € H satisfying lim |(Rzrn,rn)| = || Rll. 
By choosing a subsequence if necessary, we have lim(Ra,,x2,) = r, where 
r is +||R||. This sequence satisfies 


0< ||Re, —rtpl|? = (Ren, Ran) — 2r(Rtn, tn) +r? < 2r? — 2r(Ran, Ln). 


Since the last term approaches zero, we conclude lim(Rz,—rz,) = 0. Since 
R is compact, there is a subsequence (which we denote again by {zn }nen) 
for which {Rzn}nen converges. Denoting the limit by rz, we conclude 
Rz = rz, as desired. 

Next we inductively produce the orthonormal sequence {zn }nen of vec- 
tors in H and define {rn }nen by Ran = rnp for alln € N. The vector x 
and the number r; are just the vector x and the number r obtained in the 
last paragraph. Let R, be the restriction of R to the invariant subspace 
{z,}+. Then R, is self-adjoint and compact and satisfies ||R|| < ||R||, so 
that an application of the last paragraph gives r2 and rz. This process may 
be repeated inductively until either: (1) R, becomes zero, or (2) sequences 
{Zn}nen and {rn}nen have been produced. In the former case, the proof is 
complete and R is a finite-rank operator. In the latter case, the convergence 
of (43) is not yet obvious. However, since R is compact, it sends weakly con- 
vergent sequences such as {tn}nen into strongly convergent sequences, SO 


836 9: *-Algebras 9.1.37 


that Rep = rnZn implies that the sequence {rn}nen must converge to zero. 
The series expansion for R now follows from ||R—S-,_, Tketn @z}l| = |tn41|;, 
which holds by construction. O 


Although the series expansion (43) is not unique, any expansion satis- 
fying these conditions will be called a spectral expansion for the self-adjoint 
compact operator RA. 

Let S € Bx(H) be arbitrary. Let S = W|S| be its polar decomposition 
and let |S| = >> sn%n ® 2% be a spectral expansion for |S|. For each n, 
define y, to be Way. Since W is a partial isometry with |S|H as initial 
space, {yn }nen is an orthonormal sequence. Hence the above expansion 
satisfies the following definition. 


9.1.37 Definition Let {r2n}nen and {yn}nen be orthonormal sequences 
and let {sn }nen be a monotone decreasing sequence of positive real numbers 
converging to 0. Then the series 


S= - sayn ® 2%, (44) 


which converges in the operator norm, is called a polar expansion for S. 
(We use the same terminology even if the sequences are finite lists, 1.e., if 
S is finite-rank.) 


9.1.38 Theorem Let S be an operator in B(H). 

(a) S is a compact operator if and only if it has a polar expansion S = 
>= 8nyn@z%. In this case, any polar expansion satisfies ||S|| = s; = sup{s,} 
and the polar decomposition is given byW = > y,@2*, (which converges in 
the strong operator topology rather than in norm) and |S| = >> snzn @ 23. 
Hence ( {yn}nen / {2n}nen) ts an orthonormal basis for the ( range / 
support ) space of S. 

(b) S ts a Hilbert-Schmidt operator if and only it has a polar expansion 
satisfying ). 82 < oo. In this case, any polar expansion satisfies ||S|| 47> = 


o> 52)'/ * and the series converges in the Hilbert-Schmidt norm. 

(c) S is a trace-class operator if and only if it has a polar expansion 
satisfying >) 8n < oo. In this case, any polar expansion satisfies ||S||,- = 
>> Sn and the series converges in the trace-class norm. 


Proof We have just shown that a compact operator has a polar expansion. 
Any such expansion satisfies s; = sup{s,} = ||S|] since s, is the largest 
eigenvalue for |S| and ||.S|| = |] |.S| |] = e(|S|). It is easy to check that the 
operators W and |5S| give the polar decomposition. Clearly any operator 
with a polar expansion is in the closure of Br(H) and hence is compact (cf. 
§1.7.7 and §1.7.17). 

Let (44) be the polar expansion of an operator S € Bx (H). Let {ra }aca 
be an orthonormal basis for H which includes {tn}nen. Using this basis 
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to calculate Tr(S*S), we find that S is a Hilbert-Schmidt operator if and 
only if it satisfies the criterion of (b). In this case, the polar expansion for 
S converges to S in the Hilbert-Schmidt norm and satisfies 


i 1/2 
Do snd @ eR = (Do 82) - 


It follows immediately that a trace-class operator satisfies the criterion of 
(c). Conversely, if S satisfies the criterion of (c), then 


S= (D5 si? yn @ 2%)(S_ 8i/?2, @ 2%) 


and (b) show that S is in the trace class. 

Now let T = )>tnyn © z* be the polar expansion of a trace-class op- 
erator T. For any finite subset F C N, we have ||) ,crtnyn @ Zi I, = 
Tr(y ner tn?n @27,) = Do ner tn. Hence it is obvious that the polar expan- 
sion converges in the trace-class norm and satisfies 


Wo tage @ zl, = So tn. 0 


From the last theorem it follows that Br(H) is dense in Br(H), as 
asserted in Theorem 9.1.35. We are about to show that Br(H) is isometri- 
cally linearly isomorphic to the Banach space dual Bx (H)* of Bk(H). This 
proves the completeness of Br(H). Hence, Br(#) may be identified with 
the completion of (Br(H), || - ||). We have already noted ||z @ y*||, = 
llz{| |ly|| for all z,y € H so that ||- ||, is a reasonable tensor norm on 
H @H* = Br(H). For any T € Br(H), we can show 


llr = inf llesll Ilys: T= So 2; @ yf; nm ENay,y; € Hy}. 


j=l j=l 


In Section 1.10, this norm on Br(H) = H ® H* was called the projective 
tensor norm. Hence we have identified Br(H) with the projective tensor 
product of H and H*. Comparison with §1.7.11 shows that the trace-class 
operators are exactly the nuclear operators on a Hilbert space. 

The Hilbert-—Schmidt and trace-class operators have been generalized in 
many directions. For any Hilbert space H and any real number p satisfying 
1 <p < o, an ideal of B(H), usually called the C, ideal, has been defined. 
It is a Banach algebra under its own norm and is in certain respects anal- 
ogous with the Banach space @?. The ideals Br(H), Bys(H) and Bx(H) 
correspond to C,, Co, and C’., respectively. For this theory, which is due 
to von Neumann and Schatten [1948], see Dunford and Schwartz [1958] and 
Schatten [1960]. As just noted, the trace class has been generalized to ar- 
bitrary Banach spaces by Alexander Grothendieck [1955]. See also Gelfand 
and N. Y. Vilenkin [1961]. 
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Dual and Bidual of Bx (H) 


9.1.39 Theorem Let H be a Hilbert space. The trace on Br(H) estab- 
lishes a natural isometric linear isomorphism of the Banach space By(H) 
onto the dual Banach space Bx (H)* of Bx(H). It also defines a natural 
isometric linear isomorphism of B(H) onto Br(H)*. The resulting iso- 
metric linear isomorphism 9: B(H) > Bx (H)** is an algebra isomorphism 
with respect to Arens multiplication on Bx (H)**, which is Arens regular. If 
K:BK(H) > Bx(H)* is the usual evaluation map, then any K € Bx(H) 
satisfies O(K) = K(K). 


Proof For any trace-class operator T € B(H), consider the linear functional 
on B(#) defined by 


T(S)=Tr(TS)=Tr(ST) VS €B(H). (45) 


Theorem 9.1.35 shows |Tr(T'S)| < ||T'S||r < ||T|lr ||S||, so T is continuous 
and satisfies ||T'|| < ||T'||,. We now interpret T as the restriction to Bx (H) 
of the linear functional just defined. We will show that the map T +> T is 
an isometric isomorphism of By(H) onto Bx (H)*. (This proves that Br(H) 
is complete, as remarked previously.) 

Suppose that w belongs to Bk (H)*. Then, for any x, y € H, the expres- 
sion w(z ® y*) is a continuous linear functional of x € H for fixed y € H. 
Proposition 9.1.11(d) and equation (41) of Theorem 9.1.35 show that there 
is an operator T € B(H) which satisfies w(x@y*) = (Tz, y) = Tr(T(z@y"*)) 
for all z, y € H. Linearity shows 


w(S) = Tr(TS)=T(S) VS € Br(H). 


We wish to show that T belongs to By(H). Let T = WIT] be its polar 
decomposition, and let {zg : a € A} be an orthonormal basis for H. Then 
any finite subset I‘ of A satisfies 


> (Tze: Za) S| (W*T za; 2a) el S| (Tza; W 2a) 


ae? acer aéer 
= w(> > Za ® (W2a)"). 
ae? 


Theorem 9.1.28 shows that any x € H satisfies: 


So 20 @(Wea)*(a)l = Se, Weadzall = 2 |e, Wee)? 


aér acer acer 


>> (W*2, 2a)? = ||W* all? < |lz||?, 
acA 


lA 
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so || Caer Za © (W2,)*|| < 1. Combining these two calculations, we get 

Tr(|T|) < ||w||, which implies T € Br(H) and ||T|l- < Ilo]. Hence the den- 
sity of Br(H) in Bx(H) shows w = T, so ||w|| = ||T|] < ||T||-. Thus 
T + T is an isometric linear isomorphism of Br(H) onto Bx(H)* as 


claimed. : 
For any S € B(H), define S: Br(H) — C to be the map 


S(T) =Tr(TS)=Tr(ST) VT €Br(H). (46) 


The first paragraph shows that S belongs to Br(H)* and satisfies 
[|S|| < ||S||. Now suppose w belongs to Br(H)*. The argument given 
in the last paragraph shows that there is an operator S € B(H) satisfying 


w(T)= S(T) WT €Br(H). 


The density of Br(H) in Br(H) and continuity show that the equation 
holds for all T € Br(H). Furthermore, the calculation 


I|S|| sup{|(Sz,y)|:2, y € Hi} = sup{|Tr(S(z @y"))| : 2, y € Ha} 
sup{|w(z @y")| : 2, ¥ € Hi} < |lwl 


shows that S + S is an isometric linear isomorphism of B(H) onto Br(H)*. 

The above construction makes it plain that 0: B(H) + Bx(H)** agrees 
with «:Bx(H) > Bx(H)** on compact operators. The remarks on Arens 
multiplication are special cases of the main theorem in §1.7.13. However, 
we will prove them in detail here. We use the notation T and S introduced 
above. We refer the reader to Definition 1.4.1 for additional terminology 
and notation. Theorem 9.1.35, in particular the trace identity, shows that 
any T € Br(H) and K,L € Bx(H) satisfy Tx(L) = Tr(TKL) = TK(L) 
and xT(L) = Tr(TLK) = Tr(LKT) = KT(L). Similarly for S € B(H), 
we get e(s)T(K) = 0(S)(Tx) = S(TK) = Tr(STK) = ST(K) and 
Tas)(K) = O(S)(xT) = S(KT) = Tr(KTS) = TS(K). Hence the two 
Arens products are given by 0(S)O(V)(T) = @(S)(VT) = Tr(SVT) = 
Q(SV)(T) and @(S)- O(V)(f) = E(V)(TS) = Tr(VTS) = Tx(TSV) = 
O(SV)(T) for S,V € B(H). These calculations prove that © is an algebra 
isomorphism and that Bx(H) is Arens regular. Oo 


The results of this example (except for those on the Arens product) were 
obtained by Schatten [1946] and Schatten and von Neumann [1946]. Schat- 
ten also showed [1957] that Bx (H) is not the dual of any Banach space. 
(This is an easy consequence of Alaoglu’s theorem, the Krein—Milman the- 
orem and Theorem 9.5.16 below.) In [1956] Shoichiro Sakai showed that 
any C*-algebra (such as Bx(#)) that is the dual of some Banach space 
is isometrically *-isomorphic to a von Neumann algebra. In fact, the re- 
sulting weak* topology, and hence the predual, are uniquely determined 
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by the algebraic structure of the C*-algebra. (See Theorem 9.3.12 below 
and the preceding discussion.) The remarks about Arens multiplication are 
essentially due to Seymour Sherman [1950] and Civin and Yood [1961]. 


9.1.40 Involutions and Arens Products [If A is a normed algebra 
with a continuous involution, then there is an obvious candidate for an 
involution on A** with Arens multiplication: the double dual of the map 
*: A — A. However, there is a slight complication since the involution is 
conjugate linear rather than linear. One might expect to correct this by 
considering it as a real linear map. Unfortunately, the first Banach space 
dual of the involution does not send A* into itself. We correct this by 
building in a compensating complex conjugation. Hence, if A is a normed 
*_algebra with a continuous involution, we define the involution on A* by 


w*(a) = (w(a*))* VweE A*;a€A. (47) 
Similarly, we define the involution on A** by 
fw) =(fw"))" VA EAM; wE A’. (48) 


The following result is now immediate. 


Proposition Let A be a normed *-algebra with a continuous involution, 
and let involutions on A* and A** be defined by (47) and (48). Then the 
Arens products satisfy (fg)* = g*-f* and (f-g)* = g*f* for all f,g € A*™. 
Hence the involution on A** is an algebra involution with respect to one of 
the Arens products if and only if A is Arens regular. 


Proof This is the result of the usual three-step process based on Definition 
1.4.1. In particular, one finds (we)* = a+(w*), (aw)* = (W*)ax, (fw)* = 
(w*) ¢- and (wy)* = ¢-(w*) for all a € A, w € A* and f € A**. 


Finite-Dimensional *-Algebras 


We devote the rest of this section to a study of finite-dimensional 
*_algebras. First we will derive an explicit list of all finite-dimensional 
*_simple *-algebras up to *-isomorphism. Then we will construct a list of 
exactly one *-algebra in each *-isomorphism class of *-algebras of dimen- 
sion 3 or less. We also list the *-isomorphism classes of semisimple four- 
dimensional *-algebras and give one eight-dimensional example. All these 
results are tabulated at the end of the section in Table 2, pages 857-859. 
For these examples we will be able to explicitly calculate certain properties 
and *-ideals which are not defined and discussed in general until Sections 
9.7 and 9.8 below. Brief definitions are given on page 856. 


9.1.41 Definition A *-algebra A is called *-simple if {0} and J are its 
only *-ideals. 
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Since the Jacobson radical is a *-ideal (Proposition 9.1.4), a *-simple 
*-algebra is either semisimple or Jacobson-radical. Before we can list all 
finite-dimensional, *-simple *-algebras we need more examples. 


9.1.42 Some Finite-Dimensional, *-Simple *-Algebras We use Co 
to represent the trivial one-dimensional *-algebra in which all products are 
zero. The spectrum of every element is {0} and the positive cone is (Cp), = 
{0}. Obviously Cp is *-simple, non-unital, commutative, Jacobson and Baer 
radical, *-radical, hermitian, quasi-proper, ordered but non-regular. 

As an algebra, let S(2) be C@C so that its multiplication is given by 


(a, B)(y,6) = (ay,86) Va,B,7,dEC 


in terms of the basis {(1,0),(0,1)} of orthogonal idempotents. This is 
the standard presentation of the only two-dimensional semisimple algebra 
which is necessarily commutative and unital. Let the involution be given 
by 
(a, B)* =(8*,a") Va,peECc. 

Since this involution interchanges the orthogonal idempotents, S(2) is 
*_simple. Instead of using the above basis of orthogonal non-hermitian 
idempotents, we will usually represent S(2) in terms of the following basis 
of hermitian elements: 


l= (1,1) k = k* = (i, -i) where k? = -1. 


(We can regard S(2) as the *-algebra, real tensor product of C with itself, 
but we shall not pursue this idea.) In terms of this basis, the multiplication, 
involution and spectrum are given by 


(a, B)(y,6) = (ay — B6,a6+ By) Va,B,7,6 €C, 


(a, 8)* =(a*, A") and Sp((a,B))={at+if,a-if} Va, Bec, 
so S(2) is not hermitian. With the basis {1,k}, we find S(2), = S(2)y = 
R@®R. The rest of this example and the next two theorems show the fun- 
damental importance of S(2) in the theory of finite-dimensional *-algebras. 

Next we introduce a class of unital, non-commutative *-simple *-algebras. 
Let n be an integer strictly greater than 1. As an algebra, let S(2n”) be 
M,, ® M,, and let the involution be given by 


(A, B)* = (B*,A*) VA,BE Mp, 


where A ++ A* is the usual conjugate transpose involution on M,,. Let 1 and 
k = k* in S(2n?) be the elements (J, I) and (iI, —iI), respectively. Then 
span{1, k} is the center of S(2n”). It is *-isomorphic to S(2). Furthermore, 
the unital #-subalgebra 


{(A, A): A€ My} C S(2n?) 


842 9: *-Algebras 9.1.43 


is *-isomorphic to M, under the map (A, A) }» A. Hence S(2n?) is the 
*_algebra tensor product S(2) ® M,, of the unital *-algebras S(2) and Mp. 
(For the easy theory of tensor products of *-algebras see §10.1.30.) 

Obviously S(2n?) is a 2n?-dimensional, *-simple, semisimple, unital, 
non-commutative *-algebra. As presented here (in terms of a non-hermitian 
basis) the spectrum of (A, B) is the union of the sets of characteristic values 
(eigenvalues) of the matrices A and B. Furthermore, we find 


S(2n?), = S(2n?)y = {(A, At) : A © My}. 


This proves that S(2n*) has no non-trivial *-representations (i.e., its re- 
ducing ideal S(2n”) p is S(2n), so it is *-radical), is non-hermitian (i.e., its 
Leptin radical S(2n”),, is {0}) and is not regular, quasi-proper nor ordered 
(i.e., its ordering ideal S(2n7)o is S(2n?)). 


9.1.43 Theorem A non-zero, finite-dimensional, commutative, *-simple 
*-algebra A is *-isomorphic to one of Co, C or S(2). The first case occurs 
if and only if A? #4 A <> A is non-unital <> A is not semisimple. 


Proof Any *-simple *-algebra A satisfies either Ay = A or A; = {0}. In 
the latter case, if it is also finite-dimensional, Wedderburn’s first theorem 
(Theorem 8.1.1) shows that (as an algebra) A is the direct sum of full matrix 
algebras. If it is also commutative, then for some n € N, A is isomorphic 
toC@eCe:--@C=C". If n = 1, we get the case of C which satisfies 
all of the hypotheses. If A had a non-trivial projection, it would not be 
*_simple. Hence if n > 1, the idempotent (1,0,0...,0) is not hermitian. 
By reordering the terms in the direct sum if necessary, we may assume 
(1,0,0...,0)* = (0,1,0...,0). This shows that (1,1,0...,0) is a non-zero 
projection, so it must be the multiplicative identity. Hence n is 2 and A is 
*_isomorphic to S(2). 

Suppose that A is a non-zero, finite-dimensional, non-unital, commuta- 
tive *-algebra. Theorem 8.1.1 shows that this is equivalent to A not be- 
ing semisimple. Corollary 8.1.3 shows that this happens exactly when the 
*-ideal A? is a proper subset of A. Hence if A is *-simple, A? is {0}. Now 
*_simplicity implies that A is *-isomorphic to Co. O 


9.1.44 Theorem As an algebra, any unital, finite-dimensional, *-simple 
*-algebra A is semisimple and is isomorphic to either a full matrix algebra 
M,, or the direct sum M, ® M,, of two copies of M, for somen EN. 

In the latter case, the *-algebra A is determined up to *-isomorphism 
by n and is *-isomorphic to S(2n?). 


Proof Let A be an algebra satisfying the above hypotheses. Since it is 
*_simple and unital, it satisfies Ay = {0}. Hence as an algebra it is a direct 
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sum of full matrix algebras by Wedderburn’s first theorem (Theorem 8.1.1). 
If there is only one term in this direct sum, A is simple and hence *-simple. 

If there are n > 1 terms in the direct sum, then the center Az of A 
is a commutative, unital algebra isomorphic to C”. However, Az is also 
a *-subalgebra. If it contained a projection, A would not be *-simple. 
Hence n = 2 and Az is *-isomorphic to S(2). Writing Az as isomorphic 
to C @C and denoting the two central idempotents by e = (1,0) and 
f = (0,1) we have e* = f, so (eA)* = fA. This shows that eA and fA 
are conjugate linear anti-isomorphic. Hence these two full matrix algebra 
direct summands have the same dimension. 

As an algebra we can represent A by M, @ M, with eA = M,, & {0}. 
We will choose the isomorphism between f.A and {0} @ M,, in a convenient 
way. Let {e;; : 1 < i,j <n} be the standard matrix units in M,. Then 
{(e;;,0)* : 1 < 4,7 < n} is a set of matrix units in fA. Relative to this 
identification of f A and {0} @ M,, A is obviously *-isomorphic to S(2n7). 

(We are about to show that there are exotic involutions on each M, 
creating non-*-isomorphic *-algebras. It is surprising that these do not 
give rise to non-*-isomorphic 2n?-dimensional *-algebras. The following 
argument shows why they do not. Suppose that * and * are two involutions 
on M,,. Define two involutions on M, 6 M,, by 


(A,B)* =(B*,A*) and (A,B)* =(B*,A*) WA,BE My. 
The resulting *-algebras A and B are *-isomorphic under the *-isomorphism 
y:M,®M, 4 M,®M, defined by (A,B) =(B**,A) VA,BEM,. 
Hence any two *-algebras constructed in this way are *-isomorphic.) oO 


Next we determine all of the *-isomorphism classes of *-simple *-algebras 
having M,, as an underlying algebra. We will call an involution # on M, 
exotic if the *-algebra (M,,, #) is not *-isomorphic to (Mn, *). 


9.1.45 Theorem Let n be an integer strictly greater than 1. 
(a) For any invertible hermitian element h in (Mp, *), 


a® = ha*h7} VaeM,, (49) 


defines an involution on My, for which h is #-hermitian: h¥* = h. 

(b) Every involution on M,, arises by formula (49) for some invertible 
hermitian element h. 

(c) The *-algebra (My, #) is *-tsomorphic to (My, *) if and only if h 
can be written as tp for some positive invertible matrix in (Mn, *). 

(d) Two involutions S(a) = ha*h—! and T(a) = ka*k—! (where h and 
k are invertible hermitian elements of My) produce *-isomorphic 
*-algebra structures (M,,S) and (M,,T) if and only if there ts an 
invertible element v € M,, satisfying k = £v*hv. 
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Proof (a): The conjugate linearity and anti-multiplicativity of # are obvi- 
ous from its definition. The following calculation establishes its involutive 
property: 


(a#)* = (ha*h')# =h(ha*h')*h ' =a = Wae Mp. 


(b): Suppose that S and T are two involutions on M, (or any other 
algebra). Then ST’ is an automorphism. Since all automorphisms on M,, 
are inner (§1.7.15), there is an invertible matrix b € M, satisfying: ST (a) = 
b-1ab for alla € M,. This gives T(a) = S(b-'ab) = S(b)S(a)S(b)—! and 


a T(T(a)) = S(b)S (S(b)S(a)S(b)~*) Sb) 


S(b)b1abS(b)-! «Va © Mp. 


Since the center of M, is CI, this shows S(b)b-! = XI or, equivalently 
S(b) = Ab for some non-zero ». Applying S to this equation gives b = 
S?(b) = S(Ab) = A*S(b) = A*AD. We conclude |A| = 1. The equations 
S(b) = Ab and T(a) = S(b)S(a)S(b)—! also imply T(a) = bS(a)b7!. If 
rd = e??® then S(e#b) = e7 7 S(b) = e~%e??%b = e®b. Since we may replace 
b by e*#b, we may suppose that b is an invertible matrix satisfying S(b) = b. 
Thus we have shown that, for any pair S, T of involutions on M,, there is 
an element 6 € M,, satisfying 


S(b)=b, ST(a)=b"'ab and T(a)=bS(a)b* Wace Mp. 


Denoting S(a) by a* and b by h gives (a). 

(c): The *-algebra structure (M,,#) is *-isomorphic to the usual 
*_algebra structure (M,, *) if and only if there is an algebra isomorphism 
V:M, > My satisfying (V(a))* = V(a*) for all a € M,. Using §1.7.15 
again, write this automorphism as V(a) = v~/av, where v is invertible in 
M,,. Then we get 


v*a*(v*)~! = (vt av)* = (V(a))* = V(a*) =v 'ha*h uv Vae Mp, 


and hence h7!vvu*a* = a*h—'vv* for all a € My. Thus h7!vv* is again 
a scalar multiple of the identity, so we can write h = Avv*. Clearly A 
is real and non-zero. It may be taken as +1 by replacing v by |A|~?/2v. 
Conversely, if h = +vv* is invertible, then v is invertible and we may define 
an automorphism V:M, — M, by V(a) = v~'av for all a € My. This 
satisfies 


V(a*) = vt ha*h71v = (+v")a*(tv*)~! = (v7tav)* = (V(a))*. 


Hence (M,, #) is *-isomorphic to (M,,, *) if and only if h = A* in (a) is +p 
for some positive matrix p. 
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(d): The *-algebras (M,,,.S) and (M,,, T) are *-isomorphic if and only if 
there is an algebra isomorphism V: M,, + M,, satisfying VS =TV. Again 
we may write V as V(a) = v_!av. Then we find 


v 'ha*h-'v = VS(a) = TV(a) = kv*a*u* 1k! Vae My. 


This shows that h~!vkv* is a non-zero complex multiple of the identity, so 
we get vkv* = Ah. Again we may take \ = +1. This gives the desired 
formula, and it is obvious that any v satisfying this condition defines a 
*_isomorphism. (Obviously, (c) follows from (d), but we have given inde- 
pendent proofs despite their similarity.) oO 


We can now complete our list of finite-dimensional *-simple *-algebras. 
We need a canonical example in each *-isomorphism class of *-algebras 
arising from exotic involutions on M,,. Let n be at least 2 and let k be an 
integer satisfying 0 < k <n. Let hy be the invertible, hermitian, diagonal 
matrix in M, with k 1’s followed by n—k —1’s. Each connected component 
of the set of all invertible, hermitian matrices in M,, contains h, for exactly 
one value of k. Finally, for each k satisfying 1 < k < [n/2] (the greatest 
integer less than or equal to n/2) we define M,,; to be the *-algebra with 
underlying algebra M,, and exotic involution defined by hx. 


9.1.46 Theorem The following is a complete list of finite-dimensional 
*_simple *-algebras classified up to *-isomorphism. 
(a) Cy (the only non-unital example). 
(b) C (the only commutative, reduced example). 
(c) S(2) (the only unital, commutative, *-radical example). 
(d) M, n=2,3,... (the only non-commutative, reduced examples). 
(e) My, n = 2,3,...; K=1,2,...,[n/2] (the only non-commutative, 
simple, *-radical examples). 
(f) S(2n?) n = 2,3,... (the only non-commutative examples with 
non-trivial center). 


Proof We have already established (a), (b) and (c). Sam Perlis showed in 
[1942] (before the Jacobson radical was defined in 1945) that the Jacobson 
radical of a finite-dimensional algebra is the nilpotent nil radical. (Just note 
that all of the characteristic values are zero in the left regular representation 
of a finite-dimensional, radical algebra.) Hence the *-ideal A? is a proper 
*_ideal of any Jacobson-radical *-algebra. If it is {0}, the *-algebra is not 
*_simple unless it is one-dimensional. Hence Cp is the only radical, *-simple 
*_algebra. Therefore, the last two theorems will complete the present proof 
when we have shown that Mn1i,Mn2,-.--,Mnjnjo] is a complete list of 
exactly one *-algebra in each *-isomorphism class of *-algebras with exotic 
involutions on M,,. 

We call two matrices h and h’ conjugate if there is some invertible ma- 
trix v satisfying h'’ = vhv*. Let h be an invertible hermitian matrix in 
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M,, with n (necessarily non-zero, real) characteristic values r,,7r2,...,Tn- 
Suppose that k are positive and n — k negative and the list gives the 
positive ones before the negative ones. Then the diagonal matrix v = 
diag(|r1|2/2, |ro|?/?,...,|rnl?/2) conjugates hy, into a diagonal matrix d = 
vhyv* with the same characteristic values as h. Since h is hermitian, we 
can find a basis x;,X2,...,Xn of orthogonal characteristic vectors corre- 
sponding to the characteristic values r1,r2,...,T7n. (If 7; #4 7;, then the 
calculation r;(x;,x;) = (h(xi),x;) = («:,4x;) = rj(xi,x;) shows that x; 
and x; are orthogonal. If some characteristic value has multiplicity greater 
than 1, the Gram-Schmidt orthogonalization process will supply enough 
orthogonal vectors.) Normalize all of these characteristic vectors to have 
norm 1. Let w be the matrix in M, with the jth column given by x;. 
Clearly w is a unitary matrix. The equation hw = wd is immediate and 
gives h = w !dw = (w*v)h,(w*v)*. This shows that M, with any exotic 
involution induced by an invertible, hermitian matrix h is *-isomorphic to 
M,, with the exotic involution induced by hx, where k = 1,2,...,n—1 is the 
number of positive characteristic values for h. But the indeterminate sign 
in Theorem 9.1.45(d) shows that any k greater than n/2 can be replaced 
by a k satisfying k < [n/2]. Since conjugation cannot change the number 
of positive characteristic values, the proof is complete. oO 


We record formally another simple remark about semisimple *-algebras. 
When combined with Theorem 9.1.46, this result gives a completely explicit 
structure for such *-algebras. Theorem 9.7.35 below classifies them. (Cf. 
Theorem 9.7.22.) 


9.1.47 Proposition Any finite-dimensional, semisimple *-algebra A is 
unital and *-isomorphic to the *-algebra direct sum of finite-dimensional, 
semisimple, *-simple *-algebras: My, and S(2n*) for n = 1,2,3,... and 
Mp. for p= 2,3,...; kK =1,2,...,[p/2]. 


Proof This is immediate from Wedderburn’s first theorem (Theorem 8.1.1), 
the definitions and the list summarized in Theorem 9.1.46. oO 


9.1.48 Low-Dimensional *-Algebras We now derive a complete list of 
all *-isomorphism classes of *-algebras of dimension three or smaller and of 
all semisimple *-algebras of dimension four. The two Wedderburn structure 
theorems (Theorems 8.1.1 and 8.1.4) allow us to analyze these *-algebras. 
Proposition 9.1.4 shows that the Jacobson radical is a *-ideal. 

Let A be an n-dimensional algebra. The extended left regular repre- 
sentation (Definition 1.2.1) provides an isomorphism of A onto a spectral 
subalgebra of the algebra M,,4,1 of (1 +1) x (1 +1) matrices. Hence if the 
Jacobson radical is m-dimensional, the Cayley-Hamilton theorem (§2.7.6) 
shows that each of its elements a satisfies at! = 0, since the image of 
a in this representation has spectrum {0}. Finally, Theorem 11.1.16 be- 
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low shows that there is a *-subalgebra B of A satisfying B+ Ay = A, 
BmA,y = {0} and such that the restriction of 6: A A/Ay = Q to Bisa 
*_isomorphism of B onto Q. 

We present each *-algebra A as a subset of C” with the usual linear 
space and involutive structure. This amounts to choosing a basis of hermi- 
tian elements and it implies Ay = R”". Thus the *-algebra is completely 
determined by giving the product of any pair of elements. In each case 
we use B to denote a *-subalgebra with the properties noted above. After 
choosing hermitian bases for the Jacobson radical Aj and for B, we only 
need to calculate the possible products of elements from these two bases. 
For each *-algebra A we will give the positive cone A, and the spectrum 
of an arbitrary element. Each n-dimensional *-algebra is assigned a symbol 
A(n,m), where m is an arbitrary index. On page 856 we introduce the 
properties of these *-algebras that we will calculate and tabulate. These 
include the subsets: Ar, Ar, Ap, Ao, An, Ay and the terms reduced, 
hermitian, regular, quasi-proper, ordered. For finite-dimensional algebras 
the terms reduced, pre-reduced, proper and very proper coincide. Many of 
these will not be formally defined until later. The tables on pages 857 to 
859 show which properties each *-algebra enjoys. 

If A is one-dimensional, it must be either semisimple or radical. In 
the first case, A is generated by its identity element, which is necessarily 
hermitian. Hence A is *-isomorphic to C. In the second case, any generator 
a satisfies a2 = 0. We summarize: 


A(1,1) = C (The ordinary complex field.) This is a unital, commutative 
C*-algebra. In this case, Sp(a) = {a} and A; = R, are obvious. 

A(1, 2) = Cp (All products are zero.) This is a commutative, radical 
*-algebra in which all elements have spectrum {0}, and A, = {0}. 


We turn to the two-dimensional case. If A is semisimple, it is isomorphic 
to C@C as an algebra (2.e., with pointwise multiplication of vectors), so we 
only need to determine its involution. The only non-trivial idempotents in 
this algebra are (1,0) and (0,1). Clearly, (1,0)* and (0,1)* are orthogonal 
non-zero idempotents with sum (1,1), which is the identity in the algebra. 
There are only two possibilities: either (1,0)* = (1,0) and (0,1)* = (0,1) 
or (1,0)* = (0,1) and (0,1)* = (1,0). In the first case, we have C 6C with 
its usual *-algebra structure. In the second case, we have the *-algebra 
S(2) described in §9.1.42. 


A(2,1) = C@C (With all *-algebra operations pointwise.) This is a unital, 
commutative C*-algebra with spectrum and positive cone given by 
Sp((a, 8)) = {a, B} and Ay = {(p,q) : p,q = O}. 

A(2,2) = S(2). (The product is (a, 8)(y,5) = (ay — B6,ad + By).) This is 
a unital, commutative , non-hermitian, *-simple *-algebra satisfying 


Sp((a, 8)) = {a +iB,a —iB} and Ay = Aq. 
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Next we consider a two-dimensional *-algebra A in which the radical is 
one-dimensional. The radical A; ~ Cp is spanned by a hermitian element 
h which must satisfy h? = 0 and the *-subalgebra B ~ C is spanned by 
a projection e. Since A, is an ideal, some a € C satisfies eh = ah. The 
calculation ah = eh = e*h = a*h shows that a is either 0 or 1. Ifa = 1, 
then e is an identity for A. Hence A is (Co)! as a *-algebra. If a = 0, then 
eh =0 = he*,so Ais C@Q as a *-algebra. 


A(2,3) = (Cy)! (Multiplication is given by (a, 8)(y, 6) = (ay, ad + BY).) 
This is the unitization of Co (= A(1,2) above). Hence it is unital and 
commutative with spectrum Sp((a, 3)) = {a} and positive cone 
Ax = {(p, pt): p € Ry; ¢ € R}. 

A(2,4) = C @Cp (Multiplication is given by (a, 2)(7,6) = (ay, 0).) This 
is a non-unital, commutative *-algebra. The spectrum of (a, §) is 
Sp((a, B)) = {a,0} and the positive cone is A; = {(p,0) : p > O}. 


Finally we consider the case in which A is a two-dimensional radical 
*_algebra. Of course this happens if all products are zero. The more inter- 
esting case arises if some products are non-zero. If this happens, there must 
be hermitian elements h,k with a non-zero product, hk. Suppose that all 
hermitian elements have square zero. Then h and k must be linearly inde- 
pendent, so we can write hk = ah+ Bk. But then 0 = h?k = h(ah+ Bk) = 
Bhk implies 8 = 0 which implies hk = ah. This gives 0 = hk? = ahk, 
which implies hk = 0. Hence if any products are non-zero, we may choose 
a hermitian element h satisfying h? # 0. Since h? = 0 must hold, h? is 
linearly independent from h, so we may choose the basis h, h? of hermi- 
tian elements satisfying h?h = hh? = 0. This completely determines the 
*-algebra. We conclude the list of two-dimensional *-algebras. 


A(2,5) (Multiplication is given by (a, 2)(7,6) = (0, a’y).) This is a radical, 
commutative *-algebra, so the spectrum of each element is {0}. 
The positive cone is A; = {(0,p) : p> 0}. Notice that A(2,5)? = 
{(0, 8) € A(2,5): 8 € C} is a *-ideal. Both A(2,5)? and the quotient 
algebra A(2,5)/A(2,5)? are *-isomorphic to Cg. The extended left 
regular representation of (a, ) gives a strictly lower triangular 
3x 3-matrix with a in both subdiagonal entries and ( in the 3, 1-position. 
Hence we will denote this algebra by 7 (2) (for triangular) from now on. 
A(2,6) = Co @ G (AI products are zero.) This is a radical, commutative 
*-algebra which has no more interest than Cp above. It satisfies 


Sp((a, B)) = {0} and A, = {0}. 


We now turn to three-dimensional *-algebras. The semisimple case is 
easy. As an algebra we must have COC@C. If we look at (1, 0,0)*, (0, 1,0)* 
and (0,0,1)*, we see that they are non-zero orthogonal idempotents with 
sum (1,1,1) (the identity element). Only two cases are possible. Either 
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each of these idempotents is hermitian or the involution interchanges two 
of them. Up to *-isomorphism it doesn’t matter which two. 


A(3,1) =C@C@C (With the usual *-algebra structure in this case.) 
This is a unital commutative C*-algebra, so it satisfies 
Sp((a, B,¥)) = {a, 8,7} and Ay = {(p,4,7) : p,g,7 > O}. 

A(3, 2) = C @ S(2) (Multiplication is given by (a, 8, y)(6,€,¢) = 
(ad, Be — yC,8C + ye).) This is a unital, commutative *-algebra with 
Sp((a, B,y)) = {a,b +i7, 8 —iy} and Ay = {(p,s,t): p> 0; s,t € R}. 


Next we consider three-dimensional *-algebras A with one-dimensional 
radicals. The radical is generated by a hermitian element h satisfying h? = 
0. The two-dimensional *-subalgebra B is *-isomorphic to either A(2,1) = 
C@C or A(2, 2) = S(2). 

First suppose A/Ay is *-isomorphic to C @ C. Then we may choose 
projections e, f € B satisfying: ef = fe = 0, eh = ah and fh = Bh. 
Calculations similar to ah = eh = e*h = a*h show {a,6,a+ 8} C {0,1}. 
Hence he = (eh)* = ah = eh and hf = (fh)* = Bh = fh also hold. 
Because of the completely symmetrical role played by e and f, if either a 
or § is non-zero we may assume a = 1 and § = O. In this case, e + f 
is an identity element for the algebra. If we had chosen a different basis: 
{e+ f,f,h}, then the subalgebra spanned by f and h would be just C@Cpo 
and A would be its unitization. The choice a = 8 = O gives another 
*_algebra. 


A(3,3) = (C®Co)* (Multiplication is (a, B, 7)(5,e,¢) = (ad, Be, a + 6).) 
This is a unital, commutative *-algebra with Sp((a, G,7)) = {a, 8} 
and Ai = {(p,q, pt) : p,q € Ry;t € R}. (Our multiplication is given for 
the basis e, f and h, but the *-isomorphism with (C@ Cg)! comes from 
the basis e + f, f and h.) 

A(3,4) =C @C@G (Multiplication is (a, 8, y)(6,¢,¢) = (ad, Be, 0).) 
This is a non-unital, commutative *-algebra with spectrum 
Sp(a, 8,7) = {a, 8,0} and positive cone A; = {(p,q,9) : p,q > O}. 


Let A still be a three-dimensional *-algebra with a one-dimensional 
radical but, this time, let B be *-isomorphic to S(2). We can choose a 
hermitian basis e,k € B and h € Aj satisfying e? = e, k? = —e, ek = ke = 
k, h? = 0, eh = ah, kh = Bh. As before, a is either 1 or 0. In the former 
case, the calculation —h = k*h = 87h shows that kh is tih. We may choose 
kh =ih = —(kh)* = —hk. In the latter case we get kh = 0 = (kh)* = hk. 


A(3,5) (The multiplication is given by (a, 8, y)(6,€,¢) = (ad — Be, ae + BS, 
a€+76+i(8¢C -—ye)).) This is a unital, non-commutative *-algebra. 
The spectrum of an element is given by Sp((a, G,7)) = {a+18,a—iB} 
and the positive cone is A, = Ay. Notice that Ap equals A,. 

A(3,6) = S(2) @C (Multiplication is given by (a, 8, y)(6,€,¢) = 
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(ad — Be,ae + 86,0).) This is a non-unital, commutative *-algebra. 
The spectrum and positive cone are Sp((a,8,7)) = {a + iB, a — if, 0} 
and A, = {(s,t,0):s,t¢€ R}. 


Next we turn to three-dimensional algebras with radical equal to A(2, 5). 
Hence we have a hermitian basis e,h,k satisfying e? = e, h? = k and 
k? = hk = kh = 0. Choose a,8 € C so that eh = ah+ Bk. Then we 
get ek = eh? = ak = e*k = a’k, so a is either 1 or 0. The calculation 
ah + Bk =eh=e*?h=a7h+ 28k shows 8 = 0. We conclude he = (eh)* = 
ah = eh and ke = (ek)* = ak = ek. The two choices of a give two more 
non-*-isomorphic *-algebras. 


A(3,7) = 7 (2)! (Multiplication is given by (a, 8, 7)(d,e, C) = 
(ad, ae + 8b6,aC + yb + Be).) This is a unital, commutative *-algebra 
with spectrum and positive cone Sp((a, 8,y)) = {a} and 
Ax = {(p,ps, pt + q) : p,q © R,; s,t € R}. 

A(3,8) = C @ 7(2) (Multiplication is given by (a, G,y)(6,e,¢) = 
(ad,0, Ge).) This is non-unital and commutative with the spectrum 
Sp((a, 8, y)) = {a} and positive cone A, = {(p,0,q) : p,q > O}. 


Next we turn to three-dimensional *-algebras with Jacobson radical 
*isomorphic to A(2,6) = Co ® Co. We get a hermitian basis e,h,k 
satisfying e? = e, h? = hk = kh = k? = 0. Left multiplication by 
e is an idempotent operator on Ay. If it acts like an identity, we get 
(Cy @ Co)!, and if it acts as the zero operator, we get C@ Cy PCy. The 
only other possibility is that left multiplication by e projects onto a one- 
dimensional subspace. Write eh = a and ea* = aa. Then aa = ea* = 
e(eh)* = ehe = ae = (ea*)* = (aa)* shows that the space it projects 
onto contains a non-zero hermitian element. We will choose it as A in 
our basis for Az, so we get eh = ah,ek = Bh. Multiplying by e gives 
ah = eh = e*h = a*h and Bh = ek = e*k = eBh = aBh. Since a = 0 
implies 8 = 0 (a case already considered), we get eh = h = he. The cal- 
culation Bh = Ghe = eke + e(ek)* = e8*h = B*h shows that @ is a real 
number which we denote by t. Choose 7 = k—th in place of k to get a basis 
of hermitian elements satisfying e? = e,h? = j? = ej = je =hj = jh =0 
and eh = he = h. Clearly these three *-algebras are non-*-isomorphic. 


A(3,9) = (Co @Co)! (Multiplication is given by (a, B,y)(6,¢,¢) = 
(ad, ae + 86,aC + 76).) This is a unital, commutative *-algebra with 
spectrum and positive cone Sp((a, 8, y)) = {a} and 
Ax = {(p, ps, pt): p € R,;s,t € R}. 

A(3,10) = C@ Cy @G (Multiplication is given by (a, B,7)(d,e,¢) = 
(a6,0,0).) This is a non-unital, commutative *-algebra with spectrum 
and positive cone Sp((a,8,y)) = {a} and A; = {(p,0,0) : p > O}. 

A(3, 11) = (Co)' ® Co (The product is (a, 8, )(5,€,¢) = (ad, ae + 86, 0).) 
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This is a non-unital, commutative *-algebra with spectrum and positive 
cone Sp(a, 8,7) = {a} and Ay = {(p, pt,0):p € Ry;t € R}. 


Next we consider three-dimensional radical *-algebras. Suppose there 
is a hermitian element h with h® non-zero. Since h4 = 0 must hold, we see 
that h,k = h? and j = h® span A and satisfy h? = k,k? = 0,7? =0,hk = 
kh= j,hj =jh=kj = 7k =0. This completely determines the *-algebra. 


A(3, 12) (Multiplication is given by (a, G,~y)(d6,¢,¢) = (0, ad, ae + B6).) 
This is a radical, commutative *-algebra in which all elements have 
spectrum {0} and A; = {(0,p, pt): p € R,;t € R}. The extended left 
regular representation exhibits this as a strictly lower triangular matrix 
algebra similar to 7(2). Hence we denote this algebra by 7(3) from 
now on. Both {(0,0,7) : 7 € C} and {(0,8,-y) : 8,7 € C} are *-ideals 

*-isomorphic to Co and Cg @Cp with quotients 7 (2) and Co, respectively. 


Consider a three-dimensional radical *-algebra in which no hermitian 
element has a non-zero cube. Suppose that there is some non-zero hermitian 
element h with a non-zero square. Obviously h? is linearly independent from 
h (since h® is zero). Denote h? by j and let k be any hermitian element 
linearly independent from h and j. Clearly we have h? = j and hj = jh = 
j? =0. Write hk = ah+ Bk+-j. Successively multiplying by h on the left 
gives 7k = aj + Bhk; 0 = Bjk. If 8 were non-zero, then jk would be zero, 
allowing us to solve for hk in the next to the last equation. Comparison 
with the first equation shows 6 = 0. This contradiction shows @ = 0 and 
that 7k may be non-zero. We have hk = ah+v7j and jk = a7. Successively 
multiplying on the right by k gives hk? = ahk + yjk = a*h + 2ayj and 
0 = a*hk + 2ayjk = a®h + 3a°y7j, which proves a = 0, hk = yj, jk = 0 
and hk? = 0. 

Now we modify our initial choice of k. Replace k by k — ah, where y = 
a+ib. This changes none of our calculations, but now hk = yj — aj = 1b. 
This is the value we use. 

Denote k? by k? = 6h +ek+ Cj. Multiplying by k on the right gives 
0 = 6hk + ek? = 6yj + €bh + e2k + €Cj, which implies e = 0. Hence we 
get 0 = hk* = 67 which implies 6 = 0, so finally we have h? = j, k? = Cj, 

2 = 0, hk = ibj, kh = -1bj, and hj = jh = kj = jk = 0, where we 
have used kh = (hk)*, etc. Of course ¢ must be real, so we will replace it 
by t. If t is not zero, we may replace k by |t|~!/?k (absorbing this factor 
in y = ib) and hence take t = +1. We will investigate the three cases 
t= +1,¢ = —1,¢ = 0 individually. 

At this stage our basis h,j,k satisfies h? = j, hj = jh = j? = kj = 
jk = 0 k* = tj with t € {1,—-1,0} and hk = ibj = —kh. Note that the 
*-algebra is commutative if and only if b = 0. 

First let b be zero. If t = —1 and we list the basis as h, k, j, we get 
A(3,13). When ¢ = 1, with the basis in the same order we get A(3, 14). 
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Finally, for t = 0 with basis k, h, J, we get A(3,15). The first case differs 
from the others in that the positive cone is a real subspace A; = {(0,0,t) : 
t € R}. It is easy to see that no two independent hermitian elements in the 
third *-algebra can satisfy the equations describing h and k in the second 
case. Hence all of these *-algebras are non-*-isomorphic. 


A(3, 13) (Multiplication is given by (a, 8, y)(6,¢,¢) = (0,0, ad — Be).) 
This is a radical, commutative *-algebra, so each element has spectrum 
{0}. The positive cone is A; = {(0,0,t):¢t € R}. The two *-ideals 
{(a, 0,7): a,y € C} and {(0,0,y) : y € C} are *-isomorphic to 7 (2) 
and Cp with quotients *-isomorphic to Cy and Cg 6 G, respectively. 

A(3,14) (Multiplication is given by (a, 8, y)(6,€,¢) = (0,0,ad + Be).) 
This is a radical, commutative *-algebra: each element has spectrum {0}. 
The positive cone is {(0,0,p) : p> 0}. Clearly, {(a,0, 7): a,y € C}, 
{(0, 8,7): B,y € C} and {(0,0,y) : y € C} are *-ideals *-isomorphic to 
T (2), 7(2) and Cy with quotients *-isomorphic to Co, Co and 
Co @ G, respectively. 

A(3,15) = Cy 6 T(2) (Multiplication is given by (a, 8,7)(6,e,¢) = 
(0,0, Be).) This is a radical commutative *-algebra, so each element 
has spectrum {0}. The positive cone is {(0,0,p) : p > O}. 


If b is not zero, the algebras described previously are non-commutative. 
We recall that the defining relations: h? = j, k? = tj, t € {1,-1,0}, 
hk = ibj, kh = —ibj with b € R and all other products zero. We describe 
the algebras in the order ¢ = 1, t = —1, t = 0 and with their bases listed 
in the order h, k, j. In the last case (when k* = 0) we replace k by k/b, 
which changes no product except to give hk = i7 = —kh. In both the 
first two cases (which depend on real parameters), we may assume that the 
parameter is positive by simply replacing k by —k if necessary. 


A(3, 16,c) for c > 0 (Multiplication is given by (a, 8, y)(6,€,¢) = 
(0,0,ad + Be + ic(ae — 8d)).) This is a radical, non-commutative 
*-algebra in which the spectrum of any element is {0} and the positive 
cone is A, = {(0,0,p):p>0} if0<c<1 and A, = {(0,0,t);¢ € R} 
if c > 1. Notice that A(3, 16,c) is quasi-proper (defined on page 856) if 
and only if 0 < c < 1. Dividing by the *-ideal A? = Ap = {(0,0,7): 
y € C} gives a quotient *-isomorphic to Co 6 G. 

A(3,17,c) for c > 0 (Multiplication is given by (a, 6, ~y)(d,€,¢) = 
(0,0, ad—Bet+ic(ae—d)).) This is a radical non-commutative *-algebra 
in which the spectrum of any element is {0}, the positive cone is A, = 
{(0,0,¢): ¢ € R} and A? = Ap = {(0,0,7) : y € C} as in A(3, 16, c). 

A(3, 18) (Multiplication is (a, 8,7)(6,e, ¢) = (0,0, ad + i(ae — Bd)).) 
This is a radical, non-commutative *-algebra in which each element has 
spectrum {0} and the positive cone is A, = {(0,0,¢):¢ € R}. Again, 
we get A? = Ap = {(0,0, 7): y € C} as in A(3, 16, c). 
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We need to show that the last three classes of *-algebras are al] distinct 
and that no two distinct values of the parameters give rise to *-isomorphic 
algebras. In A(3,16,c) for c > 0, an arbitrary hermitian element (7, s, t) 
has square (0,0,r? +s”). It is easy to check that if any two hermitian 
elements are chosen to have equal squares, and their product is a purely 
imaginary multiple of this square, then it will be +ic times this square. 
Interchanging the elements, if necessary, gives tic. This calculation shows 
that A(3, 16,c) and A(3, 16,c’) are non-*-isomorphic if c 4 c' (and both c 
and c’ are positive). 

In A(3,17,c), the square of an arbitrary hermitian element (r,s, t) is 
(0,0,r? — s?). This shows immediately that A(3,16,c) and A(3,17,c’) 
can never be *-isomorphic. In A(3,17,c), if we choose any two hermitian 
elements with the non-zero square of one equal to the negative of the square 
of the other and insist that the product of these two elements be a purely 
imaginary multiple of their squares, then this multiple is tzc. Thus, again, 
no two distinct choices of positive c give rise to *-isomorphic *-algebras. 

In A(3, 18), the square of an arbitrary hermitian element (r,s,t) is 
(0,0,r?). This distinguishes A(3,18) from A(3,17,c). If we choose any 
basis of hermitian elements in A(3, 18) with the first two elements having 
square equal to the third, it is easy to check that the product of these first 
two elements cannot be a purely imaginary multiple of the third. Hence 
A(3, 18) is not *-isomorphic to A(3, 16, c). 

Finally we consider a three-dimensional radical *-algebra in which no 
hermitian element has a non-zero square. Suppose that h and k are her- 
mitian with hk # 0. Then we get 0 = (h+k)? —h? —k? = hk +kh. If 
hk = ah + Bk holds, then multiplying on the left by h and on the right by 
k shows a = 8 = 0. Hence we may choose for a hermitian basis h,k and 
j = (t/2)(kh — hk) = —ihk. Clearly all other products of basis elements 
are zero. Hence we have another radical *-algebra with not all products 
zero. Finally, we get the three-dimensional algebra in which all products 
are Zero. 


A(3,19) (Multiplication is given by (a, 8,7)(6,é,¢) = (0,0, 7(ae — Bd)).) 
This is a radical, non-commutative *-algebra in which each element has 
spectrum {0} and the positive cone is A; = {(0,0,t):¢ € R}. Once 
again we get A* = Ap = {(0,0,7): 7 € C} as in A(3, 16,c). 

A(3, 20) = Co BCy ®G (All products are zero.) This is the un-interesting 
three-dimensional zero *-algebra. 


This completes a list of all *-isomorphism classes of one-, two-, and 
three-dimensional *-algebras. 

We will now list the five *-isomorphism classes of semisimple four- 
dimensional *-algebras. Wedderburn’s first theorem (Theorem 8.1.1) shows 
that as an algebra such a *-algebra is either COC@COC if it is commutative 
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or Mp if it is not commutative. 

Consider the commutative case first. Choose a one-dimensional idempo- 
tent p. Then p* is an idempotent which must be either p itself or orthogonal 
to p since pp* is an idempotent which is less than or equal to p. In either 
case choose another one-dimensional idempotent qg orthogonal to p and p”*. 
We have the same choice for g*, which is surely orthogonal to p and p*. 
Proceeding in this way, we find three possible *-isomorphism classes: 


A(4,1) = COC@®CEC =C' asa *-algebra. This is a unital, commutative 
C*-algebra. The spectrum of (a, 8,,4) is {a, 8, y,6} and the positive 
cone is A; = Ri @R, OR, GR,. 

A(4,2)=C@C@S(2) = A(2,1) @ A(2, 2). This is a unital, commutative 
*-algebra with spectrum given by Sp(a, 8,7,6) = {a, 8B, y + 16, y — id} 
and positive cone A; = R, @R, GROR 

A(4, 3) = S(2) ® S(2) = A(2, 2) @ A(2,2) = S(2)?. This is a unital, 
commutative *-algebra with spectrum given by Sp(a, 6,y,6) = 
{a+iB,a—iB,y+id, y—-16} and positive cone A, = ROROROR = Ax. 


Theorem 9.1.46 completely determines the last three examples we give. 
Civin and Yood [1959] previously noted an exotic involution on M2. 


A(4, 4) = M2 (Mp2 with its usual *-algebra structure, so that 


a B\ fat ; 

a r) ca B* 6* . 
This is a unital, non-commutative C*-algebra. The spectrum, set of 
hermitian elements and positive cone are given by 


sni(2 AE foes ela od 


y oO 


An ={( 5. P) ister sec} 


A={(f ) Pd ER, 6 €C and py > |s?} 


A(4, 5) This *-algebra has the usual algebra structure of M2, but the 
involution is given by 


a ie or 


This is a unital, non-commutative *-algebra with the same spectrum 
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as in A(4,4) but the sets of hermitian and positive elements are 
An=Av=4($ a :aeéC, ste R} 


It is *-radical and has none of the other desirable properties of 
*_algebras we consider. 


The involution we have given for A(4, 5) is induced by h = & a If 
1 


we use hh! = & 1 


) instead, we get the exotic involution 


a B\’ fat -y7 
y } aa — B* 6* ? 


but recall that the resulting *-algebras are *-isomorphic. 


A(8, 12) This is the *-algebra S(8) described in Theorem 9.1.44. 
It is unital, semisimple, non-commutative, *-simple but not simple. 
The spectrum of (A, B) is the union of the sets of characteristic values 
for each matrix. The positive cone is the set {(A, A*) : A € M2} of 
hermitian elements. Hence A(8, 12) is *-radical and non-hermitian. 


We insert here four pages of tables summarizing the examples we have 
worked out. Thus these tables contain exactly one example from each 
*-isomorphism class of *-algebras of dimension three or less, as well as 
one example from each class of four-dimensional, semisimple *-algebras 
and from the unique class of *-simple, eight-dimensional *-algebras. See 
Theorem 9.7.35 below for further details. 


9.1.49 Square Roots in Mz _ Let M2 be the *-algebra of all complex 
2 x 2-matrices with the usual conjugate transpose involution. We will derive 
an explicit formula for the positive square root of any positive matrix in 
M,. Let P be the matrix 


pul 2 so where p,q,r€ Ry; r*? < pq; CET. (50) 
It is easy to see that P is positive and that any positive matrix in M2 can 
be written this way, uniquely. Note that Tr(P) = p+q = 0 is equivalent to 
P=0. From now on we assume P # 0. We choose the following notation: 
P1/2 — Su 

u¢* t 
that ¢ € T must have the same meaning in both formulas. After squaring 


, where s,t,u € R,; u? < st; ¢ € T. It is easy to see 
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Information on Finite-Dimensional *- Algebras 
for the Following Three-Page Table 2 


These definitions and results are discussed in Sections 9.7 and 9.8. 


Definitions Let A be a finite-dimensional *-algebra. 
(a) The reducing ideal Ap of A is the *-ideal 


Ar = (){ker(T) : T is a *-homomorphism of A into M/, for some n € N}. 


(b) The Leptin radical A, of A is the largest *-ideal of A that is her- 
mitian as a *-subalgebra. 

(c) Ap = ideal{ab — ba: a,b € A} is the derived *-ideal of A. 

(d) Ao = span(A, N(—A;,)) is the ordering *-ideal of A. 

(e) A is reduced <=> It is *-isomorphic to a *-subalgebra of C(C") = 
B(C”) for some n € N. => Ais a C*-algebra. <> Apr = {0}. = > a*a =0 
implies a = 0 for alla € A. 

(f) A is hermitian <=> Sp(h) C R for all h € Ay. <> Sp(a*a) C Ry 
for allae A. <=> A= AL. 

(g) A is regular <=> All *-subalgebras of A are semisimple. <= h? = 0 
implies h = 0 for all h € Ay. <> p(h) = 0 implies h = 0 for all h € Ag. 

(h) A is quast-proper <=> a*a = 0 implies aa* = 0 for all a € A. 

(i) A is ordered — > Ai N(-A+) = {0}. — > Ao = {0}. 


The reader should be aware of the following results: 


A? = span A, Ay = ARN AL Ao C Ar. 


A finite-dimensional *-algebra is reduced if and only if it is both regular and 
ordered or both hermitian and semiprime. The following diagram shows all 
other implications that hold between these conditions on finite-dimensional 
*-algebras. All of the necessary counterexamples are provided by Co, S(2), 
My and A(A, 5). 


Reduced Commutative 


egular 


Ordered Hermitian Semisimple & Semiprime Quasi-proper 


Because of the method chosen for presenting these *-algebras, each 
n-dimensional *-algebra A in the table satisfies 


Any =R" CC". 
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Table 2 
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A(3, 15) 


AG ee c Stes 
ai 16, 1) 


A(3,16,c) l<c 
a 17, e O<c 
A(3, 18) 
“Ag ae 


a= 
a © S(2) Y/Y H Y{[YIfY 
A(4,3) ~ S(2)? YI|YININ|Y]Y¥YIY 
jason [psp pypy[ ofr 


AG,3) = (Ma, IY [NN 
A(8,12) = S(Q)@M,_ | Y | N_ 
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P}/2 we need to solve the equations 
s?+ul=p ?tue=gq (s+tlu=r 


s,t,u in terms of p,qg,r. The multiplicativity (and positivity) of the deter- 
minant gives st — u? = \/pq—r?. By combining this equation with the 


first two above, we get s+¢=1/p+q+2,/pq—r?. This yields 


p+ pq—r? rc 
p}/2 — V ptqt2Vpq-r? yf pt+qt+2./pq-r? (51) 


q++/pq—r? 


ea 
V ptqt2Vpq-r? yf pt qt+2y/paq-r? 


9.1.50 Norms from Inner Products and the Parallelogram Law 
In §1.7.3 of Volume I, we promised a proof of the following theorem. 


Theorem A norm on a (complex) linear space X is induced by an inner 
product if and only if it satisfies the parallelogram law 


lz + yll? + [le — yl? = Qllx||? + 2[ly|l? Vay 4. 


In this case, the inner product is defined by the polarization identity 
i 
(c,y)=>)> i llatityl|? Vaye x. (52) 
re 


Proof For completeness we show that “the norm induced by an inner prod- 
uct” (cf. Definition 9.1.10) is a norm. If (-,-) is an inner product on 4%, 
its positive definiteness shows that the expression ||z|| = (x, x)!/? for each 
x € X has non-negative range and vanishes if and only if x is zero. Clearly, 
the expression || - || induced by (-,-) satisfies ||Az|| = |A| ||z|| for all A € C 
and « € #&. Finally, 


lta te" y||? = (ta + t7ly, te tt7*y) = t?||2||? + Welz, y) + t-*\IyI|? 


implies |2Re(z,y)| < ¢*||z||° + ¢7*|ly||’ and thus |Re(x,y)| < |lzI| |ly|| for 
all z,y € X. This gives ||z + y|| < ||z|| + |]y|| for all cz, y € ¥, so ||- || isa 
norm. 

If the norm ||- || on ¥ is induced by the inner product (-,-), it satisfies 


je +yll? + |le—yll? 

= (rt+ty,r+y)+(e@-y,r-y) 

= ||z||? + 2Re(z, y) + |ly||? + |lz||? — 2Re(x, y) + [ly||? 
2\|a||? + +2||yl|?. 


9.1.50 *_ Algebras 861 


In this case, we also find 


3 
So lle + a*yll? 
k=0 


>" + +i *| (2, iy) + (i*y,2)| 


3 


> [(ey) + *,2)] = (2,9), 


k=0 


establishing equation (52). 

Conversely, suppose || - || satisfies the parallelogram law. We prove that 
the map (-,:):4 x ¥ — C defined by (52) is an inner product. Setting 
7 = —k gives 


Ho | eo 


3 
koe Lek 
(t,y) = Mla + FylP = 7 Dali fe + yl? 


i|ly + al? =(y,c)* Va,ye X. 


| 


For any z,y, 2 € +, consider 
(Ilz+y1l? —lle—yll?)+(le+yl?—Il2-yl?) 
= (|le+yll? + Ile + yl?) — (le — yl? + [lz - ll?) 
1 
= 5 (lle + 2+ 2yll? + lle - 21?) — (Ile +2 — 2yll? + [le — 2)?)] 
1 2 2 2 2 
= 5[(Vle + 2+ 2yll? + lle + 2l|?) — (Ile + 2 — 2ylP? + [le + 21)?)| 
1 
= 5[(le+ 2+? + llyll?) - (Ile +2 — ll? + llyll)| 
= |le+z+yll’ - lx +2 —yl). 
Replacing y by zy gives 
i(||ar + tyl|? — [Je ~ éyl|?) + i(l]z + éyll? — [Lz — all?) 


= i(\|z + 2 + iy||? — [lx + 2 — iy]|?). 


One-quarter of the sum of these two equations is the middle equation in 
lx lx 
| dle +H ylP +7 al + i*y|/? 


3 
1 , 
red 4 ) V\l2t+z2+i*yll? =(2+2z,y); 
=0 


(x,y) + (z,y) 
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proving additivity in the first factor. 
Induction gives p(z, y) = (px, y) for any p EN, so any p,q € N satisfy 


p 1 Lt p 

—2,y) = p(-z,y) = p-q(-2,y) = —(z,y). 

() q q 4q q 
Since the norm (and hence the presumed inner product expression it de- 
fines) are continuous, and since t(z, y) = (tz, y) holds for all positive ratio- 
nal numbers, it must hold for all ¢ € R,. Furthermore, we see 


3 
1 Wii. rae 
(Gz,y) = 5 cilia + ity? 
k=0 


3 
1, pe AT et et ae 
= Fi Pete 'ylP =i(ey)  Vaye 2%. 
k=0 


Since any complex number is the sum of at most two terms of the form 
i*t for k = 0,1,2,3 and t € R,, this proves linearity. Finally, (z,x) = 
+(4||z||? + 0 + 2%||x||? — 22||x||?) proves that (-,-) is positive definite and 
induces || - |]. O 


In a slightly different context, the polarization identity was also given 
as (13) above. There are at least two other related identities that are 
sometimes referred to as the polarization identity. We gave 


3 
(Tz, y) = tre + ity), tify) WTEL(A); 2, yer 
k=0 


for any pre-Hilbert space as (20) in the proof of Theorem 9.1.20. We will 
use 


3 
4ab= S-i*(b+ika*)*(b+i*a*) WabeEeA 
k=0 


for any *-algebra A in the proof of Theorem 9.5.14 below. 


9.2 *-Representations 


Throughout this section, we use the standard terminology and notation 
on representations of algebras and normed algebras introduced in Chapter 
4. We want a representation theory for *-algebras. At the very least, a 
*-representation of a *-algebra A should be a representation of the algebra 
A, i.e., a homomorphism of A into the algebra £(4) for some linear space 
X. In order to bring the involution into the theory, we must assume addi- 
tional structure on 1’, so that £(%), or in general a subalgebra of L(V), is 
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a *-algebra. A *-representation theory of self-dual vector spaces has been 
developed by Joseph A. Schatz [1957]. The main results of this theory are 
given in Charles E. Rickart’s book [1960]. A related theory was developed 
by E. Christopher Lance [1972]. We shall consider only more restrictive 
definitions in which the representation space is at least a pre-Hilbert space. 
Definition 9.1.10 introduced the *-algebras £,(4) and B,(4) for a pre- 
Hilbert space 4 and Proposition 9.1.11 showed L,(#) = B.(H) = B(H) 
when H is a Hilbert space. 


9.2.1 Definition <A ( pre-*-representation / *-representation ) of a 
*-algebra A on a ( pre-Hilbert space 1 / Hilbert space H ) is a *-homomor- 
phism T of A into ( £,(4) / B(H) ). When T is a *-representation of A on 
a Hilbert space, the Hilbert space will be denoted by H’ unless some other 
notation has been specified. The Hilbert space dimension of H” is called 
the dimension of T. Since pre-*-representations and *-representations are 
examples of representations on normed linear spaces, the terms faithful, 
trivial, irreducible, cyclic, normed, topologically cyclic, topologically trre- 
ducible, continuous, and strongly continuous, introduced in Definitions 4.1.1 
and 4.2.1, will all be used. 


The theory of *-representations on Hilbert spaces is more important 
and interesting than the corresponding theory of pre-*-representations on 
pre-Hilbert spaces. Since Hilbert spaces are also pre-Hilbert spaces, *-repre- 
sentations are special cases of pre-*-representations. 


9.2.2 Proposition Every *-representation is normed. Furthermore, a 
pre-*-representation T of a *-algebra A on a pre-Hilbert space X is the 
restriction of a (necessarily unique) *-representation T of A on the Hilbert 
space completion X of X if and only if T is normed. 


Proof Recall that a representation is normed if the representing opera- 
tors are bounded. Proposition 9.1.11 implies that any *-representation is 
normed. Hence any restriction of a *-representation is normed. The same 
result shows that there is at most one extension of a pre-*-representation 
on a pre-Hilbert space ¥ to its completion VY. If T is a normed pre-*- 
representation on the pre-Hilbert space 1’, let T,, be the closure of T, in 
X x & for each a € A. It is easy to check that T is a *-representation of A 
on X and that T is a restriction to ¥ of T. oO 


Let ¥ be a pre-Hilbert space. For any subset S of 7,S+ denotes the set 
of all vectors y € ¥ that are orthogonal to S, i.e, St = {yEX:(z,y) = 
0 for all z € S}. Obviously S+ is a closed linear subspace of ¥. If K is 
a subspace of a Hilbert space #1, then H has a direct sum decomposition 
H=K@Kt. The resulting projection map P:H —> H defined by 


Pizt+ty)=x2 VW2reEK;ye€K- 
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is easily seen to be a hermitian (= self-adjoint) idempotent in B(H) satisfy- 
ing ||P|| = 1 (unless K = {0}). Furthermore, it is clear that an idempotent 
Q = Q? satisfying QH = K is self-adjoint if and only if its kernel (I — Q)H 
is K+ (in which case Q = P). The projection map P described above is 
called the projection of H onto K. 

Recall from Chapter 4 that if T is a representation of an algebra A on 
a linear space 7, then a subspace ) is T-invariant if T,(y) belongs to Y 
for alla € A and y € Y. In this case, a ++ T,|y is denoted by T” and 
called the restriction of the representation J’ to Y or a subrepresentation 
of T. The subspace ) is said to decompose T if there is a complementary 
T-invariant subspace Z, 2.e.,, ¥ = Y@ Z with Z T-invariant. Recall also 
the concepts of direct sums of representations introduced in Chapter 4 and 
of commutants introduced in Definition 1.1.4. 


9.2.3 Definition Let T be a *-representation of a *-algebra on a Hilbert 
space H. If H is the closed linear span of a collection {H® : a € A} of 
orthogonal T-invariant closed linear subspaces, then we say that T is the 
(internal) direct sum of its sub- *-representations {T™ :a € A}. 


The next result shows that every closed T-invariant subspace of a 
*_-representation T on a Hilbert space automatically decomposes JT. Many 
of the differences between the theory of representations of algebras and the 
theory of *-representations of *-algebras follow directly from this result. 


9.2.4 Proposition Let T be a pre-*-representation of a *-algebra A on 
a pre-Hilbert space X. Let Y be a T-invariant subspace of XY. Then Y+ is 
a closed T-invariant subspace of X. If T 1s normed or X is a Hilbert space, 
then Y~ is also T-invariant. If X 1s a Hilbert space, T is a direct sum of 
the sub-*-representations T” and T» . In this case the projections of X 
onto Y~ and Y+ both belong to the commutant (T,)’ of T, in B(X). 


Proof For any xz € Y,y € Y+ anda € A, we have (z,T,y) = (T*2,y) = 
(Ta-z,y) = 0. This implies that Y+ (which is obviously closed) is 
T-invariant. If T is normed, then Y~ is obviously T-invariant since each T, 
is continuous. Proposition 9.2.2 shows that T is normed if ¥ is a Hilbert 
space. (In this case we can also see that Y~ is T-invariant by noting 
Y~ = (¥+)+.) When 4 is a Hilbert space, it is well-known and elementary 
that ¥ is the orthogonal direct sum of Y~ and y~. 

Let P be the projection of X onto Y~. Since Y~ is T-invariant, every 
a € A satisfies PT,P = T,P. Replacing a by a* and taking the adjoint 
of the resulting equation, we get PT, = (T,+P)* = (PT,«P)* = PTI,P. 
Hence P belongs to (T4)'. Thus the projection I — P onto V+ also belongs 
to (Ty)’. Oo 


9.2.5 Definition A *-representation T of a *-algebra A on a Hilbert 
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space # is called essential if TAH = {T,z : a € A;xz € H} is dense in 
H. A closed T-invariant subspace K of H is called ( topologically cyclic / 
essential ) if the corresponding sub-*-representation T* is ( topologically 
cyclic / essential ). 


Note that a T-invariant subspace K is topologically cyclic if and only if 
it satisfies K = (4x) = {Tax : a € A}~ for some x € K. The next result 
is particularly crucial to the theory of *-representations. 


9.2.6 Theorem The following are equivalent for a *-representation T of 
a *-algebra A on a Hilbert space H. 

(a) T is essential. 

(b) Any x € H is zero if it satisfies T,x = 0 for alla c€ A. 

(c) Anyx EH satisfies x € (Tar) = {Tyxz:a€ A}-, so that it is a 
topologically cyclic vector for the restriction of T to the topologically 
cyclic subspace (T.4x)~. 

(d) Every non-zero closed T-invariant subspace contains a non-zero 
topologically cyclic subspace. 


Proof (a)=>(b): If T,2 = 0 holds for alla € A, then (Tay, 2) = (y,Ta-x) = 0 
holds for all Tay € TAH = {Taz : a € A;x € H}. Hence x is zero since 
TAH is dense by the definition of an essential *-representation. 

(b)=(c): If x belongs to (T4x)~, then it is certainly a topologically 
cyclic vector for the restriction of T to (T4x)~. Let x € H_ be arbitrary, 
and let z = y + z be the direct sum decomposition corresponding to H = 
(T4z)~ @(Tyx)+. Then both Tyy € (Tar) and Tyz € (T,az)+ hold for 
each a € A by the T-invariance of these subspaces (Proposition 9.2.4). 
However, T,z = T,z — T,y is also an element of (T'4z)~ by linearity, and 
hence T,z is zero for all a € A. Therefore, (b) implies z = 0 and thus x = y 
belongs to (T4z)~. 

(c)=>(d): If K is a non-zero closed T-invariant subspace and z € K is 
non-zero, then (T'4z)~ C K is a non-zero topologically cyclic subspace. 

(d)=>(b): The subspace {ct € H : Tar = 0 for all a € A} is clearly 
closed and T-invariant but contains no non-zero topologically cyclic sub- 
space. Hence it equals {0}. 

(c)>(a): All x € H satisfy x € (T4x)~ C(TyH)-. oO 


(N.B. The following argument for (d)=>(a) seems attractive, but is a 
fallacious. “If T.4H is not dense, then (T4H)~+ contains a non-zero vector x 
which satisfies x € (T4x)~ C (T4H)~. However, x € (TAH)~ N(TyH)+ 
contradicts x # 0.” The fallacy is that T.4H is not obviously a subspace, so 
that it might conceivably fail to be dense but still satisfy (.47)+ = {0}.) 

Proposition 9.2.4 and a dimension argument show easily that every 
*_representation on a finite-dimensional Hilbert space is the direct sum of 
topologically irreducible sub-*-representations. Unfortunately, this is not 


866 9: *-Algebras 9.2.7 


true for *-representations on infinite-dimensional Hilbert spaces. Instead, 
there is a theory of “direct integral” decompositions of *-representations 
into topologically irreducible sub-*-representations, but we shall not en- 
ter into this theory here. (See Dixmier [1957], Chapter II.) However the 
next two propositions show how Proposition 9.2.4 can be used to estab- 
lish a direct sum decomposition of a *-representation into a trivial sub- 
*_representation and a (highly non-unique) family of topologically cyclic 
sub-*-representations. This decomposition is important for many purposes 
since the topologically cyclic *-representations turn out to be exactly those 
that we can most easily construct and compare up to unitary equivalence 
(Definition 9.2.9). 


9.2.7 Proposition Let T be a *-representation of a *-algebra A on 
a Hilbert space H. Then H is the orthogonal direct sum of the closed 
T-invariant subspaces Hr = TaH™ and Ho = M{ker(T,) : a € A}. 
The restriction of T to the subspace ( Hr / Ho ) is an ( essential / 
trivial ) sub-*-representation that includes all ( essential / trivial ) 
sub-*-representations. The projection P on Hr =T,H” satisfies 


Pigs iy = 1 VaceA. 


Proof Clearly Ho is a closed T-invariant subspace and the restriction of 
T to this subspace is a trivial sub-*-representation that includes all triv- 
ial sub-*-representations. Proposition 9.2.4 shows that Hd is a closed 
T-invariant subspace. Since the restriction of T to this subspace satis- 
fies Theorem 9.2.6(b), it is essential. From these two results, we con- 
clude: Hr D Ta(Hg)~ = Hg. However, Taz € Hr and y € Ho satisfy 
(Taz,y) = (z,Ta-y) = 0. We conclude Hr C Hd and hence Hr = Hz. 
Thus #7 contains all essential closed T-invariant subspaces and H is the 
orthogonal direct sum of Hr and Ho. The last sentence of Proposition 9.2.4 
gives the last sentence of this proposition. O 


Because of this proposition, we will mainly confine our attention to 
essential *-representations from now on. In the next theorem we restate the 
major results of Propositions 9.2.2, 9.2.4 and 9.2.7 and include one more 
result that completes the elementary theory of the direct sum decomposition 
of *-representations. 


9.2.8 Theorem Let T be a *-representation of a *-algebra A on a Hilbert 
space H. Then T is a normed *-representation and each closed T-invariant 
subspace decomposes T'. Furthermore, T is uniquely the direct sum of an 
essential sub-*-representation and a trivial sub-*-representation. Finally, 
any essential *-representation is the direct sum of topologically cyclic sub- 
*_representations. 


Proof Only the last sentence remains to be proved. It is proved by a typical 
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Zorn’s lemma argument. Let F be the family of sets of mutually orthogonal, 
topologically cyclic, T-invariant subspaces of H. Order F by inclusion. 
Then, by Zorn’s lemma, it contains a maximal set S = {H® : a € A}. If the 
closed linear span K of U{H* : a € A} is not H, then K~ includes a non- 
zero, topologically cyclic, T-invariant subspace H' by Theorem 9.2.6(d). 
The family SU {H'} contradicts the maximality of S. Thus T is the direct 
sum of {T*” :a € A}. Oo 


This theorem shows that the interesting part of a *-representation is 
built up out of topologically cyclic *-representations. 

As in any representation theory, we wish to discount the particular 
choice of the representation space in a *-representation. Thus we adopt the 
following obvious definition of equivalence. 


9.2.9 Definition Let S and T be two *-representations of a *-algebra 
A on the Hilbert spaces H and K, respectively. Then S and T are said 
to be unitarily equivalent if there is a unitary map U:H — K satisfying 
US, =T,U for all a € A. The map U is called a unitary equivalence of S 
with T. 


Consideration of U-!:K — H shows that unitary equivalence is a sym- 
metric relationship and hence an equivalence relation. Recall that a unitary 
map is a linear bijection U satisfying either of the two equivalent conditions: 
(Uz,Uy) = (2, y) for all z,y € H or ||Uz|| = ||z|| for all e € H. Hence a 
unitary equivalence between *-representations is simply a topological equiv- 
alence for which the equivalence map is an isometry. 

Definition 9.2.3 describes an internal direct sum decomposition for 
*_representations. Now we want to define an external direct sum of a family 
of *-representations. An arbitrary finite family of *-representations has a 
direct sum, but for an infinite family a boundedness condition is necessary. 
The verification of the next proposition is routine. 


9.2.10 Proposition Let A be a *-algebra. Let {T*:a€ A} be a set of 
*-representations of A on Hilbert spaces {H® : a € A} satisfying: 


sup{||T>|| : a € A} < co Vaca. 


Denote the set {f € [T]xe4 H® : Doaea |f(a)||° < co} by H. Then H 
is a Hilbert space under pointwise linear operations and the inner product 
(f,9) = Deealf(a),g(a)). Forae A and f €H, define Taf € [],c4 H* 
by (Taf)(a) = Tof(a). Then for eacha € A and f € H, Taf belongs 
to H. Furthermore, for each a € A, T, belongs to B(H) and satisfies 
[Tal] = sup{||To|| :a@ Ee A}. The map T: A — B(H) is a *-representation. 
For eacha € A, KX ={f EH: f(s) = SO jor alle 7 oh 2 
invariant subspace such that the restriction T™ is unitarily equivalent to 
T°. Furthermore, T is the internal direct sum of {T™” : a € A}. 
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9.2.11 Definition The *-representation T of Proposition 9.2.10 is called 
the Hilbert sum of the family {T°: a € A} of *-representations. It is denoted 
by Bacal. 

If {T* : a € A} is any family of pre-*-representations of a *-algebra A 
on pre-Hilbert spaces {7° : a € A}, then the algebraic direct sum of the 
pre-*-representations is a pre-*-representation called the pre-Hilbert sum of 
{T* :a € A} on the pre-Hilbert space that is the algebraic direct sum of 
{X¥*: ae A}. 


Note the lack of any conditions needed to insure the existence of pre- 
Hilbert sums in contrast to the boundedness restriction needed to make 
Proposition 9.2.10 true. 

The following ideas will be useful in our brief discussion of von Neumann 
algebras. Topologically cyclic vectors were introduced in Definition 4.2.1. 


9.2.12 Definition Let 7% be a linear space. A vector z € 4 is called a 
separating vector for a subalgebra A of £L(4X) if S € A and Sz = 0 implies 
S = 0. Similarly, a subset V of ¥ is called a separating set for Aif SE A 
and Sz = 0 for all z € V implies S = 0. If T is a representation of an 
algebra B on 4, then ( z / V ) is called a separating ( vector / set ) for T 
if it is a separating vector for Ty. 

We also call a subset V of ¥ topologically cyclic for a representation T 
of B on & if the span of {Tz : b € B; z € V} is dense in ¥. 


9.2.13 Proposition Let T be a *-representation of a *-algebra A on a 
Hilbert space H. A ( vector z € H / subset V C H ) is topologically cyclic 
for T if and only if it is separating for the commutant (T,)' of T, in B(H). 


Proof If z is topologically cyclic for T’ and S is in the commutant with 
Sz = 0, then S satisfies S(T4z) = T,(Sz) = {0}. Since Tz is dense, 
this implies S = 0. Conversely, suppose 7'4z is not dense and let P be 
the projection on its non-zero orthogonal complement. Then P is in the 
commutant and Pz = 0 by Theorem 9.2.6(c), but P is not zero. 

The proof for sets is analogous. 0 


C’*- Algebras 


We formally define one of the most important classes of *-algebras. Al- 
though they are much more specialized than the other *-algebras considered 
in this section (or even those to which the rest of the book is devoted), their 
study is mandated by the concept of *-representations. 


9.2.14 Definition A norm-closed *-subalgebra of B(#1), where H is 
some Hilbert space, is called a C'*-algebra of operators. A *-algebra that is 
*_isomorphic to a C*-algebra of operators is called a C*-algebra. 


Notice that we could also have defined a C*-algebra to be a *-algebra 
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that has a faithful *-representation as a C*-algebra of operators. The proof 
of almost every result studied in this volume becomes easier when spe- 
cialized to C*-algebras. Frequently the statement can also be simplified 
or extended. Furthermore, diverse results sometimes coalesce when spe- 
cialized to C*-algebras. Although we shall omit any systematic study of 
C*-algebras, a small number of important results about them are needed 
for our study of more general *-algebras. 

We need to comment on the terminology introduced in this definition. 
Both concrete C*-algebras of operators and abstract C*-algebras are usu- 
ally considered as Banach *-algebras. Even in this work, up to this point, we 
have referred to C*-algebras as Banach *-algebras for which the complete 
norm satisfies the C*-condition. Here we have formally defined them to be 
*_algebras. Thus we do not consider the norm to be an element of struc- 
ture. Corollary 9.5.6 shows that any C*-algebra in our former sense also 
satisfies the present definition when stripped of its norm. Conversely, The- 
orem 9.2.16 and Corollary 9.5.6 show three ways in which a uniquely deter- 
mined complete algebra norm can be introduced into a C*-algebra from its 
*_algebra structure: 

(1) There is a unique (not-necessarily complete) algebra norm satisfying 
the C*-condition 

ja*al| = lla’ Va A. 


(2) A norm can be pulled back from any faithful *-representation of A. 
(3) The function a > p(a*a)!/? for all a € A is a complete norm 
satisfying the C*-condition. 

These are three descriptions of the same norm, and in later chapters we will 
see many other descriptions of this unique norm. Therefore, even though we 
have defined C*-algebras to be *-algebras rather than normed *-algebras, 
we will feel free to refer to their norm or topology—always meaning the 
norm described here. Our definition is based on the more natural way in 
which C*-algebras fit into the category of *-algebras (where the morphisms 
are arbitrary *-homomorphisms) rather than into the category of Banach 
*_algebras (where the morphisms are continuous *-homomorphisms). Since 
all *-homomorphisms between C*-algebras are contractive with respect to 
their algebraically defined C*-norms, C*-algebras can be considered in ei- 
ther category, but their category is fundamentally purely algebraic. 

We would gladly use the term B*-algebra to represent abstract *-algebras 
*_isomorphic to C*-algebras of operators. There is ample historical jus- 
tification for the distinction between C*-algebras and B*-algebras. The 
term C*-algebras seems to have been first used in print by Irving E. Segal 
[1947a]. It was used to describe precisely the type of *-algebra of operators 
for which we use the term C*-algebra of operators (a closed *-subalgebra). 
Israel Moiseevi¢ Gelfand and Mark Aronovit Naimark discovered an ex- 
tremely important abstract characterization of C*-algebras [1943]. They 
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conjectured that their original list of axioms contained superfluous axioms. 
This conjecture was proved correct 17 years later. (See Doran and Belfi 
[1986] and Doran [1994] for detailed discussions of the history of their ax- 
iom scheme.) While the conjecture was still open, Charles E. Rickart [1946] 
coined the term B*-algebra to describe an abstract Banach *-algebra that 
satisfies several axioms which it was conjectured (and subsequently proved) 
were sufficient to make it a C*-algebra in the sense in which we have used 
the term. For a while the distinction between C*-algebras (of operators) 
and (abstract) B*-algebras was generally maintained. However, the term 
“C*-algebra” was sometimes used for an abstract *-algebra satisfying all of 
Gelfand and Naimark’s axioms. When it was proved that B*-algebras (in 
Rickart’s sense) actually satisfied all of the axioms of Gelfand and Naimark, 
the distinction between B*-algebras and C*-algebras began to fade. Under 
the overwhelming influence of Dixmier’s excellent book [1964], both con- 
crete algebras of operators and abstract algebras have come to be called 
C*-algebras by most workers in the field. We believe that the original 
distinction was a useful one, but we have reluctantly succumbed to fashion. 

Since Definition 9.2.14 has changed the meaning of the term “C*-algebra’ 
from the provisional definition given in §1.7.17, we need to be careful in us- 
ing the results of §1.7.17, Theorem 3.2.12, Example 3.4.17, etc. On its 
face, the new definition is stronger than the old one since it allows us to 
construct a complete C*-norm on a C*-algebra A and also to use various 
results on B(H.) to prove results about A. The next two results illustrate 
this point. In Corollary 9.5.6 below we will show that every C*-algebra 
in the former sense (a *-algebra on which some complete C*-norm can be 
defined) is a C*-algebra in the new sense (*-isomorphic to some C*-algebra 
of operators). Until that result is proved, the following results will help to 
make previous results available in a usable fashion. First we show that a 
complete C*-norm is unique on any *-algebra on which it happens to exist. 


? 


9.2.15 Proposition [Jf || - || is a spectral or complete C*-norm on a 
*-algebra A, then it is given by the expression 

llal| = p(a*a)/? Vac A. (1) 
Hence a spectral C*-norm on a *-algebra is unique if it exists. 
Proof If || -|| is a C*-norm on A, then repeated use of the C*-condition 
gives 

\la||? = |Ja*al| = |\(a*a)?|[/7 = --- = ||(a*a)" |? 

for any n € N. If ||-|| is spectral or complete, Corollary 2.2.8 and Theorem 
2.2.5 establish (1) when n approaches infinity. The uniqueness of spectral 
C*-norms is an immediate consequence of this formula. O 


9.2.16 Theorem Let A be a C*-algebra. 
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(a) The expression in (1) above is a complete algebra norm on A which 
satisfies the C'*-condition. There is no other (even incomplete) 
C*-norm on A. Consequently, any faithful *-representation T is 
an isometry with respect to this norm, so that its range ts a 
C’'*-algebra of operators. Moreover, any h € Ay satisfies 


Spa(h) U {0} = Spgc3) (Th) U {0}. 
(b) The following sets are equal: 


Ay, = {pe An: Sp(p) CR} = {q?:¢€ Ay} 
{pe A:T, € B(H)+} = {pe A: W(T,) CR, }. 


Hence Ax is closed in the norm (1). Furthermore, for any p € Ay 
there is a unique element q € A, in the closed subalgebra generated 
by p satisfying p= q?. (We naturally denote q by p\/?.) 

(c) The set of positive elements satisfies Ay N(—A+,) = {0}, soh<k 
andk <himply h=k for allh,k € Ap. 

(d) The set of positive elements also satisfies Ay — A, = Ay. In fact, 
for each h € Ay there are positive elements |h|, hy and h_ in {h}” 


satisfying 
h=hy—-h- lhl =hy4 + h- hy h_ =h_hy =0 
and — ||| = || [A] || = max{]|h|[, ||A-|]}- 


(e) Any positive linear functional w on a C*-algebra A is continuous 
and satisfies w(a*) = w(a)* for alla € A. 


Proof This proof must start from Definition 9.2.14. (a): Choose a faithful 
(=*-isomorphic) *-representation T on a Hilbert space H such that Ty is 
a C*-algebra of operators. Define a norm on A by |la|| = ||Z.|| in terms 
of the operator norm on B(H). Proposition 9.1.11 shows that the operator 
norm satisfies the C*-condition, and its restriction to T4 is complete since 
this *-subalgebra is closed. Hence || - || is a complete C*-norm and thus 
satisfies (1). 

We can now apply Theorem 3.4.22 since we know that our C*-algebra 
has a complete C*-norm. Theorem 3.4.22 asserts that any, possibly incom- 
plete, algebra norm on A is spectral. Hence Proposition 9.2.15 shows that 
any, possibly incomplete, C*-norm is defined by equation (1). 

If T is any faithful *-representation of A (where we no longer assume 
a priori that T’, is closed), it induces a C*-norm on A which equals || - || 
according to this result. We conclude that every faithful *-representation 
T is an isometry with respect to the complete norm || - || and hence that its 
image TJ’, is a C*-algebra. Since T is an algebra isomorphism, the spectrum 
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of any a € A equals the spectrum of T, in Ty. For any h € Ay, Theorem 
9.1.20(b) and (f) show that the spectrum of 7), in B(H™) equals its own 
boundary in C. Corollary 2.5.10 now completes the proof that the spectrum 
of h in A equals the spectrum of T;, in B(H”) (except possibly for zero). 

(b), (c) and (d): All of these follow readily from Corollary 9.1.21 since 
T is an isometric *-isomorphism onto a C*-algebra. 

(e): The first result in (d) shows the second property here. 

Since A, is closed by (b), any sequence {b,}nen of positive elements of 
norm one in A, and any positive linear functional w on A satisfy 


57 2-Fu(bs) < 5) 2-Fu(bj) + w( 3 2-Jb;) = WS 2765). 


q=1 j=l j=nt+l j=l 


Hence {w(b) : b € A; MN A+} is bounded. 

Let a € A, be arbitrary and let a = h+ik, where h = (a+ a*)/2 and 
k = (a — a*)/2i. Clearly h and k are hermitian and of norm at most 1. 
Hence (d) shows that a equals hy — h_ +i(ky —k_) with hy, h_, ky and 
k_ all in Ay N A,. Thus w is bounded on Aj; so it is continuous. oO 


The importance of this proposition is that it shows that every faithful 
*_representation of a C*-algebra preserves the norm defined by (1) and 
the set of positive elements among other properties. Furthermore, the 
range of a faithful *-representation of a C*-algebra is always a C*-algebra. 
In general there are many non-equivalent faithful *-representations of a 
C*-algebra as a C*-algebra, but they all preserve these elements of struc- 
ture. In Theorem 9.5.12 below we will show that the range of any (not- 
necessarily faithful) *-representation of a C*-algebra is a C*-algebra. 

The norm defined by (1) is always the one we consider on a C*-algebra. 
Statements about the norm or topology of a C*-algebra always refer to this 
norm. We call it the C'*-norm of the C*-algebra. 


Approximate Identities in C*-Algebras 


In §5.1.11 we outlined the proof that C*-algebras are approximately uni- 
tal. We can now give the details using the functional calculus of Theorem 
9.1.17 and the information on positive elements in C*-algebras from Theo- 
rem 9.2.16. We will show that the set of positive elements in the open unit 
ball of a C*-algebra under its own natural order is a two-sided approximate 
identity bounded by 1. If the C*-algebra is separable, it is easy to choose a 
subsequence that is an approximate identity. Approximate identities satis- 
fying many other properties have also been defined in suitable C*-algebras. 
We begin with a lemma. 


9.2.17 Lemma Let A be a C*-algebra. For eacht € R,, define a function 
fiz] —t7!, oo[- R by fi(s) = (1+ ¢ts)—'s for all s > -t7}. 
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(a) Ifp,qeE A satisfy 0 < p<q, then they also satisfy: 
(ai) 0< a*pa < a*ga VaeA; 
(a2) |lpll < Ilql| and 
(az) O<q! <p! if p and g are invertible. 

(b) Leth and k be hermitian elements in A with spectrum included 
in]—t~!, oof, so that f,(h) and f;(k) are defined. Thenh<k 
implies fr(h) < fe(k). 

(c) Forpé Ax, fi(p) has spectrum in the interval [0,(1+¢||p||)~*||p|l]. 


Proof (a;): By definition we can write p = b*b and q — p = c*c. Hence we 
conclude a*pa = (ba)*(ba) > 0 and a*qga — a*pa = (ca)*(ca) > 0. 

(a2): Adjoin an identity. Since ||q|] — q is normal with non-negative 
spectrum, we have g < ||q||. From this, we conclude p < q < |lq||, and 
hence Sp(p) C (0, ||q||]. The equation ||p|| = p(p) concludes the argument. 

(az): Inequality (a) with a = q~!/? implies q~!/2pq-!/? < 1. Since (ag) 
gives |[p'/2q-¥/?||" = |lq~!/2pq-1/|| < 1, we conclude ||p'/2q~!p'/?|| = 
lIq73/2p2 ||" = {\(p'/2q78/2)*|° < 1. Considering the spectrum, we see 
p/2q7! a 2 < 1, which yields the desired inequality by applying (a,) with 
a=p/?, 

(b): Note f;(s) = ¢~'(1 — (1+ ts)~!). Hence this follows from (a) with 
p=1+thandqg=1+tk. 

(c): Differentiation shows that each function f; is increasing. Hence if 
p is a positive element in a C*-algebra A, then f;(p) has spectrum in the 
stated interval. 0 


9.2.18 Theorem Let A be a C*-algebra. Give E = {p € Ax:||p|| < 1} 
its order as a subset of Ay. Then E 1s a two-sided approximate identity 
bounded by 1. 


Proof We need to show two things: (a) € is a directed set (with the indicated 
order) and (b) for each a € A, 


li l= = li 1- = 0. 
lima lI p)al| lim |la(1 — p)|| 


We begin with (a). For any p,q € €, define the positive elements: p’ = 
(1—p)—!p and q' = (1—q)~'q. By the last lemma we find r = f,(p'+q') > 
fil(p') = (1-p)7'p-(1+(1—p)7!p)~! = p. Similarly we get r > q. Since 
the spectrum of r lies in [0,1], r belongs to €. Hence € is directed. 

In order to prove (b), first note that the isometric nature of the invo- 
lution shows that it is sufficient to establish only the first limit. Note also 
that it is enough to show limpee ||(1 — p)q|| = 0 for all g € Ay since each 
element of A can be written as a linear combination of four elements in A+ 
(e.g,a=h+ik =h, —h_+ik, —ik_). Furthermore, the calculation 
II(1 — p)all” = lla —p)? all < lla —p)ql| along with (a) from the last lemma 
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show that ||(1—p)gq|| is a monotone decreasing function of p, so it is enough 
to show that ||q(1—p)q|| can be made arbitrarily small for some p € €. Now 
consider p = tf;(q) = (1 + tg) 'tg. Then g(1 — p)g = (1 + tg)~'q? clearly 
satisfies ||q(1 — p)q|| = e((1 + tg) 'q?) < p(t-*q) =t~'p(q). Since the last 
expression converges to zero as ¢ increases, the proof is complete. O 


Representations of Group Algebras 


For most groups G, there are a number of ways in which G can be 
presented as the group of symmetries of some mathematical object. If a 
Hilbert space can be built on one of these objects, a unitary representation 
of G may result. This is a common way of obtaining a *-representation of 
a group algebra. 


9.2.19 Definition Let G be a group and let H be a Hilbert space. A 
unitary representation of G on H is a group homomorphism U of G into the 
unitary group B(H)y of B(H). Two unitary representations U:G — B(H)y 
and V:G — B(K)y are said to be unitarily equivalent if there is a unitary 
operator W:H > K satisfying WU, = V,W for all ue G. 

A subspace K of H is said to be U-invariant if U,y belongs to K for all 
uéG and y € K. The terms irreducible and topologically irreducible are 
now clear. We call a unitary representation U topologically cyclic if there 
is a vector z € H called a topologically cyclic vector such that span(Ugz) is 
dense in #. A closed invariant subspace is said to be topologically cyclic if 
the restriction of U to this subspace is topologically cyclic. 

If G is a topological group, then a unitary representation U is said to be 
continuous if it is continuous as a map into B(H)y with its weak operator 
topology. 


See Definitions 4.1.1, 4.1.2 and 9.2.1 for any unfamiliar terms above. 

The weak and strong operator topologies agree on B(H)y. In order to 
see this, suppose that the net {Ug}gen converges to U in the weak operator 
topology on B(#)y. Then, for any x € H, we get 


(Ug(x) — U(x), Up(2)) — (Ua(x) — U(z), U(2)) 

(x, (Ug — U")Ug(x)) — (Ua(x) — U(x), U(z)) 

(x, z — U"Ug(zx)) — (Ua(x) — U(z), U(z)) 

(U(x), U(x) — Ug(2)) — Ua(z) — U(z), U(z)), 4 0 


\|Ua(x) — U(a)|I’ 


which proves convergence in the strong operator topology. Thus continuous 
unitary representations are also continuous in the strong operator topology. 

Let G be a discrete group (a non-topological group). Let U:G > B(H)u 
be a unitary representation of G. One can immediately construct a map 
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TY: 8(G) + B(H) by 


TH =) f(uU. VfFEe(G). 


ueEcG 


It is elementary to check that this is a *-representation of 2'(G) with the 
involution introduced in §9.1.7. It is also obvious that a closed subspace 
is U-invariant if and only if it is TY-invariant and that two unitary repre- 
sentations U and V are unitarily equivalent if and only if TY and TY are 
unitarily equivalent. Since G may be regarded as a subgroup of €'(G)g 
(via u ++ 6,4), each essential *-representation of @'(G) arises in this way 
from a unique unitary representation of G. 

We now extend these observations to locally compact groups. For this 
we will need a result from the next chapter related to the concept of 
BG*-algebras. We may start with the construction of §1.9.14 or a sim- 
pler construction based on Proposition 9.1.11(d). Let G be a locally com- 
pact group and let U:G ~— B(H)y be a weakly Borel measurable uni- 
tary representation. Given z,y € H, f € L'(G) and pw € M(G), define 
(x,y) = Jo f(u)Uux,y)du and (z,y), = Jo(Uuz, y)du(u). Proposition 
9.1.11(d) asserts that there are unique operators TY and TY satisfying 


(T22,y) = (ey); = [ f(u)(Uve,y)du = Va,yeH, (2) 


(F2,y) = (2,9)y= (Uyr,y)duu) VayeH, (3) 


IT? | < [Nfll, and ||F|| < ||u||. (We have changed our notation from T™ 


in Volume I to TY in this volume.) For any u € G, f € L'(G) and z,y € H, 
the invariance of the Haar integral gives 


(U.T¥e,y) = (TY2,Uty) = [ f(v)(Ugx, Uty) do 


/ f(v)(Uut, y)dv = / f(u-*w)(Uwsz, y)dw = (Tra, y). 
G G 


We now show that U is continuous even though we only assumed it to 
be Borel measurable. Assume at first that U is topologically cyclic (with 
cyclic vector z) as well as weakly Borel measurable. For any f € L1(G), the 
function u ++ U,T;’z = Tz is continuous since u +> uf is continuous as a 
map into L'(G) (Hewitt and Ross [1963], Theorem (20.4)). Since ||Ux|| is 
bounded and Trig)? is dense in H, U is continuous. If U is not assumed 
to be topologically cyclic, TY is still essential. Hence Theorem 9.2.8 shows 
that it is the direct sum of topologically cyclic subrepresentations. We 
have just shown that each of these is continuous. The restriction of U to 


876 9: *-Algebras 9.2.20 


each of the invariant subspaces of these subrepresentations is continuous by 
the above argument. Hence U is continuous. We record this basic result 
formally. 


9.2.20 Theorem Let G be a locally compact group. Every weakly Borel 
measurable unitary representation of G is actually continuous. Formulas 
(2) and (3) give natural bijective correspondences U + TU ++ TY between: 

(a) The class of all continuous unitary representations of G; 

(b) The class of all essential *-representations of L'(G); 

(c) The class of all *-representations of M(G) that are essential when 

restricted to L'(G). 

These correspondences respect unitary equivalence. If any of U, TY or 
TY are topologically cyclic or topologically irreducible, then they all are. 
Furthermore, the commutants (Ug)', (Ty1(qy)' and (To ay) agree as do 


the double commutants (Ug)", (Tyi(gy)" and (Thay): 


Proof The first sentence is proved above. 

As in §1.9.13, we will regard M(G) as the double centralizer algebra of 
L1(G). For simplicity of notation and terminology we also regard L(G) 
as a subset, in fact a *-ideal, of M(G) under the natural embedding that 
is the regular homomorphism (Definition 1.2.2) in this case. If T is a 
*-representation of M(G) that is essential when restricted to L'(G), then 
ur> dy + Ts, is the corresponding continuous unitary representation 
of G and the restriction T| L(G) is the corresponding *-representation of 
['(G). Similarly, if T is an essential *-representation of the Banach *- 
algebra L'(G), then Theorem 10.1.21 below shows that there is a unique 
extension T of T to all of M(G). The corresponding unitary representation 
of G can be obtained from this as above. These constructions show that 
all of the correspondences are bijections. (In particular, it is the argument 
given just before the statement of the theorem which shows that the unitary 
representations of G obtained from *-representations are continuous.) It is 
immediately clear that the correspondences respect unitary equivalence of 
any of the representations involved. Theorem 10.1.21 and the results of 
§1.9.14 show that topological cyclicity and topological irreducibility have 
the same meaning in all three cases. 

The constructions show directly that the commutants are all equal. The 
statement about double commutants is an immediate consequence. oO 


This result makes clear that all of the previous theory of this section 
on *-representations of *-algebras can be translated directly to continuous 
unitary group representations of locally compact groups. Suppose U:G > 
B(H) is a continuous unitary representation of a locally compact group G 
on a Hilbert space H. If K is a closed U-invariant subspace of H, then K+ is 
also a closed U-invariant subspace. For each u € G we denote the restriction 
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of Uy, to K by UX. Then U* is a continuous unitary representation of G 
on K which is called the restriction of U to K. Restrictions to closed 
invariant subspaces are also called subrepresentations. Proposition 9.2.4 
shows that U has a natural decomposition as a direct sum of UX and U Ke 
The notion of direct sums of group representations can be extended to a 
possibly infinite family as in §§9.2.10 and 9.2.11. (Of course, there is no 
need for a restriction on norms as in Proposition 9.2.10.) Theorem 9.2.8 
shows that U is a direct sum of topologically cyclic subrepresentations. 


9.2.21 Definition Let G be a locally compact group. The left regular 
representation of G on L?(G) is the map L:G — B(L?(G)) defined by 


Lu(g)=Su*g=ug VueG; ge L(G), 


where 4g is defined by ,g(v) = g(u~'v) for all u,v € G. The associated 
*_representation T” of L1(G) on L?(G) is also called the left regular repre- 
sentation. 


The left regular representations LZ is constructed from the action of G on 
itself given by left multiplication, in the sense indicated above. The obvious 
calculation shows immediately that L is a unitary representation of G. The 
regularity of Haar measure implies that Coo(G) is dense in L?(G), so that 
for any f,g € L?(G) the function 


On poSGa= [ fu vg@dv Vue 


is continuous. (Hewitt and Ross [1963] (20.4) gives the details of the proof.) 
Thus L is a continuous unitary representation. The associated essential *- 
representation T” of L'(G) is defined by 


Trig)=fxg VfFELG); gE L(G), (4) 


where fxg = f. cg F(v) vg dv can be thought of as the elementary integral 
in the reflexive space L*(G) introduced in §1.9.16. It can be written as 
f *«g(u) = fo f(v)g(v-*u) dv with proper interpretation. 

We return to the easier discrete case to show that T” is a faithful 
*_representation of é'(G). (It follows that L is also faithful, since u > 6, 
embeds G onto a subgroup dg of the multiplicative group of €'(G) with 
span(dg) dense in @'(G).) For any non-zero f € '(G), we must find g, h € 
€*(G) satisfying (T/g,h) # 0. Choose w € G such that f(w) is non-zero. 
We find (T#6e,5u) = Sy Cy f(v)be(v7*u)bu(u) = Cy f(v)be(v-tw) = 
f(w) # 0, as desired. In Section 12.4 we will give the extension of this 
result to arbitrary locally compact groups. 

For a discrete group G, the right regular representation of G is defined 
by 

Rug = 9* (du) =gu-1 = VUE G; gE L(G), (5) 
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where g,,-1 is defined by g,-1(v) = g(vu) for all v € G. The integrated 
form of this representation is given by 


TR(g)(v) = SY _ f(ug(vu) = >> fv 'u)g(u 
S_g(ulf(u'v) =g* flv) VWfEL(G); g€ C(O), 


where these series converge in the ordinary sense for any f € @'(G) and 
g € £1(G) C €(G) and converge in the norm of £?(G) for any f € @1(G) 
and g € &(G). This is a contractive *-representation of ¢'(G) on £7(G) 
which is essentially different from the right regular (anti-)representation of 
£'(G) on itself. Clearly the unitary map U € B(é?(G)) defined by U(g) = 

satisfies L,U = UR, and hence T/U = UT# for all u € G and f € £'(G). 


This gives a unitary equivalence between L and R and between T” and T*. 
Locally Compact Abelian Groups 


Let G be a locally compact abelian group. Definition 3.6.1 introduced 
the dual group G consisting of all continuous group homomorphisms of 
G into T. It was shown that when these homomorphisms are consid- 
ered as elements of L®(G) and this space is identified with the dual Ba- 
nach space of L(G), they become elements of I L1G) ) (Theorem 3.6.3) and 
*-homomorphisms of L!(G) into C (Proposition in §9.1.8). 

If U:G > By(H) is a one-dimensional and irreducible (= non constant) 
vay representation, choose a unit vector z € H and define yU € G by 

= (Uyz,z) for all u € G. Then x does not depend on the choice 
of z. Furthermore, two one-dimensional, irreducible unitary representa- 
tions are unitarily equivalent if and only if their characters, constructed in 
this way, are equal. For x € G, the corresponding unitary representation 
UX:G — B(C) is defined by UX(A) = x(u)A for all u€ G and A€ C. The 
*-representation of L*(G) is defined by T#(A) = yx(f)A for all f € L*(G) 
and A € C. We will state the major result but postpone the proof that 
topologically irreducible *-representations of commutative *-algebras are 
all one-dimensional. 


Proposition The continuous topologically irreducible unitary representa- 
tions of a locally compact abelian group G and the topologically trreductble 
*_representations of L'(G) are all one-dimensional. Hence G may be re- 
garded as the set of unitary equivalence classes of topologically irreducible 
*-representations of L(G). 


9.2.22 Example Consider the left regular representation LZ of L'(R) on 
L?(R). We claim that it is a faithful, essential *-representation which has 
no topologically irreducible sub-*-representations. One can show that the 
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dual group R of R is the group of all homomorphisms h,: R > T defined by 
h,(t) = e** for s € R. Indeed the map s }) h, is a homeomorphism of R 
onto R. Thus we also have a homeomorphism s+ yz of R onto lz: (gy where 
ve(f) = fe f(v) Je—#*%dy = f(s) and f is the usual Fourier integral transform 
of f € L'(R). Hence the theory of Fourier integral transforms shows that 
L is a faithful, essential *-representation. The remarks above show that 
we have determined all of the topologically irreducible representations of 
L1(R). 7, would be a sub-*-representation if h, were in L?(R): 


Ly(he)(t) = f *h,(t) = [ f(v)h,(t — v)dv = : f(v)e-**duh,(t). 


Since h, is never in L?(G), our claim is established. 
The Standard Representation of B(H) on Bys(H) 


The Hilbert-Schmidt operators were introduced and discussed in Defi- 
nition 9.1.31 and Theorem 9.1.32. Since we wish to concentrate on the fact 
that Biys(H) is a Hilbert space, we will denote it by K. In our present 
discussion we will use L and R to represent the restrictions of the left 
and right regular representations of B(H) to K. Thus for each V € B(H), 
Ly, Ry :K > K are defined by 


Ly(S)=VS  Ry(S)=SV YVSEK. 


Equation (31) of Theorem 9.1.32 shows that Ly and Ry are bounded and 
satisfy 


IZv(S)llas < IVI [Silas 


IRv(S)ilas < IVI [Silas 


Hence L and R are contractive maps of B(H) into B(K). It is immedi- 
ate that L is an algebra homomorphism and that FR is an algebra anti- 
homomorphism. Furthermore, (32) of Theorem 9.1.32 shows that both L 
and R are *-maps. Thus L is a *-representation of B(H) on K. It is called 
the standard representation of B(H). For any z, y € H we have 


VV €B(H); SEK. 


Vell llyll = Ve@y"llas < llLvll lz Oy" llas 
= |[Zvil lzil Ilyll- 
This shows ||Zy]|| = ||V||. Similarly, ||Ry|| = ||V||. Thus we have proved 


the first part of the following theorem. 


9.2.23 Theorem Let H be a Hilbert space and let K denote Bys(H). 
Then ( L /R) is an isometric ( *-representation / *-anti-representation ) 
of B(H) on K. These representations satisfy 


Leu) = (Rexy)’ and Rey = (Lan))’- (6) 
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The map J:K — K defined by J(S) = S* for each S € K is a conjugate 
linear, involutive isometry satisfying 


JL J = Rr- JRrJ = Lr: VT € BCH) (7) 


and hence 
J LguyJ = Regn) J Rau) J = Leu): (8) 


Finally, tf H is separable, there is a vector Zo € K that is topologically 
cyclic and separating for both L and R. 


Proof We have already proved the first sentence. Any V, W € B(H) and 
SEK satisfy LyRw(S) =VSW = RwLyv(S). Hence we see 


Ley © (Rey) and Ray © (Lacy). 
Let Z € (Rgcx))' C B(K) be arbitrary but fixed. It satisfies 
Z(ST) = ZRr(S)=RrZ(S)=Z(S)\T VTeEB(H); SEK. 
Fix a unit vector z € H for the rest of this argument. Any xz, y € H satisfy 
Z(x@y") 


Z((z ® z)(z0 @ y")) = Z(x @ 2)(z0 @y") 
Z(x® 2)(z0) @y". 


Now define V:H — H by 
V(x) = Z(% @ 2) (Zo) VaeH. 


Clearly V is linear and satisfies 
IV (zl < HAL Ile @ zollasll2oll = [21] lel. 


Hence ||V|| < ||Z|| holds and implies V € B(H). Furthermore, all z, y € H 
satisfy 


Ly(z@y") V(x) @y* = Z(z@ 2%)(z%) @y" 
Z(z® 29)(20 @y") = Z((z ® 2) (2% @y")) 


Z(xz @y"). 


Since Ly and Z are both continuous and Br(H) is dense in K, this proves 
Z = Ly. Thus we have Lg) = (Rgx))’- The proof of Rg) = (Lex) 
is similar. All of the properties of the map J follow by the obvious calcu- 
lations. 

Suppose now that H is separable and that {z, : nm € N} is an orthonor- 
mal basis for #1. Then 


Zo = S\(1/n)in @ 24 


n=l 
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clearly converges in K. We claim that it is a topologically cyclic vector for 
L and R. To see this, suppose S € K is orthogonal to Lg) Zo. Then 


0 = (S, Ls(Zo))s = )_(Szn,$Zozn) = Y-(1/n)||Sznl|? 


proves S = 0. The proof that Zp» is topologically cyclic for R is similar. 
Proposition 9.2.13 shows that Zo is separating for both representations. 0 


The involution J shows that Lyiy) and Rg) are exactly the same 
“size”. All of these results are special cases of the theory of H*-algebras 
(cf. Ambrose [1945]) and the more general theory of Hilbert algebras, which 
we will introduce later. We now determine the topologically cyclic sub-*- 
representations of the standard representation of B(H) on K = Bys(H). 


9.2.24 Theorem Let H be a Hilbert space. Then the topologically cyclic 
sub-*-representations of the standard representation L of B(H) on K = 
Brs(H) are those corresponding to the closed subspaces K P (operator mul- 
tiplication) where P is a projection in B(H) onto a separable subspace. 


Proof Let Zo € K be a topologically cyclic vector for a topologically cyclic 
subspace L. Let Zp = 5> 8n2n@y7, be the polar expansion of Zo as described 
in Theorem 9.1.38 and let P = }> yn @ y7, be the support projection of Zo. 
Since any T € B(H) satisfies TZ) € K and Zo satisfies Z7P = Zo, we see 
B(H)Zo CK P. Since K P is closed, we conclude £ = K P. Conversely, if P 
is any projection onto a separable space, we can write it as P = 5) y, ®y;7, for 
an orthonormal sequence (or finite set) {y,}. Then Zp = Sony, @y* EK 
is a topologically cyclic vector for K P. oO 


Before leaving this discussion of Hilbert-Schmidt operators, we wish 
to point out explicitly that Theorem 9.1.33 gives another interesting ex- 
ample of a *-representation. Let K = L?(I x I) be the algebra of ker- 
nels discussed there. The multiplication and involution were given by 
k*h(s,t) = f k(s,r)h(r,t)dr and k*(s,t) = k(t,s)*. Theorem 9.1.33 
proves that the map K:K — B(H) defined there is a *-representation of 
K on H with range Kx exactly equal to Bys(H). Note that this range is 
not closed in the operator norm of B(H). This is in strong contrast to the 
range of the standard representation of B(H) which is not only norm closed 
but even closed in the strong and weak operator topologies in B(Bxys(7#)). 


The Calkin Representation 


J. W. Calkin [1941] introduced an algebra which has come to be known 
as the Calkin algebra. It is the quotient algebra Q(H) = B(H)/Bx(H), 
where H is a separable Hilbert space. Proposition 9.1.3 shows that Q(#) 
is a *-algebra, and it is a Banach algebra under its quotient norm. This 
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algebra is unital and simple (t.e., it has no non-trivial ideals). Calkin gave 
an explicit isometric *-representation of Q(H) onto a closed *-algebra of 
operators on another (non-separable) Hilbert space K. We will call this the 
Calkin representation. Later we will show abstractly that any quotient of 
a C*-algebra by a closed *-ideal is a C*-algebra and thus has an isometric 
*_representation. Before constructing the Calkin representation, we need 
to introduce Banach limits briefly. 

Let £2 = €°(N) be the Banach space of bounded sequences with supre- 
mum norm: |la||,, = sup{lan|:n € N}. Let D € B(é™) be the difference 
operator: (Da)n = Qn — Qn—1 (where ag = O) and let po be the range 
of D. The distance of the constant sequence 1 from @p is dist(1,@)) = 1. 
(To see this, suppose ||1 — Da|| = d < 1 for some a € 2%. The inequality 
n(1 —d) < |an| follows from 


n— we — (a; — aj-1)) =n 
3=1 


and contradicts a € £2.) Hence the Hahn—Banach theorem gives a linear 
functional w € (€)* which satisfies the following definition. 


9.2.25 Definition Let & Cc &© be as described above. Choose and fix 
an arbitrary element w € (€~)* satisfying 


lol] =1, w(1)=1 and wle =O. (9) 
With the notation 
LIM an = w(a) Vae le 


(where LIM is an operator on the sequence {an }nen) we call this a Banach 
limit. 


9.2.26 Proposition A Banach limit satisfies: 


LIM a, = LIM Qn4m VmeN (10) 
LIM an > 0 ifea, ER, VneN (11) 
liminf a, <LIMa, <_ limsup ay ifa,ER VneEN (12) 
Too n—>0o 
LIMa, = lim ay if lim a, exists. (13) 
lI OO n—->Oo 


Proof These results are easy if we assume that w(a) is real whenever a is 
real-valued. For instance, (11) depends on the inequality || ||a||..1 — all, < 
llall.o» which is valid for any a € © with all a, € R,. 
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Now suppose a € €™ is arbitrary with a, € R for all n € N and suppose 
w satisfies the first two properties in (9). We wish to show w(a) € R. We 
define w, and we € (€%)* by 


uw (8) 2-*(w(B) + (w(8*))*) 
we (B) (2¢)~*(w(B) — (w(8*))*) 


Clearly they satisfy w = w , + iw and, for real-valued sequences, w;(a) € R 
and w2(a) € R. We wish to show we = 0. For any ¢t € R and any real-valued 
a € £%, define y by y = ti + a. The definition of || - ||, gives 


BEL”, 


Te 2 _ 442 2 42 2 
lye. = Ite + alle, = le + a*||,, =t + lle“, 
We also find 


leo 2 wy)? = |t — tun (a) + wo(e)/? 

= t? + 2twe(a) + we(a)? +01 (a)? 

= t? + 2twe(a) + |w(a)|? and hence 
lial, = Ml, > lo P -? 


2twe(a) + |w(a)|? > 2twe(a). 


However this can only be true for all ¢ if w2(a) is always zero. Hence for 
any GB € 2°, we have 


we(B) = we(Re(B)) + iw2(Im(B)) = 0. 


Therefore, wa is zero, sO w = uw, takes real values on real sequences as 
desired. (We remark that the above argument depended on only the 
C*-property of the norm on @~@. Thus this argument will be used again 
later to show that functionals satisfying the first two properties in (9) are 
hermitian and positive. All of the possibly unfamiliar terms just used are 
defined below.) 0 


Having proved the existence and properties of Banach limits, we turn 
to the construction of the’ Calkin representation. Choose a Banach limit 
LIM and fix it for the rest of this discussion. Let K be the linear space of 
sequences weakly convergent to zero in H, with pointwise linear operations. 
We will denote the sequence {rn }nen by . For any two sequences Z and ¥ 
in K, define (,7) to be (@, 9) = LIM (zn, yn). (The uniform boundedness 
principle shows that weakly convergent sequences are bounded, so this Ba- 
nach limit is defined.) This is clearly an inner product except that there is 
@ non-trivial subspace Kp of sequences # satisfying (Z, 7) = 0 for all g € K 


(%. e., (-,-) is hermitian bilinear and positive but not definite). Let K be the 
quotient space K/Ko and, for each é € K, let x be its image in kK. Then 


(z,y) = LIM (tn, yn) 
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is a well-defined inner product on K. Finally, let K be the Hilbert space 
completion of K in the norm corresponding to this inner product (i.e., 
|x|] = (x,x)'/? = LIM (zp, 2n)!/? for « € K). 

Since any element T € B(7) is weakly continuous, the sequence Tr = 
{Tzn}nen belongs to K whenever z does. Furthermore, we have 


\(Ta||? = LIM ||T2ql|? < LIM |[T If" lzall? = ITI? zI1?. 


Hence the map z ++ Tz is a well-defined continuous linear map of K into 
itself with bound at most ||7'||. Therefore, we can extend this by continuity 
to a map that we denote by Yr of K into K. Now it is easy to check 
that Y is a contractive homomorphism of B(H) into B(K). An operator 
K € B(H) is compact if and only if it transforms all sequences weakly 
convergent to zero into sequences strongly (i.e., in norm) convergent to 
zero. (See §1.7.7.) Hence the kernel of T is exactly Bx (7) since it includes 
this maximal ideal but does not contain the identity element J. Thus Y 
induces a *-isomorphism YT of the Calkin algebra B(H)/Bx(H) into B(K). 
It is also an isometry. For further details, see Calkin [1941]. We have 
proved: 


9.2.27 Proposition The Calkin representation T defined above induces 
an isometric *-representation of the Calkin algebra Q(H) on the Hilbert 
space K. 


The Calkin algebra has been extensively studied. It is often fruitful to 
consider the extent to which properties of elements in the Calkin algebra 
are shared by their preimages in B(H). See §1.7.16 for a generalization 
to the case where % is a Banach space and O(+’) = B(%)/Bx(4) is its 
generalized Calkin algebra. 


9.3. Density Theorems 


We interrupt our discussion to prove two theorems—the von Neumann 
and Kaplansky density theorems—which play a fundamental role in the 
theory of von Neumann algebras and W*-algebras. We prove them now in 
order to emphasize their elementary character. After this section, they will 
be used only once more (Theorem 9.6.2) in this chapter. 


9.3.1 Definition Let H be a Hilbert space. For any pair xz, y € H, define 
zt @®y*: BCH) > C by 
c@y(T)=(Tz,y) We BH). (1) 


The locally convex topology on B(#) defined by the family of semi-norms 
(T+ |r@y(T)| / T > |T2\| / T > ||\Tz\| and T 4 ||T*z|| ) for 
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all cz, y € H is called the ( weak / strong / strong* ) operator topology. 
The closure of a subset S of B(H) in this topology will be denoted by 
( SWO 7 §S° / §5°° \. Collectively these topologies will be called the 
operator topologies. 

The subspace of B(H)* consisting of linear functionals on B(H) that are 
continuous in the weak operator topology will be denoted by B(H)iyo. 


The weak operator topology is simply the weak topology defined by the 
linear subspace B(H) iyo. It is the topology of pointwise convergence when 
H. has its weak topology. The strong operator topology is the topology of 
pointwise convergence when H has its usual norm topology. Note that a net 
{Tataca © B(H) converges to zero in the strong operator topology if and 
only if {7*Tu}aea converges to zero in the weak operator topology. Simi- 
larly, {Ta}aca C B(H) converges to zero in the strong* operator topology 
if and only if both {T7*T.}ae4 and {T,T*}aea converge to zero in the weak 
operator topology. It is obvious that these topologies satisfy the inclusions 


weak operator topology C _ strong operator topology 


C  strong* operator topology C norm topology. 


In the next paragraph we will show that each inclusion is proper if H is 
infinite-dimensional. (Obviously, all four topologies agree if H is finite- 
dimensional.) Bases for the neighborhood system at zero in these three 
topologies are given by: 


Nwo(0) = {{T€ BH): Py (Tt, ye)| <1} in © Nere, yn € Hy}, 
Nso(0) = {{T€ B(H): = Tze] <1}ine Na, €H}, and 
Ns-o(0) = {{T € BUH): ps (\|Tzxl] + ]T* rll) < I}sne Nore € 7H}. 


For each of the operator ‘onolodien: it is easy to see that multiplication 
is continuous in each variable separately. Therefore, B(H) is a topological 
algebra when endowed with each operator topology. The involution is a 
homeomorphism in the weak operator topology and in the strong* oper- 
ator topology, so that B(H)x is closed in these topologies. However, the 
involution is not continuous in the strong operator topology (unless 1 is 
finite-dimensional). To see this, let {2n}nen be an orthonormal sequence 
in H. Such a sequence exists unless H is finite-dimensional. Let z be a 
fixed unit vector in H. Let T,, be the rank-one operator z @ x7, so that 
Ty = Zn ® x holds for each n € N. Then {T,}nen converges to zero in 
the strong operator topology, but {T;*}nen does not converge in the strong 
operator topology since Tx = x, holds for alln € N. This shows that the 
weak operator topology is actually strictly weaker than the strong operator 
topology, which is strictly weaker than the strong* operator topology (un- 
less H is finite-dimensional). Since {T*T,}nen = {2n @ 27, }nen converges 
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to zero in the strong* operator topology but not in the norm topology, 
we see also that the strong* operator topology is strictly weaker than the 
norm topology (unless H is finite-dimensional). If {Ta}aeca is a net in 
B(H) of operators satisfying ||T.|| < B and the net converges to T in the 
weak operator topology, then ||Z'|| = sup{|(Tz, y)|:2,y € Hi} < B since 
(Tx,y) = lim(T,2,y). Thus any norm-closed ball of B(7L) is closed in each 
of the operator topologies. 

The obvious verification shows that multiplication is a continuous func- 
tion from B(H); x B(H) to B(H) in the strong operator topology and 
continuous from B(H), x B(H); to B(H) in the strong* operator topology. 
Joint continuity does not hold in the weak operator topology (unless H is 
finite-dimensional). The sequence {7,77 }nen, with T, as defined above, 
shows the lack of joint continuity of multiplication on B(H), x B(H), in 
the weak operator topology. 

If H is a Hilbert space, let H‘™) denote the Hilbert space of n-tuples 
of vectors in H with inner product (x,y) = yj (251 Ys)» where x = 
(t1,%2,...,%n) and y = (y1,y2,---,Yn). Then B(H™)) is naturally iso- 
morphic to the n x n-matrix algebra over B(H). This isomorphism is given 
by S 4 (Sij)nxn if 


(Sx)i= > Siz; Ve = LZ oan 


j=1 
with the same notation as before. 


9.3.2 Lemma Let H be a Hilbert space. 
(a) For a linear functional w on B(H), the following conditions are 
equivalent: 
(a;) w is continuous in the weak operator topology. 
(a2) w ts continuous in the strong operator topology. 
(ag) w is continuous in the strong* operator topology. 
(aa) There is some n € N for which there are elements 


Z1,%2,.-+,%y and y1,Yy2,---, Yn MH satisfying 
hs CO ee 
w=) a; @ yj. (2) 
j=1 


(b) The Banach space B(H) is isometrically linearly isomorphic to the 
dual of the normed linear space B(H)iyo under the natural map. 

(c) In the weak operator topology, a norm-bounded subset of B(H) is 
compact if and only if it is closed. 

(d) Any conver subset S of B(H) satisfies SV? = §5° = §5°O_ 


9.3.2 Density Theorems 887 


Proof (a): The implications (a,)>(a:)>(a2) >(a3) are immediate. We 
shall first prove that (a2) implies (a,) and then indicate the changes needed 
to establish that (a3) implies (a4). 

Let w:B(H) — C be continuous with respect to the strong operator 
topology on B(H). Then there is some finite set {z; : 7 = 1,2,...,n} in H 
such that ||T'z,|| < 1 for 7 = 1,2,...,n implies |w(T)| < 1. For each T in 
B(H), let TE H'” be the vector (Tx1,Txr2,...,T2n). Let ¥ be the linear 
subspace {7 : T € B(H)} of these vectors in H'. The map T 4 w(T) isa 
well-defined continuous linear functional on 7. The Hahn—Banach theorem 
shows that this can be extended to a continuous linear functional @ on all 
of H'™). Therefore there is a vector y = (y1,Y2,... sYn) € H) satisfying 
to(x) = (x,y) for all x = (21, 20,...,2n) € H'\™. Hence we have shown 


w(T) = > \(T2;,y;) VT € BH), 


j=l 


proving (a4). 

Now we indicate how to alter this proof to show that (a3) implies (a4). 
If w is a linear functional on B(H) that is continuous with respect to the 
strong* operator topology, then so is w* defined by w*(T) = w(T*)* for all 
T € B(H). The equation w = 27! (w+w*) + (27)—14(w —w*) shows that any 
linear functional on B(H) that is continuous with respect to the strong* 
operator topology is a linear combination of two such linear functionals 
satisfying w = w*. Hence we restrict attention to such a functional. Note 
that it satisfies w(R) € R for R € B(H)y. There is a finite set {z; : j = 
1,2,...,n} in H such that ||Rz;|| <1 for 7 =1,2,...,n implies |w(R)| < 1 
for all R € B(H)y. Restriction of scalar multiplication to R makes H'”) 
into a real linear space K. The expression oa Re(z;,y;) defines a real 
valued inner product on X making it into a real Hilbert space. The same 
argument as before now gives 


w(R) = )> Re(Raj,y;) =27 9 ((Raj,y;)+(Ryj,z))) WREBH)x. 


j=l j=1 


Complex linearity establishes this equation for all R € B(H). Thus (ay), 
(az), (ag), and (a4) are equivalent. 

(b): For any T € B(H), define Fr:B(H)iyo  C by Fr(w) = w(T). 
Then the map T — Fr is a contractive linear map of B(H) into (B(H) yo)". 
For any F € (B(H)jo)*, the expression (z,y)r = F(z @y*) satisfies the 
hypotheses of Lemma 2.2.3(d). Hence > there is a unique operator Tr € B(H) 
satisfying (Trz,y) = (,y)r = F(x @y"*) and ||Tr|| < ||F\|. The map 
F ++ Tr is a contractive linear map of (B(H)j,9)* into B(H) which is 
the inverse of the map T » Fy. Hence both maps are isometric linear 
isomorphisms. 
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(c): Alaoglu’s theorem (Dunford and Schwartz [1958], V.4.2) shows 
that B(H), is compact in the weak* or B(H)},o topology. However this 
is precisely the weak operator topology. Statement (c) is an immediate 
consequence. 

(d): For any subset S C B(H), the inclusions S79 ¢C S5° C SW° are 
obvious. If S is convex and one of these inclusions is proper, a standard 
separation theorem (Dunford and Schwartz [1958], V.2.10) shows that there 
is some So € SV® and some linear functional w: B(H) + C such that w is 
continuous with respect to the strong* operator topology and satisfies 


sup{Rew(S):S €S} < Rew(So). 


However, this is impossible since w would be continuous in the weak oper- 
ator topology also. Oo 


Recall that if S is a subset of B(H) for some Hilbert space H, the symbol 
S’ will denote the commutant of S in B(H), i.e., 


S' ={T € B(H): ST =TS forall S€S}. 


We write S” for (S’)'. We call a *-subalgebra A of B(H) essential if its given 
*_representation on H is essential (Definition 9.2.5). The next theorem is a 
weak form of the von Neumann density theorem [1929a]. A slightly stronger 
form is given as Corollary 9.3.7. 


9.3.3 von Neumann Density Theorem Let H be a Hilbert space. Any 
essential *-subalgebra A of B(H) satisfies AV? = AS° = ASO = A", 


Proof Lemma 9.3.2 shows AV? = 45° = 45°. Proposition 1.1.5 shows 
that A” is closed in the strong operator topology. Thus A°? C A” holds. 
Therefore, it is enough to show that for any So € A” and for any finite 
subset {z;:j = 1,2,...,n} of H, there is some S € A with ||(S—Sp)z;|| < 1 
for all j = 1,2,...,n. Consider the *-representation T of B(H) on H'™ 
defined by 


Ts(x) = Ts(x1,@2,---,2n) = (S21, Sz2,-..,5tn) VxEe H™; S € B(H). 


Since ||7'5x|| = 0 for all S € A implies x = 0, Theorem 9.2.6 shows that 
the image T'4 of A under T is essential. Since every operator in B(H'™) 
is given by an n X n-matrix of operators in B(H), it is easy to check that 
(T4)' consists of those operators in B(H'™) that can be described by n x n- 
matrices with entries from A’. From this, (J,4)" = T4” follows. Theorem 
9.2.8 shows that the vector z = (z1, Z2,..., Zn) belongs to the norm closure 
(T4z)~ of Taz. The projection E € B(H™) onto (T.4z)~ obviously belongs 
to (I4)’ by Theorem 9.2.6. Thus Ts,z = Ts,Ez = ETs,z belongs to 
(T4z)~. Hence there is some S € A such that ||(T'5 — Ts,)z|| < 1. This 
immediately implies what we were trying to prove. oO 
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This theorem shows a closer connection between A and A” than would 
otherwise be apparent. For instance, the theorem shows that A = A” if 
A is essential and finite-dimensional. We introduce two important types 
of *-algebras in the theory of which the von Neumann density theorem 
obviously plays a fundamental role. 


9.3.4 Definition A von Neumann algebra is a *-subalgebra A of B(H) 
for some Hilbert space satisfying A = A”. A W*-algebra is a *-algebra 
that is *-isomorphic to some von Neumann algebra. 


Von Neumann algebras were introduced by Francis J. Murray and John 
von Neumann, who called them rings of operators [1936], [1937], [1943] 
(cf. von Neumann [1929a], [1936], [1940], [1949]). Dixmier used the very 
appropriate name von Neumann algebra in his influential book on the sub- 
ject [1957]. The term W*-algebra has been used both as a synonym for 
von Neumann algebras and, perhaps more often, to designate an (abstract) 
C*-algebra that can be faithfully *-represented as a von Neumann algebra. 
(Note that this description is equivalent to the one we have given.) In this 
work, we carefully preserve the distinction between von Neumann algebras 
(of operators) and (abstract) W*-algebras. Note that a W*-algebra is a 
*-algebra rather than a Banach *-algebra. The norm comes free, as in 
C*-algebras. 


9.3.5 Corollary A von Neumann algebra A C B(H) is a norm-closed, 
spectral *-subalgebra of B(H). 


Proof Proposition 2.5.3(b) shows this. Oo 


9.3.6 Corollary The following are equivalent for a subset A of B(H) 
where H is a Hilbert space. 
(a) A is a von Neumann algebra. 
(b) There is a *-subset S of B(H) such that A= S’. 
(c) A is a unital *-subalgebra of B(H) which is closed in the weak (or 
strong) operator topology. 
(d) A is an essential *-subalgebra of B(H) which is closed in the weak 
(or strong) operator topology. 


Proof (a)=>(b): Obvious. 

(b)=(c): Propositions 1.1.5 and 1.1.6 show that S’ is a unital subal- 
gebra closed in any topology in which B(H) is a topological algebra. If T 
belongs to S’ and S belongs to S, we get T*S = (S*T)* = (TS*)* = ST* 
since S* € S. This shows that S' is a *-subset of B(H) and hence a 
*_-subalgebra. 

(c)=>(d): Any unital *-subalgebra is essential. 

(d)=>(a): This is the von Neumann density theorem. =) 
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If S is a subset of B(H), we call the *-algebra (SUS*)” the von Neumann 
algebra generated by S. We will now give a description of the von Neumann 
algebra generated by a not-necessarily essential *-subalgebra of B(H.). The 
projection P of the next corollary is the projection discussed in Proposition 
9.2.7. 


9.3.7 Corollary Let A be a *-subalgebra of B(H) for some Hilbert space 
H. Let P be the projection onto the closed subspace AH~. Then P belongs 
to AW° and is its identity element. Furthermore, {T|py:T € AY} is a 
von Neumann algebra on PH and A" equals C(I — P)® AW?. 


Proof Proposition 9.2.7 shows that {T|pz : T € A} is essential on PH 
and satisfies T|(I — P)H = 0 for all T € A. Hence {T|py :T € AW?} 
equals {T|px : T € A}”°. The von Neumann density theorem shows 
that this *-algebra is a von Neumann algebra on PH. Thus this *-algebra 
contains the identity P of B(PH), so that AY? contains P as an identity 
element. Clearly C(I — P)@AW® is included in A”. Since C(I —- P)@ AV? 
is a weak operator closed, essential *-subalgebra, it is a von Neumann 
algebra by the von Neumann density theorem. Hence C(I — P)@ AW? = 
(C(I — P)@ AV)" D A" implies equality. O 


We turn now to the density theorem published by Irving Kaplansky in 
[1951a]. Suppose A is an essential *-subalgebra of B(H) and T belongs to 
A". The von Neumann density theorem shows that there is a net {Ta }oca 
in A which converges to T in all the operator topologies. However, it 
may happen that lim inf ||T,|| is infinite or at least larger than ||T'||. This is 
often inconvenient. An easy consequence of the Kaplansky density theorem 
asserts that the net {Ta}saca C A that converges to T may be chosen to 
satisfy ||T.|| < ||T'|| for all a € A. 


9.3.8 Kaplansky Density Theorem Let H be a Hilbert space. Any 
essential *-subalgebra A of B(H) satisfies 


(A), = (Ap)¥? = (A1)8? = (A1)* ? and 
(A") i N(A")y = (A NAL)? = (ANAL)? = (AN A1)>®. 


Notice that if we replace (A”); by (A“?), and (A”)y N(A")1 by 
(AV?) 7 n(AW®),, the theorem will remain valid even for a not-necessarily 
essential *-subalgebra. This follows since Corollary 9.3.7 shows that we may 
replace the Hilbert space by a smaller one and assume that A is an essential 
*_subalgebra of B(H). 


Proof Replacing A by the norm closure of A in B(H) does not change any 
of the sets, so we may assume A is a C*-algebra. The von Neumann density 
theorem (Theorem 9.3.3) shows A” = A”°. Lemma 9.3.2(d) shows that 
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closures of convex sets, such as those considered here, are the same in any 
of the three operator topologies. 

The inclusions (Ay 1.A,)”9° C (AY?) nN (AW), and (A))¥? C 
(AWV°), are obvious. In order to prove the second equality, it is thus enough 
to show that, if R is any element of (A”°)4M(A”®%),, then R is in the 
weak operator closure of AyMA;. Our strategy for accomplishing this is to 
use an elementary version (based on the numerical range results in Theorem 
9.1.20 and, more particularly, on Theorem 9.2.16) of the functional calculus 
of Theorem 9.1.17. We find a continuous function f:R — [—1,1] and an 
operator P € B(H)y satisfying R = f(P). The von Neumann density 
theorem allows us to find a net {Py}aca in Ay converging to P. It turns 
out that {f(Pa)}aca in Ay MA, converges to R = f(P). 

Let R belong to (AY?) N(A”%°),. The inequality ||R|| < 1 shows 
that the spectrum of the hermitian element J — R? is contained in the non- 
negative real line. This implies W(J — R?) C R,. Theorem 9.1.20(i) gives 
an element P € (I — R?)” C A" satisfying P? = I — R? and W(P) C 
R,. Theorem 9.1.20(c) shows —1 ¢ Sppiy)(P). Corollary 9.3.5 shows 
Spa (P) = Spgiy)(P). Hence I+ P has an inverse in A” = AWO so there 
is an element 


T = R(I +P) = RII 4+ (I — R?)/?)-1 € (AW?) gy. 
We also see 


I1+T? I+ R214 (I - R?)'/?)-? 
(I + (I — R?)'/?)? + R?\(0+ (I — R’)?)? 
2(1 + (I — R?)'/2)(1 + (I — R?)'/2)-? 
2(I + (I — R?)'/)-1 and hence 
OT (1 +T?)7) = R(I + (I — R?)!/*)-1 (7 + (I — R?))/?) = R. 

Since the involution is a homeomorphism in the weak operator topology, 
(AY?) equals (Ayz)”°?. Lemma 9.3.2(d) shows that we may choose a net 
{Ta }aea C Ay that converges to T in the strong operator topology. Since 
T, belongs to B(H)x, we see Sp4(T2) = Sppy(T2) C Ry. Hence 1 does 
not belong to Sp,4(—T?), so T,(I+T2)~! is defined in A. Call this element 
R.. Since Spg7)(Ra) € [-1,1], Theorem 9.1.20(f) implies ||Ra|| < 1. For 
any xz € H, we see 


(RA — Re)z| 


2\\(TI + T*)~* —Ta(1 + T2)")s|| 
2\\(I +72) (1+ T2)T — Ta(1 + T’))(1+T?)*2|| 


< (+72) [fF -T,](1 + T*)'2| 
+2||(2+ 72) 7'To[To — TIT (I + T?)7*2|| 
< 24+ 72)" II (Ta -T) T+ 7?) 2 


+27" [Rall ||(Ta — T) Rel. 
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Since ||(J + T2)—!]| and ||Ra|| are bounded above by 1 for all a, we see 
that R, converges to FR in the strong operator topology. Thus R belongs 
to (Ay MA;)°° since each R, does. 

Let K = H) (in the notation introduced before Lemma 9.3.2) and let 
B be the set of operators in B(K) that are represented by 2 x 2-matrices 
with entries from A. Then B is a *-subalgebra of B(K) and BW° is the 
set of operators in B(K’) that are represented by 2 x 2-matrices with entries 
from AV°. For any S € (A”°),, the operator ( = 4 belongs to 
(BY°)1,(BYW°),. Thus the results already obtained show that there is 


Re - 94 ; 0 S\. 
a net { & P, ) i C By By, which converges to & 5) in the 


strong operator topology. Hence the net {Sa}aca C€ Ai converges to S in 
the strong operator topology. Oo 


In this proof we showed that the function f(t) = ¢/(1 + t?) is contin- 
uous in the strong operator topology on B(H),, in the following sense: If 
{Ra}aca is a net in B(H)y converging to R in the strong operator topol- 
ogy, then {f(Ra})aca converges to f(R) in the strong operator topology. 
Kadison [1968] shows that this is true for a continuous function f on R 
vanishing at 0 if and only if there are real constants B and C' satisfying 
| f(t)| < Blt|+C for allt € R. Using this fact, it is fairly easy to show that 
the unitary group of a unital C*-algebra A is dense in the unitary group of 
A" in the strong operator topology and other similar results. 

We give an example to clarify the properties of the operator topologies. 


9.3.9 Example Let H be a Hilbert space. In this example we will show 
that multiplication is not jointly continuous from B(H) x B(H), to B(H) in 
either the strong operator topology or the strong* operator topology. Let 
A be the set of all triples (n, P,Q), where n is a positive integer and P 
and Q are projections onto mutually orthogonal n-dimensional subspaces 
of #1. We give A the structure of a directed set by defining (n, P,Q) to be 
larger than (m, P’,Q’) ifn > m and PH includes P’H. The net {Qs}sea 
that we wish to consider is defined by Q5 = Q if 6 = (n, P,Q). At the 
beginning of this section we described a basis for the neighborhood sys- 
tems at zero for the operator topologies. If U is a neighborhood of zero in 
the strong operator topology, then there is a finite subset F’ of H, so that 
\|Qz|| < 1 for all cr € F implies Q € U. If P’ is the projection onto span(F’) 
and (n, P,Q) > (m, P’,Q"), then Q(n,p.q) is zero on F' and hence belongs 
to U. Therefore, the unbounded net {nQ(n,p.g)}(n,P.qyea Of self-adjoint 
operators converges to zero in both the strong operator topology and the 
strong* operator topology. Let Wn pg) be the partial isometry with ini- 
tial projection P and final projection Q. The net {n~*Win,p.qy}(n,P,Q)eA 
converges to zero even in the norm topology. However, the net of prod- 
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ucts NQ(n,P.g) 2 'Wn,p.g) = Win,p,g) consists of partial isometries with 
steadily increasing initial projections. Hence for any non-zero z € H, 
(inQ(n,P.Q) 2 *W_n,p.gy(x)|| is monotone increasing to ||z||, so it does not 
converge to zero. Therefore, we have shown that multiplication is not even 
jointly continuous from B(#) x B(H), to B(H) when the second factor has 
the norm topology and the first factor and target space both have either 
the strong operator topology or the strong* operator topology. 


Introduction to W*-Algebras and von Neumann Algebras 


In this book, C*-algebras and W*-algebras are simply *-algebras. They 
are *-algebras that have a *-algebraically defined complete algebra norm 
satisfying the C*-condition. For instance, the norm on a C*-algebra or 
W*-algebra A can be given by the formula 


lal| = p(ata)/? Vac A. 


W*-algebras should not be regarded as simply special kinds of C*-algebras. 
W*-algebras belong to a different category, as we shall show below. They 
have a “weak” topology, which is *-algebraically defined just as their norm 
is, and which is preserved by the morphisms in their category. In fact, this 
“weak” topology (which we will actually call the ultraweak topology) can 
be defined in terms of the above complete norm. If A is a W*-algebra, 
then as a Banach space (A, || - ||) is isometrically linearly isomorphic to the 
dual space of some Banach space 1. This predual space 4 is unique in 
the strongest possible sense. As usual we use Kk: ¥ + 4X** ~ A* to denote 
the canonical embedding of a Banach space into its double dual space. The 
predual is unique in the sense that there is only one closed subspace A, of 
A* that can play the role of «(4). The beautiful result that a C*-algebra 
A is a W*-algebra if and only if (A, || -||) is a dual Banach space (in which 
case its predual is unique) was proved by Shoichiro Sakai in [1956]. 

We will describe the predual subspace A, of A* for a W*-algebra A in 
two quite different ways: 

1. We show how it arises from the fact that A is *-isomorphic to a von 

Neumann algebra. 

2. We describe it in terms of the abstract *-algebra structure of A. 
Since this is not a book on von Neumann algebras, we reluctantly omit the 
theory and proofs needed to show the equivalence of these two descriptions. 

The simplest example of an infinite-dimensional von Neumann algebra 
is A = B(H) acting on H, where H is separable infinite-dimensional Hilbert 
space. Lemma 9.3.2(b) shows that B(7) is isometrically linearly isomorphic 
to the dual Banach space of B(H)j,o. Thus, in this case, A, is just the 
closure of the subspace B(H)jy9 of weak operator continuous linear func- 
tionals in B(#)*. This example is a little too simple to show what happens 
in the general case. 
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Consider the standard representation LD (introduced in Theorem 9.2.23) 
of A = B(H) (the same W*-algebra as before) on the Hilbert space K = 
Brs(H) of Hilbert-Schmidt operators. (See also Theorems 9.1.32 and 
9.1.33 for background.) Theorem 9.2.23 shows that Lgy) is a von Neu- 
mann algebra in B(K). The linear functionals on B(H) that are induced 
by weak operator continuous linear functionals on Lg) C B(K) can be 
written in the form 


R® S*(T) = Tr(S*TR) = Te(T(RS*)) WT € BUH), 


where R and S are Hilbert-Schmidt operators. (We are using equation 
(9.1.42).) Since RS* is a typical trace class operator according to Definition 
9.1.34, Theorem 9.1.39 shows that the set of weak operator continuous 
linear functionals is closed in A*. In fact, it is the whole closed subspace 
A, in this case. 

These two examples show that the set of weak operator continuous linear 
functionals on a W*-algebra (A = B(H) in our case) depends on how A 
is represented as a von Neumann algebra. In the second case, the linear 
subspace of weak operator continuous linear functionals was the closure of 
the subspace in the first case. In fact, by using the polar expansion of a 
trace class operator given in Theorem 9.1.38(c) we can see that any weak 
operator continuous linear functional in the second case has the form given 
in equation (3) below. Using (a4) of Lemma 9.3.2, it is then easy to see 
that these linear functionals are in the closure of the previous subspace. 

John von Neumann, in one of the strokes of genius with which the devel- 
opment of this theory is decorated, recognized that a closely related topol- 
ogy would be independent of the particular representation of a W*-algebra 
as a von Neumann algebra. He realized that this was a key insight and 
put it in a separate note [1936a] outside of the main series of papers he 
published with Francis J. Murray. 


9.3.10 Definition Let H be a Hilbert space. The ultraweak topology on 
B(H) is the weak topology induced by all functionals of the form 


oo 


wx y(T) = So (Tre,yr) WT € BH), (3) 
k=1 
where x = {rx}nen and y = {yx}nen Satisfy 07, |lzell? < co and 


Yope1 Ilyell? < oo. If A is a von Neumann algebra in B(H), the set of 
restrictions to A of ultraweakly continuous linear functionals on B(H) is 
denoted by Atry.- 


Notice that the ultraweakly continuous linear functionals on B(H) are 
exactly those given by trace class operators as described in Theorem 9.1.39. 
Thus, that theorem shows that B(H) is isometrically linearly isomorphic to 
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the dual space of the space of all ultraweakly continuous linear functionals 
on B(H). We will see Aj;y = A. for any von Neumann algebra. 

Now we wish to describe A, abstractly. We will do this in terms of order 
structure. Let A be a C*-algebra. Recall that the positive cone A, makes 
the real linear space Ay into an ordered linear space. Theorem 9.2.16 
shows that this order structure is fairly well-behaved. However, B(H) x, is 
far from being a lattice. In fact, Richard V. Kadison [1951] showed that 
if any two-element subset {R, P} of B(H)y has a supremum, then either 
R<PorP< R. He called an ordered space with this property an anti- 
lattice and Robert J. Archbold [1972] showed that Ay is an anti-lattice if 
and only if the C*-algebra A is prime. Nevertheless, Jean-Pierre Vigier 
[1946] showed that certain nets in B(H) do have suprema. Specifically, he 
showed that if {Rg}geg is a norm-bounded increasing net in B(H) x, then 
the set {Rg : 8 € B} has a supremum R and R is the limit of the net 
{Re}eep in any of the operator topologies and in the ultraweak topology. 
Hence if A is a von Neumann algebra and {Rg}gez is a norm-bounded 
increasing net in A, then the supremum R belongs to A. Theorem 9.2.16 
shows that order properties are preserved by faithful *-representations, so in 
W*-algebras, increasing nets in Ay have suprema in Ay and these suprema 
are also limits in the ultraweak topology. 


9.3.11 Definition Let A be a W*-algebra. A positive linear functional w 
is called normal if it satisfies w(h) = sup{w(hg) : 8 € B} whenever h is the 
supremum of a norm-bounded increasing net {hg}gcen in Ay. The linear 
span of the set of normal positive linear functionals is denoted by A, C A’*. 


We can now state the theorem that relates these definitions. 


9.3.12 Theorem Let A be a C*-algebra. 

(a) Ais a W*-algebra tf and only if (A,||-||) ts isometrically 
linearly isomorphic to the dual space of some Banach space. 

From now on assume that A satisfies both equivalent conditions in (a). 

(b) Let A, be the linear span of all normal positive linear functionals 
on A. Let X be a Banach space and let 6: A > X* be an isometric 
linear isomorphism. Then @*(K(%)) is the closed linear subspace A,. 

(c) Let T: A B(H) be any faithful *-representation of A as a von 
Neumann algebra. Then T', ts closed in the ultraweak topology on 
B(H) and the linear functionals on A that are continuous in the 
topology on A induced through T by the ultraweak topology on B(H) 
are exactly those in A, C A”. 

(d) Let T: A —- B(H) be any faithful *-representation of A. Then Ta 
ts a von Neumann algebra if and only if T is continuous from the 
A,-topology on A to the ultraweak topology on B(H). 

(e) Let w be a positive linear functional on A. Then TY is a von 
Neumann algebra if and only if w is normal. 
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Proof We offer no proof for this comprehensive theorem. It is proved in 
any modern book on von Neumann algebras (e.g., Takesaki [1979]). 


This theorem shows that the ultraweak topology is well-defined on a 
W*-algebra A and is just the A,-topology. The morphisms in the category 
W* of W*-algebras are the *-homomorphisms that are continuous in the ul- 
traweak topology. The theorem shows that the range of any representation 
of a W*-algebra in this category is a von Neumann algebra. 


9.3.13 Commutative von Neumann Algebras’ We illustrate these 
abstract ideas with one of the simplest examples. Let (Q, F, 1) be a o-finite 
measure space. Then L® = L™(Q, F, y) is a C*-algebra and is the Banach 
space dual of L! = L'(Q, F, w) under the map 


f(r) = f fhdy V FEL: heL. 


Let L? = L?(0,F, ) be the usual Hilbert space. Let T: L© — B(L?) be 
the faithful *-representation 


T(g)=fo WfEL™;gEL’, 


where fg is just the pointwise product. Then T is continuous from the 
L}-topology on L®© to the weak operator topology on B(L?) since 


(Ty9.h) = f foh* du=floh") VF EL gheL 


and gh* belongs to L!. The unit ball of L© is compact in the L!-topology, 
so its image in B(L7) is closed. Hence A = T,~ is a von Neumann algebra. 
We will show A’ = A, so that A is a maximal commutative *-subalgebra of 
B(L”). Of course the inclusion A C A’ holds since A is commutative. Let 
{Qn}nen be an increasing sequence of measurable subsets of finite measure 
in 2 with union 2. Suppose that S belongs to A’ and en, € L© NL? is the 
characteristic function of 2, for each n. Then {T., }nen converges to J in 
the strong operator topology. Hence for any g € L© Q L* we get 


ST.,, (9) = S(eng) = STg(en) = TyS(en) = gS(en) = Ts(e,)(9)- 


Using continuity and the density of LM L? in L?, we conclude Sie. = 
Ts(en) and hence 
S =lim ST, = lim T's(en) € A. 


In fact, all maximal commutative *-subalgebras of B(#) (with H separable) 
arise from o-finite measure spaces in just this way. 
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We wish to show that the polar decomposition is available in any W*- 
algebra. This is most conveniently accomplished by a brief discussion of 
order among projections. Recall that a projection in a *-algebra A is a 
self-adjoint idempotent. Order among idempotents was discussed following 
Definition 8.2.1 in Volume I, and everything said there applies here. Thus 
two projections p and q satisfy p < q if and only if they satisfy pg = p = qp. 
(Because of the involution pq = p implies gp = (pq)* = p* = p.) It is easy 
to see that this is also equivalent to g — p being a projection. This shows 
that the order of the set Ap C A, C Ay of projections is also the order it 
inherits as a subset of Ay. 

A partially ordered set S is called a lattice if each two-element subset of 
S has a supremum and an infimum in S. A lattice S is said to be complete 
if every subset has a supremum and an infimum in S. Consideration of 
projection operators in a von Neumann algebra A C B(H) (they are just 
the orthogonal projections onto A’-invariant closed subspaces of #1) gives 
the following result easily. 


9.3.14 Theorem [If A is a W*-algebra, then its set Ap of projections is 
a complete lattice. 


Now let T = |T|W be the polar decomposition (cf. Theorem 9.1.25) of 
an operator J in a von Neumann algebra A C B(H). The above theorem 
shows that supp(T) = W*W and ranp(T) = WW* belong to A (not just 
to B(H)). Hence if S belongs to A’, S commutes with these projections. 
The construction of W is given at the beginning of the proof of Theorem 
9.1.25, and this remark, together with the fact that S commutes with |T], 
shows that S commutes with W. Hence we have proved the following. 


9.3.15 Theorem I[f A is a W*-algebra, then every element a € A has 
a polar decomposition a = |alw with |a| and w in A and satisfying the 
uniqueness condition of Theorem 9.1.25 and equations (9.1.23), (9.1.24) 
and (9.1.25). 


Let A be a von Neumann algebra in B(#). Then the center Az = ANA’ 
is also a von Neumann algebra. Applying Theorem 9.3.14 to Az we see 
that for each S € A there is a unique projection P € Az satisfying 


P = inf{Q € (Az)p: QS = SQ = S}. 


We will call this projection the central cover of S. More generally, any 
element a in any W*-algebra A has a central cover which we denote by 


z(a) = inf{q € (Az)p: qa = ag =a}. 


In a von Neumann algebra A the central cover P of S gives direct 
sum decompositions H = PH @ (I — P)H, A = PA® (I — P)A and 
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A' = PA' ®@(I- P)A'. Clearly P(A’) is the commutant of PA acting on 
PH. Since W*-algebras are unital, every direct sum decomposition must 
arise from a central projection. Hence z(a)A is the smallest direct summand 
W*-subalgebra containing a. This is the basic meaning of the central cover. 


Equivalence of Projections and Classification of Factors 


Let H be a Hilbert space and let P and Q be two projections in B(H). 
If PH and QH have the same Hilbert space dimension, then there is an 
isometric linear bijection W: PH — QH of PH onto QH. Then W = WoP 
is a partial isometry in B(H) satisfying 


P=W*W and Q=WwWw’. 


Conversely, if a partial isometry satisfying these equations exists, and if 
{zg : B € B} is an orthonormal basis for PH, then {W(zg) : 8B € B} 
is an orthonormal basis for QH, so that these two subspaces have the 
same Hilbert space dimension. Thus the existence of a partial isometry 
in B(H) satisfying these equations is equivalent to the projections P and 
Q having the same dimension. If we replace B(H) by another *-algebra A, 
these equations would imply that the projections have the same dimension 
relative to A. We shall restrict ourselves to the case of W*-algebras. 


9.3.16 Definition Let A be a W*-algebra and let p and g be projections 
in A. We say that p and q are equivalent relative to A if there is a partial 
isometry w € A satisfying 


p=w"'w and q=ww". (4) 


Naturally we want this to be an equivalence relation. It is reflexive since 
p = p*p = pp* = p and symmetric since (4) with v = w* implies g = v*v, 
p = vv". Transitivity is proved as follows. Suppose the projections p, q 
and r satisfy p = w*w, g = ww*, g = v*v and r = vv". Then p= p* = 
w*ww*w = w*qu = w*v* uw = (vw)"(vw) and r =r? = vu*vv* = vqu* = 
vww*v* = (vw)(vw)* show that p and r are equivalent relative to A. 

The following result is a corollary of the last theorem. In practice, 
almost all equivalences are proved by use of this corollary. 


9.3.17 Corollary Leta be an element in a W*-algebra A. Then 
supp(a) = sup{p € Ap: ap=a} and ranp(a) =inf{pe Ap: pa=a} 
are equivalent relative to A. 


In their very first paper on rings of operators (later christened von Neu- 
mann algebras by Dixmier), Murray and von Neumann saw that the very 
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complicated structure of these algebras could be analyzed in terms of fac- 
tors. We shall entirely omit the theory of direct integral decompositions 
which reduces the general case to the case of factors (at least for W*- al- 
gebras satisfying an appropriate countability restriction), but for later use 
we do need to give a brief overview of the theory of factors. 


9.3.18 Definition A W*-algebra J is called a factor if its center is Cl. 


If A C B(H) is a von Neumann algebra, then its center is AN A’, which 
is a commutative von Neumann algebra, always including CI. This shows 
that if A is a von Neumann algebra factor, then A’ is also. It also shows 
why the center of a factor is said to be trivial. 

The following result is basic to all our use of factors. Recall that an 
algebra A is prime if {0} is a prime ideal. Hence A is prime if, whenever 
two ideals Z and 7 satisfy Z.7 = {0}, at least one of them is zero. Theorem 
4.1.10 implies that A is prime if any two elements a and 6 in A satisfy 


aAb = {0} = a=0Oorb=0. (5) 


9.3.19 Theorem A W*-algebra A is a factor if and only if tt is prime. 


We will base one direction of the proof on the following lemma, which 
is usually proved by reference to the spectral theorem. We give a com- 
pletely elementary proof based on the numerical range results contained in 
Theorem 9.1.20. We use this lemma again to prove Theorem 9.6.1. 


9.3.20 Lemma Let A be a W*-algebra. If the following implication holds 
for all pairs of elements a, b in A 


ab = 0 => a=0orb=0, (6) 
then A is *-isomorphic to C. 


Proof Choose a faithful *-representation T of A as a von Neumann algebra 
on a Hilbert space H. Assume that (74) contains an element not in CI. 
Then it contains a hermitian element FR not in CI since it is a *-subalgebra 
of B(H). If the spectrum of R consists of a single point t, Theorem 9.1.20(g) 
and (f) show 0 = p(tI — R) = ||tJ — R\|, which implies tl - R = 0. This 
is contrary to our assumption on R. Thus Theorem 9.1.20(c) shows that 
there are real numbers s # ¢ and unit vectors z and y satisfying (Rz,z) = s 
and (Ry,y) = t. By subtracting a suitable real multiple of J from R, we 
may assume s < 0 < t. Theorem 9.1.20(i) shows that there is an operator 
P = (R?)}/2 € {R?}" C (Ty) satisfying P? = R? and W(P) C R,. Since 
P commutes with R € {R?}', we get (P — R)(P + R) = 0. This implies 
either P- R=O0Oor P+ R=0. However, ((P — R)z,z) > —s > 0 and 
((P + R)y,y) >t > 0 give a contradiction, which shows (T4) = Cl. 0 
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Proof of Theorem 9.3.19 Suppose that A is prime. If a and 6 in its center 
Az satisfy ab = 0, then they satisfy (5). Hence condition (6) of the lemma 
holds for Az, which is therefore equal to Cl, making A a factor. 

Conversely, suppose A is a factor. Let T be a faithful *-representation 
of A as a von Neumann algebra on H. Let a and b belong to A with b £ 0. 
Let P be the projection onto the closed subspace K = T4,H. Since T is 
faithful and K includes 7;,H, P is not zero. Clearly K is T.4-invariant, so 
P belongs to T’,. However, if S belongs to T%,, we have 


SK = STanpH C TaySH CK. 


Hence K is also T-invariant, so P belongs to T'4. We conclude that P 
equals I since it is a non-zero projection in the center of a factor. Therefore, 
aAb = {0} implies T,H = TaK C Ta4sSH = {0}. Since T is faithful, this 
implies a = 0, as desired. oO 


The next theorem shows that in a factor each equivalence class of pro- 
jections (other than those of 0 and 1) is quite large. We give this result to 
illustrate the method of proof even though we shall not prove most of the 
rest of our remarks on factors. 


9.3.21 Comparability Theorem Let p; and po be non-zero projections 
in a factor A. Then there exist equivalent non-zero projections q; <p, and 
Q2 < po in A. 


Proof Let a be a non-zero element of pj Apo. Then gq; = ranp(a) and 
g2 = supp(a) have the required properties since pja = a and ap2 = a imply 
gi < pi and gz < po, respectively. Oo 


This shows that the order induced on the equivalence classes of projec- 
tions of a factor is a total order. The possible totally ordered sets can easily 
be classified. 


9.3.22 Definition: Classification of Factors A factor A is said to be 
discrete if it contains a minimal projection and is called continuous in the 
opposite case. 

A projection p € J is said to be finite relative to A if any q < p that is 
equivalent to p relative to A must equal p. A projection that is not finite 
relative to A is said to be properly infinite relative to A. 

A factor A is said to be finite if its identity element is finite relative 
to A and properly infinite in the opposite case. A factor A is said to be 
semifinite if it contains some non-zero finite projection relative to A and is 
called purely infinite in the opposite case. 

Discrete factors are called Type I. Continuous, semifinite factors are 
called Type I. Purely infinite factors are called Type III. The first two 
types are further subdivided into Type Ign, finite Type I; Type 1,., properly 
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infinite Type I; Type Il), finite Type II; and Type II, properly infinite 
Type IT. 


A minimal projection is simply a non-zero projection that is minimal 
among all such projections. Obviously a one-dimensional projection oper- 
ator is minimal, so B(H) is discrete and Type I for all non-zero Hilbert 
spaces H. In a continuous factor A, Murray and von Neumann [1936] show 
that every non-zero projection p can be written as the sum of two orthogo- 
nal projections p; and pz that are equivalent relative to A. In B(H) this is 
possible for a projection P if and only if PH has even or infinite dimension. 

A projection P in A = B(H) is obviously finite relative to A if and only 
if PH is finite-dimensional . Hence the factor B(H) is finite if and only 
if H is finite-dimensional. A minimal projection is obviously finite, so all 
discrete (= Type I) factors are semifinite and all purely infinite (= Type 
III) factors are continuous. 

We have not defined Type I, II or III W*-algebras or von Neumann 
algebras except in the case of factors, and we will only do so in the Type I 
case. Nevertheless, we state the following theorem involving these concepts. 


9.3.23 Theorem The following table shows the relationships between the 
terms of the last definition for factors. 


[diserete || Typelmn | Typele [|__| 
continuous || Type Tl, | Type. | Type _ 


The commutant A' of a Type I, II or II von Neumann algebra A C 
B(H) has the same type, but the commutant of a finite von Neumann algebra 
may be either finite or properly infinite and semifinite. 

Each factor falls into one of the five types described in the table. A non- 
factor W*-algebra is isomorphic (in the category of W*-algebras) to a direct 
sum of W*-algebras each of which is of pure type. The identity elements of 
these direct summands are central projections in the original W*-algebra. 


9.3.24 Traces and Dimension Functions Recall that the natural trace 
on B(H) satisfies 


Tr(P) = dimension(P?) V projections P € B(H), 


where dimension is allowed the values 0,1,2,...,n if # has dimension n 
and 0,1, 2,3,...,00 if H is infinite-dimensional. Any semifinite W*-algebra 
factor A also has well-behaved traces @ which satisfy the trace equation 


O(ab) = A(ba) Va,b¢€A for which these expressions are defined. 
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These traces are finite-valued and positive on non-zero finite projections 
and have natural extensions to all positive elements of A that give the 
value oo to all properly infinite projections. The displayed trace equation 
shows that any trace is constant on equivalence classes of projections. A 
trace thus defines a dimension function. These dimension functions have all 
of the expected properties except that, in the case of continuous semifinite 
factors, they take on all real numbers in an appropriate interval. For a Type 
II, factor the trace can be chosen so the range of the dimension function is 
(0, 1]. For a Type II,, factor the interval is always Ry. With the exception 
of one illustrative example, we shall not construct these traces and the 
corresponding dimension functions. 

The range of the dimension function on any Type Ign W*-algebra factor 
A can be normalized to be {0,1,2,...,n} for some positive integer n. In 
this case A is *-isomorphic to B(C") and is called a Type I, factor. The 
range of the dimension function on a Type I,, W*-algebra factor is always 
{0,1,2,...,0o} where all properly infinite projections have dimension oo. 
The ranges of the dimension functions help to explain the terms “discrete” 
and “continuous”. As a courtesy, we give a Type III factor a dimension 
function in which each non-zero projection has dimension oo. 


9.3.25 Type I Factors A W*-algebra factor A is Type I if and only 
if it is *-isomorphic to B(H) for some Hilbert space H. Hence the unique 
commutative W*-algebra factor C is Type I (with 1 as a minimal projection) 
corresponding to a one-dimensional Hilbert space. 

Type I von Neumann algebra factors have more variety, even in the 
finite-dimensional case. We illustrate by example. Consider the follow- 
ing pair of commutant factors in B(C°), which we write as matrices for 
simplicity: 


a B vy 0 0 0 

6 €- € 0 0 O 
g 0 0 0 

A= ; 0 ; a >a, B,Y,0,€,0,7,0,0EC 

000 6€eé ¢ 

000 ny 6 4 
kK 0 0 A ODO O 
0 xk 0 O A 0 

#al[ 2629 Al ermvec 

O pO 0 v 0 
0 0 p OO Vv 


Obviously A and A’ are *-isomorphic to B(C*) and B(C*), respectively. 
In terms of the elementary tensor product for matrices given in §1.6.8 in 
Volume I, A is M3 ® Cla and A’ is Clz @ Mo. 
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Let H be an infinite-dimensional Hilbert space. We can easily represent 
B(H) as a von Neumann algebra factor acting diagonally, i.e., by the matrix 


(7 4 @ ” Ge VT € BUH); (2,y) EH@OH 


on H @H with commutant *-isomorphic to B(C’). The standard rep- 
resentation of B(H) on Bys(H) described in Theorem 9.2.23 shows that 
the commutant of B(H) may be *-isomorphic to B(H). All of the above 
examples fit into the following general scheme which exhausts all possibil- 
ities for Type I von Neumann algebra factors. Let # and K be Hilbert 
spaces of arbitrary dimension. As indicated in §1.10.26 and shown in more 
detail in §10.1.32, the algebraic tensor product #1 @ K can be completed 
in a natural quadratic norm to be a Hilbert space H®K, so that for any 
S € B(H) and T € B(K), S@T belongs to B(H@K) in a natural sense. 
Then {S@I:S € B(H)} and {1 @T: S € B(K)} are a pair of commutant 
von Neumann algebra factors with the first *-isomorphic to B(H) and the 
second to B(K). All Type I factors arise in this way. 


9.3.26 Type I W*-algebras and *-Algebras We need some facts 
about Type I W*-algebras which are not necessarily factors. To begin with, 
we need a definition, but this definition requires some explanation. Recall 
that if A is a Type I W*-algebra factor, then it is W*-isomorphic to B(H) 
for some Hilbert space H. Thus it can be faithfully *-represented as the 
von Neumann algebra B(H) in B(H) with commutant the commutative von 
Neumann algebra CI. If A is not Type I, then its commutant is not Type I 
and thus is certainly not commutative. Hence a W*-algebra factor is Type 
I if and only if it has a faithful *-representation as a von Neumann algebra 
with a commutative commutant. We will define a (not-necessarily factorial) 
W*-algebra to be Type J if and only if it has a faithful *-representation as 
a von Neumann algebra with commutative commutant. 

We give an example that builds on §9.3.13. Let (Q, F, u) be a o-finite 
measure space and let 1 be a Hilbert space. Let L?(,H) be constructed 
from functions f:2 — H for which w 4 (f(w), 2) belongs to L?(Q) for each 
x € H. Then L?(,H) is a Hilbert space under the inner product 


(f.9) = i (F(w),9(w))duw) VV f.g € L7(0,H). 


(This Hilbert space can be identified with the Hilbert space tensor product 
L?(Q)@H of L?(Q) and H.) For any f € L°(Q) define Sy € B(L?(2, H)) 
by S(g)(w) = f(w)g(w) for all g € L?(Q,H) and p-almost all w € 2. 
It is easy to see that S is a faithful *-representation of D@({Q) as a com- 
mutative von Neumann algebra, which we denote by JA’, in B(L?(2, H)). 
(In our tensor product interpretation, A’ = Sz«(q) is Tr~(a) ® Clu in 
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terms of the *-representation T of §9.3.13.) For any F € L™(9,B(H)) 
define Tr € B(L7(Q,H)) by Tr(g)(w) = F()(g()) for all g € L7(Q,H) 
and p-almost all w € 2. The reader should be able to see that this T is 
a faithful *-representation of L®(, B(7)) as the von Neumann algebra 
A = (Sz(q))' in B(L?(9,H)). Hence A is a fairly typical Type I von 
Neumann algebra that is not a factor unless L°°(Q) reduces to C. (In 
our tensor product interpretation, A is the von Neumann algebra tensor 
product L©(2)@B(H).) 


Definition A *-algebra A is said to be Type I if the von Neumann algebra 
(T,)" generated by any *-representation T: A + B(H) of A is Type I. 


N.B. This definition is standard, but there is a serious problem with it: 
A Type I W*-algebra is not a Type I *-algebra unless it is finite-dimen- 
sional . Each faithful, topologically irreducible *-representations of B(H) 
is equivalent to its usual *-representation on H. However, if H is infinite- 
dimensional, then the Calkin algebra B(H)/Bx(H) has *-representations 
(even faithful ones) that are not Type I. The Calkin *-representation in- 
troduced in Proposition 9.2.27 is an example. Since these can be pulled 
back to B(H), the Type I von Neumann algebra B(H) is not a Type I 
*_algebra. Therefore, the terminology of Type I *-algebras needs to be 
used with care. 

In [1951b] Kaplansky defined a *-algebra A to be CCR (for completely 
continuous representation) if every irreducible *-representation is included 
in the set of compact operators and GCR (for generalized CCR) if every 
non-zero quotient by a y-closed ideal contains a non-zero CCR *-ideal. 
Dixmier renamed these classes liminal and postliminal, respectively. Both 
sets of names are used. It is easy to see that liminal *-algebras are postlim- 
inal and that postliminal *-algebras are Type I. In [1961] James G. Glimm 
called a *-algebra that has no non-zero liminal *-ideal, NGCR (=antilimi- 
nal). Every C*-algebra A has a maximal postliminal closed *-ideal Agcr. 
The quotient, A/Agcr, is antiliminal. In this paper, Glimm showed that 
the following (except (4) and (5), proved later) are equivalent for a separa- 
ble C*-algebra A: 

(1) A is postliminal. 

(2) Ais a Type I *-algebra. 

(3) The range of each irreducible *-representation of A contains all of 

the compact operators. 

(4) A has no *-representation T with (T’4)”" of Type II. 

(5) A has no *-representation T with (T14)" of Type III. 

(6) Any two irreducible *-representations of A with the same kernel 

are unitarily equivalent; 

(7) A has a smooth dual A. 

We will explain the last condition in §9.6.13 below. 
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In the non-separable case the first five conditions are still equivalent 
and imply the sixth (cf. Dixmier [1977], §9.5.9 and Sakai [1971]). Chapter 
9 of Dixmier’s book contains an elegant proof of these equivalences in the 
separable case and Sakai’s book gives a less transparent proof in the non- 
separable case. In view of (3), we see that for a topologically irreducible 
*_representation T of a liminal or (equivalently) a CCR-algebra A on a 
Hilbert space H, J’, actually equals the set of all compact operators. 


9.3.27 Type II; Factors In this example we define faithful finite traces 
and show that any factor with a faithful finite trace is finite. We then show 
that the von Neumann algebra generated by the left regular representation 
of any discrete group has a faithful finite trace. A simple condition on 
the group implies that this von Neumann algebra is an infinite-dimensional 
factor. The results of the last example show that a finite Type I factor is 
finite-dimensional . Hence the factors considered here are Type II, factors. 


Definition Let A be a W*-algebra. A finite trace on JA is a linear func- 
tional 6: A > C satisfying: 
(a) 0(a*a) > 0 for all a € A (6 is positive); 
(b) 0(ab) = O(ba) for all a, b € A (trace condition). 
The trace @ is said to be faithful if it satisfies: 
(c) a€ A and 0(a*a) = 0 imply a = 0. 
We will always normalize a faithful finite trace by assuming: 
(d) A(1) = 1. 


Notice that (a) implies 6(A,) C R,. Thus Theorem 9.2.16(e) shows that 
9 is continuous and satisfies 

(a') O(a*) = O(a)* Vaed. 
Linear functionals satisfying (a) are studied systematically in the next sec- 
tion. 

Let A be a factor and let @ be a faithful finite trace on A. Suppose that 
p and g are projections in Ap that are equivalent relative to A. Then there 
is some v € A satisfying p = vu* and q = v*v. This implies 6(p) = @(vu*) = 
O(v*v) = 0(q). Now if p < q also holds, then 0 = 0(q—p) = 0((q—p)*(q—p)) 
implies p = q. Hence every projection in Ap is finite. In particular, A is 
finite since 1 € Ap is finite. 

Let G be a discrete group. The following construction gives a faithful 
finite trace 9 on £!(G) itself. For each f € €'1(G) define 


A(f) = fle), 
where, of course, e is just the identity element of G. Since the identity 
element in £'(G) is 6., property (d) is obvious. To check (b) we simply 
calculate: 


6(f*9) = feg(e) = D> F(u)g(v-*) = >- g(v) fv!) = 9* F(e) = 9(9* f). 


veEG vEG 


906 9: *-Algebras 9.3.27 


Finally, to check (a) and (c) we note: 


O(ftaf) = frafle) = >_ f*(v)f(u") = Y> fw) Fo) = SIF (oP. 


vEG veEG vEG 


Hence our task now is to find a way to extend this trace from ¢'(G) to the 
weak operator closure of its image under the left regular representation. 

First we note that the von Neumann algebra generated by a unitary 
representation U of a discrete group G is identical with the von Neumann 
algebra generated by the corresponding *-representation T of £1(G). Since 
u t+ 6, embeds G in £'(G), (Ug)” C (Tangy) is obvious. However Tig) C 
span(Ug) gives the opposite inclusion. The same argument shows (Ug)' = 
(Te(G)’. 

Let L and R be, respectively, the left and right regular representations 
of the convolution *-algebra ¢!(G) on £2(G) introduced in §9.2.21 and fur- 
ther discussed in §§12.4.4, 12.4.7 and 12.4.8. Let U" and U® denote the 
corresponding unitary representations of G, so that we have 


Ly(9)=f*g Ry(g)=g*f VFEl(G),Vgel(G); and 
Lj, =U Rs, =UF VueG. 
(Thus R and U® are anti-representations.) We will show 
(UG)" = (Leyay)" = (UG)! = (Rea)! 


and 
(UG)" = (Reyay)" = (UB)! = (Lea): 
Clearly, U# ¢ (U&)' and UZ ¢ (U®)' imply 


(Leyay)"” (Ree) and = (Raay)” C (Leiay)’. 


For any T € B(é2(G)) denote the element T(6.) € £2(G) by T. 
For any T € (U&)' and u € G we have 


T(6,) = TUF (5-) = UPT =T * by. 
Linearity and continuity give 
T(f)=T«f VT €e(UG)'; f € C(G). 


(If fn € span(dg) converges to f € £7(G) in the £?-norm, then T(f) = 
lim T (fn) = lim T’* fy = T'* f, where the last limit is in the €-norm since 
the Cauchy-Schwarz inequality gives ||T * (fn — f)lloo < IIT llellfn — fllo- 
This also shows that the convolution product is well-defined on é* with the 
product in °°.) Hence the linear map T +> T is an injection of (U2)’ into 
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€?(G). Notice that for f € £1(G) we have Ly = L;(6-) = f *5e = f, so this 
is just an abstract extension of the inclusion of £'(G) into £7(G). 
Similarly we get 


S(fJ=f*S VSE(US) fe CG). 
Therefore, any T € (U&)', S € (U&)' and f € £7(G) satisfy 
ST(f) =S(T *f)=T*«f*xS =T(f*S)=TS(f). 


This proves (U@)' C (U&)" and (U&)' C (U®)", thus completing the iden- 
tification of various von Neumann algebras associated with the regular rep- 
resentation. (With some technical changes, this proof can be extended to 
show (U&)" = (U&)! and (U&)" = (U&)’ for any locally compact group G.) 
From now on we denote (U&)" by A and (UZ)" by A’. 

Now we show how to extend 8 on £1(G) to @ on A. Define a function 
0: A —- C by 


(T) = T(e) 7 (T', be) = (T (dc), be) VT EA. 


Thus, in particular, 6(Ly) = f(e) = 6(f) holds for any f € £1(G). This 
is clearly a linear functional on A satisfying (a) and (d) in the definition 
of a trace. Furthermore, it is obviously continuous in the weak operator 
topology and hence in all of the operator topologies. The injectivity of 
T +> T and the equation 


(T*T) = (T*T(5e);5e) = ||T(6e) | = IPI 


show that @ is faithful. 

Finally, for any S, IT € A the Kaplansky density theorem gives nets 
{Ly }aea and {L,, aca Satisfying S = lim Ly,, T = lim Ly, in the strong 
operator topology, fa, ga € (G), ||Ly. || < [|S] and ||Z,. || < |||. Since 
multiplication is strongly continuous in A, x Aj, this gives 


6(ST) lim 0(L;, Ly.) = lim (fa * Ja) 
fag 
lim 6(ga * fa) = lim 0(L,, Ly.) = 6(T'S) 


for any S, T € A. Hence @ is a faithful finite trace on A. By symmetry we 
can define a faithful finite trace on A’. 

Now suppose that G is a group for which every conjugacy class (except 
{e}) is infinite. Such groups are called infinite conjugacy class (= ICC) 
groups. If T belongs to the center AM A’ of A, then it satisfies 


T(uvu-*) = (T, buvu-1) = (T (5-), VU“ u(U%1)* (5y)) 
(U® (U4 4.)*T (be), dv) = (TU®,(U“u)* (be); dv) 
(T(de), dv) = T (v) Vu,veG. 


I 
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Hence for any T in the center of A, T € €7(G) is constant on conjugacy 
classes. Thus T is a complex multiple of 6. = 1. Therefore (using the 
injectivity of T 4 T on A again) A is an infinite-dimensional, finite factor. 
As pointed out earlier, this makes A a Type II; factor. 

For completeness, we give two quite different examples of countable 
infinite conjugacy class groups. Let S(N) be the group of all permutations 
of N each of which permutes only finitely many numbers. Let F> be the 
free group on two generators. It is easy to check that these are infinite 
conjugacy class groups. For each n € N, let S,(N) be the subgroup of those 
elements of S(N) that only permute a subset of {1,2,...,n} and leave all 
other integers fixed. Then we see 


S(N) = Upnti Sn(Q). 


Whenever G is the union of an increasing sequence of finite subgroups 
{Gain € N} we see that A = (U%g)" is the closure in the operator 
topologies of the union of the increasing sequence {A,:n € N} of finite- 
dimensional *-subalgebras A, = Leig,). A W*-algebra that is the closure 
in the operator topologies of the union of an increasing sequence of finite- 
dimensional *-subalgebras will be called hyperfinite. Thus we have shown 
that the left regular representation of S(N) generates a hyperfinite Type IT, 
factor. Actually there is only one such factor up to *-isomorphism, and it is 
called the hyperfinite factor. This was proved by Murray and von Neumann 
[1943], in which the example given here was also introduced. They also 
showed that the II, factor constructed from Fy» is not *-isomorphic to the 
hyperfinite factor. It is now known that there are uncountably many non- 
*-isomorphic II, factor algebras in B(H) where H is the separable Hilbert 
space. 

It is fairly easy to see that the von Neumann algebra tensor product of 
two factors is again a factor. If one factor is Type II, and the other is Type 
I. (say B(H) for separable Hilbert space #), then the tensor product is 
Type II,.. Thus we have constructions for both finite and properly infinite 
Type II factors. 


9.3.28 Type III Factors When Murray and von Neumann wrote [1936] 
they did not know whether Type III factors existed. In [1940] they con- 
structed a class of examples, but for the next 30 years little more was 
discovered about Type III factors even though it was clear that they were 
interesting from the viewpoint of physics. The theory of Tomita algebras 
expounded by Masamichi Takesaki [1970] gave effective methods which led 
to the deep new insights of Alain Connes (e.g., [1973] and [1976]) and a 
rejuvenation of the whole theory. 

Even a brief presentation of the construction of Type III factors would 
take us too far afield. The original example was given by a countable group 
acting freely and ergodically on a measure space, so as to preserve the 
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measurable sets and the class of sets of measure zero. If no non-zero finite 
invariant measure exists, the crossed product von Neumann algebra is a 
Type III factor. 


9.3.29 Commutants of Tensor Products The following theorem 
was recognized as basic by Murray and von Neumann at the beginning. 
Increasingly general special cases were proved over several decades, starting 
with the trivial Type I factor case already discussed in §9.3.25. A full and 
accessible proof was not offered until 1971, based on ideas of Minora Tomita. 
For a modern proof and historical notes see Masamichi Takesaki [1979] IV.5 
and Section 11.7 below. 


Commutation Theorem for Tensor Products Any von Neumann 
algebras A C B(H) and B C B(K) satisfy 


(A@B)' = A’@B"'. 


Theorem 10.1.32 will describe the Hilbert space H@K on which these 
von Neumann algebras act. The *-algebra A®B is the von Neumann al- 
gebra generated by all operators of the form S ®T for S € A andT € B 
as described in Theorem 10.1.33. Since we are not proving even the easy 
special cases, we will quote this powerful theorem in the rest of this work, 
even when only one of those special cases is needed. 

Robert J. Archbold [1981] gives an interesting counterexample to this 
theorem for C*-algebras. 


Normal Operators 


The following theorem greatly simplifies commutation theory for normal 
operators on Hilbert space. The proof we give is essentially the same as that 
of Lemma 2.4.10 in Volume I, where the complicated history of the proof is 
given. Bent Fuglede [1950] discovered the theorem in the case U = V (our 
last sentence), and Calvin R. Putnam [1951] gave the present statement. 
Many authors have extended the result in various directions. We mention 
Katsutoshi Takahashi [1981] and Toshihiro Okuyama and Keiichi Watanabe 
[1998]. 


9.3.30 Fuglede—Putnam Theorem Let H be a Hilbert space and let U 
and V be normal operators in B(H). If T € B(H) satisfies TU = VT, then 
it satisfies TU* = V*T and UT* = T*V also. Hence any operator that 
commutes with a normal operator also commutes with its adjoint. 


Proof Applying the involution to the first equation in the conclusion of the 
middle sentence gives the second equation. Let w in B(H)* be arbitrary 
and define 

fA) =w(e "PVM Te?) WA EC. 


910 9: *-Algebras 9.3.31 


By hypothesis any polynomial p satisfies Tp(U) = p(V)T. Hence the ex- 
pansion of the exponential gives 


where the second equality depends on normality. Since the last exponentials 
have skew-adjoint exponents, they are unitary giving |f(A)| < ||w|| ||Z’]| for 
all 4 € C. Liouville’s theorem asserts that f is a constant, so its derivative 
is zero. But this derivative is iw(TU* — V*T). Since w € B(H)* was 
arbitrary, the Hahn-Banach theorem now gives the desired conclusion. O 


9.3.31 Corollary The von Neumann algebra generated by a normal op- 
erator S € B(H) is just {S}". 


Of course if S were not normal, we would need to write {S,S*}". 


9.3.32 Corollary If two normal operators on a Hilbert space are similar, 
then they are unitarily equivalent. 


Proof Let H be a Hilbert space and let U and V be normal operators in 
B(H). If S is invertible in B(H), then its polar decomposition S = W|S| has 
W unitary and |S| = (S*S)!/? invertible. If S also satisfies SUS—! = V, 
then the theorem shows S*SU = S*VS = US*S so |S|U = U|S| and hence 
WUW'=W|S|U|S|"'W-1 = SUS! =V. 0 


9.3.33 The Spectral Theorem and Borel Functional Calculus for 
Normal Elements in W*-algebras In this book we derive most of 
the results that are usually obtained from the spectral theorem from much 
simpler arguments—particularly from numerical range arguments. (£.g. 
Lemma 9.3.20 and Theorem 9.6.1.) Nevertheless, we want to state and 
prove the spectral theorem because it is a basic insight and is so often used. 
We use it here to derive a Borel functional calculus for normal operators in 
von Neumann algebras or normal elements in W*-algebras. 

In Section 3.3 of Volume I, we discuss various functional calculi. In 
particular, we define f(a) when: (1) ais an arbitrary element of an arbitrary 
algebra A and f is a rational function with poles off Sp(a); (2) a is an 
arbitrary element of an arbitrary Banach algebra A and f is an analytic 
function defined in some neighborhood of Sp(a); and (in §3.4.21) (3) ais a 
normal element of a C*-algebra A and f is a continuous function defined on 
Sp(a). The reader may wish to consult the introduction to Section 3.3 for 
a brief discussion of functional calculi in general. We will now define f(a) 
when a is a normal element of a W*-algebra A and f is a Borel function 
defined on Sp(a). 

One of the reasons for the importance of von Neumann algebras is that 
each such algebra contains all operators “closely related” to the operators 
in it. (This remark applies equally to abstract W*-algebras if “operator” 
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is replaced by “element”.) The double-commutant definition of von Neu- 
mann algebras, is the first instance of this fact. Closure in the various 
operator topologies is a second instance and the polar decomposition (The- 
orem 9.3.15) is another. The spectral theorem and Borel functional calculus 
provide the most complete illustrations. 

Since both the spectral theorem and the functional calculus we are about 
to introduce describe properties of normal operators, it is convenient to start 
with a pair of simple results on normal operators on a Hilbert space. 


Proposition Let H be a Hilbert space. An operator S € B(H) is normal 
if and only if it satisfies 


HS(z)I] = [S"(@)] Vee H. 


Proof Any S € B(H) and z € H satisfy 


((S*S —SS*)(z),x) = (S*S(x),x) — (SS*(z),2) 
(S(z),.S(x)) — (S*(2), S*(a)) 
IS(z)IFP = 1S" (a)II?- 


Theorem 9.1.20 now completes the proof. oO 
Corollary Let ‘H be a Hilbert space and let S € B(H) be a normal operator. 
For anyX€C, nEN andre X, 

(S —A)"(r) = 0 > (S — A)(x) = 0. 


Hence a normal operator on a finite-dimensional Hilbert space is diagonal- 
izable. 


Proof The equation (S — X)"(z) = 0 implies (S — ’)2" (x) = 0 for some 
m€N. The proposition gives 


((S — A)?” ")*((S = A)?” (z)) || 


gm-t 


is — ay?" (8 — a?" (@)) | 
(S — AP” (x) || = 0 


and hence 
m-1 ‘ m- be m—1 
II(S — 0)?" (2)? = (((S — AP?" )"(S — AP?” (2), 2) = 0. 
Repeated application of this argument gives (S — A)(xz) = 0. 
The last remark follows from Theorem 2.7.11(c) in Volume I. oO 


We begin our discussion with the elementary case of a finite-dimensional 
Hilbert space H. If S is a normal element of B(#H), we have just seen 
that it is diagonalizable. Theorem 2.7.11 of Volume I gives a number of 
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conditions equivalent to S being diagonalizable. In particular, (e) shows 
that there exist distinct complex numbers ,, A2,...,Am and mutually or- 
thogonal non-zero idempotent operators F,, F2,..., Em satisfying Sp(S) = 
pSp(S) = {A1, A2; vee Am}; 


me ™m 
S=S AE, I=) °F; and SE; =4,E;. (7) 
j=l j=l 


(In Theorem 2.7.11, the £; were called projection operators, but when 
we consider Hilbert space, the term “projection operator” is reserved for 
hermitian idempotent operators. If each &; is a projection operator in this 
stronger sense, then S* = 4 X; Ej, so S is normal.) Furthermore, the 
idempotent £,, B2,..., Em are given by the following polynomials in S: 


E; =4;(S), where j(A) = [[ ((A— Aw)/Qj — Ak), (8) 
kA 


so each E; belongs to {S}" and satisfies E;H = ker(A; — S). For nor- 
mal operators, equation (8) shows that each E; is normal and hence is the 
unique hermitian projection onto ker(A; — S). If S belongs to a von Neu- 
mann subalgebra A of B(H), then each projection E; also belongs to A. 
(Of course, in the finite-dimensional case which we are now considering, 
any *-subalgebra A is a von Neumann subalgebra. Hence any semisimple 
finite-dimensional *-algebra A is a W*-algebra.) Since Sp(S) is a finite set, 
any completely arbitrary function f on Sp(S) defines f(S) by 


F(S) = D> FAs) Ej. 
q=1 


This elementary definition obviously provides a functional calculus on A. 
(Since an arbitrary function on a finite subset of C can be represented by 
a polynomial, this is just a special case of the functional calculus cited as 
(1) above.) 

Let K be some uncountable compact subset of C provided with the re- 
striction of two-dimensional Lebesgue measure. Consider the normal mul- 
tiplication operator S € L*(K) defined by 


S(Q)A)=AVA) Vg E L*(K); AEK. 


This operator has uncountable spectrum Sp(S) = K, so the sums in the 
last paragraph must be replaced by some sort of integral. Let B be an 
arbitrary Borel subset of C and let ysqx be the characteristic function of 
Bo kK. Let Eg be the multiplication operator 


Ep(g)(A) = xsnx(A)g(A) VgEL*(K); XE K. 
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This is obviously a hermitian projection operator which commutes with S. 
It is intuitively clear that some sort of integral based on these projections 
should describe S. It turns out that the definition of the integral is the 
only real difficulty. Ignoring deeper problems of multiplicity, the spectral 
theorem essentially represents any normal operator on an arbitrary Hilbert 
space by this example. Note also that if f is a bounded, complex-valued 
Borel function on K, then multiplication by f(A) defines an operator which 
it is natural to denote by f(S). 

The integral will be defined in terms of a spectral measure. We shall use 
spectral measures only in Hilbert space. However, since it is hardly more 
difficult to define them in Banach spaces, we do so. Dunford’s theory of 
spectral operators on Banach spaces, referred to at the end of Section 2.8, 
is based on (a slight generalization of) this notion. 

Let Y be a Banach space with dual space **. For x € ¥ and y* € A", 
Wz@y- denotes the linear functional on B(1) defined by 


Weey(T)=y"(T(z)) VT € BW). 
When H is a Hilbert space we use this same notation for 
Wrey(T) = (T(z), y) Vai,ye€H; T € BW). 
These are the linear functionals that define the weak operator topology. 


9.3.34 Definition Let ( V be a Banach space / ¥ = H be a Hilbert 
space ). Let 9 be either a compact Hausdorff space or C. Let B({) be 
the o-algebra of Borel subsets of 9. For each B € B(M), let E(B) be a 
( projection in B(4’) / hermitian projection in B(H) ). We call such a 
function E a projection-valued function from B(Q) to ( B(¥V) / BCH) ). 
(a) A projection-valued function EF is called a spectral measure if 
E(Q) =T (the identity operator) and for each wzg,- the map 


BH wrey:(E(B)) from BQ) to C 


is a regular complex Borel measure. When 92 = C, we also 

require that there be a compact subset K C C satisfying E(K) = I. 
(b) A projection-valued function E is called a homomorphism of Boolean 

algebras if it satisfies 


EQ =I E(Q\B)=I-E(B) V BEB) 


E(B, M Bo) = E(B,)E(Be) = E(B2)E(B:) 
E(B, U Bo) = E(B) + (B2) — E(B) (Ba) 


(c) A spectral measure E on C is called a spectral resolution for 


V B,, Bo € B(Q). 
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(S€B(X)/ S € B(H) ) if it satisfies E(Sp(S)) = 
SE(B) = E(B)S and Sp(S|e(By2x)) G B VBE B(C). (9) 


The following result is based on standard measure theory arguments, 
so we omit its proof. See Halmos [1951] §36, Theorem 3, or Dunford and 
Schwartz [1971], XV. 


9.3.35 Theorem’ Let ( X be a Banach space / X = H be a Hilbert 
space). The following are equivalent for a projection-valued function E 
from B(Q) to ( B(X) / B(H) ). 
(a) E is a spectral measure. 
(b) E ts a homomorphism of Boolean algebras. 
(c) EF satisfies E(Q) =I and E(B, U B2) = E(B,) + E( Bz) whenever 
B, and By are disjoint sets in B(Q). 


From now on we cover only the case of Hilbert spaces. If interested, the 
reader can make the small changes needed for more general Banach spaces. 

Given the above definition, it is obvious that - any bounded Borel func- 
tion f on Q and any z,y € H, the integral f, f(w)(E(dw)(z), y) is defined. 
Furthermore, this expression is a bounded linear een of x and a conju- 
gate linear function of y. (The most elementary bound is 4||f|]oo|{z|| |lyl|-) 
Proposition 9.1.11(d) shows that there is a unique operator, which we nat- 
urally call [, fE (dX), satisfying 


( [ fE(dA)(2 )u) = [ f(w)(E(dw)(x),y) Wa,yeX. — (10) 


This is a very quick way to define the integral over a spectral measure. 
For more details and related results, see the references just cited. We can 
now state our major result. 


9.3.36 Spectral Theorem Let H be a Hilbert space and let S be a normal 
operator in B(H). There is a unique spectral resolution E for S with range 
in {S}" C B(H) and satisfying 


f(S) = | f(A)E(a) VF € C(Sp(S)), (11) 
Sp(S) 


where f(S) is defined as in Theorem 9.1.17. Any one of the following 
conditions already determines E uniquely: 

(a) E is a spectral resolution for S. 

(b) E is a spectral measure satisfying (11). 

(c) E is a spectral measure satisfying E(Sp(S)) =I and 


s= AE(dX). (12) 
Sp(S) 
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Proof Let S be a normal operator in B(H). Let C be the smallest norm- 
closed, unital *-subalgebra containing S. We use the construction and 
results from Theorem 9.1.17 and §3.4.21. The Gelfand transform S$ of S 
is a homeomorphism of I’¢ onto Sp(c). (Sp(c) is the same in either of the 
*-algebras C or B(H).) If f is a continuous complex-valued function on 


Sp(a), then we can define f(S) by f(S) = foS. The map f 4 f(S) from 
C(Sp(S)) to C is an isometric *-isomorphism. Hence for each pair z,y € H 
the map 
f +> Weey- (F(S)) = (F(S)z,y) 

is a continuous linear functional on C(Sp(S)). The Riesz representation 
theorem (Dunford and Schwartz [1958], IV, 4.6.3) gives a unique regu- 
lar Borel measure pzey- on Sp(S) with total variation bounded above by 
\|z|| ||y|| and satisfying 


/ f0peey (A) =(F(S)az,y) Vf € C(Sp(S))s ay EH. 
Sp(S) 


If we evaluate ra,- at any Borel set B, it is easy to see that the re- 
sult depends linearly on x and conjugate linearly on y. Hence Propo- 
sition 9.1.11(d) shows that there is a unique operator E(B) satisfying 
(E(B)z,y) = Uzey-(B) for all Borel subsets of Sp(S) and all x,y € H. 
Clearly these operators satisfy ||F(B)|| <1, E(Sp(S)) = J and for disjoint 
Borel subsets B, and By 


(E(B, UBo)z,y) =  bre@y-(Bi U Bz) = prey: (Bi) + Urey: (B2) 
((E(Bi) + E(B2))z,y). 
This is enough to show that we can define [{ sp(s) f(A)E(dA) for any Borel 
function f on Sp(S), but we do not yet know that E(B) is a projection 
in B(H) for each Borel set B. Standard methods for regular Borel mea- 
sures show that we can approximate the characteristic function of B by 
non-negative-real-valued, continuous functions on Sp(S). Since fH» f(S) 
is a *-isomorphism for continuous functions, this implies that E(B) = 
Iss) XB(A)E(dX) is a projection operator. Thus EF is a spectral mea- 
sure and f+ f(S) = f sp(s) f(A) (dA) is an isometric *-isomorphism from 
the algebra of Borel functions on Sp(S) with essential supremum norm 
into B(H). Either approximation arguments or (better) commutation ar- 
guments show that the spectral measure EF has its range in {S}". We omit 
the uniqueness arguments as well as other details. O. 


9.3.37 Corollary Let A be a von Neumann algebra or a W*-algebra. Let 
S be a normal element in A. There is a unique spectral resolution E for S 
with range in A with 


f(S) = | fO)E(AA) 
Sp(S) 
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defined as an element in A for all bounded Borel functions f on Sp(S) and 
with the value assigned in Theorem 9.1.17 for f € C(Sp(S)). The map 
f + f(S) ts a unital *-homomorphism of the *-algebra of all bounded Borel 
functions on Sp(S) into A. 


Let us specialize this theorem to the easiest infinite-dimensional case: 
Let S be a compact, normal operator on an infinite-dimensional Hilbert 
space H. Recall that Theorem 2.8.7 in Volume I shows that the spectrum 
of S contains zero and is either finite or countable. In the latter case, 
whenever the spectrum is arranged in a sequence, the sequence converges 
to zero. Furthermore, each non-zero 4 in the spectrum is an isolated point 
in the spectrum and is an eigenvalue with a finite-dimensional spectral 
subspace. 


9.3.38 Corollary Let S be a compact, normal operator on some Hilbert 
space H. For each non-zero A € Sp(S) there is a unique projection operator 
Py € {S}" with finite-dimensional range satisfying P,P, = P,P, = 0 for 


A # pt and 
c= » AP) 
AESp(S) 


with unordered convergence in the norm of B(H). For any bounded func- 
tion f on Sp(S), the *-homomorphism of Corollary 9.3.37 is given by the 
isometric *-isomorphism 


forS)= YS Ff. 


AE Sp(S) 


Proof Let \ € Sp(S) be non-zero. Define P to be the orthogonal projection 
onto the kernel of S — A. According to Theorem 2.8.7 (supplemented by 
the Corollary in §9.3.33), S acts like multiplication by on the finite- 
dimensional subspace P,(#) and the restriction of S to (I — P,)(H) does 
not contain A in its spectrum. For any e > 0, the set F; of A € Sp(S) 
satisfying |A| > € is finite. Unordered norm convergence follows from the 


observation 
IS- So API <e. 
AESp(S)\Fe 


Hence we can define the spectral measure as follows: For each Borel set B 
in C not containing zero, define E(B) = > rep Pr. If zero belongs to B, 
we define E(B) = I — ¥°,¢5 Py. It is easy to check that this satisfies the 
theorem. Oo 


We want to describe the functional calculus of Corollary 9.3.37 in terms 
similar to our previous functional calculi (Theorems 2. 1.10, 3.3.7 and 9.1.17). 
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This requires that for each normal element c in a W*-algebra A, we have 
an algebra of functions that operates on c. In the previous examples, the 
algebra depended only on S'p(c), but this time more information is needed. 
This should not be surprising, since the previous functional calculi used 
only algebraic, analytic or topological information, but now measure the- 
ory is involved. Corollary 9.3.37 makes it clear that the functions are Borel 
functions with Sp,(c) as domain. However, if f and g are two Borel func- 
tions so that the set o where f — g is non-zero satisfies E(o) = 0, then 
f fA)E(A) = f g(A)E(d\). Thus, besides the Borel subsets of Sp(c) 
(completely determined by Sp(c)), we need to take into account a class of 
null sets. Our algebra will then be the algebra of equivalence classes of 
almost everywhere equal functions. The situation is complicated because 
the measure is a spectral measure, not a positive-, real- or complex valued 
measure. We will specialize to o-finite von Neumann algebras to remove 
most of this difficulty. 


9.3.39 Definition A W*-algebra A is said to be o-em finite if any col- 
lection of non-zero orthogonal projections is at most countable. 


As usual, countable means finite or countably infinite. 


9.3.40 Proposition The following are equivalent for a C*-algebra A. 
(a) A is ao-finite W*-algebra. 
(b) A has a faithful *-representation as a von Neumann algebra on a 
Hilbert space with a countable separating set of vectors. 
(c) A has a faithful normal positive linear functional. 


Proof (a)=(b): Since A is a W*-algebra, it has a faithful *-representation 
T as avon Neumann algebra on some Hilbert space H. Let V be a maximal 
family of unit vectors in H so that T¥,2z; and T,z2 have orthogonal range 
projections for any distinct z; and z2 in Y. The von Neumann double 
commutant theorem shows that these range projections belong to T’4, so V 
is a countable set. Denote V by {zp : n € N}. Because of the maximality of 
Y, these range projections must sum to J € B(H). Hence V is a topologically 
cyclic set for T,. Proposition 9.2.13 shows that V is a separating set for 
TA. 
(b)=>(c): Define z by DD cyn ‘zn. and w € A, C A®* by 


w(a) = (Tz, 2) VaéA. 


If w(a*a) = 0 for some a € A, then T,z, = 0 for alln EN, sow is a faithful 
normal positive linear functional on A. 

(c)=>(a): If w is a faithful, normal positive linear functional on A, The- 
orem 9.3.12(e) shows that T” is a faithful *-representation of A as a von 
Neumann algebra on H”. If P is a set of orthogonal projections in A, then 
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for any p € P w(p) > 0, but >). pw(p) < w(1) < oo. This implies that P 
is countable. oO 


9.3.41 Corollary Letc be a normal element in a o-finite W*-algebra A. 
Let e be the unique spectral measure for c in A. There is a finite, positive 
real-valued measure . on Sp(c) satisfying 


pw(B)=0 <= e(b)=0 V Borel subsets B ofS p(c). 


Any two such measures are equivalent in the sense that they are mutually 
absolutely continuous. 


Proof Define »(B) to be w(e(B)) for each Borel subset B of Sp(c), where 
w is a faithful, normal positive linear functional on A as guaranteed in the 
Proposition. The rest is obvious from this definition. Oo 


9.3.42 Definition Let c be a normal element in a o-finite W*-algebra 
A. Then L™(c) is the linear space L™(j:) of all equivalence classes of Borel 
functions on Sp(c) with respect to a measure pz satisfying Corollary 9.3.41. 
L™(c) is endowed with the essential supremum norm.. 


Proposition 9.3.40 shows that L(c) is well-defined even though it seems 
to depend on the choice of p. 


9.3.43 Functional Calculus for Normal Elements in W*-Algebras 
Let c be a normal element in a o-finite W*-algebra A. For each f € L™(c), 


define f(c) by 
oe / f(A)e(dd). 
Sp(c) 


(a) The map f > f(c) is a unital, isometric *-isomorphism of L®(c) 
onto the W*-subalgebra {c}" of A generated by the element c. 

(b) This map extends the functional calculus of Theorems 3.3.7 and 
9.1.17. 

(c) It is a homeomorphism from the weak* topology of L™(c) to the 
weak* (ultraweak) topology of A. 

(d) The spectrum of f(c) is the essential range of f. 

(e) Furthermore, this is the only unital *-homomorphism of L®(c) into 
{c}" that takes z to c and is either isometric or satisfies condition 
(c) or (d) above. 


Proof We omit the technical details of this proof. Corollary 9.3.37 shows 
that f +» f(c) is a *-homomorphism from the C*-algebra L™(c) into the 
C*-algebra {N}’. Hence it is an isometry or a contraction. However, it is 
clear that the spectrum of f(c) is the essential range of f, so this map is 
an isometry. One next shows that the map is a homeomorphism from the 
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weak* topology on L®(c) to the ultraweak topology on {N}’. This shows 
that f + f(c) is surjective onto {N}’. oO 


The spectral theorem does not give all of the information needed to 
determine whether two normal operators are unitarily equivalent. For this 
one needs multiplicity theory also. We shall not even outline this subject, 
but recommend that the reader consult William B. Arveson [1976] and Paul 
R. Halmos [1951]. John B. Conway [1985] contains a nice treatment of the 
separable case. 


9.4 Topologically Cyclic *-Representations 


A topologically cyclic *-representation of a *-algebra A is determined 
up to unitary equivalence by a certain type of linear functional on A. We 
will call the linear functionals that are associated with topologically cyclic 
*_representations in this special way, representable positive linear function- 
als. From §9.4.2 to §9.4.16 we give a construction, due to Israel Moiseevié 
Gelfand and Mark Aronovié Naimark [1943], of a *-representation JT” from 
each representable positive linear functional w. This construction was fur- 
ther developed by Irving E. Segal [1947a]. If w is associated with the 
topologically cyclic *-representation T’, then T“ is unitarily equivalent to 
T. Thus our construction gives a representative in each unitary equivalence 
class of topologically cyclic *-representations. In Section 9.2 we showed that 
each *-representation is the Hilbert sum of a trivial *-representation and an 
essential *-representation, and that each essential *-representation is uni- 
tarily equivalent to a Hilbert sum of topologically cyclic *-representations. 
Thus the Gelfand—Naimark construction and the Hilbert sum construction 
together give a representative in each equivalence class of *-representations. 

A major goal of this section is a *-algebraic, or internal, description of 
those linear functionals on a *-algebra A that are representable positive 
linear functionals. We want a description in terms of A that does not refer 
directly to any *-representation. Although the final result is not particularly 
complicated, we wish to analyze it carefully. Each condition in the charac- 
terization is introduced to overcome a specific difficulty. The trouble is that 
pre-*-representations on pre-Hilbert spaces rather than *-representations 
(on Hilbert spaces) arise naturally for arbitrary *-algebras. However, Sec- 
tion 9.2 showed that *-representations are much more tractable than pre- 
*_representations. (They are also more interesting for applications, but 
this is partly due to their greater tractability.) Thus we want to study 
*_representations of *-algebras while the linear functionals want to give us 
pre-*-representations. The way around this problem is the slightly awk- 
ward notion of admissible positive linear functionals. Fortunately, for cer- 
tain classes of *-algebras (which include all Banach *-algebras) studied in 
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Chapter 10, all positive linear functionals are admissible and the problem 
disappears. 

As a result of this awkwardness, we really carry two parallel theories 
through this section. The theory of positive linear functionals and exten- 
sible positive linear functionals is very straightforward and simple, while 
the theory of admissible and representable positive linear functionals is less 
simple but more interesting. The former theory is related to, but does not 
include, the theory of pre-*-representations while the latter theory does 
include (as we have indicated above) the theory of *-representations. 

The construction of a *-representation from a positive linear functional 
was discovered by Gelfand and Naimark and first published in (1943]. They 
considered only unital C*-algebras. This restriction makes the theory con- 
siderably simpler. Segal [1947b] studied the construction in the setting of 
an approximate identity. He discussed quantum mechanical motivations 
for the theory. Gelfand and Dmitriy Abramovié Raikov [1944] considered 
*_representations of the L} group algebra of a locally compact group. Their 
treatment relied heavily on the special properties of group algebras and thus 
did not constitute a generalization to arbitrary Banach *-algebras. Raikov 
[1946] discussed *-representations of unital Banach *-algebras induced by 
positive linear functionals. He did not explicitly require the involution to 
be continuous, but showed that it was continuous in a reduced unital Ba- 
nach *-algebra. He did not attempt a general presentation of the theory, 
but merely gave interesting new results for those Banach *-algebras that he 
called symmetric. The first systematic treatment of the connection between 
*_representations of general unital Banach *-algebras and positive linear 
functionals was given by Gelfand and Naimark in [1948]. They assumed 
the continuity (indeed the isometry) of the involution. This treatment was 
somewhat expanded in Naimark [1948]. The first comprehensive treatment 
of this subject that assumed neither an identity element nor a continuous 
involution was given by Charles E. Rickart in [1960]. Jaques Dixmier [1969] 
developed the theory for Banach *-algebras with an isometric involution and 
an approximate identity of norm 1. Our presentation systematically uses 
a canonical vector which is topologically cyclic in the most favorable case. 
Many of its properties are due to the author (previously unpublished), but 
we use the construction given by Zoltan Sebestyén [1984]. 

We begin with the result of Gelfand and Naimark [1948] showing that 
certain linear functionals determine topologically cyclic *-representations 
up to unitary equivalence. A special case was given by Segal [1947b]. 


9.4.1 Theorem Let S and T be *-representations of a *-algebra A on 
Hilbert spaces H and K, respectively. Suppose that S is topologically cyclic 
with topologically cyclic vector z € H. Then T is unitarily equivalent to 
S if and only if T ts topologically cyclic and there is a topologically cyclic 
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vector w EK satisfying: 
(Saz,z) = (Tau, w) Vaca. (1) 


In the above condition, A may be replaced by A*. When these conditions 
hold, the unitary equivalence U:'H — K may be chosen to satisfy Uz = w. 


Proof Suppose first that U:# —- K establishes a unitary equivalence be- 
tween S and T.. Then w = Uz is clearly a topologically cyclic vector for T, 
satisfying (T,w,w) = (T,Uz,Uz) = (US,z, Uz) = (Sz, z) for alla € A. 

Conversely, suppose that there is a topologically cyclic vector w satisfy- 
ing (1) with A replaced by A”. First we define U:S4z > K by U(Sgz) = 
T,w for each Sgz € S,z. This is isometric and hence well-defined since it 
satisfies 


Sez! = ||Trwl|? = (Trew, w) = (Sora2,z) = ||Sazl? Vae A. 


Since U is well-defined, it is clearly a linear map of the dense linear subspace 
Sz of H onto the dense linear subspace T\4w of K. Let U be the unique 
extension by continuity of U to all of H. Since U is isometric, UH is 
complete and hence closed in K. Since UH includes the dense subspace 
Taw of K, U is surjective. Thus U is a unitary map of H onto K. For all 
be A and z = Sgz € Syz, we have US,x = US;,Sqz = USyaz = Thaw = 
TyTaw = T,Ur. Since US,r = T;,Uz holds for all z in the dense subspace 
Sz, it must hold for all « € H. Hence U is a unitary equivalence between 
S and T. By construction, T,(w — Uz) = T,w — USgz = 0 holds for all 
a € A, so Theorem 9.2.6 shows Uz = w. oO 


This theorem shows the importance of linear functionals from A (or A?) 
to C of the form 
a—> (Taz, z), (2) 


where T is a *-representation on H and z is a vector in H. We give a 
particularly simple example before proceeding to analyze these linear func- 
tionals. Let Q be a compact space and let A = C({). Let pw be any finite 
positive measure on 2 and let H = L?(u). Then T: A > B(H) defined by 
T;(g) = fg is easily seen to be a *-representation where f € A, g € H, 
and fg is the pointwise product. Let z € H be the constant function 1. 
Then we get w(f) = (Tyz,z) = f fdp for all f € A. The reader can check 
later how easy and natural the Gelfand—Naimark construction is in this 
particular case. 

We now characterize the class of linear functionals that arise as in (2). 
Denoting the linear functional in (2) by w(a) = (Taz, z), we get 


Oa) = (eee. 2) = (2,752) = (74232) = oa)" 
w(ata) = (Taeaz,2Z) = (Toe To2,2) = (To2,To2) = ||Ta2||? > 9 (3) 
lo(a)|? = |(Taz,z)/? < |[Tazl|? |lz|? = Ilz|w(a*a). 
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In the final result, we consider ||z||? as just some finite bound for the implied 
ratio. If A is non-unital, w can be extended to be the linear functional @ 
defined on A! by (A 4+ a) = ((AI + Ty)z,z), so that @ still enjoys the 
properties above. These results motivate the following definition. 


9.4.2 Definition A linear functional w on a *-algebra JA is called: 
(a) hermitian if it satisfies w(a*) = w(a)* for all a € A; 
(b) positive if it satisfies w(a*a) > 0 for all a € A; 
(c) Hilbert bounded if there is some finite constant B satisfying 


|w(a)|? < Bw(a*a) VaeA; 


(d) extensible if it is the restriction to A of some positive linear functional 
on A. 
We denote the set of ( hermitian / positive / Hilbert bounded / exten- 
sible ) linear functionals by ( Al, / Al / Ai, 2 / Al. \. For w € Al, the 
Hilbert bound ||w||1 is defined by 


\lw|lzy = sup{|w(a)|* : a € A; w(a*a) < 1}. 


Note that a linear functional w on A is hermitian if and only if w(h) is 
real for all h € Ay. Similarly, a linear functional w on A is positive if and 
only if w(p) is non-negative for all p € A;. An extensible linear functional 
is obviously positive. The Hilbert bound was introduced by Rickart [1960], 
who denoted it by y,,. It satisfies 


iI 


sup{|tw(a)|* : a € A; tw(a*a) < 1} 
t sup{|w(t!/2a)|? : a € A; w((t!/2a)*(t!/2a)) < 1} 
t\lw|lla = VteE Ry; w€ App. 


|\te| | ry 


I 


Obviously a positive linear functional w is Hilbert bounded if and only if 
\wl\zz is finite. We will characterize extensible positive linear functionals 
in Theorem 9.4.7 below. 

Theorem 9.4.1 shows that each topologically cyclic *-representation has 
associated with it a set of positive linear functionals each of which de- 
termines its unitary equivalence class. Our next goal is to construct a 
representative of this equivalence class from the positive linear functional. 
Not every positive linear functional on an arbitrary *-algebra gives rise to 
a topologically cyclic *-representation. The difficulty arises at two points. 
The easy but ingenious construction due to Gelfand and Naimark [1943], 
that we are about to describe, always gives a pre-*-representation. How- 
ever, this pre-*-representation may not be normed and thus may not be 
the restriction of a *-representation. For certain large classes of *-algebras, 
including all Banach *-algebras, this first difficulty does not arise. This 
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will be discussed in Chapter 10. Even when a positive linear functional 
w gives rise to a *-representation T, the *-representation may fail to be 
topologically cyclic or at least the positive linear functional may not be 
obtainable from T in the form of equation (2) above for some topologically 
cyclic vector z. This second difficulty does not arise in unital algebras. 
We will deal with this in the present section. First we give the construc- 
tion of pre-*-representations starting with a simple lemma, which is proved 
by the same argument usually employed to establish the Cauchy—Schwarz 
inequality. This lemma is due to Gelfand and Naimark [1943]. 


9.4.3 Lemma Let A be a *-algebra. A positive linear functional w on A 
satisfies 

w(a*b) = w(b*a)* Va,beA (4) 

lw(a*b)|? < w(a*a)w(b*b) Va,beA. (5) 


An extensible positive linear functional is hermitian and Hilbert bounded. 
If A is unital, any positive linear functional w satisfies |\w||p = w(1). 


Proof For all A, wp € C and a, b € A, consider 


0 < w((Aa + pb)*(Aa + pb)) (6) 
|A|?w(a*a) + A*pw(a"b) + Ap*w(b*a) + |y|?w(b*d). 


Thus A* pw(a*b)+Ap*w(b*a) is real for all A* pn. Setting A* in (6) equal to 1 
and then i gives (4). Substituting w(a*a) = w(b*b) = 0 into (6) clearly gives 
w(a*b) = 0. Thus we can assume that at least one of the numbers w(a*a) 
and w(b*b) is non-zero. By symmetry, suppose w(a*a) # O. Substitute 
A = —w(a*b), w = w(a*a) into (6). This gives 0 < |w(a*b)|*w(a*a) — 
2|w(a*b)|?w(a*a)+w(a*a)*w(b*b). Now (5) follows after dividing by w(a*a). 

If w is the restriction of @ on A!, substitute 1 € A! for bin (4) and (5) 
applied to ©. This shows that w is hermitian and satisfies ||w||”7 < @(1). 
If A is unital (so © = w), the opposite inequality is established by taking 
a = 1 in the definition of the Hilbert bound. Oo 


9.4.4 The Gelfand—Naimark Pre-*-Representations In this sub- 
section, we gather the basic definitions and simple results for this ingenious 
construction. Let be a *-algebra and let w be a positive linear functional 
on A. Define A,, by 


A, = {a € A:w(a*a) = 0}. (7) 
Lemma 9.4.3 gives 


A, = {aE A:w(b*a) =0 VbeEA} (8) 
{a€ A: w(a*b) =0 V bE A}. 
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Thus A,, is a left ideal that we call the left kernel of w. Denote the quotient 
A/ A. by A” and denote the image of a € A in A” by a”. Since A, is 
a left ideal, A“ is a left A-module under the A-module action induced by 
the left regular representation. We will denote this module action as the 
representation T”: A > L(A”) defined by 


T’b’ =(ab)” VabeA (9) 


The above remarks show that T” is well-defined. 

We wish to interpret this representation as a pre-*-representation, SO we 
must endow A“ with an inner product. Using the alternative descriptions 
of A,,, it is easy to check that (-,-).,: A” x A” - C defined by 


(a”, bY”), = w(b*a) Va,beA (10) 


is a well-defined inner product. Thus A” is a pre-Hilbert space with norm 
la” ||., = w(a*a)!/*. Clearly T” is a pre-*-representation: 


(TY. bY, c”)., = w(cta*b) = (b”, TYc”)., = ((T%)*b%, c”) a Va,b,cE A. 


It may be of some interest that up to this point it would have been sufficient 
to consider positive linear functionals defined only on A? rather than on all 
of A. 

We denote the Hilbert space completion of A” by HY”. 

Note that a Hilbert bounded positive linear functional w vanishes on A,, 
and hence induces a linear functional on AY” = A/A,,. When w is Hilbert 
bounded, this induced linear functional is continuous with respect to the 
norm ||- ||,, and thus can be extended by continuity to H” with the same 
bound. This bound is just the square root of the Hilbert bound |{w||z.- 
This helps to explain our terminology and yields the useful inequality 


lw(a)] < fol He” Ho = Nwl|pf?w(ata)'/? = Vwe Ag; ae A. (11) 


These observations and the following result are due to Zoltan Sebestyén 
[1984]. 


9.4.5 Lemma A positive linear functional w on a *-algebra A is Hilbert 
bounded if and only if there is some vector z,, € H” satisfying 


w{a)=(a”,zu)y Wace. (12) 
In this case, 2, is unique and satisfies ||z.,||?, = |\w||z. 


Proof If w is Hilbert bounded, the Riesz representation theorem applied 
to the induced functional on H” yields a unique vector z,, € H” satisfying 
(12) and the norm condition. Conversely, when (12) holds, we get |w(a)|? < 
lal |[zo||? = ||20||?w(@*a), which shows that w is Hilbert bounded. 0 
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9.4.6 Definition When w is Hilbert bounded, we call the unique vector 
z, satisfying (12) the canonical vector of w. 


This clever way of introducing the canonical vector is due to Zoltan 
Sebestyén [1984], as already noted, but the present author had previously 
exploited the canonical vector extensively. If A is unital, the uniqueness of 
Z, implies z, = 1%. 

We now use the above construction to characterize extensible linear 
functionals, getting a converse to the last part of Lemma 9.4.3. The next 
proposition also shows that the canonical vector has additional useful prop- 
erties when w is extensible. Since z,, does not usually belong to A”, T(z,,) 
is not usually defined. This explains why condition (e) below requires the 
definition of T. 


9.4.7 Theorem The following are equivalent for a positive linear func- 
tional w on a *-algebra A. 

(a) w is extensible. 

(b) w is hermitian and Hilbert bounded. 

(c) w is Hilbert bounded and @: A! > C defined by 


B(A+a)=AB+uw(a) VA+aceA! (13) 


is a positive linear functional for all B > ||w||7. 

(d) There is a pre-*-representation T of A on a pre-Hilbert space X 
and a vector z € X satisfying equation (2): w(a) = (Taz, z) for 
alla € A. 

(e) There is a vector z, in HY satisfying 


w(a) =(a”,2z,)y and |lzy||? = |lw||y VaceA. 
Furthermore, the function T’: A! — L,(Cz,, + A”) defined by 
TS, (Meu + bY) = Apzy + ABY + wa” + (ab)” 


is a pre-*-representation of A! on the dense subspace Cz,, + A” 
of HY with z,, as an algebraically cyclic vector satisfying 


Pa (s) =a @ Beate RO VaceA. 


Proof Obviously (c) implies (a), and the last sentence of Lemma 9.4.3 
shows that (a) implies (b). 
(b)=>(c): For B > ||w||y and \ +a € A’ satisfying w(a*a) > 0, we get 


w((A + a)*(A + a)) = BIAl? + A*w(a) + Aw(a)* + w(a*a) 
> w(a*a)~*|A*w(a)|? + A*w(a) + (A*w(a))* + w(a*a) 
= |w(a*a)—1/?\*wW(a) + w(a*a)'/?|? > 0. 
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If w(a*a) = 0, then w(a) and w(a*) = w(a)* are both 0, so the inequality 
holds in this case also. Hence Ww defined by (13) is a positive linear functional 
on A! for all B > |lw||x. 

(b)=>(e): We must show that T“ is well-defined. It is enough to show 
that wz, +b” = 0 implies wa” + (ab)” = 0 for all a € A. This follows from 


||wa” + (ab)*||, = w((uatab)*(ya-+ab)) = ((ua*ata*ab)”, pz, +b*)., = 0. 


Now it is easy to see that T” is a representation, but in order to see that it 
is a pre-*-representation we must use the hermitian nature of w as follows: 


(TAs 2) f= OG) =a) = (250 os VaceA. 


(e)=>(d): Obvious. 

(d)=(a): Define @ by B(A + a) = ((AT + Tg)z,2). 

(a)=>(d): We add this redundant implication because of its interest. Let 
a be an extension of w and let T be T” and z be 1”. oO 


Obviously conditions (d) and (e) are steps in the direction of construct- 
ing a *-representation T satisfying (2). Let us review the situation when a 
linear functional w is given by equation (2) relative to a pre-*-representation 
T on # and a vector z € X. Then w satisfies 


A, = {a€ A:T,z =0} and |lwila < |lzl|’. (14) 


If z is a topologically cyclic vector for T, then ||w||r equals ||z||’. The first 
result in (14) is immediate and the second follows from 


(Taz, 2)|? < ||Toz|["Jz? VaeA 


(Ta-a2,2)llz||° = |l2\['w(a*a), 


lw(a)|? 


giving the inequality of (14). If z is a topologically cyclic vector so that 
T',4z is dense in 4, w satisfies 


al sup{|(z, z)|" 2 € 43 |x|] < 1} 
sup{|(Taz, z)|? > Taz € Tz; ||Ta2|| < 1} 


sup{|w(a)|° : a € A; w(a*a) < 1} = |lwllx, 


II 


so that equality holds in the inequality of (14). 
There is an easy way to produce extensible positive linear functionals. 


9.4.8 Lemma Let A be a *-algebra. For each positive linear functional 
won A and each be A, let w’: A> C be defined by 


w?(a) = w(b* ab) Vae JA. 
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Then w° is an extensible positive linear functional satisfying ||w°||H < 
w{(b*b) and ; 
w? (a) = (Tyb*, bY)... 


Proof Lemma 9.4.3 gives |w?(a)|? = |w(b*ab)|? < w(b*b\w(b*a*ab) = 
w(b*b)w*(a*a). The second displayed equation is immediate and implies 
extensibility by Theorem 9.4.7(d). Oo 


If A is unital, we have already noted z,, = 1% € A”. When J is non- 
unital the following two results give information on when z,, belongs to 


AX, 


9.4.9 Proposition Let w be a positive linear functional on a *-algebra 
A. Then there is a vector Z,, € A” satisfying 


TZ, = a” VaceA 


if and only if the left kernel A,, is modular. In this case, Z,, can be written 
as e” fore € A tf and only if e is a right relative identity for A... 


Proof The element e is a right relative identity for A,, if and only if T’e” = 
a” for alla € A. This is exactly the condition that identifies e” as z,,. O 


9.4.10 Proposition The following are equivalent for a positive linear 
functional w on a *-algebra A. 
(a) w ts Hilbert bounded and z,, belongs to A”. 
(b) A, ts modular and included in ker(w). 
(c) w is extensible and z,, = e” € A” is an algebraically cyclic vector 
for T” satisfying T’z,, = a”, w(a) = (T”2,,2u)wy and 
w(a) = w(e*a) = w(ae) = w(e*ae) = w*(a) for allae A. 


Proof (a)=(b): For arbitrary a,b € A, we get (a”,b”), = w(b*a) = 
w(a*b)* = (a*b, z,)* = (TYb”, z,)* = (b”, T#2,)* = (T#2,, 6”)... Since b 
was arbitrary, this implies f eg Z, = a”, so Proposition 9.4.9 shows that A,, 
is modular. A Hilbert bounded functional obviously satisfies A,, C ker(w). 
(b)=(c): A right relative identity e for A, satisfies ae-a € A, C 
ker(w). This gives w(a) = w(ae) = w(e*a*)* = w(e*a*e)* = w(e*ae) = 
w(e*a) for any a € A. The lemma now shows that w = w® is extensible and 
satisfies w(a) = (T’e”,e”),,. However (a”,e”),, = w(e*a) = w(a) shows 
that e” is the topologically cyclic vector z,,, establishing the rest of (c). 
(c)=>(a): Obvious. O 


From Pre-*-Representations to *-Representations 


We are primarily interested in *-representations (on Hilbert spaces) 
rather than pre-*-representations. In order to study *-representations, we 
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need another definition due to Rickart [1960]. For extensible positive linear 
functionals satisfying the following definition we will have a result consid- 
erably better than Theorem 9.4.7. 


9.4.11 Definition A positive linear functional w on a *-algebra J is called 
admissible if T’ is a normed representation (i.e., if T’ is a bounded linear 
operator for each a € A). The set of admissible positive linear functionals 
on a *-algebra A is denoted by A',. For w € Al, and for each a € A, the 
extension by continuity of T“ to H” is denoted by T’. The C*-semi-norm 
of w, denoted by o”, is defined by 


o“(a) = ||T? || =|ITY|| VaeA. (15) 


Obviously, T”’: A > B(H”) is a *-representation. It exists if and only 
if w is admissible. It is easy to write down a more explicit condition for a 
positive linear functional w on a *-algebra A to be admissible: 


\T||’ = sup{w(b*a*ab) :b € A; w(b*b) <1} < co = VaeA. (16) 


The next proposition gives a useful sufficient condition for admissibility 
due to Rickart [1960]. The corollary shows that it is both necessary and 
sufficient when w is Hilbert bounded. Theorem 9.5.17 is a stronger result. 


9.4.12 Proposition Let A be a *-algebra. A positive linear functional 
w on A that is continuous with respect to some algebra semi-norm T is 
admissible and satisfies 


w?(a*a) < w(b*b)7©(a*a) a (a) < rT? (a*a)!/? Va,beEA. (17) 


In fact, the positive linear functional w is admissible if there 1s any function 
T:{a*a:a€ A} > Ry satisfying 


lim inf r((a*a)?)?_" < 00 VaeA (18) 
n—- oo 
and for each b € A there is a constant By satisfying 
w°(a*a) < Byr(a*a) VaceA. (19) 


In this case, w and o” satisfy (17) where rT (a*a) is interpreted as the limit 
infimum in (18). 


Proof Obviously the second case encompasses the first. Note also that the 
first inequality in (17) implies (16), and hence admissibility and the second 
inequality in (17). Suppose that w and 7 satisfy inequalities (18) and (19) 
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and denote the limit infimum in (18) by C’. For any n € N, inequality (5) 
in Lemma 9.4.3 gives (with extra parentheses to avoid confusion) 


w(b*(a*a)?” *b) < (w(b™b)w(b*(a*a)?” b))!/2 
(w(b*b))!/27(w?((a*a)?"))'/2_ Vae A neEN, 


w>((a*a)”” -) 


and hence 

(w(b*b))'-?" (w?((a*a)?))? 
(w(b*b))!-? “(wh ((ata)? ))?— <... 
(w(b*b))1-?™ w((a*a)?” ))?” 
(w(b*b))?~? ” BR” (7 ((a*a)?"))? 


w(a*a) 


—n 


IA IN IA IA 


Taking the limit infimum as n increases, we get the desired inequality. O 


9.4.13 Corollary A Hilbert bounded positive linear functional w is ad- 
missible tf and only if it is bounded with respect to some C'*-semi-norm. In 


this case it satisfies 
Ga = 1 125) VacéA, 


lw(a)| < |lw|lzo*(a), = w(a*a) <|lw|lno*(a)?> Vae A (20) 
and o” is the smallest C*-semi-norm with respect to which it is continuous. 


Proof If a positive linear functional w is continuous with respect to a C*- 
semi-norm 7, the last proposition shows that it is admissible and the second 
inequality in (17) becomes 


a” (a) < r(a) Vaca. 
This shows that it cannot be continuous with respect to a C*-semi-norm 
smaller than oc”. 


Suppose, conversely, that w is a Hilbert bounded and admissible positive 
linear functional. Lemma 9.4.5 shows 


wa) = (a, 2u)u Vac A, 


with ||z,||? = ||wl|z. Since w is admissible, T“(z,,) is defined. The calcu- 
lation 


(b° Tz, — a”) 


(Ti. b*, z,) — (6°, a”) 
((a*b)”,z)-—w(a"b)}=0 Va,bEeA 


shows Tz, = a” for all a € A, since A” is dense in H”. Substituting this 
into our previous display gives 


Jo(a)| = [(Ter2u 2u)| So” (@) wll 
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Substitute a*a for a to get the last inequality. oO 


The reader should compare inequality (20) to inequality (11). 

We have constructed a *-representation JT“ associated with each admis- 
sible positive linear functional w. However, it is not true in general that T” 
is topologically cyclic, nor is it clear how to recover w from T”. If it happens 
that w arose from a *-representation T and a topologically cyclic vector z 
for T as in equation (2), we are about to show that T” is unitarily equiv- 
alent to T, as first noted by Segal [1947b]. However, admissibility is not 
usually enough to guarantee a topologically cyclic vector for T“ satisfying 
(2). Thus we introduce one last definition due to Rickart [1960]. 


9.4.14 Definition Let w be a positive linear functional on a *-algebra A. 
A *-representation T is said to represent w if there is a topologically cyclic 
vector z for T satisfying equation (2): w(a) = (Tqz,z) for all a € A. 
A positive linear functional is said to be representable if there is some 
*_representation that represents it. The set of representable positive linear 
functionals on a *-algebra A will be denoted by Ah. 


Note that the trivial *-representation on the zero-dimensional Hilbert 
space represents the positive linear functional zero. The next theorem 
for representable positive linear functionals and *-representations is analo- 
gous to Theorem 9.4.7 for extensible positive linear functionals and pre-*- 
representations. Conditions (f) and (g) are formally stronger than repre- 
sentability while condition (e) is formally weaker than (a), since the vector 
x is not required to be topologically cyclic. When we want to show that a 
positive linear functional is representable, we will usually check (b), (c) or 
(e). When we wish to prove something about a representable positive linear 
functional, we will often use the details in (g) about the canonical vector 
z,. The equivalence of (b), which refers only to w, and (f), which gives such 
detail about the *-representation, is at the heart of much of the subsequent 
theory. A version of this theorem with most of its detail first appears in 
Rickart [1960]. The following version has several improvements. Condition 
(b) omits “hermitian” from the required properties. This improvement is 
due to Zoltan Sebestyén [1984] (submitted a year earlier) and Jestis Gil de 
Lamadrid [1984]. 


9.4.15 Theorem Let A be a *-algebra and let w be a positive linear 
functional on A. Then the following are equivalent: 

(a) w is representable. 

(b) w is admissible and Hilbert bounded. 

(c) w is Hilbert bounded and continuous with respect to some algebra 
semi-norm. (In fact, this semi-norm can be chosen as the 
C*-semi-norm o” of w.) 

(d) w is the restriction to A of an admissible positive linear functional 
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@on Al. 

(e) There is some *-representation T and some vector z in the 
representation space of T satisfying w(a) = (T,z,z) for alla € A. 

(f) T’ exists and represents w. 

(g) T” exists and represents w. Furthermore, there is a unique 
topologically cyclic vector z,, € HY” satisfying Ilzll? = ||w|lx, 


ne rea ad VaeA and (21) 
WG) = (G25) 5 tases) s VaceA. (22) 


Hence w is hermitian and extensible. 


Proof (a)=>(e): Obvious. 

(e)=>(d): Define @ by @(A+ a) = ((AI +T,)z,z) for allXA+ae€ A!. The 
calculation @(b* (A + a)*(A+a)b) < {JAD + Tal |?||Tez]|? = ||AZ + Ta] |2w(b * b) 
shows that w is admissible. 

(d)=>(b): If w is the restriction to A of @, then it is clearly admissible 
and Hilbert bounded by (1). 

(b)=(c): Corollary 9.4.13 shows this. 

(c)=>(g): Equation (21) was established in Corollary 9.4.13. It shows 
that z,, is topologically cyclic. Combining this with the results in Lemma 
9.4.5 gives the rest of (g). 

(g)=>(f)=>(a): Obvious. Oo 


Condition (b) of Theorem 9.4.15 and Theorem 9.4.7 together show that 
a linear functional is representable if and only if it is admissible and ex- 
tensible. Hence Theorem 9.4.15(d) shows that an admissible positive linear 
functional is extensible if and only if it can be extended to A! as an admis- 
sible positive linear functional. 


9.4.16 Corollary A *-representation T represents a representable pos- 
ttive linear functional w if and only if it is unitarily equivalent to the 
*-representation T’ associated with w. 

In particular, every topologically cyclic *-representation of a *-algebra 
A is unitarily equivalent to T” for some representable positive linear func- 
tional w on A. 


Proof Theorem 9.4.15(c) and Theorem 9.4.1 establish this. oO 


Note that this Corollary can quite easily be proved directly. If w is 
represented by w(a) = (Tgz,z) for all a € A, the map T,z + a” is an 
isometry which may be extended to a unitary equivalence U:H? — H” 
satisfying Uz = z,,. 

Now we will use this Corollary to construct a *-representation in every 
unitary equivalence class. In fact, only essential *-representations are con- 
structed in the next theorem, but this is enough since Theorem 9.2.8 shows 
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that every *-representation is the direct sum of a trivial *-representation 
and an essential *-representation. 


9.4.17 Theorem Let A be a *-algebra and let T be an 
essential *-representation of A. Then T is unitarily equivalent to BucaT”, 
where 2 is some set of representable positive linear functionals on A. Each 
a€A satisfies 

\[Ta|| = sup{o* (a) :w € ON}. (23) 


Proof Theorem 9.2.8 shows that T is the (internal) direct sum of a set of 
topologically cyclic subrepresentations {T= : a € A}. Choose a topolog- 
ically cyclic vector z, for each T¥= and set wa(a) = (T* 29,2) for each 
aéA. Let U“*:H, - H”= implement the unitary equivalence between 
Te and T= guaranteed by Corollary 9.4.16. Define 2 as {wg : a € A}. 
For any z € H!, let Ut € QuenH” be defined by (Uz)(w) = U“ Py, 
where P,, is the projection of H? on Hag with w = wy. Obviously, U defines 
a unitary equivalence between T and ®,¢9T”. Thus for all a € A, we get 


1/2 
[Tal sup (x iru SSF) SU fF EH 


WER WE 
sup{o” (a) :w € ND}. Oo 


9.4.18 Proposition Let w be a positive linear functional on a *-algebra A. 

(a) Ifw is Hilbert bounded, then A,, is the largest left ideal included in 
ker(w). 

(b) Ifw ts extensible and T is a pre-*-representation satisfying Theorem 
9.4.7(d), then it satisfies ker(T) C A, C ker(w). 

(c) If w is representable and T is a *-representation that represents 
it, then ker(T) is the largest ideal in ker(w) and the largest right 
ideal in A,,. (Note that we may choose T = T’.) 


Proof (a): Inequality (11): |w(a)|? < ||w||~w(a*a) shows that A, is in- 
cluded in ker(w). If £ is a left ideal included in ker(w) and a is an element 
of £, then a*a € LC ker(w) shows LC A,,. 

(b): Let w satisfy w(a) = (Tyz,z) for alla € A. Then w(a*a) = 
(Ta+a2, 2) = ||T’2||? shows ker(T) C A, C ker(w). 

(c): Let w satisfy w(a) = (T,z, z) for all a € A, where z is a topologically 
cyclic vector. If Z is an ideal included in ker(w) and a € Z, we find 0 = 
w(c*ab) = (To7z,T-z) for all b,c € A. Since z is topologically cyclic, 
this implies T, = 0. Hence TZ is a subset of ker(T), which is therefore the 
largest ideal in ker(w). If R is a right ideal included in A, and a € R, then 
abe RC A, implies ||7.7,z||? = w(b*a*ab) = 0 implies T, — 0. Hence 
RC A, shows that ker(7’) is the largest right ideal included in Aig: ) 
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The following definition and theorem play an important role in Section 
9.6. A similar theorem was first stated explicitly in Gelfand and Naimark 
[1948] (cf., Segal [1947a]). The present result refines previously published 
versions. 


9.4.19 Definition If w,; and we are hermitian linear functionals on a 
*_algebra A, we write w, > we Or We < w if w; — we is positive. 


Note that < defines a weak partial order on the set Al; of hermitian 
elements in Al, but that w; < wy and wy < w; do not necessarily imply 
W, = W,. This implication will hold if and only if span(A,) = A which is 
equivalent to requiring A? = A by Proposition 9.1.6. The same result or 
Lemma 9.4.3 shows that A? = J is also a necessary and sufficient condition 
for every positive linear functional to be hermitian. (The necessity of these 
conditions follows from the fact that if A? 4 A, then any linear functional 
that vanishes on A? is positive.) This order relation makes Al, into an 
ordered real linear space since wy < w, and w in Al, imply wa tw <w)+w 
and two < tw; for allt € R,. 


9.4.20 Theorem Let w andw’ be positive linear functionals on a *-algebra 
A with w representable. Then the following are equtvalent: 

(a) w' <w andw’ is Hilbert bounded. 

(b) There is an operator P € (T%)’ satisfying0 <P <I and 


a (a) = (TP 25325) VaceA. (24) 
(c) There is an operator Q € (T%)’ satisfying0 <Q <I and 
w'(a) = (T’Q2zy, Q2w)u VaceA. (25) 
Hence w’ is also representable if any (hence all) of these conditions hold. 


Proof (a)=>(b). For all a”, b” € A”, we define (a”, b”) = w'(b*a). This is 
well-defined since A,, C A,, holds. Furthermore, Lemma 9.4.3 shows 


Jw" (b*a) |? < w! (b*b)w'(a*a) < w(b*b)w(a*a) = |la”||"||b" |. 


Thus (-,-) can be extended to HY” x H”, and then Proposition 9.1.11(d) 
shows that there isa P € B(H”) satisfying w’(b*a) = (a”, b”) = (Pa”’, b”),,. 
Since 0 < w’ < w holds, we get 0 < P < J. Each a,b,c € A 
satisfies (TY Pa” ,b”),, = (Pa”,(c*b)”), = w'(b*ca) = (P(ca)”, 6%), = 
(PT’a”,b”),,. Thus P belongs to (T4)’. Let {bn }nen be a sequence in A 
such that {b“}nen converges to z,,. The Hilbert boundedness of w’ gives 


l"(adn —a)|? << |" ||: ((abn — a)" (abn — a)) 
< |lw'I[xw((aba — a)" (aby — a)) 
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{le"|Laz [l(abn — a)” |I2 VaceA. 
2 
= |lw' lla lITP (on — 2015 
2 2 
< |lw' lla lITP aloe — zal, 40, so 


w’ (a) lim w’(ab,) = lim(Pb%, (a*)”),, 


Caney Gee ale (Te Peis 2a)u- 


(b)>(c): Let Q = P!/? € {P}" C (T4%)' be the positive operator of 
Theorem 9.1.20(i). Then for any x € HY with ||z|| = 1, we have (Qz, 2)? 
< |lQz\2 |’ = (Q?2,2), = (Pz,2), < (Ix,z2),, = 1, which implies 
0<Q< I. 

(c)=>(a): For any a € A, we have w'(a*a) = (TY Q2u,Q%u)w 
= ]QT? 201k, < WITe2ullz, = w(a*a), sow! < w. 

Also, w'(a) = (T?Qz,, QZa)w is representable by Theorem 9.4.15(e). 0 


9.4.21 Definition Let A be a *-algebra. Topological statements about 
the set AL, of extensible linear functionals and the set A!, of representable 
positive linear functionals on A will always refer to the topology of pointwise 
convergence as a set of functions from A to C. We will denote the sets 
{w EAL: |lolla <1}, {we Ab: |lwlla < 1} and {w € AL: |lwlla” = 1} 
by Al, 1s Abi and AL, respectively. Elements of Al, are called states. (The 
term “state”, which was suggested by quantum mechanical considerations, 
seems to have been first used in this context by Segal [1947b].) 


Next we record several routine observations on extensible and repre- 
sentable positive linear functionals. Many will be used later. 


9.4.22 Proposition Let A be a *-algebra. Then: 

(a) A and Al, are conver cones. 

(b) Ab Cc At, and Ave Cc Al, are closed conver subsets. In particular, 
Ab, ts complete in the uniformity of pointwise convergence. 

(c) Anyw € Als and anyt € Ry, satisfy ||tw||q = t||w||y. [fw belongs 
to Al, or Al, so does tw. 

(d) Ifu, and we both belong to A‘, or to Al, then w, + we. does also. 
Furthermore, w, + we satisfies ||w + wel|a < |lwil|a + ||well x. 

(e) Ifwe Al and w' € Aly satisfy w' <w, thenw’ andw—w belong 
to Ab, and satisfy ||w||r — |w — w" [lz < |Iu" llr < ||| zr. 

(f) Ifw is an admissible positive linear functional on A and b belongs 
to A, then w® is representable where w°(a) = w(b*ab) for alla € A. 

(g) If {wa}aca is a net in Al, that converges pointwise to w € Al, 


then ||w||# < liming ||wal|z holds and w belongs to At, provided 
that this limit infimum is finite. 
(h) If two representable positive linear functionals agree on A”, then 


9.4,22 Topologically Cyclic *-Representations 935 


they agree on A. 
If A ts unital, then: 
(i) |lwl|a =w(1) and z, = 1” hold for all w € Al, = Al. Furthermore, 
A\, equals Al. 
(j) Al, is closed and conver in A\,. 


Proof (a): This will follow from (c) and (d). 

(b): This will follow from (g) and (d). 

(c): The first statement and the fact that w € Al, implies tw € AN. 
are obvious from the definitions. The last statement can be derived from 
Theorem 9.4.15(e) by noting that tw(a) = (T’t!/?z,,,t/2z,,) holds for all 
acé JA. 

(d): If w, and we both belong to A’ it is obvious from the definition 
that w, + we belongs to At. Now assume w and wy are representable. For 
all a € A, we have 


(wy a W2)(a) aa (77? OT? alee: Oia) ay ® Zw): 


Theorem 9.4.15(e) thus implies w, + we € Al. Theorem 9.4.7(e) gives the 
displayed equation above (with T replaced by T) for a merely extensible 
linear functional. In either case, the inequality in (14) above gives 


[|wr + wellat S [l2u, B Awol” = llewrll? + lewoll? = [walla + l|walla- 


(e): Theorem 9.4.20 (c) shows that w’ is representable and gives an 
operator Q € (T%)’ satisfying 0 < Q < I and w'(a) = (TY Qz.,, Qz.,) for all 
a € A. The first inequality follows from (d), the second from 


wa)? _ ITPQ2u, Qe)” IIT? Qzll*]QzuIl? 


w'(ata)  (TZQ2u,TZ Qe) ~ — |ITPQz.]I? 

(f): Lemma 9.4.8 gives this since admissible and extensible linear func- 
tionals are representable. 

(g): Any a € A satisfies w(a*) = limw,(a*) = limwa(a)* = w(a)* 
(so w is hermitian) and |w(a)|? = lim |wa(a)|? < lim inf(|lwo||Hwe(a*a)) = 
lim inf(||wa||pw(a*a)). We conclude ||w||~ < liminf|wo|~z and hence 
w € Al, by Theorem 9.4.7(b). 

(h): Suppose that w and w”’ are representable positive linear functionals 
that agree on A?. Then we have 


Ciel ene re Cie Ree Vae A’. 


< |lzoll? = |lwlla- 


Theorem 9.4.1 gives a unitary equivalence U of H” onto H” satisfying 
Uz, = z and hence 


(Peet eS (OE BU cue LU ae ot 
(Te 2a), Zast oo = w'(a) Vaca. 


w(a) 
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Condition (i) has been previously noted and (j) is an immediate conse- 
quence. O 


In the diagram below, the arrows represent embedding maps of a subset 
into a larger set. Examples 9.4.24, 9.4.25 and 9.4.26 show that there are 
no other inclusions among these sets except those shown unless possibly 
all Hilbert bounded functionals are hermitian and therefore extensible. A 
non-hermitian but Hilbert bounded functional on A must be non-zero on 
both A? and A \ A?, neither of which is empty. 


Al 


fe xs AA 
Ap, =A4NAE, 


Several times in this work we will need detailed information on the rela- 
tionship between various properties of an algebra A without an identity and 
the corresponding properties of A!. Here we will obtain some information 
on representable positive linear functionals. The detail we need is so great 
that the statement of the next proposition is almost as long as its proof. 


9.4.23 Proposition Let A be a *-algebra without an identity element. 
Let w be a representable positive linear functional on A and let B > ||w||z 
be a number. Then GW: A! - C defined by 


GA+a)=AB+w(a) VA+ae A! (26) 
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is a representable positive linear functional on A' and every representable 
positive linear functional on A‘ arises in this way. For each such extension 
@, there is an isometric linear map 6 of HY into H” that extends the map 
a” ++ a” of A” into (A!)*. 
(a) When B > ||w||y, 27 = 1% does not equal 0(z,,) and T” acts on 
the orthogonal direct sum decomposition 


HY = O(H”) 6 C1" — G(z,,)) (27) 
as follows: 
Ty ,(0(2) B w(1” — 62z,,)) = O(Ar + TY) © Ap(1" — 42.) (28) 


for allX+aeéA!, x €H* and weC. Thus (27) gives a direct 
sum decomposition of T’. The restriction of the *-homomorphism 
T” to A is the direct sum of a *-representation unitarily equivalent 
to T’ under 6 and a trivial *-representation. 

(b) When B = ||w||y, 6 is surjective, zz = 1” equals 6(z,,) and @ gives 
a unitary equivalence between the *-representation T: A’ > B(H”) 
defined by 


Tyg =A4+TY 3 VWit+aeA} (29) 
and the *-representation T“. 


Proof The function @:.A! > C defined by equation (26) is representable by 
the proof of (b)= (c) in Theorem 9.4.7. If @ is any representable positive 
linear functional on A!, Theorem 9.4.15(d) shows that its restriction to A 
belongs to A. Hence each representable positive linear functional on A! 
arises by the construction in (26). 

The map of A” into (A!)” defined by a” — a” is certainly well-defined, 
linear, and isometric, so that it can be extended to an isometric linear map 
of H” into H”. Clearly, H” is the span of 0(H”) and 1”. Furthermore, we 
see 


(O(a”), 1° —O(2u) a = (a”, 1” )a—(a", 2u)w =G(a)-w(a)=0 VaEd. 


Hence we may write the (possibly degenerate) orthogonal direct sum de- 
composition of equation (27). If B > ||w||H, then 1” — 6(z,) is non-zero 
since ||17 || = @(1) = B and ||6(z.)||?_ = ||w|lz hold. For b € A and 
A} +a € A!, equation (28) is obvious if b” replaces x. Since A” is dense in 
H”, this proves (28), which immediately implies the other remarks of (a). 
Suppose B = ||w||y and define T: A’ — B(H”) by (29). Then T is 
topologically cyclic with z,, as a topologically cyclic vector. Moreover, 


(Py4a2w2wiw = lz llz + (Ty 2u, Zu )w = Allw|la + wa) = @(r + a) 
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holds. Thus T and T” are unitarily equivalent by Corollary 9.4.16. In 
fact, the proof of Theorem 9.4.1 shows that the equivalence is given by the 
isometric extension of the map Az, + a” = Th4a2 7 TY, 1° = (A+ a)” 
for all \ +a € A!. Hence in this case, 6z,, = 1% and the second direct 
summands in (27) and (28) are zero. O 


Proposition 9.6.11 will enunciate an interesting consequence of the last 
proposition. We conclude this section with a few examples. 


9.4.24 A Non-Admissible, Extensible, Positive Linear Functional 
Consider the *-algebra A of all polynomials under pointwise operations. 
We could regard A as a *-subalgebra of C((0, 1]), making it a normed alge- 
bra. Any positive element in A must be positive in C'([0, 1]) and hence is a 
non-negatively valued polynomial. Conversely, any non-negatively valued 
polynomial can be factored over R into the product of a non-negative con- 
stant and several quadratic factors each of which has the form (z—A)(x—A*) 
for some A € C. Hence A, consists exactly of all polynomials with non- 
negative values. 
Consider the linear functional 


oo 


w(p) = [ ve)e*az VpedA. 


0 
This is clearly positive. It is non-admissible as we can see by considering 
Pe ((2")2)IB, _ w(a?nt?) _ (2n +2)! 

(zr) [Ie w(x") (2n)! 


Since A is unital, w is trivially extensible. 


= (2n + 2)(2n + 1). 


9.4.25 An Admissible, Hermitian, Positive Linear Functional that 
Is not Hilbert Bounded Let # be a Hilbert space that is not finite- 
dimensional, and let A be the algebra of all finite-rank operators on H. 
Then any element of A can be expressed in the form 


Tr 
T=) %,@y MEN: 2¢, yr € H. 
k=1 


Let w be the restriction to A of the natural trace on Br(H) of Definition 
9.1.31. Choose an orthonormal basis {zg : a € A}. Then we find 


yeaa) = >. Gs Yk) (Ze, Za) 


oe ae€A k=1 


3 >> (te, Za)(Za, Yk) = Gn Yk), 


k=1a€A k=1 


iI 


w(T) 
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where T is given by the expression above. 

Now it is obvious that w is a hermitian positive linear functional. Let 
{Zn}nen be an orthonormal set and define E, = >>,_, z% ® zj- Then 
E, = E* = E? is the projection onto the subspace of # spanned by 
{21,22,...,2n}. The positive linear functional w is not Hilbert bounded 
since it satisfies w(E,,)*/w(E* En) = w(En)?/w(En) = w(En) =n. 

On the other hand, w is admissible. To see this, note A,, = {0}, so TY 
is merely the left regular representation of A on A. The Hilbert space norm 
defined by w is exactly the Hilbert—Schmidt norm, so that the inequality 


ITSllas <TH WSlleas VTEA; S€BH)xs 


from Theorem 9.1.32 shows that T’ is normed, so w is admissible. Note 
that T’ is the restriction to A of the left regular representation of B(H) x5 
on itself. 


9.4.26 Non-Hermitian Positive Linear Functionals If A? = JA, 
we noted Ay = A, — A, in Proposition 9.1.6. Thus all positive linear 
functionals are hermitian in this case. Lemma 9.4.3 also implies this. 

If A? # A, then it is easy to construct non-hermitian positive linear 
functionals. Any functional that vanishes on A? is positive. If such a 
functional w is non-zero, then Cw is hermitian for at most two values of 
¢ € T. Hence A? # A implies the existence of many non-hermitian positive 
linear functionals. Those constructed this way are not Hilbert bounded. 


9.4.27 The Strict Topology on the Double Centralizer Algebra of 
a C*-algebra Representable positive linear functionals will provide the 
key to the proof of the next result. Robert C. Busby [1968] and Donald 
C. Taylor [1970] first proved these results, generalizing work on Co({Q) due 
to R. Creighton Buck [1958]. In this subsection, anticipating results from 
the next section, we will regard a C*-algebra as simply a *-algebra on 
which a (necessarily unique) complete C*-norm can be defined. The strict 
topology on the double centralizer algebra D(A) of a Banach algebra A 
was introduced in Definition 5.1.5. Proposition 5.1.7 shows that if A is 
approximately unital, then D(A) is the completion of A with respect to 
this topology. Theorem 9.2.18 shows that a C*-algebra is approximately 
unital. Proposition 9.1.13 shows that the standard involution and norm 
on the double centralizer algebra of a C*-algebra A provide a C*-norm for 
D(A). Recall from Section 1.4 that, for any Banach algebra A, any w € A* 
and any a € A, we define wa, aw € A* by we(b) = w(ab) and gw(b) = w(ba) 
for all 6 € A. This notation just describes the standard interpretation of 
A* as an A-bimodule under the contractive actions that are dual to the left 
and right regular representations. 
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Proposition If A is a C*-algebra. then A* satisfies 


A* = {wa :w€ A*;a€ A} = {qu : we A*;a€ Af}. 


Proof Theorem 9.7.7(c) below shows that A* is the linear span of Al, = 
As. MQ A*. Hence the Cohen factorization theorem (Theorem 5.2.2) shows 
that it is enough to establish that each representable positive linear func- 
tional w is in the closure of both of the sets {wa : w € A*;a € A} and 
{qw:w€ A*;a€ A}. Let w be representable and let {b, }nen be a sequence 
in A so that {bY }nen converges to z, in HY” = (A”)~. (Instead of {bn }nen 
we could actually choose any bounded approximate identity.) Hence we can 
write w(a) = (Ty2.,2.) = lim (TY TY 2., 22) = lim w(b,a) = lim wy: (a). 
Hence w is in the closure of {we : w € A*;a € A}. Similarly, we can show 
that each w € At, belongs to {gw :w € A*;a € A}~. As noted above, the 
Cohen factorization theorem completes the proof. QO 


Corollary Let A be a C*-algebra. 
(a) The double centralizer algebra D(A) of A is a C*-algebra when 
provided with its usual norm: 


(ZL, R)l| = max(|L]], [|Rl[) —-V (L,.R) € D(A). 


(b) Let D(A)%, be the subset of D(A)* consisting of linear functionals 
continuous in the strict topology. Then restriction to A defines an 
isometric linear isomorphism of D(A)z, onto A*. Hence every 
element of A* ts strictly continuous. Furthermore, the norm 
topology on D(A)*, coincides with the strong topology of D(A)%, 
as the dual of D(A) in its strict topology. 


Proof (a): We have already noted that Proposition 9.1.13 shows that the 
usual norm is a C*-norm. Theorem 1.2.4 shows that the norm is complete. 
Hence D(A) is a C*-algebra. 

(b): For each w € D(A)*, let @ be the restriction of w to A C D(A). 
Clearly the map w +> w is a contractive linear map of D(A)?, into A*. Let 
w be an arbitrary element in A*. The proposition shows that there is an 
element 6 € A and an element v € A®* satisfying w = uv) on A. However vz 
can easily be interpreted as an element 0, of D(A), since it is defined and 
strictly continuous on D(A). Furthermore, the restriction of 0, to A is just 
w =v». This shows that w + w maps D(A)%, onto A*. In order to show 
that this map is an isometry, we choose a two-sided approximate identity 
{€a}saea for A with bound one and note that, for any (L,R) € D(A), 
the net {L(ea)}aea converges to (L, R) in the strict topology. Hence any 
w € D(A)j, and (L, R) € D(A) satisfy 


j4(L, R)| = lim|o(L(eq))| < |||] lim|}Z(e,)|| 
S Holl WLU = loll (ZL, R) I]. 
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Therefore, w ++ w is an isometry. Finally, the uniforin boundedness princi- 
ple shows that the subsets of D(A) that are bounded with respect to the 
strict topology are norm-bounded so that the strong topology on D(A)?, 
considered as the dual space of D(A) with its strict topology is just the 
norm topology of D(A)%, as a subset of D(A)*. Oo 


Busby [1968] provides several examples of C*-algebras A for which 
D(A) could be calculated explicitly. The two most obvious examples are 
D(Co(Q)) ~ C(Q) where 2 is a locally compact space (see §1.5.1) and 
D(Bx(H)) ~ B(H) (see §1.7.14). 

The following lernma was used in §1.9.11. 


Lemma Let) be a locally compact Hausdorff space. For any w € Co({Q)* 
and any € > 0, there 1s some compact set K C2 such that any f € C(Q) 
with support disjoint from KW satisfies |O(f)| < ellf|l.., where @ is the 
strictly continuous extension of w to C(Q). 


90? 


Proof The proposition above shows that there is some g € Co({Q) and some 
non-zero v € Co(!2)* satisfying w(f) = u(gf) for all f € Co(Q). Choose 
a compact set K C 2 so that the supremum norm of g restricted to the 
complement of K is strictly less than €/||v||. If supp(f) is disjoint from K, 
we find 


oF) = lu(F9)l S lel] Hof lloo < Hell [Mglsuppy(pylloo HFlloo < ellflloo. 0 


9.4.28 Vector States on C*-algebras of Operators Let A C B(H) 
be a C*-algebra of operators. For each unit vector x € H 


we(T) = (Tx, 2) VTEA 


is called the vector state on A defined by x. It is sometimes useful to know 
the following description of the set A of representable positive on A as 
a subset of the unit ball Aj: 


Al, = 0({w2: 2 € H; ||z|| = 1} U {0}), 


where Co denotes the weak* closed convex hull. 

The inclusion D is obvious. If this inclusion were proper, the Hahn- 
Banach separation theorem would give a weak* continuous real linear func- 
tional with an absolute value at some state larger than its supremum over 
the set of convex combinations of vector states. Such a functional is defined 
by evaluation at some hermitian element h of A, and Theorem 9.1.20(f) 
asserts that the supremum on the right equals ||h||, which is clearly the 
supremum on the left. This contradiction establishes our claim. 

This result should be compared with Theorem 9.6.6(b) below since 
vector states are pure states. The latter result is proved for arbitrary 
*_algebras while the present result only makes sense for *-algebras of oper- 
ators. 
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9.5 C*-Semi-Norms 


In this section we collect a number of results on C*-semi-norms. Propo- 
sition 9.5.2 shows that each *-representation T of a *-algebra A defines 
a C*-semi-norm o by o(a) = ||Z,|| for all a € A. We give two proofs 
of the key result (Theorem 9.5.4) that every C*-semi-norm arises from a 
*_representation in this way. For a Banach algebra with a complete 
C*-norm (satisfying additional conditions, later shown to be superfluous), 
this was Gelfand and Naimark’s central accomplishment in [1943]. (See also 
Richard F. Arens [1947b].) Our first proof is essentially classical, and the 
second proof is based on numerical range considerations from Section 2.6 of 
Volume I. As a consequence of this result, we show in Corollary 9.5.6 that a 
*_algebra A is a C*-algebra (according to our Definition 9.2.14) if and only 
if it possesses a complete C*-norm. (This is the classical statement of the 
Gelfand—Naimark theorem.) In this case, Theorem 9.2.16 shows that there 
is only one C*-norm on A. There are several ways to determine it from 
the *-algebra structure of A. These powerful results belong more properly 
to the theory of C*-algebras, which we do not pursue for its own sake in 
this work. We sometimes avoid their use by keeping track of which C*- 
norms are known independently to arise from *-representations. Many of 
the results in this section will be used in Section 9.7. 

Theorem 9.5.9 and Corollary 9.5.10 give the author’s highly geomet- 
ric characterization of C*-algebras among all norm-unital Banach algebras. 
Theorem 9.5.11 gives Robert T. Moore’s dual characterization. These re- 
sults are used to prove that the quotient of a C*-algebra by a closed ideal is 
a C*-algebra in its quotient norm. Theorem 9.5.14 contains the remarkable 
result of Zoltan Sebestyén [1979] that any linear space semi-norm satisfying 
the C*-condition is automatically submultiplicative and hence a C*-semi- 
norm. This result will be useful in the next chapter. It shows again that 
the C*-condition imposes considerable rigidity on a semi-norm. Another 
result in the same direction is Proposition 9.5.3(g), which states that any 
two equivalent C*-semi-norms must be equal. Theorem 9.5.16 character- 
izes the extreme points and vertices of the unit ball of any unital *-algebra 
with a C*-norm. In the complete case, these results go back to Richard 
V. Kadison [1951a], H. Frederic Bohnenblust and Samuel Karlin [1955] and 
Philip E. Miles [1964]. 

We start with some definitions and notation. 


9.5.1 Definition Let A be a *-algebra. An algebra semi-norm o on JA is 
called a C*-semi-norm if it satisfies the C*-condition: 


a(a*a) = o(a)? Vae A. (1) 


The uniform space of C*-semi-norms on .A under the pointwise convergence 
uniformity will be denoted by N(A). If 7: A> Ry U {00} is any function, 
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we define N,(A), AR, and Al | by: 
N,(A) = {o€ N(A):0(a) < 7(a) for all a € A}; 
AL, = {weAh,:o%€N,(A)} 
Ag, = AR, A$. 


A C*-semi-norm that is also a norm will, of course, be called a C*-norm. 


The next simple result explains the importance of C*-semi-norms. 


9.5.2 Proposition Let A be a *-algebra and let T be a *-representation 
of A. Then the map o:A > R, defined by o(a) = ||Tq|| for alla€ A is a 
C'*-semi-norm. 


Proof This is an immediate consequence of Proposition 9.1.11. 0 


Thus, in particular, for each w € Al, o” satisfies the C*-condition since 
it is defined by o” (a) = ||T’||. In fact, Theorem 9.4.17 shows that for any 
*.representation 7 there is a subset 2 C AL satisfying ||T,|| = sup{o” (a) : 
w € 2} for all a € A. 

Next we wish to show the centrally important converse to Proposition 
9.5.2, but we need some preliminary results first. 

If {0% : a € A} is a set of non-negative real-valued functions on A, 
we will use Vace4 o% to denote the function into Ry U {oo} defined by 
VaeA O° (a) = sup{o%(a): a € A} for alla e€ A. 


9.5.3 Proposition C'*-semi-norms on a *-algebra A satisfy: 
(a) o(a*) = o(a) for alla€ A anda € N(A). 
(b) o®@(h) = o(h) for allh € Ay ando € N(A). 
(c) Each non-zero o € N(A) is the restriction of a a’ € N(A') 
satisfying a} (1) = 1. 
(d) N(A) is complete. 
(e) For any S C N(A), Voces o belongs to N(A) if tt ts finite-valued. 
(f) If Z is a *-ideal of A and o belongs to N(Z), then 


a(a) = sup{a(ab) : b € T;a(b) < 1} VaeEA 


is the smallest element of N(A) that extends co, provided it is 
finite-valued. 

(g) Any two equivalent C*-semi-norms on A are equal. 

(h) Any spectral C*-semi-norm o on A is given by (a) = p(a*a)'/? 
for alla € A, so there is at most one spectral element of N(A). 


Proof (a): Any a € A satisfies a(a)? = o(a*a) < o(a*)o(a) and hence 
a(a) < o(a*). Statement (a) follows since * is involutive. 
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(b): The C*-condition shows o(h) = a(h?)!/?2 =... = a(h?")? ” for all 
h € Ay. Since the limit defining o® always exists, this implies o(h) = 
a(h). 

(c): If A is already unital, we must prove o(1) = 1 for all non-zero 
ao € N(A). The C*-condition shows o(1) = o(1*1) = o(1)*. Thus o(1) 
equals either 0 or 1. The former case implies o(a) < o(1)o(a) = 0, which 
contradicts the non-zero character of o. If A is not unital, apply (f) with 
A and A! playing the roles of Z and A. 

(d): This is obvious since the conditions defining membership in N(A) 
each depend on only finitely many elements of A at a time. 

(e): Denote Vacs o by oo. Any a, b € A satisfy 


opo(a+b) = sup{o(a+b):o € S} < sup{o(a) +0(b): a € S} 
< sup{o(a):o0 € S} +sup{o(b) : 0 € S} = a0(a) + o0(b). 
Similarly, 79(ab) < o9(a)oo(b) holds. The other conditions are even easier 
to check. 

(f): For a, 6 € Z, a(ab) < o(a)o(b) and o(aa*) = o(a)? imply G(a) = 
a(a), so &@ extends o. Clearly @ is subadditive, submultiplicative, and 
absolutely homogeneous. For a € A and b € Z, o(b)a(a*ab) > a(b*a*ab) = 
a(ab)? implies 

a(a*a) = sup{o(a*ab):b«€ T; o(b) < 1} 
sup{a(ab)” :b € Z; o(b) < 1} = G(a)?, 


IV 


so @ is a C*-semi-norm. If o’ € N(A) extends o, then o'(a)o(b) 
o'(a)o'(b) > o'(ab) = o(ab) for all a € A and b € T shows o'(a) 
sup{a(ab) : b € Z,a(b) < 1} = Ga) for alla ec A. 

(g): If a; and o2 are two equivalent C*-semi-norms, then they satisfy 


o1(a) = 0; (a*a)/? = 0% (a*a)/? = 0° (a*a)!/? = o2(a) 


IV Il 


for all a € A. The third equality is easy for equivalent algebra semi-norms. 
(h): This follows from (b) and Theorem 2.2.5(f). o 


Gelfand—Naimark Representation Theory 


The next theorem is one of the key results of the whole theory. It 
contains the Gelfand—Naimark representation theorem, and its first proof 
is the classic proof of that theorem. In this chapter we will use this powerful 
and important theorem mainly to simplify notation. The careful reader will 
notice that most proofs are given using *-representations whenever a C*- 
semi-norm is mentioned. This is sometimes slightly more complicated, but 
it avoids anything but linguistic use of Theorem 9.5.4. 


9.5.4 Theorem Leto be a C'*-semi-norm on a *-algebra A. Then there 
is a *-representation T of A satisfying o(a) = Tal] for alla € A. 
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Proof Proposition 9.5.3(c) shows that we may assume that A is unital. As 
usual, A, denotes {a € A: o(a) = 0}. Then A, is a *-ideal and o induces 
a norm 


lla + Ag|| = o(a) VaeEA 


on A/A,. Let (B,|| - ||) be the completion of A/A, in this norm. Then 
(B, || - ||) is a unital Banach *-algebra and its complete norm is a C*-norm. 
It is enough to show that B has an isometric *-representation. We will do 
this in six steps, most of which concern the set 


P = {he By: Sp(h) C Ry}. (2) 


First, we show that if (B, ||-||) is any Banach *-algebra with a complete 
C*-norm, then it satisfies 


All=p(h) Whe By (3) 


and 
Sp(h) CR Vhe By. (4) 


Equation (3) follows from Proposition 9.5.3(b) and Corollary 2.2.8. 

We give one of the oldest of the many proofs for equation (4). For any 
h € By, the series }->-_,(ih)"/n! converges unconditionally in norm. Its 
sum e*” satisfies 


(ei tet = ()(—ih)"/n!)((6h)"/n!) = 1 


n=0 n=0 
by the usual calculation. The C*-condition now gives |le**|| = 1 and 
le~**|| = 1. Now if s + it belongs to the spectrum of h, then Theorem 
3.3.7(b) gives et# < p(eTi") < ||eF**|| = 1. We conclude ¢ = 0, which 


proves (4). 

Second, we show that P is closed under addition. Note that h € Ay 
belongs to P if and only if Sp(t — h) C [0,t] holds for some (hence every) 
t > p(h). This is also equivalent to p(t—h) < t for some (hence all) t > p(h). 

If h and k belong to P, they satisfy: 


p(e(h) + p(k) — (h+k)) le(h) + p(k) — (h+&)|| 
lle(h) — All + |le(k) — &l 
p(p(h) — h) + p(p(k) — &) < p(h) + p(k). 


Thus h + k belongs to P, proving our second assertion. 

Third, we show that —a*a € P implies a = 0. Proposition 2.1.8(a) 
shows that —a*a € P implies —aa* € P. Define h, k € By by a= ht tk. 
Then h?, k? and —aa* belong to P, so that a*a = 2(h? + k?) — aa* belongs 


Il IA 
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to P by the second step. This shows Sp(a*a) = {0}, which implies ||a|| = 
\ja*al|)/? = p(a*a)'/2 = 0. We conclude a = 0, as desired. 

Fourth, we show that a*a belongs to P for alla € B. Let C be a maximal 
commutative *-subalgebra containing a*a. Then (C, ||-||) is a commutative 
Banach *-algebra with a C*-norm. Theorem 3.2.12 shows that the Gelfand 
homomorphism maps C isometrically isomorphically onto C(T'¢). Let h and 
k be the elements of C with Gelfand transforms given by 2h = a*a + |a*a| 
and 2k = |a*a| — a*a. This implies h = h*, k = k*, ata = h—k and 
hk = kh = 0. Also, Sp,(h) = Spc(h) C Ry, implies h € P. Similarly we 
find k € P. Denote ak by 6, giving —b*b = —ka*ak = —k(h—k)k = k? € P. 
The third step implies b = 0, and hence |/k|| = p(k) = p(k?)!/3 = 0. 
Therefore, a*a = h belongs to P, as we wished to show. 

Fifth, we show that B has an isometric *-representation if for each b € B 
there is a hermitian linear functional w on B satisfying: 


w(b*b) = |lbiI”, (5) 
w(1)=1 and  |w(h)| < [Al] Vhe By (6) 


and that any hermitian linear functional satisfying (6) is positive. Step four 
shows that any a € A satisfies 


|| la*a|| — a*al| = p(e(a*a) — a*a) < p(a*a) = |la*all. 


Hence, any hermitian linear functional w satisfying (6) is positive, because 

it satisfies | ||a*a||—w(a*a)| = |w(||a*a|| —a*a)| < |la*al|. Proposition 9.4.12 

shows that w is admissible since it is continuous with respect to the algebra 

norm ||-||. Since A is unital, Theorem 9.4.15 shows that w is representable. 
Any a € B and any *-representation T satisfy 


\|Tall” = ||TzTal] = ||Ta-al] = p(Tara) < p(a*a) = |la*al| = |Iall’. 


Hence any *-representation is contractive so that the Hilbert sum of any 
family of *-representations is defined and contractive. Thus it is enough 
to show that for each b € B there is some *-representation T satisfying 
[|Z] > |folj. A representable positive linear functional w satisfying (5) also 
satisfies ||T ||" > ||T21%||? = ||b’||? = w(b*b) = \|b||?.. This concludes the 
proof of this step since ||b|| = || Bucat T;’ || for all b € B. 
Sixth, we show the existence, for each b € B, of a hermitian linear func- 
tional satisfying (5) and (6). Let C be a maximal commutative 
*-subalgebra of B containing b"b. Since Spc(b*b) = Spg(b*b) C R, and 
p(b*b) = ||b*d|| = \|5||? hold, \|d||? belongs to Spc(b"b). Lemma 3.1.4 shows 
that there is a y € Ic satisfying +(b*b) = \|b||?. Also, h € Cy implies 
y(h) € Spce(h) = Spp(h) C R. Thus 7 is a hermitian linear functional on 


9.5.5 C*-Semi-Norms 947 


C satisfying y(1) = 1 and |y(A)| < ||h||. The Hahn—Banach extension theo- 
rem shows that there is a real linear functional @ on By that extends y|c,, 
and satisfies (6). Extend w to w on B by requiring it to be complex linear. 
Then w satisfies all of the requirements of step five above. This completes 
the sixth and final step of the proof. Oo 


Second Proof Define B and ? as in the first paragraph of the first proof. The 
first step in that proof shows that any t € R and h € Ly satisfy |le*"|| = 1. 
Therefore, we conclude that hermitian elements of B are symmetric in the 
sense of Definition 2.6.5. Hence B satisfies the hypotheses of Propositions 
2.6.8 and 2.6.9. Conclusions (3) and (4) now follow from Theorem 2.6.7. 
The conclusions of the second, third, fourth, and sixth steps of our previous 
proof now follow from Theorem 2.6.7 and Proposition 2.6.9. In particular, 
for any 6 € B, Theorem 2.6.7(e) and Proposition 2.6.9(b) show that there 
is an w € By, satisfying w(b*b) = ||b*b|| = \|b||?. Proposition 2.6.9(b) also 
shows that each w € By, is a state. Now the last part of the fifth step of 
the previous proof completes the present proof. 0 


9.5.5 Corollary Any C*-semi-norm o on any *-algebra A satisfies 
o(a) = sup{w(a*a)/? :w EO} VacA, 
where 21 is the set of all states that are continuous with respect to 0 and 


NQ={weE Al, : |w(a)| < o(a) for all ae A}. 


Proof Corollary 9.4.13 shows that the supremum is an upper bound for 
o(a) > |w(a)|. Theorem 9.5.4 allows us to use Theorem 9.4.17 to get the 
opposite inequality. 0 


9.5.6 Corollary The following statements are equivalent for a *-algebra A. 
(a) A is a C*-algebra. 
(b) There is a complete C'*-norm on A. 
(c) The map || - || defined by 


art |lal| = p(a*a)!/? VaEeA (7) 


is the only C*-norm on A. It is a complete C*-norm satisfying: 


lal] = sup{o(a):a0€ N(A)} VaceA (8) 
= sup{w(a*a): we Aly/2. 
Al] = sup{|w(h)|:we AL} Whe Ap. (9) 


If A is commutative, these are also equivalent to: 
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(d) The Gelfand homomorphism is a *-isomorphism onto Co(T a). 
(e) A is *-isomorphic to Co(Q) for some locally compact space QQ. 


Proof (a)=>(b): This is immediate from the fact that the operator norm 
on B(H) satisfies the C*-condition. 

(b)=+(a): The theorem shows this implication, which was established 
directly in its proof. 

(a)=>(c): Theorem 9.2.16 shows that (7) defines the only C*-norm on 
A and that any faithful *-representation is an isometry. Theorem 2.2.2 and 
Proposition 9.5.3(b) show that any C*-semi-norm o satisfies 


a(a)? = o(a*a) = 0™(a*a) < p(a*a) Vac A. 


Hence this C*-norm is given by the first formula in (8). 

Next we will prove equation (9). The definitions of a state and the 
Hilbert bound show |w(h)| < ||h|] for all w € A‘, and h € Ay. Let T 
be a faithful *-representation of A as a C*-algebra. We have just noted 
a]| = ||Ta|| for all a € A. Theorem 9.1.20(f) shows ||T;,|| = sup{|(Thz, z)| : 
z € Hi}. But w defined by w(a) = (Tyz,z) for all a € A is representable 
by Theorem 9.4.15(e) and its Hilbert bound is less than or equal to ||z||?. 
This gives the opposite inequality needed to establish (9). 

The C*-condition and (9) give the second formula in (8) for ||a||. Thus 
all of the results of (c) are established. 

(c)=>(b): Obvious. 

(b) = (d) & (e): When A is commutative, Theorem 9.1.15 proves these 
implications. 0D 


Next we record some routine results for future reference. 


9.5.7 Proposition Let A be a *-algebra. 

(a) Forw € AL andt € R,, T™ is unitarily equivalent to T’ and o 
equals o”. 

(b) For wy,w2 € Als, T“1*42 is unitarily equivalent to a sub-*-represen- 
tation of T’! @T”2, so the norms satisfy o@!t%2 < oo”! V o%?. 

(c) For w' <w with w',w € Al: T” is unitarily equivalent to a sub-*- 
representation of T”, so the norms satisfy ow <o”. 

(d) If {wataca is a net in A‘ that converges in the A topology to 
w € Al, then w is representable and satisfies o” (a) < liminf o”« (a) 
for alla € A, provided the right hand side is finite for alla € A. 

(e) Let 2 be a subset of Al. Assume that the unordered sum wee lw la 
is finite, and that for eacha € A the supremum sup{o”(a) : w € 2} 
is finite. Then the unordered sum wo(a) = >>, eq w(a) converges — 
absolutely for eacha € A. Furthermore, wo = wen & ts 
representable and satisfies ||wo||z = dwen |lwlla. In fact, T° is 
unitarily equivalent to a sub-*-representation of BucaT”, so the 
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norms satisfy o~° < Vyeq ao”. 

(f) If w is an admissible positive linear functional and b is an element 
of A, then T”” is unitarily equivalent to a sub-*-representation 
of T’, so the norms satisfy ow” <o”. 

(g) For any r:A— R, U {oo}, the following sets are equal: 


Neal, , ker(T”) = Neat, Aw = NweAt , ker(w). 


Proof (a): The map U: H™ — H” defined by U(at”) = t/2a" for alla € A 
establishes a unitary equivalence. 

(b): This follows by considering the cyclic sub-*-representation defined 
by 24, ® Zw. as in the proof of Proposition 9.4.22(d). 

(c): This follows from Theorems 9.4.20 and 9.4.1. 

(d): Proposition 9.4.22(g) shows that w is extensible, so we need only 
show admissibility and the norm inequality. For any a,b € A with||b’||. < 
1, we find 

w(b*a*ab) = limw,(b*a*ab) < lim inf o”*(a)?. 


This implies o” (a) < lim inf 0“*(a), as we wished to show. 
(e): Proposition 9.4.22(d) shows that any finite subset F' C 2 satisfies 


> lw(a@)| < SS llwllao% (a) < (= le (Vuen 0” (a)) 


WEF werk we 


for all a € A. Thus we have absolute convergence when the right hand side 
is finite. It is now easy to check wo(a) = ((®weaT”)a Owen Zw, BwEnzw)- 
In particular, note >) .co \lzwIl? = wea llwlle < co. Hence Theorem 
9.4.1 shows that T” is unitarily equivalent to the topologically cyclic sub- 
*_representation of ®ycenT” generated by the vector ®,enz,. The rest of 
the claims are now obvious. 

(f): The identity w°(a) = w(b*ab) = (T’b“, b”) and Theorem 9.4.1 
show that T’’ is unitarily equivalent to the topologically cyclic sub-*- 
representation of T“” generated by b”. 

(g): Proposition 9.4.18(b) shows that each set is included in the one to 
its right. Thus we will complete the proof by showing that if a € A is not 
in the first set, then it is not in the last. Suppose that T? is not zero for 
some w € Age Theorem 9.1.20(e) shows that there is a unit vector z in 
H” satisfying (T’z,z), 4 0. Since A” is dense, we can find b € A with 
w(b*b) = |[b’||2 < 1 and w°(a) = (TYb”,b”),, # 0. However, (f) shows 
that w° belongs to Ap ,. Hence a does not belong to M.,. ae ker(w), as we 
wished to show. 7 O 


Result (b) below is of crucial importance in the proof of Theorem 9.6.6. 
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9.5.8 Proposition Let A be a *-algebra and let r be a non-negative 
real-valued function on A. 

(a) N,(A) is compact. 

(b) Al, , is a compact and conver subset of Al. 


Proof (a) The natural embedding of N,(A) into [],_ ,[0,7(a)] with its 
product topology is a homeomorphism. The image is closed since each 
condition used to define the elements of N;(.A) depends on only a finite set 
of elements of A. Thus N,(A) is compact. 

(b) The natural embedding of Alge into [].¢47(a)D with its product 


topology is a homeomorphism. If {wo}aea is a net in Al that converges 
to win [],<,47(@)D, then w is easily seen to be a hermitian positive linear 
functional. For any a, b € A with w(b*b) < 1, 


w(b*a*ab) = limw,(b*a*ab) < liminf 0”* (a)? < r(a)? 


implies that w is admissible. Any a € A satisfies |w(a)|? = lim(|w_(a)|?) < 
lim(wa(a*a)). Theorem 9.4.15(d) shows w € Ab, |. Hence the image of 
Al, in [].¢.47(@)D is closed and Kite is compact. 

Proposition 9.4.22(b) shows that Aly is convex. Thus Proposition 
9.5.7(a) and (b) show that Ab, is convex. oO 


Numerical Range Methods 


Theorem 9.2.16 and Corollary 9.5.6 both show that a C*-algebra has 
only one C*-norm. Furthermore, the range of each faithful *-representation 
of a C*-algebra is a C*-algebra. We wish to remove the word “faithful” in 
the last sentence. That improvement will follow easily from Theorem 9.5.9. 

The next theorem is due to the author [1968b] and is usually referred 
to as the Vidav—Palmer theorem since it evolved from an earlier version by 
Ivan Vidav [1956]. Its proof is based on the theory of numerical range for 
Banach algebras described in Section 2.6 of Volume I. Most of the crucial 
arguments were already given there. Palmer [1970a], [1971] and Bonsall 
and Duncan [1971], {1973a] contain many extensions, modifications and 
applications of this theorem. 

It will be convenient to postpone until Theorem 11.2.3(e) the proof 
of a key lemma that will be used at the end of the next proof. Readers 
should check that no circularity has been introduced by this delay. Theorem 
11.2.3(e) states that, in any *-algebra A with a complete C*-norm, the unit 
ball is the closed convex hull of the set of exponentials of skew hermitian 
elements: 

A; = tof{e™ : he Ay}. (10) 


The lemma, sometimes called the Russo—-Dye—Palmer theorem, was also 
first proved by the author in [1968b]. The fairly elementary proof we will 
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eventually give for it is due to Lawrence A. Harris [1972]. 


9.5.9 Theorem Let (A, ||- ||) be a Banach space. Choose an element of 
norm 1 and denote it by 1. Define Ay, As and Ag by 


Aw {w € A* :w(1) =1= |lw||}, 
As {he A:w(h) ER forall we Ay} and 
Ag = {he A:uw(h) ER, forall we Aj}. 


A product on A that makes (A, ||- ||) into a unital Banach algebra with 
1 as multiplicative identity element will be called a “good product”. The 
following are equivalent. 
(a) The linear span of Ags is dense in A and a good product can be 
defined on A. 
(b) A good product can be defined on A so that there is a real linear 
subspace A, satisfying {h?: he A,} C A, and 
Ai = co{e* >he A,}. 
(c) A product and involution can be defined on A making it into a unital 
C*-algebra with multiplicative identity element 1 and C*-norm || - ||. 
(d) A good product can be defined on A, and any such product has a 
unique involution making it into a C'*-algebra with ||-|| as tts unique 
C*-norm. Asa real linear space, A has the direct sum decomposition 
A= As @iAg and the involution is defined by h+ik+> h—ik 
for allh,k € Ag. Furthermore, the sets Aj, As and Ag defined 
relative to the norm equal A, An and A,, respectively, defined 
relative to the tnvolution. Any set A, satisfying (b) also satisfies 
(R1 + A,)~ = Ay and {h?:t+he A,; t€ R}W = Ay. 


Proof (a)=(d): By its definition, Ag is a (closed) real linear subspace of 
A. Hence the linear span of As is just As +i1Ag. Theorem 2.6.7(f) shows 
that this set is also closed. Hence, if it is dense, it equals A. Let A bea 
Banach algebra under some good product. Theorem 2.6.8(c) shows that A 
has the direct sum decomposition As @1As5 as a real linear space and that 
the map *:A — A defined by (h + ik)* = h —ik for all h,k € Ag is an 
involution on A with norm at most 2. It is also an isometry with respect 
to the numerical radius || - ||w defined by ||a||w = sup{|w(a)| :w € Af} 
for all a € A. Clearly this involution satisfies Ay = As. 

Proposition 2.6.9(b) shows a*a € Ag for each a € A, so that every 
w € Aj, is a positive linear functional. Proposition 9.4.12 shows that 
each such w is admissible. Since A is unital, Theorem 9.4.15 shows that 
w is representable. In fact, ||w||~7 = w(1) = 1 implies A} C Ai. Let 
T: A > B(H) be the direct sum of all of the representations T” for w € Ay. 
For each b € A, Proposition 2.6.9(b) and Theorem 2.6.7(e) show that there 
is an w € Aj satisfying w(b*b) = p(b*b) = ||b*b||. Conversely, any w € Ay 
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and a € A satisfy |w(a)| < |lallw < |la*al|!/2 = p(a*ta)!/?. Define a norm 
[I] - ||| on A by |{lal]| = ||Za}] for all a € A. These two results show that 
|| - ||| is a C*-norm on A satisfying |||a||| = p(a*a)!/? for all a € A and 
hence satisfying 


1 All + UAL _ UAllw + [lRilw 
= ee eee 
sllall < SS ele < |lallw 
<  ||lall| = p(a*a)'”? Va €A (11) 
< |la*al|!/? < (\la*|] |lall)'/? < (2Ilal|?)/? = v2 |lall, 
where a = h+ik with h,k € Ag. Thus the C*-norm ||| - ||| is equivalent 
to || - || and hence is complete. Now we use Theorem 11.2.3(e). Since 
co{e*” : h € Ay} is the closed unit ball relative to ||| - |||, and since each 


h € An = As satisfies ||e*"|| < 1, the two norms must satisfy ||a|| < ||a||| 
for all a € A. However, if any a € A satisfies ||a|| < |||a|||, we would get 
the contradiction 


Hla*|| Hal] < [flan Ut lati] = [Ile*al|| = e(a*a) < |la*al] < |la*|] lal]. 


We conclude that the two norms, ||| - ||| and || - ||, are equal. 

We have already shown Ay, C Ag. Conversely, if w is any state, then 
w(1) = 1. Equation (8) of Corollary 9.5.6 gives the second inequality in 
lw(a)| < w(ata)!/? < |jJal|| = |la|| for all a € A. We conclude A%, = Al. 
The equality of A; and Ag is now obvious. We prove the remarks about 
A, below. 

(d)=(a), (b) and (c): Obvious. 

(c)=(a): Obvious, from As = Ag. 

(b)=(a): We may assume 1 € A,. For any h € A, and any n € N, 
induction shows h” € A, since 


perth — s((n" +h)? —(h)2—h2] VRE AS neEN 


Thus the closure of A, contains sin(h) and cos(h). Therefore, the linear 
span of A, C Ag is dense in the closed linear span of {e*” : h € Aw}, which 
equals A. We have also established the remarks about A, in (d). 0 


Recall that a Banach algebra is norm-unital if it has a multiplicative 
identity element of norm 1. This theorem shows that a norm-unital Banach 
algebra is isometrically isomorphic to a C*-algebra if and only if the shape 
of its unit ball is the same as the shape of the unit ball of a C*-algebra 
in its unique C*-norm. One does not need to know anything about the | 
multiplicative structure except which element is 1. This shape is entirely 
determined by an infinitesimal neighborhood of 1 on the surface of the unit 
ball since Theorem 2.6.7(c) shows that As can be defined as the set of 
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elements h satisfying limz_4o |t|~1(||1 — ith|| — 1) = 0. The shape of the unit 
ball in a C*-algebra uniquely determines the involution. For commutative 
algebras it also determines the product, as we will now show, but this is 
not true for any non-commutative C*-algebra since the reverse algebra A” 
of A has the same underlying Banach space as A. 


9.5.10 Corollary Let (A, ||-||) be a Banach space. Choose an element 
of norm 1 and call it 1. With the same terminology and notation as in the 
theorem, the following are equivalent. 

(a) A good commutative product can be defined on A and the linear 
span of As is dense in A. 

(b) A commutative product and involution can be defined on A, making 
it into a commutative unital C*-algebra with multiplicative identity 
element 1 and complete C*-norm || - ||. 

(c) For any good commutative product that can be defined on A, the 
Gelfand space I.4 C A” ts the set of extreme points of Aj, and the 
Gelfand homomorphism is an isometric isomorphism onto Co(T 4). 
Hence, there 1s only one good commutative product on A and it is 
completely determined by the shape of the unit ball. 


Proof The theorem shows that (a) and (b) are equivalent to the fact that 
any good commutative product makes A into a commutative C*-algebra. 
In this case, Theorem 9.1.15 shows that the Gelfand homomorphism is 
an isometric *-isomorphism of A onto Co([.,4), and each y € Ty is a 
*-homomorphism. If we choose an arbitrary y € Ty, then +y defines a 
*_representation JT’ of A on the Hilbert space C by T,(A) = y(a)A for all 
aé€éAandA€C. The equation y(a) = (%,1,1) shows that 7+ is a repre- 
sentable positive linear functional represented by T. Hence 7 belongs to 
Al, = Aj,. Proposition 9.6.5 below shows that y is an extreme point of 

w since T is irreducible. Conversely, the same theorem shows that if 
is an extreme point of A}, = Al, then the *-representation T7 it defines 
must be topologically irreducible. Since A is commutative, this implies 
that the representation is one-dimensional. But that means that ¥ itself is 
a *-homomorphism, and hence belongs to [',. 

Hence, under any of our hypotheses, we have identified the Gelfand 
space as a geometrically defined subset of A* and determined that the 
Gelfand homomorphism is an isometric *-isomorphism. All this has been 
done without knowing the actual product, so for any a,b € A we can define 
ab to be the unique element of A satisfying ab = ab. oO 


The following result, that is dual to Theorem 9.5.9, is due to Robert T. 
Moore [1971]. See also Bonsall and Duncan [1973] §31 and Sinclair [1971]. 
We give only a partial proof. 


9.5.11 Theorem Let (A, ||- ||) be a Banach space. Choose an element 
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of norm 1 and call it 1. Let Ag be the real-linear span of Aj, = {w € A*: 
w(1) =1=||w||}. Then the following are equivalent. 

(a) The intersection AZ NiA% is {0} and a product can be defined on 
A that makes (A, ||- ||) into a unital Banach algebra with 1 as 
its multiplicative identity element. 

(b) A product and involution can be defined on A making it into a 
unital C'*-algebra with multiplicative identity element 1 and 
C*-norm || - ||. When this is done, A% becomes the set Al, of 
hermitian linear functionals. 


Proof Outline (b)=>(a): Theorem 9.5.9(d) shows that Aj, is the set of 
representable positive linear functionals. Therefore, its real-linear span is 
included in (actually, equal to) the set of hermitian linear functionals. This 
immediately implies (a). 

(a)>(b): It can be shown that for any norm-unital Banach algebra, 
Ag +%1A% equals A*. In fact, for any element w € A* the component 
symmetric linear functionals in Ag can be chosen with norms bounded by 
|| /2 w||. Hence (a) shows that A* has the direct sum decomposition A* = 
A @iA% as a real Banach space. This shows that A** satisfies condition 
(a) of Theorem 9.5.9 where the good product is the Arens product. Thus 
A** is a C*-algebra under the induced involution. One then shows that A 
is a (necessarily closed) *-subalgebra under its canonical embedding. Hence 
A is also a C*-algebra. O 


These geometric characterizations of C*-algebras lead one to ask for es- 
sentially Banach space characterizations of which non-self-adjoint algebras 
can be isometrically embedded into B(#) for some Hilbert space H. The 
questions has been completely answered by David P. Blecher, Zhong-Jin 
Ruan and Allan M. Sinclair [1990] and Blecher [1995] in terms of the norm 
on the algebra and on matrix algebras over it. 

We next establish some routine but useful facts about C*-algebras. 
When it is not too awkward, we use arguments that actually give isometric 
*_representations for the *-algebras that we wish to show are C*-algebras. 
Theorem 9.5.9 simplifies the proof of (c), (d) and (e). A very special case 
of these results was proved by Calkin [1941] using his *-representation (cf. 
Theorem 9.2.27 above) and the general case was derived by Segal in [1947b]. 


9.5.12 Theorem Any C*-algebra A satisfies: 

(a) A! ts a C*-algebra. 

(b) Jf B is a closed *-subalgebra of A, then B is a C*-algebra. 

(c) IfZ is a closed ideal of A, then it is a *-ideal and A/T is a 
C*-algebra with its quotient norm as its unique C*-norm. 

(d) Let B be another C'*-algebra and let yp: A - B be a *-homomorphism. 
Then p ts @ contraction, p(A) and ker(y) are both closed, and y 
induces an isometric *-isomorphism of A/ker(y) with its quotient 
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norm onto ~(A) with the restriction of the C*-norm of B. 

(e) If T ts any *-representation of A, then T is a contraction and its 
range T,4 is a C*-algebra. For eacha € A, the quotient norm of 
a+kerT equals ||Tq\|. 


Proof (a): Let T be a faithful *-representation of A as a C*-algebra. Then 
Ty4q = AI 4+Tp is a faithful *-representation of A! as a C*-algebra. 

(b): Theorem 9.2.16 shows that faithful *-representations are isometries. 
Hence the restriction of a *-isomorphism of A onto a C*-algebra, to a closed 
*_subalgebra of A, still has a C*-algebra as its range. 

(c): By (a) we may assume that A is unital. Any hermitian element 
h € Ay and any real t satisfy ||e*(*+7)|| < ||e***|| = 1, where the first 
norm is the quotient norm. Hence h + Z belongs to (A/Z)s. Thus A/Z 
satisfies condition (a) of Theorem 9.5.9. Therefore, this quotient algebra is a 
C*-algebra with its quotient norm as its unique C*-norm. The natural map 
is a *-map by the above proof, so its quotient Z must be a *-ideal. 

(d): The map a + ||y(a)|| is obviously a C*-semi-norm on A. Since 
the complete C*-norm of A is the largest such C*-semi-norm by Corollary 
9.5.6, y is a contraction. Hence its kernel is closed. Result (c), which we 
just established, shows that ~ induces an isometry from A/ ker(y) to y(A). 
Hence this latter set is complete and thus closed in B. 

(e): This is a special case of (d). Oo 


9.5.13 Corollary Let A be a *-algebra and T a *-ideal of A. If o is a 
C'*-semi-norm on A, then the quotient semi-norm 


o'(a+TZ) =inf{o(a +b): be T} 
is a C'*-semi-norm on A/T. 


Proof Let (B, ||-||) be the completion of A/A, in the induced C*-norm: 
lla + Ag|| = o(a) VaeA 


(where A, is {a € A: o(a) = 0}, as usual). Let y: A > B be the natural 
map, so that ||y(a)|| = ||a+A,|| = o(a) for alla € A. Let Z be the closure 
in B of the image y(Z) of Z. The theorem shows that the quotient norm 
{| - ||| on B/Z is a C*-norm. For any d € 7, there is a sequence {en }nen 
in Z satisfying lim y(c,) = d in the norm of B. This shows ||y(a) + d|| = 
lim ||y(@ + en)|| = lim o(a+ cn) > o'(a+Z) for any a € A. Hence 


o'(a+T) = inf{o(a+b):b€ 72} =inf{o(at+c):cEIT+A,} 
= inf{\|p(a) + dl] :d € Z} = |||p(a) +2|| 


shows that ao’ is a C*¥-semi-norm. 0 
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Automatic Submultiplicativity for C*-norms 


C*-semi-norms were defined to be algebra semi-norms satisfying the 
C*-condition. A remarkable theorem of Zoltan Sebestyén [1979] shows that 
the submultiplicative property actually follows from the C*-condition, so 
that our definition is redundant in requiring that a C*-semi-norm be an 
algebra semi-norm satisfying the C*-condition. This result is the culmi- 
nation of a long sequence of investigations into various weaker forms of 
the definition of a C*-algebra. The penultimate paper in this sequence 
was Huzihiro Araki and George A. Elliott [1973]. Sebestyén provided a 
very attractive elementary proof for his theorem which we reproduce here. 
Haresh V. Dedania [1997] gives a variation on this theme by proving that 
any algebra semi-norm o with the square property 


a(a”) = o(a)? VaeA 
is submultiplicative. 


9.5.14 Theorem Any linear space semi-norm o on a *-algebra A that 
satisfies the C*-condition: 


o(a*a) = a(a)” VaceA 
is submultiplicative and hence a C*-semi-norm. 
Proof Of course we must show 

a(ab) < o(a)o(b) Va,beEA. 
We begin by obtaining the weaker inequality 

o(ab) < 40(a)o(b) Va, be A. (12) 
The polarization identity 

3 

4ab = > i* (b+ i*a*)*(b+ i*a*) 
‘ ‘ k=0 
implies 


3 
4a(ab) < S“(a(b + i*a*))? < 4(a(b) + o(a*))?. 
k=0 
Note that o(a*) = 0 and o(b) = 0 are interesting possibilities. Replacing a 
by (o(a*) + n~*)~*a and b by (o(b) +n~')—!6 for any ne N gives 
a(ab) < 4(o(a*) + n~')(o(b) +: n=?) 


and hence 
a(ab) < 40(a*)o(b). (13) 
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For any a € A, this result and the C*-condition give 


a((a*a)”") = o(a*(aa*)’"~a) < 40(a)o((aa*)?"~*a) 
4?o(a)*o((aa*)? ~*) 


(o(a*a))”” 


IA 


and 


o((aa*)?"-?) 


n—1 n—-1 
o( [J (aa*)?") < 4"-} TT o((aa*)?") 
k=0 k=0 
n—1 
qn-l [J (o(aa*))?” = 4°-1(g(aa*))?" 7}. 
k=0 


Combining these inequalities gives a(a*a)?” < 4"+1¢(a)?(a(aa*))?" — from 
which o(a*a) < o(aa*) follows easily. We obtain the opposite inequality by 
replacing a by a*, and hence conclude o(a*a) = o(aa*) for alla € A. From 
this equation, the C*-condition gives 


a(a*) = a(a) VaeA. (14) 


Inequality (13) and equation (14) now give inequality (12). 
Clearly (12) and (14) show that A, = {a € A: o(a) = 0} is a *-ideal. 
Hence the quotient algebra A/A, is again a *-algebra on which the norm 


o'(a+A,) = a(a) VaceA 


satisfies the same conditions as before. Let B be the completion of the 
normed linear space (A/A,,0'). Inequality (12) shows that the multiplica- 
tion extends to this completion. Denoting the norm of B by o' again, we 
find 


o'(ab) < 4o'(a)o'(b) 


a'(a") o'(a) 
o'(a*a) = o'(a)?. 
Define a submultiplicative norm ||- || on B by 
|a|| = sup{o’(ab): bE Bya'(b) <1} —- Va EB. (15) 


It is easy to see 
a'(a) <|lal|<4o'(a) VaeEB, 


so that (B, || - ||) is complete. For any normal element c € B, we get 


p(c) ud lim llc?" r = lim a'(c? err = lim(o! ((c2" ye" yr" 


lim(o'((c*c)?"~*))? "= lim ||(c*e)?” "|?" = ple")? 
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and hence 
p(c) = p(e*c)/? = o'(e*c)'/2 =a'(c) = V CE Bn. (16) 


Next we show that each hermitian element has real spectrum. (This condi- 
tion will be much more thoroughly explored in Sections 9.8 and 10.4 below.) 
If not, we can find h = h* € B with i € Sp(h) by considering h = rk? + sk 
for r,s € R and k = k* € B with non-real spectrum. Let C be any maxi- 
mal commutative *-subalgebra containing h and choose y € I¢ satisfying 
y(h) =7. For m,n € N andc€C with y(c) = 1, define b = (h + ni)™c. 
Then (16) gives 


(l1+n)?™ 


ly(b)|? < p(b)? = p(b*b) 
p([(h)? +n7]™c*c) < (p(h)? +n?)™p(c*e). 
Since m is arbitrary, this gives (1 +n)? < p(h)* +n?, which is clearly false 
for large enough n. Hence Sp(h) C R for all h = h* € B. 

Next we use an ingenious argument of Vlastimil Ptdk [1970] to show 
p(a) < p(a*a)'/?—_ Va EB. (17) 


It is enough to show that, for any a € B and any \ € C with |A| > p(a*a)}/2, 
A~'a is quasi-invertible. For ease of exposition we work in B! (with the 
complete norm: || + 6|| = |A| + ||b|| for all A+ 6 € B! if B is not unital). 
Theorem 3.4.5 shows that the series 


oo 
1/2\ (—a*a)” 
h= 
x Ce) oF 
converges to an invertible element satisfying h? = 1 — |\|~?a*a. Further- 
more, we have the identity 
(1+ (A7*a)*)(1—A7ta) = 1-—JA\72a"a+ (A7'a)* —A71e 
= h?4+(d7'a)*—A "a 
= ~—th[it+ih~*((A7*a)* —A7*a)h7"Jh 
= —th{i+ kh, 
where k is hermitian, so that the last expression is invertible. This shows 
that 1 — A~'a is left-invertible. Similarly it is right-invertible, establishing 
(17). 
For arbitrary a, b € B, the C*-condition, (16), Proposition 2.2.1(a) and 
(17) give 
o’ (ab) 


o'((ab)*ab)*/? = o'(b*a*ab)!/? = p(b*a*ab)/2 = p(a*abb*)!/? 
p(bb*(a"a)*bb*)/4 = p((a*a)?(bb*)?)1/4 

+++ < p((bb*)?” (a*a)?"™* (bb*)?” )?-"~ 

o'((bb*)?” (a*a)?”™" (bb*)?” yer? 


IA IA I 
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Hence (12) and the C*-condition give 


Q-n-2 


o'(ab) < 2? “o'((bb*)?”)? "~'a!((a*a)?”” ) 
27°" a'(a)a'(b). 


By letting n increase, we conclude that o’ is submultiplicative. The sub- 
multiplicativity of o follows from the definition of o’. Oo 


Geometric Properties of C*-Norms 


We wish to record some geometrical properties of the closed unit ball 
A, of a *-algebra A with a (not-necessarily complete) C*-norm. Theorem 
9.5.4 already makes it clear that a C*-norm can be defined on a *-algebra 
A if and only if A has a faithful *-representation. Section 9.7 will describe 
this class of *-algebras further. For completeness, we define extreme points 
along with a possibly less familiar notion. 


9.5.15 Definition Let (A, ||- ||) be a normed linear space. A point 
b € A, is called an extreme point of A; if b cannot be written as a non- 
trivial convex combination of points in A, (i.e., b = ta+(1—t)c fora, c€ A; 
and t €]0,1[ implies b = a = c). A point b € A, is called a vertex of A; 
if the set Q(b) = {w € A* : w(b) = 1 = |lw||} of support hyperplanes at b 
separates the points of A (i.e., w(a) = 0 for all w € 2(b) implies a = 0). 


It is common to call these linear functionals support hyperplanes, al- 
though the actual affine support hyperplane associated with w € 1(b) is 
{a € A: w(a—b) = 0}. Each vertex of A; is certainly an extreme 
point. To see this, suppose that b is a vertex of A; and that a,c € A, 
and t €]0,1[ satisfy b = ta+(1-—t)c. Then any w € {(b) satisfies 
1 = w(b) = tw(a) + (1 — t)w(c), |w(a)| < |lal| < 1 and |w(c)| < |le|| < 1. 
This implies w(a) = w(c) = 1 = w(b). Since 2(b) separates the points of 
A, we conclude b = a =c. Thus any vertex of A;, such as 6, is an extreme 
point of A;. 

The next theorem derives from Kadison [1951a], Bohnenblust and Karlin 
[1955] and Miles [1964]. Partial isometries were introduced in Definition 
9.1.24. The proof that the first four conditions of Proposition 9.1.23 are 
equivalent depended on nothing except the existence of a C*-norm. Hence 
an element 6b in a *-algebra with a C*-norm is a partial isometry if and 
only if it satisfies one (hence all) of the four equivalent conditions: b*b is a 
projection; bb* is a projection; b = bb*b; b* = b*bb*. 


9.5.16 Theorem Let (A,||-||) be a@ *-algebra with a C*-norm. 
(a) The following are equivalent: 
(a;) A is unital. 
(a2) The set of extreme points of A, is non-empty. 
(a3) The set of vertices of A, is non-empty. 
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(b) An element b € A is an extreme point of A, tf and only if it satisfies 


(1 — b*b).A(1 — bb") = {0}. (18) 


Ifb€ A satisfies (18), then A is unital and b is a partial isometry 
with commuting initial projection p = b*b and final projection 
q = bb* satisfying 


l=poqg=qop=pt+q-—pq=pt+ q- 4p. (19) 
(c) An element of A, is a vertex if and only if it is a unitary element. 


Proof (a): If A is any norm-unital normed algebra, then (1) can be 
identified with the set Ay (where A is the completion of A) introduced in 
Definition 2.6.1. Theorem 2.6.4 shows that 1 is a vertex of A, and thus of 
A. Hence (a;) implies (a3), which obviously implies (a2). The implication 
(a2)=> (a1) follows from (b). (The completion of A above and in the rest 
of this proof is used only because various theorems we wish to quote (e.g., 
Theorem 2.6.4) are stated for Banach algebras. Completeness is not used 
in an essential way anywhere in the proof.) 

(b): Suppose 6 is an extreme point of A,. Denote b*b by p and p(1— p)? 
by h. Let A be the completion of (A, || - ||) and let C be a maximal com- 
mutative *-subalgebra of A containing p. Corollary 9.5.6 shows that A 
and C are C*-algebras and that the Gelfand homomorphism is an isometric 
*-isomorphism of C onto Co(I'c). The spectrum of p = b*b € Ay N A, in 
A is included in [0,1] by Corollary 9.1.21. Proposition 2.5.3(b) shows that 
the spectrum of p in C is the same. Hence using the C*-identity we get 


[|b(1 + A)|I? I|(1 + A)b*O(1 + A)|| = [lp[1 + pd — p)?}?I| 
p(p{1 + p(1 — p)?))? 


max{t[l + ¢(1 — t)*]? : t € [0,1]} <1. 


I| 


A 


Since b is an extreme point of A; which satisfies b = 2—1b(1+h)+271b(1—h), 
we conclude that bh is zero. This implies 0 = b*bh = p?(1— p)? = (p—p*)?. 
The C*-condition gives p? = p. Hence 6 is a partial isometry. Now let 
a € A, be arbitrary and define c to be (1 — b*b)a(1 — 0b*), so that we wish 
to prove c = 0. Clearly c satisfies bc = 0 = cb and c = (1 — p)c. Repeated 
application of the C*-condition gives 


II 


\lb+ c*|| [|b"b + brc* + cb + cc*||” = ||p + (1 — p)cc*(1 — p) ||?” 
lip + ((1 — p)ec*(1 — p))?||2""" = 
llp + (1 — p)ec*(1 — p))?"|| = |lp + (cc*)2" || 


* n+1 
IIpll + lle"? <2. 


IA 
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By extracting the root and letting n increase, we see that b+c* belongs to 
A. Since b is an extreme point satisfying b = 2-!(b+ c*) +271(b—c*), we 
conclude c = 0. This proves (18) since a € A; was arbitrary. 

Note that neither (18) nor its proof assumes that A is unital. In terms 
of p and q, (18) becomes (1 —p)A(1—q) = {0}. By applying the involution, 
we see that (18) is equivalent to (1 — g)A(1 — p) = {0}. If 6 satisfies (18), 
we see 

O = ||b(1 — 6*b)b*(1 — bb*)|| = {|b* — b* bd" ||”. 


This implies that b is a partial isometry. For any a € A, we also conclude 
ja(1 — p)(1 — gl? = |] — 9)[(1 — p)(ata( — p))(1 — g)]|| = 0. This 
proves that p+ q — pq = pq is a right identity. Similarly, p+ q — qp = 
gop is aright identity. To prove that they are left identities, we consider 
\|(1-p)(1—-g)al|? = |la*(1—-g)(1—p)||? = ||(1—-p)((1—-g)aa*(1—p))(1—-¢)|| = 
0. Thus they are both two-sided identities and hence equal to the unique 
multiplicative identity 1. Therefore, A is unital and 6 is a partial isometry 
satisfying (19). 

Suppose that b € A, is a partial isometry satisfying (18) (hence (19)) 
and also a convex combination: b = ta+(1—t)c for a, c € A; and ¢ €]0, 1. 
Then we have p = b*bp = t(b* ap) + (1—t)(b*cp). However, p is the identity 
element of the C*-normed *-algebra pAp. Hence p is an extreme point of 
(pAp)1, as shown in the proof of (a). Since b*ap and b*cp both belong to 
(pAp),, we conclude p = b*ap = b*cp. From this we derive 


—p(1 — a*a)p = p — b’ap — pa*b + pa*ap = (b — ap)*(b — ap). 


None of the above calculations are changed if we complete A with respect 
to its C*-norm. Thus Corollary 9.5.6 and Theorem 9.2.16 can be applied. 
Since (b—ap)*(b—ap), 1—a*a and hence p(1—a*a)p are positive, we conclude 
that (b — ap)*(b — ap) = O and hence b = ap. Since a belongs to A; this 
implies Similarly, g = qbb* = tqab* + (1—t)qcb* gives g = qab* = qcb*, from 
which we derive b = ga. Thus (18) gives 


a=a-—((1—p)a*(1—q))* =ap+ qa — gap=b. 


This implies a = b= c, so b is an extreme point. 

(c): Any unitary element u of A satisfies ||ul|? = ||u*ul|] = |j1|| = 1. 
Hence the operator L,, of left multiplication by u is an isometry with inverse 
L,+. Since the set of vertices of A, is clearly invariant under any linear 
isometry and since L,, maps the vertex 1 onto u, we conclude that wu is a 
vertex. 

Next suppose that b is a vertex of A;. Then b is an extreme point of 
A, so that it is a partial isometry. Let q be bb*. The equations (1 — q)b = 
b — bb*b = O and 6*(1 — q) = b* — b*bb* = O show that any A € C and 
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w € 9(b) satisfy 
JL+Aw(1—g)/? = |w(b+A(1—))/? < lb + AC — @)IP 


[|o"b + A*(1 — g)b + AB*(1 — g) + |AI?(1 — QDI 
|b" + [APL —@)I| <1 + |AP’. 


For A = w(1 — q)*, this implies |w(1 — q)| = 0. Since 6 is a vertex and 
w € 0(b) was arbitrary, this shows 1 — q = 1 — bb* = 0. Similarly we get 
1 — 6*b = 0, so b is unitary. O 


We remark that each unitary element in a *-algebra (A,]|| - ||) with a 
C*-norm actually satisfies a condition more restrictive than our definition 
of a vertex. For each u € Ay, define || - ||,, on A by 


llal|,, = sup{|w(a)| : w € N(u)} VaceA. 


Since u is a vertex, this is a norm, but we will show that it is actually a 
norm equivalent to || - ||. It is easy to see that Q(u) can be identified with 
{Wy» :w € Ay}, where w,- is defined by w,-(a) = w(u*a) for all a € A. 
Consequently Theorem 2.6.4 gives 


llall, < flall = |lu*al] < ellu*ally =ellall, a€ A. 


The proof of Theorem 9.5.9 shows that the constant e can actually be 
replaced by 2 in the above inequalities. 

C*-semi-norms provide a definitive criterion for the representability of 
positive linear functionals. 


9.5.17 Theorem Let w be a positive linear functional on a *-algebra A. 
Then w is representable if and only if it 1s continuous with respect to some 
C*-semi-norm a on A. 

Hence every positive linear functional w on a C*-algebra B is continu- 
ous, representable and satisfies ||w|| = |\w||4, where ||w|| is the norm of w 
as a continuous linear functional on B with its (unique) C*-norm. 


Proof ‘Theorem 9.4.15 and Corollary 9.4.13 show the necessity of the condi- 
tion. Suppose that w is continuous with respect to some algebra semi-norm 
o. Proposition 9.4.12 shows that w is admissible. Hence if A is unital, then 
Theorem 9.4.15 shows that w is representable. If A is not unital, the proof 
is considerably harder and, in particular, we must assume that o satisfies 
the C*-condition. Clearly the set A, = {a € A: o(a) = 0} is a *-ideal. 
Let B be the *-algebra obtained by completing A/A, with respect to the 
C*-norm induced by o. Corollary 9.5.6 shows that B is a C*-algebra. It is 
clear that w induces a positive linear functional © on B, which is continuous 
with respect to the C*-norm of B. 
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Theorem 9.2.18 shows that B has a bounded two-sided approximate 
identity {ea}aea consisting of hermitian elements of norm one. Since any 
a € B satisfies 


|&(a)|? = lim |@(e,a)|’ < lim inf &(e3)a(a*a) < ||o||w(a*a), 


q@ has Hilbert bound less than or equal to its bound ||q@|| as a linear func- 
tional. Hence Theorem 9.4.15(c) shows that @ is representable. 

Theorem 9.2.16(e) shows that any positive linear functional w on a 
C*-algebra B is continuous with respect to the unique C*-norm on B. Hence 
it is representable by what we have just proved. Moreover, the last calcu- 
lation shows ||wl||”4 < ||w||. Corollary 9.4.13 gives the opposite inequality, 
establishing the equality. oO 


States on C*-Algebras 


Theorem 9.5.11 shows that in a unital C*-algebra A we can identify 
the set Al of states with the set 4%, of linear functionals of norm 1 that 
take the value 1 at 1. We use this result and the just established equation 
\|w||z = ||w|| to prove a lemma on extensions of states on not-necessarily 
unital C*-algebras. 


9.5.18 Lemma Let B be a closed *-subalgebra of a C*-algebra A. Any 
state on B can be extended to be a state on A. 


Proof Theorem 9.5.12(a) shows that the unitization A! of A is a C*-algebra. 
Let B be the subalgebra of A generated by B and the identity element of 
A. (Hence B is larger than B unless B is a unital subalgebra of A.) Let 
w be a state on B. Define ® on B by &(A1 + a) = 4 w(a) if B is larger 
than B and let © be w otherwise. The proof of (b)=(c) in Theorem 9.4.7 
shows that & is a state on B, so it satisfies (1) = 1 and |{d|{ = 1. The 
Hahn-Banach theorem gives a linear functional in (A')}, which extends w. 
Let @ be the restriction of this functional to A. It is easy to see that W is 
a state on A extending w on B. oO 


9.5.19 Lemma Any normal element c in a C*-algebra A satisfies 
Sp(c) € {w(c):w € AS} and |[cl] = sup{|w(c)| : w € AG}. 


Proof Let C be a maximal commutative *-subalgebra of A containing c. 
Proposition 9.1.5(c) shows Sp,(c) = Spe(c). If A € Sp(c) \ {0}, then there 
is some y in the Gelfand space of C satisfying 4 = y(c). However, y is 
a state on C, so by the last lemma it is the restriction of some state on 
A. Hence the supremum falls between p(c) and ||c||, which are equal for a 
normal element. O 


9.5.20 Theorem Let B be a C*-algebra. Then its dual space B* ts the 
linear span of the set Bt of states. Every hermitian linear functional w in 
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B* can be written in the form w = wi — w_, where wy and w_ are both 
positive and satisfy ||w|| = ||w+|| + ||w_]]- 
Furthermore, Bp, is compact. If B is unital, Bt is compact. 


Proof For w € B* define w* by w*(a) = w(a*)* for all a € B. Then 
WR = 27'(w+w*) and wy = (27)~!(w —w"*) are both hermitian and satisfy 
W=WRt+iwy. This proves that B* is the linear span of Bi. 

The previous theorem and Proposition 9.5.8 show that Bye = Bh y. T is 
compact and convex in its own topology, which is just the relativized weak* 
topology. Hence 22 defined by 


Q = {tw, — (1 — t)we :t € [0,1]; wi, we € Bi 4} ae co(Bh U (-Bh ,)) 


is also compact and convex. This set equals co(Bt U (—B)), and it is a 
subset of BF, Bi, where By, may be thought of as either the real linear 
space of continuous hermitian linear functionals on B or as the (naturally 
isometrically linearly isomorphic) Banach space dual of the real linear space 
Br. (Note also that the weak* topology agrees for the two interpretations. ) 
If (2 were a proper subset, the Hahn-Banach separation theorem would 
give us an h € By and anw € Bj, BT with w(h) strictly greater than 
sup{w(h) : w@ € 2}. However, by Lemma 9.5.19 this last expression is just 
\|h|| which gives a contradiction. 

For any non-zero w in Bj, we have found w; and wy in Bi and t € [0,1] 
satisfying ||w||]~'w = tw, — (1 — t)we. We take w, = ||w||tw, and w_ = 
||w||(1 = t)we. 

We already noted that Bh = Bhai is compact. If B is unital, then 


B', is closed and hence compact, since it equals {w € Bhy :w(1)=1}. O 


9.6 Topologically Irreducible *-Representations 


In this section we investigate topologically irreducible *-representations. 
We believe that the full development in this section has not previously been 
carried out in a setting less restrictive than Banach *-algebras with an ap- 
proximate identity of norm one. We work with *-algebras satisfying no ad- 
ditional hypotheses. Since each topologically irreducible *-representation is 
topologically cyclic, we know that it is unitarily equivalent to T’ for some 
representable positive linear functional w. We characterize those repre- 
sentable positive linear functionals that give rise to topologically irreducible 
*-representations. The characterization, together with the Krein—Milman 
theorem, shows that these linear functionals occur in reasonable abundance 
relative to all representable positive linear functionals. The approach is due 
to Irving E. Segal [1947a]. We also prove Richard V. Kadison’s remarkable 
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theorem that shows that a topologically irreducible *-representation of a 
C*-algebra is actually algebraically irreducible. 


Topological and Algebraic Irreducibility 


The next theorem contains one of the major results of the theory. Cri- 
terion (c) is called “Schur’s lemma”. However, in most situations “Schur’s 
lemma” follows from a hypothesis of algebraic irreducibility (7.e., no in- 
variant subspaces), whereas the present theorem follows from the weaker 
hypothesis of topological irreducibility (.e., no closed invariant subspaces). 


9.6.1 Theorem The following are equivalent for a *-algebra A and a 
*_representation T of A on the Hilbert space H. 
(a) The *-representation T is topologically irreducible. 
(b) Every non-zero vector in H is topologically cyclic, and H is not 
zero- dimensional. 
(c) The *-representation T is not trivial, and the commutant (T,)' of 
the range of T satisfies (T,)' = CI = {AI : XA € C}. 
(d) The *-representation T is not trivial, and the commutant (T,)' of 
the range of T contains no non-zero projections except I. 


Proof (a)=(b): If T is topologically irreducible, it must be essential by 
Proposition 9.2.7. Thus any non-zero vector x belongs to the closed T- 
invariant subspace T'4xz~ by Theorem 9.2.6(c). Therefore, the topological 
irreducibility of T implies T4x~ = H. Hence z is topologically cyclic. 

(b)=(c): Clearly T is not trivial. Suppose that S and Q belong to (T4)' 
and satisfy @ # 0 and SQ = 0. Then some z € H satisfies Qz # 0 and 
SQzx =0. Thus all a € A satisfy ST,Qr = T,SQx = 0. However, Qz is 
topologically cyclic by (b), so T.4Qz is dense. Thus S is zero. Therefore, 
(T4)' contains no non-zero divisors of zero. 

Now apply Lemma 9.3.20. 

(c)=>(d): Obvious. 

(d)=(a): Proposition 9.2.4 shows that the projection onto any non-zero, 
proper, closed invariant subspace is a non-zero projection operator in (T.,)', 
which is not the identity. oO 


Recall that Theorem 4.2.13 shows that an (algebraically) irreducible 
representation of a spectral algebra is strictly dense. We now prove Kadi- 
son’s remarkable result from [1957a], which shows that certain topologically 
irreducible *-representations are strictly dense. The proof of this theorem 
makes heavy use of the Kaplansky density theorem. 


9.6.2 Theorem Let A be a C*-algebra. A *-representation T of A ona 
Hilbert space H is topologically irreducible if and only if it is (algebraically) 
irreducible and hence strictly dense. 
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Proof Algebraic irreducibility immediately implies topological irreducibil- 
ity, so we must establish the converse. Theorem 9.5.12(e) shows that Ti, 
is a closed *-subalgebra of B(H). Hence we may, and do, identify A with 
a norm-closed *-subalgebra of B(H). Theorem 9.6.1 shows that A’ is the 
set of complex multiples of the identity. Hence A” equals B(H). Theorems 
9.3.3 and 9.3.8 now show that any operator in B(H), belongs to the strong 
operator closure of A. 

In order to establish the algebraic irreducibility of A, we wish to show 
that, for any two vectors z,y € H with z non-zero, there is an opera- 
tor T € A satisfying Tx = y. In fact, it is enough to consider the case 
l|z|| = 1 = |ly||. By approximating T, = y@2* € B(H)1, we can choose 
T; € A; satisfying ||y — Tiz|| = [7,2 — T,z|| < 2}. Similarly, by approxi- 
mating T = (y—T,z)@x* € 2- ‘B(H)1 we can choose Tz € 271A; satisfying 
lly —Tix2—To2|| = |T2a — —T»z\| < 2-?. Proceeding inductively, by approxi- 
mating T, = (y — = ; Tjz) @ x* € 2-"L(H), we can choose T, € 2-"Ay 
satisfying |ly — } oo, T)2\) = = ||T,2 —Tn2z|| < 2-7". Then T = O™,T. 
belongs to A and satisfies Tz = y, as we wished to show. 

Theorem 4.2.13 states that any algebraically irreducible representation 
of a complex Banach algebra is strictly dense. a 


Note that the above theorem could be proved without reference to The- 
orem 9.5.12 if we assumed to begin with that A was a norm-closed, topo- 
logically irreducible *-subalgebra of B(#). 


Pure States 


9.6.3 Definition A representable positive linear functional w is Ss 
pure if it is non-zero and any representable positive linear functional w 

satisfying w’ < w is a real multiple of w. The set of pure arate of A is 
denoted by Ab. If r: A Ry U {oo} is any function, then A} p,r is the set 


{we Ab: 0% <r} = {we AL: 0” € N,(A)}. 


9.6.4 Theorem A representable positive linear functional w on a *-algebra 
A is pure if and only if T” is topologically irreducible. 

Hence every topologically irreducible *-representation of a *-algebra A 
is unitarily equivalent to T’ for some pure state w on A. 


Proof If T’ is topologically irreducible, Theorem 9.6.1 shows that any 
P € (T%)' is a scalar multiple of J. Theorem 9.4.20 now shows that w is 
pure. 

Conversely, suppose that w is pure. Let P bea Deojection in (Ty)’. 
Define w’: A > C by w'(a) = (TY Pz,, Pz,). Then w! is representable 
and satisfies w' < w by Theorem 9.4.20. Therefore, some t € R, satisfies 
w' = tw. Thus any a € JA satisfies 


0 = w'(a*a) — tw(a*a) = (TY, Pz,,, Pz.) — AG bale Aree ae 
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= (PT? 2u,T pte) — tT 20,7 Pz) = ((P — ta”, a”). 


Since A” is dense in H”, Theorem 9.1.20(e) implies P = tJ. Hence P is 
either 0 or J. Thus T is topologically irreducible by Theorem 9.6.1(d). 
The last sentence follows from Corollary 9.4.16. O 


9.6.5 Proposition Let A be a *-algebra. The following are equivalent for 
a representable positive linear functional w on A: 

(a) w is a pure state. 

(b) w ts a non-zero extreme point of Alas 

(c) For every T:A — Ry, U {oo} satisfying o” <7, w is a non-zero 

extreme point of Aes 
(d) For some rt € N(A), w is a non-zero extreme point of Aa 
(e) For some function tr: A > Ry, U{oo}, w is a non-zero extreme point 


of Aisi 


Proof (a)=>(b): We will use Proposition 9.4.22 several times. Suppose 

w = tw; + (1 — t)we holds for some t € [0,1] and wy,we € Aine Then 

tw, < wand (1—t)we < wimply tw, = s;w and (1—t)w2 = seqw for some real 

numbers s and 82 in [0,1]. The equation shows s;+s82 = 1. The inequalities 

t > |ltwil|a = ||siw||y = 8, and 1—¢t > ||(1 — t)w|ly = ||sew||y = so show 
= $,, (1 —t) = so. Hence w; = w = we; so w is an extreme point. 

(b)=>(c): Clear, since Ales is a convex subset of Ahi containing w. 

(c)=>(d): Obvious since we can choose rT = o”. 

(d)=(e): Obvious. 

(e)=>(a): Suppose that w is a non-zero extreme point of Avis If it were 
not a state, we could write w = ||w||#(|lw||Z w) + (1 — ||wl||z)0, so it is 
a state. If it were not a pure state, Theorem 9.6.4 would show that T“ 
was not topologically irreducible, so Theorem 9.6.1 would give a projection 
P € (T%)' with both P and I—P non-zero. Pythagoras’ theorem would give 
1 = |izu||? = ||Pz.||?+||(J —P)z.||? with both terms on the right non-zero 
since z, is topologically cyclic. Denote ||Pz,,||? by t and define w, and we by 
wi(a) = t 1 (TY Pz, Pz), and wo(a) = (1—t) "(TY (I — P)z, (I — P)z.) 
for all a € A. This would give w = tu; + (1 — t)we, which would contradict 
the extreme nature of w (since w; and we are easily seen to belong to Al, ,): 
Hence w is a pure state. oO 


We have remarked that an arbitrary *-representation is not the Hilbert 
sum of topologically irreducible *-representations. However, the next the- 
orem shows that any C*-semi-norm is defined by some Hilbert sum of irre- 
ducible *-representations. 


9.6.6 Theorem Let A be a *-algebra. 
(a) Ift:A — R, Uf{oo} is any function, then At , is the set of non-zero 
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extreme points of ee and satisfies Ane = CO(App U {O}). If A 
is unital, it also satisfies Al, = co( Al, ,). 

(b) The set of pure states satisfies Avs = c6(ALU{0}). If A is unital, 
it also satisfies A!, = co(Ab). 
(c) All non-zero o € N(A) satisfyo = V{o" : we Ab, }- 


Proof (a): Proposition 9.6.5(c) and (e) together show that Ale is the set of 
non-zero extreme points of Any: Since zero is also clearly an extreme point, 
At, U {0} is the set of all extreme points. Suppose next that 7 is finite- 
valued. Then Ais is convex and compact in the A-topology by Proposition 
9.5.8(b). Thus the Krein—Milman theorem shows Alex = co( Al, U {0}). 
If 7 is not necessarily finite-valued, then we still have 
Als, S WA tGe Ay.) 
U{ao( Ab, ,. U {0}) :w e AR} C co(AL, U {0}). 


Since Ap: is closed, convex and contains Ab, U {0}, we see Als é = 
co(AL,, U {0}). If A is unital, we see 


Ag, = {w € CAP, U {0}) : (1) = 1} = WAR). 


(b): This is a special case in which o(a) is infinite (or at least larger 
than any C*-semi-norm on A) for all a € A. 

(c): Theorem 9.5.4 shows that we may choose a *-representation T 
of A satisfying o(a) = ||T,|| for all a € A. Then Theorem 9.4.17 shows 
og =V{o" :w € O} for some set 2 C A}. Let a € A and e > 0 be arbitrary 
but fixed. We must find w € Ab, satisfying o”(a) > o(a) — €. Choose 
@ € 2 satisfying o“(a) > o(a) — e. We may suppose @ 4 0. Proposition 
9.5.7(a) shows that we may replace & by ||@||7'@ without changing 0”, so 
we may also suppose w is a state. Hence w belongs to Ane We may apply 
conclusion (a) to find a net {ws}sea converging to @ with each ws being a 
convex combination of elements from Ais U {0}. Since o”(a) > o(a) —€ 
holds, there is an element b € A satisfying 


[T2*||" /||b* ||" = &(b*a" ab) /(b"b) > (o(a) — €)”. 


Hence there is a 6 € A satisfying o”*(a) > o(a) — e. Proposition 9.5.7(b) 
shows o”8 = V{o" :w € T} for the set T of w € AL that occur with non- 
zero coefficients in the expression for ws as a convex combination. Thus 
there is some w € T C Ab, satisfying o“(a) > o(a) —e. Sincea € A 
and € > 0 were arbitrary and o was non-zero, we conclude that o equals 
V{o" :we Abi): 0 
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The next corollary emphasizes the power of conclusion (c). The Hilbert 
sum of topologically irreducible *-representations on the right in the corol- 
lary is highly non-unique. 


9.6.7 Corollary Any non-zero C'*-semi-norm a on any *-algebra A sat- 
isfies 


o(a) = ||(GvenT*)al| Vaed, 


where {T’ :w € 2} is a family of topologically irreducible *-representations 


of A. 
The following simple result will be needed later. 


9.6.8 Proposition Let A be a non-unital *-algebra. The restriction of 
each pure state of A' to A is either a pure state of A or zero. All pure 
states of A arise in this way. 


Proof Let @ be a pure state of A!. The expression 
w(A +a) =A+wu(a) VAtace A! 


clearly defines an w € At. If ||w||#z is strictly less than 1 but non-zero, 
Proposition 9.4.23 gives a non-trivial direct sum decomposition of 7”. If 
H” is zero, then Proposition 9.4.16 shows w = 0. Otherwise ||w||q = 1 
holds, so w is a state of A. Applying Proposition 9.4.23(b) to w, we find 
that T” is irreducible; so w is a pure state. Proposition 9.4.23 shows that 
every pure state of A arises as a restriction of one on A!. oO 


The next proposition extends the above result to arbitrary *-ideals in a 
*-algebra. 


9.6.9 Proposition Let A be a *-algebra and let Z be a *-ideal of A. 
Let T be an irreducible *-representation of A. Then the restriction of the 
*-homomorphism of T to Z is either trivial or irreducible. Let w be a pure 
state of A. Then the restriction of w to T is either a pure state or zero. 


Proof Let S denote the restriction of the *-homomorphism of T to Z. If K 
is an S-invariant subspace, then SzK~ = Tz;K™ is a T-invariant subspace 
since we have T4(TzK)~ C (TzK)~ C (TzK)~. Hence SzK7~ is either {0} 
or H. Therefore, S is either trivial or irreducible. 

Let w bea pure state. Let S be the restriction of the *-homomorphism of 
T” to TZ. If S is zero, then w(b) = (Tf 24, 21) = (Ss2u, 2) = O holds for all 
b € T; so wz is zero. If S is irreducible, then Theorem 9.6.4 and Corollary 
9.4.16 show that the restriction w|z of w to Z is pure since (w|z)(b) = w(b) = 
(Ty 2, Zw) = (Sb2%u, Zw) holds for all b € Z. Since z,, is topologically cyclic 
for S, ||w|z||# = ||z.]|? shows that w|z is a state. 0 


970 9: *-Algebras 9.6.10 


Finally we give some simple consequences of Theorems 9.6.1 and 9.6.4 
when the *-algebra is commutative. 


9.6.10 Theorem Let A be a commutative *-algebra. Any topologically 
irreducible *-representation of A is one-dimensional and hence algebraically 
irreducible. The set A\, of pure states equals the set of *-homomorphisms 
of A onto C. Hence At is a subset of the Gelfand space Ty, of A. 

If the spectrum of every hermitian element in A is included in R, then 
every element of the Gelfand space is a *-homomorphism and pure state; 
SO Al, =) A: 


Proof If T is a topologically irreducible *-representation of A, then Theorem 
9.6.1 shows T, C (T,4)! = CI. Irreducibility forces the representation space 
to be one-dimensional. Hence if w is a pure state, a4 w(a) = (TYzy, 2) 
is multiplicative since the unit vector z,, can be identified with 1 € C. Any 
*-homomorphism onto C can be interpreted as an algebraically irreducible 
*_representation on the one-dimensional Hilbert space C by multiplication. 

If Sp(h) is a subset of R for all h € Ay, then every y € Ty is a 
*-homomorphism. Hence it may be regarded as the (necessarily alge- 
braically irreducible) *-representation on C defined by multiplication or 
as the pure state associated with that *-representation. oO 


This theorem and Corollary 9.6.7 show that for a *-algebra satisfying 
Sp(h) C R for all h € Ag, the three expressions below for o(a), 
o(a) = [allo = sup{|w(a)| : w € Ap} 
sup{||Ta|| : T is a *-representation of A} VaeAdA, 


are equal. If they are finite for all a € A, o is a unique largest C*-semi- 
norm. If A is a commutative spectral *-algebra satisfying Sp(h) C R for 
all h € Ay, these expressions are finite-valued and equal to the unique 
spectral C*-semi-norm o(a) = p(a*a)!/?. The next chapter will contain 
additional similar results, and Section 9.8 deals with *-algebras with the 
spectrum of each hermitian element real. (Cf. Theorems 9.7.12 and 10.4.3 
and Proposition 10.1.14.) 


9.6.11 Proposition Let A be a non-unital *-algebra and let wo: A! > C 
be defined by wo(A + a) = XA for allX +a€ At. The map that restricts 
a linear functional on A’ to A defines an affine homeomorphism of (ALE 
onto Als: which sends (A!)1 \ {wo} onto Al, and wo to 0. 


Proof This is an easy consequence of Theorem 9.6.4 and Proposition 9.4.23. 
The latter proposition shows that restriction to A, which we will denote by 
w +> ®, maps (A')§ onto AR ,. It is obviously an affine homeomorphism 
since any state w on A’ satisfies w(1) = 1. Proposition 9.4.23(a) shows that 
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if ||||z7 is strictly less than 1, then there is a one-dimensional T“-invariant 
subspace in H”. Hence w is not pure unless either w = wo or ||| = 1. 
In the latter case, (b) of the same proposition shows that Ty’, , = Al + Te 
so T“’ must be irreducible and @ must be pure. O 


9.6.12 Pure States on M2 We wish to give an elementary example 
in detail. We first consider the case of M, for any n € N, specializing to 
n = 2 jater. As a special case of Theorem 9.1.39 we get: 


Proposition For anynéN and BE Mp, define wg:A—- C by 
wp(A) = Tr(AB) = Tr(BA) VAE My. (1) 


Then wp is a ( hermitian / positive ) linear functional if and only if B is 
a ( hermitian / positive ) matriz. 


Proof From the definitions, Tr(A*) = (Tr(A))* and Tr(A*A) > 0 are 
clear. It is also easy to see that B +> wg is a linear isomorphism of M,, 
onto the Banach space dual M;. The hermitian case is now settled by the 
calculation wg(A*) = Tr(A*B) = (Tr(B*A))* = (wg-(A))*. Recall that B 
is positive if and only if it is hermitian and all of its characteristic values are 
non-negative. If B is positive, we write we(A*A) = Tr(B!/? A*AB!/?) = 
Tr((AB!/?)*AB!/2) > 0 to see that wg is positive. Conversely, if we is 
positive, let x be an arbitrary characteristic vector for B with Euclidean 
norm n~—!/2 and corresponding characteristic value t. Define A to be the 
matrix with all of its columns equal to x. Then A satisfies BA = tA 
and Tr(AA*) = Tr(A*A) = n||x||? = 1. Hence we get t = Tr(tAA*) = 
Tr(BAA*) = wp(AA*) > 0. Since ¢t was an arbitrary characteristic value, 
B is positive. 0 


We will denote M2 by A when convenient, and let A be the generic 
matrix 


A=(° A where a,8,7,6€EC. (2) 


We shall first determine the C*-norm of A which is just p(A*A)!/?, where 


oe ( lal? +|y/? a8 the | | 
(a*B +75)" |Bl? + [4]? 
Hence Tr(A*A) = |a|? + ||? + |y|? + [4]? is the square of the Hilbert- 
Schmidt norm ||A||,,5 of A. To simplify notation, we denote this norm by 
H. The C*-norm of A can be considered as a perturbation of the Hilbert— 
Schmidt norm H. If we denote the determinant of A by D = ad — 7, 
then we get Det(A*) = D* and Det(A*A) = |D|?. Hence we can write the 
characteristic polynomial of A*A as \? — H?\ + |D|?. Since both roots are 
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necessarily positive, the larger root (which equals p(A*A)) can be written 
as (H? + ,/H4 — 4|D|? )/2. Thus the C*-norm of A is given by 


Sx be GLire 


2 


All = IAllars V AE Mp. 


This shows 


[Alls 
om 


with equality on the right if and only if A is not invertible. The criterion 
for equality on the right becomes obvious when one realizes that a matrix 
in M, that is not invertible is either 0 or rank-one. We claim that equality 
holds on the left for a matrix A of norm 1 if and only if A is unitary, i.e., 
if and only if A is a vertex of the unit ball. If A is unitary, it satisfies 
|Det(A)|? = Det(A*)Det(A) = Det(A* A) = 1, ||A|| = 1 and ||Allys = V2 
(since each of its rows and columns is a unit vector). Conversely, if ||A|] = 1 
and ||Al|ws = V2, then |Det(A)| must be 1. Suppose |a|? + |6|? = s and 
ly|? +|6|? = 2—s. Then 1 = |ad — By)? < (lal? +18]?)(Iyl? + |6]?) = 28 — 8? 
forces s to be 1, so that A is unitary. 

By checking the determinant and trace, we see that a matrix B € M2 
is positive if and only if it has the form 


< [Al] <|[Allas  VAE M2 


B= * 4 , where s,t€R,; 7 € (st)'/?D. (3) 


Every positive linear functional on A is representable, so we get Al, = At. 
Let us denote wg by wsz,, in the notation of (1) and (3). This gives 


llws,enlla = we(Z) = Tr(B) = s +t, so we find 
Al = {Wstn:8,tE RR; 7 € (st)!/2D} 
Any = {Wetn:8,t € Ry; 7 € (st)'/*D, s+t<1} 
Al = {wWes—en: 8 € [0,1]; 7 € (s(1 — 5))1/2D} 
Ap = {we1—sn:8 € [0,1]; 7 € (8(1 — 8))!/?T}. 


It is easy to see that the uniform structure of pointwise convergence on each 
of these sets agrees with the topology of its parameter set. The last two 
sets above lie in a three-dimensional space over R. They are, respectively, 
a cigar-shaped solid (with circular cross sections) and its boundary. The 
boundary consists of all linear functionals wey with B a one- -dimensional 
projection. The unit vector (s!/2¢, (1 — s)!/2) spans the space associated 
with w, 1~5,(s(1—s))}/2¢, Where s € [0,1] and ¢ € T. 
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We now explicitly calculate the Gelfand—Naimark construction for states 
in the present easy case. We see 


Ws,1—sn(A*A) = s(la|? + ly”) + (1 — 8)(1B]? + |6]?) + 2Re(n(as* + 7d"). 


If & = We 1-s,7 iS any state that is not pure, it is easy to see Az = {0}, so 
A® = H® is just the four-dimensional space A with a new norm. If @ is an 
impure state, the *-representation T” is unitarily equivalent to that given 
by w = wi,1,0 (which is 2 times a state). The Hilbert space H” is just C4 
with its usual inner product, and T4(A’) (where A’ is the matrix with a 
prime attached to each entry in A) is given by A @ A((a’,7’)’, (8’,6’)7), 
where the superscript T denotes transpose. This representation is not irre- 
ducible, but it is factorial in a sense that we will explain later. Of course, 
the canonical cyclic vector is J” = ((1,0)7, (0,1)7). 

We have just noted that each pure state has the form w = wg for some 
one-dimensional projection &. For any one-dimensional projection & and 
any A € Mo, there is a A € C satisfying EAE = AE. If we apply the trace 
to this equation, we get 


w(A) = Tr(EA) = Tr(E? A) = Tr(EAE) = Tr(AE) = 4, 
which implies EAE = w(A)E. We conclude 
A, ={AE€A: EA*AE=0} = {AE A: AE =D}. 


Hence we may identify HY = A” with {A € A: AE = A}. When this 
is done, the inner product is given by (A,B), = Tr(B*A) and the *- 
representation is simply T4(B) = AB for all A € Aand all B € A satisfying 
BE=B. 

Clearly all of these *-representations are unitarily equivalent. If w = 
wWio,o, then T'4(A’) is just the usual action of A on the column vector 
(a’, 7’)? with the usual inner product on C?. 


9.6.13 The *-Structure Space II*, and Dual Space A of a *-Algebra 
A We will define these concepts and then explain their origin in terms of 
the *-algebra £1(G) for a locally compact abelian group G. The *-structure 
space is a direct generalization of Nathan Jacobson’s structure space for 
rings introduced in [1945b]. For C*-algebras (where it equals Jacobson’s 
structure space by Corollary 10.5.4 below) the structure space has been used 
as an adjunct to defining the dual space (just as we are about to do) from 
the beginning, but its deeper exploitation, which we describe in Section 
10.5 below, is more recent. The idea of the dual space grew from Roger 
Godement [1948] and Irving Kaplansky [1951b], but was given its present 
importance by George Mackey [1951] and in his subsequent publications. 
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Definition Let A be a *-algebra. The set of kernels of topologically 
irreducible *-representations of A, with its hull-kernel topology, is called 
the *-structure space of A and is denoted by II*,. 

As a set, the dual space (or spectrum) of A is the set A of unitary 
equivalence classes [T] of topologically irreducible *-representations T of A. 
Since the kernel of a *-representation is obviously invariant under unitary 
equivalence, there is a well-defined map k: A — II*, that attaches to each 
equivalence class the kernel of one of its *-representations. The topology of 
A is the topology of II*, pulled back through this map k. 


Proposition 4.2.5(a) shows that each ideal in the *-structure space II*, is 
a prime ideal, so Definitions 7.1.1 and 7.1.4 give the hull-kernel topology on 
II*,. The dual space A is given the topology that makes the map k: A Il", 
continuous and open. This is one of three equivalent standard definitions 
of the topology on A, but we remark that in certain respects the Borel 
structure of A is more fundamental than the topology itself. 

Dixmier [1977], Corollaries 3.3.8 and 3.4.13, state that if A is a C*- 
algebra, then J is a locally quasi-compact Baire space. (We follow Dixmier 
in using Bourbaki [1966] terminology here. A quasi-compact topological 
space is a compact space (every open cover has a finite subcover) but is 
not-necessarily Hausdorff (Definition 1.9.1). A Baire space is a topological 
space in which every countable intersection of dense open sets is dense 
(Definition IX.3.3).) Corollary 3.3.9 in Dixmier {1977] records the closely 
related fact that in the (relatively rare) case when J is also Hausdorff, the 
map [T] + ||Ta|| is well defined and continuous from [T] € A to R, for all 
ace JA. 

The Jacobson topology on II", always satisfies the To separation axiom, 
but seldom the 7; separation axiom. If k were not injective, A could not be 
To, so A is To if and only if k is a homeomorphism. According to condition 
(5) of §9.3.26, this is true for any Type I C*-algebra and it is equivalent to 
Type I at least for separable C*-algebras. In Section 10.5 we will introduce 
*_regular BG*-algebras. (All Banach *-algebras are BG*-algebras.) If A is 
a Type I, *-regular BG*-algebra, then A is To. If Aisa *-regular BG*- 
algebra that is separable in its Gelfand-Naimark semi-norm, then it is Type 
I if and only if k is a homeomorphism. 

Corollary 10.5.4 below shows that when A is a C*-algebra, II% is the 
ordinary structure space II4 = {primitive ideals of A}. Suppose that A 
is a separable C*-algebra and its dual A satisfies the T,-separation axiom 
(all singleton sets are closed). We have just seen that A is Type I. In this 
case, the equivalent conditions given in §9.3.26 show that the range of each 
irreducible representation contains all of the compact operators. Also, the 
kernel of each irreducible representation is maximal. Thus the range of 
each irreducible representation must equal the ideal of compact operators. 
Therefore, A is liminal (= CCR). Conversely, if A is liminal, then the kernel 
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of each irreducible representation is maximal, so IL, and A satisfy the 7)- 
separation axiom. Therefore, at least for separable C*-algebras, A is T, if 
and only if A is liminal. 

Neither name we have given for A is felicitous. In many cases the 
*-algebra A is normed and its Banach space dual A®* is of interest. Hence 
the “dual space of A” can be confusing. On the other hand, if the *-algebra 
A is not symmetric, there is no close relationship between the spectrum of 
an element of A and A, so that the name “spectrum of A” is misleading. 
We would be happy to call A the Mackey space of A. Since the established 
names will prevail, we shall use “dual space of A” for A and say “Banach 
space dual of A” when that is what we mean. 

For each *-algebra A, there is a commutative diagram connecting the 
pure state space with these two new topological spaces. The horizontal 
map below attaches the unitary equivalence class [T“] to the topologically 
irreducible *-representation T“” which represents the pure state w. The map 
k is defined by 


k(w) = ker(T”) = {a € A: w(b*a"ab) = 0 for all b € A} 
and k has already been defined. Theorem 9.6.4 shows that these maps are 


surjections. These maps are continuous and open since ker(7™“) is in the 
closure of a subset B of II", if and only if w(b*a*ab) = 0 holds for all 
a € NgewQ and all b € A. (Dixmier [1977], Theorem 3.4.11, gives the 
argument when JA is a eran ) Thus the topology of A can be defined 
as the quotient topology of Al p under the horizontal map. An important 
consequence of this fact (Corollary 3.4.13 op.cit.) is that A is a Baire 
space for any C*-algebra A. For C*-algebras Sections 3.5-3.7 in the same 
reference give a third way of defining the topology on the dual space in 
terms of the natural topology of the set of all *-representations (or of all 
topologically irreducible *-representations) of A on a particular Hilbert 
space of Hilbert space dimension n where n varies. For separable C*- 
algebras and n < No, these sets are Polish spaces. 

Let T be a *-representation of a *-algebra A on a Hilbert space H. Then 
each positive linear functional on A of the form a +> (T,(z),xz) for some 
xz € H is said to be associated with T. If S is a set of *-representations of 
A, we say that T is weakly contained in S if each positive linear functional 
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associated with T is the weak* limit of linear combinations of positive 
linear functionals associated with the representations in S. James Michael 
Gardner Fell showed in [1960] that if A is a C*-algebra, then T is weakly 
contained in S if and only if ker(T) is in the Jacobson closure of {ker(S) : 
S€S}. 

George Mackey [1957] showed that for any C*-algebra the Borel struc- 
ture of A is the quotient of a standard Borel space. He conjectured and 
partially proved (completed by James Glimm in his important paper [1961}) 
that the Borel structure of A is itself standard if and only if A is a Type I 
algebra. In this case A is said to have a smooth dual. Glimm showed that 
when A is not Type I, then no countable set of Borel functions can separate 
the points of A. This can be interpreted to mean that there is no way to 
parameterize a non-smooth dual. See William Arveson [1976] and Dixmier 
[1977]. Subsequent work has softened the blow of this discouraging result. 

Historically, A was defined as a way to generalize the Pontryagin dual 
G of a locally compact abelian group G to non-commutative groups. We 
shall explain this in terms of the group *-algebra L}(G) although another 
*-algebra C*(G), which we will introduce in Section 10.1, was actually used. 
(As a set, A is no different in these two cases, but its topology may be.) 

The results we need about L1(G) of a locally compact abelian group G 
were recorded in Section 3.6 of Volume I. The involution was introduced in 
§9.1.8 above. Let G be a locally compact abelian group and let G be its 
Pontryagin dual or character group: 


G = {x:G > T: x is a continuous group homomorphism}, 


as introduced in Definition 3.6.1. Thus G carries the compact-open topol- 
ogy as a set of maps from G to T. Characters in G can be regarded as 
functions in L(G) and hence as linear functionals on the usual group al- 
gebra A = L'(G). Theorem 3.6.3 shows that this identification gives a 
homeomorphism of G onto the Gelfand space Ty. 

As noted in §9.1.8, A is an abelian Banach *-algebra satisfying the condi- 
tion of the last sentence of Theorem 9.6.10. Hence, by thinking of characters 
in G C L©(G) as linear functionals on A = L!(G), we can identify G with 
the pure state space Al, of A. However, by thinking about G as the Gelfand 
space of A, we can also recognize it as the set of all *-representations of A 
on C. Since A is commutative, every irreducible *-representation of A is 
one-dimensional. Thus every irreducible *-representation is unitarily equiv- 
alent to one on C. Two *-representations of A on C are unitarily equivalent 
if and only if they are equal. Thus we may finally regard G C A* as the 
set A of unitary equivalence classes of *-representations of A. Theorem 
3.6.14 shows that the topology of G also agrees with the topology of A. It 
is this interpretation which we extend from the abelian symmetric case to 
the general case. 
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If G is a non-abelian locally compact group, the set G of unitary equiv- 
alence classes of topologically irreducible unitary representations of G can 
still be identified with the set A of unitary equivalence classes of topologi- 
cally irreducible *-representations of A whether J is interpreted as L'(G) 
or as C*(G). The Theorem of §1.9.14 shows this after checking that the 
involution behaves correctly. In this case, G has no obvious topology, so 
the topology introduced above for A is essential. The space A has now 
been calculated for many C*-algebras. 


Factorial Representations 


If T is a topologically irreducible *-representations of a *-algebra A on 
a Hilbert space H, Theorem 9.6.1 shows that (T,4)’ is just CJ. Thus the 
von Neumann algebra (T,4)” generated by T is all of B(H). Of course 
B(H) is (among other things) a von Neumann algebra factor. In some 
situations it is useful to generalize the class of topologically irreducible 
*_representations by this observation. Unitary equivalence is generally too 
strong an equivalence relation for the new concept. 


9.6.14 Definition A *-representation T of a *-algebra J is called factorial 
if the von Neumann algebra (T'4)” generated by T', is a factor. 

Two *-representations T and S of a *-algebra A on Hilbert spaces H and 
K, respectively, are said to be quasi-equivalent if there is a W*-isomorphism 
y:(T4)" > (S,4)”" satisfying y(Ta) = Sq for alla € A. 

The set of quasi-equivalence classes of factorial *-representations of a 
*-algebra A is called the factorial dual of A and denoted by A. The set 
®, of kernels of factorial *-representations is called the factorial structure 
space of A. 


The reader may wish to review the results in Section 9.3, starting with 
Definition 9.3.18. Of course (T.4)” is a factor if and only if (T4)’ is, but it is 
the former von Neumann algebra that we want to focus on. Indeed, quasi- 
equivalence is a way of ignoring (T',4)’. The factorial dual A is sometimes 
called the quasi-dual of A. 


9.6.15 Theorem The kernel of a factorial *-representation of a *-algebra 
is a prime ideal. Hence every *-algebra A satisfies ®, C Pa. 


Proof Let T: A > B(H) be a factorial *-representation. Then A = (T,)" is 
a prime algebra by Theorem 9.3.19. Lemma 6.3.6 implies that T4 is also a 
prime algebra since it is dense in A in the strong operator topology by the 
von Neumann density theorem (Theorem 9.3.3). Since T4 is *-isomorphic 
to A/ker(T), this proves that ker(7) is a prime ideal. 0 


_ Now we can provide A with a topology in the same way we provided 
A with a topology. It is clear from the definition of quasi-equivalence that 
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quasi-equivalent factorial *-representations have the same kernel. Hence we 
consider the natural map 


k:A +6, C Pa, 


which attaches to each quasi-equivalence class the kernel of any of the 

*-representations it contains. The hull-kernel topology on ®, can then be 
pulled back to A through &. From now on we always consider that ®,4 and 
A are endowed with these topologies. (These topologies are not completely 
standard. For instance, Dixmier [1977] says in §7.4.1, “We do not really 
know which topology is most suitable for A .”) 

The remarks in §9.3.23 show that if (T4)" is a Type I factor, then 
there is a unique unitary equivalence class of topologically irreducible 

*_representations, so that J' is quasi- -equivalent to any *-representations 
in this class. Hence we may regard A as the subset of A consisting of 
those factorial *-representations that are of Type I. For Type I *-algebras 
(defined in §9.3.26), A and A are equal and we have no need for the latter 
set. (In §9.6.13, we showed that A (hence A) satisfies the To separation 
axiom for Type I, *-regular BG*-algebras.) For non-Type I *-algebras, the 
factorial dual and factorial structure space display important elements of 
the structure of the *-algebra. 

An insight into the meaning of quasi-equivalence is given by the follow- 
ing criterion. Two *-representations JT’ and S of the same *-algebra A are 
quasi-equivalent if and only if there exist multiples of T and of S that are 
unitarily equivalent. Here a multiple of a *-representation T simply means 
the Hilbert sum of a certain (not-necessarily finite) number of copies of 7’. 

Factorial *-representations are not always topologically cyclic, so they 
do not always arise by the Gelfand—Naimark construction described in Sec- 
tion 9.4. The situation can already be illustrated by the pair of commuting 
Type I factors in B(C°) given in §9.3.25. The vector (1,0,0,0,1,0) is ob- 
viously topologically cyclic for A. No vector can be topologically cyclic for 
A’ since a four-dimensional algebra cannot fill up a six-dimensional space. 

In these two subsections we have given only the most basic facts about 
the dual space A and the factorial dual space 4. Chapters 4 and 5 of 
Jacques Dixmier [1977] give important background information, although 
it is usually stated only for C*-algebras. 


9.7 The Reducing Ideal and *-Representation 
Topology 


The previous section shows that topologically irreducible *-representa- 
tions will be plentiful whenever there are enough *-representations. We 
will now investigate the existence of *-representations. In fact, this sec- 
tion is mainly devoted to two constructions that measure the richness of 
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the *-representation theory of a *-algebra. The first device—the reducing 
ideal—is classical and goes back to Gelfand and Naimark [1948]. The re- 
ducing ideal is the *-ideal of elements that cannot be distinguished from 
zero by *-representations of the *-algebra. Thus a *-algebra is completely 
determined by its *-representations if and only if the reducing ideal is zero. 
Such an algebra is said to be reduced. This ideal defines a radical in cer- 
tain categories of *-algebras but not in the category A®* of all *-algebras 
and all *-homomorphisms. In that category, as we have already begun 
to see in previous sections, pre-*-representations on pre-Hilbert space arise 
more naturally than *-representations. Accordingly, the pre-reducing ideal, 
consisting of the elements that cannot be separated from zero by pre-*- 
representations on pre-Hilbert spaces, defines a radical in the category A*. 
In certain full subcategories of A*, which will be studied in Chapter 10, and 
in the category of all Banach *-algebras and all continuous (or contractive) 
*-homomorphisms, which will be studied in Chapter 11, the reducing ideal 
and the pre-reducing ideal coincide and define a radical. 

The second device for measuring the richness of the *-representation 
theory of a *-algebra is the *-representation topology. It is first introduced 
in print here. This topology is defined in terms of the *-algebra structure. 
It is Hausdorff if and only if the *-algebra is reduced. The continuous lin- 
ear functionals, closed left ideals and closed ideals defined in terms of this 
topology have interesting properties. For the classes of *-algebras intro- 
duced in Chapter 10 and for Banach *-algebras, this topology is given by 
an algebra semi-norm. 

At the end of this section, we consider several properties satisfied by 
ali reduced *-algebras. The logical relationship between these properties is 
thoroughly investigated. 


The Reducing Ideal 


9.7.1 Definition Let A be a *-algebra. The intersection of the kernels of 
all of the *-representations of A is denoted by Ap and is called the reducing 
ideal of A. If the reducing ideal equals ( {0} / A ), then A is said to be 
« reduced / *-radical ). 


C*-algebras are reduced by definition. Furthermore, Theorem 9.5.4 
shows that any *-algebra with a C*-norm is reduced. Hence the *-algebras 
B(H)xs of Hilbert-Schmidt operators (Theorem 9.1.32) and B(H)7 of 
trace-class operators (Definition 9.1.34) are reduced Banach *-algebras. 
Reduced Banach *-algebras are called A*-algebras by Rickart [1960] and 
others. (A*-algebras always have a C*-norm, as we shall show in Section 
10.1.) According to Theorem 12.4.4 below, L'(G) is reduced for each locally 
compact group G. 
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9.7.2 Theorem The reducing ideal of a *-algebra A is a *-ideal satisfying 


Arn = MA, :0€ N(A)} =N{ker(T’) : w € At} 
= M{ker(T’):we€ Al} = N{ker(T”) :we Als 
= n{A,:we€ AL} =n{A, sw € Ab} 
= mM{ker(w):w€ AL} = n{ker(w) : w € Ab}. 


Hence there are enough topologically irreducible *-representations of a 
reduced *-algebra to separate its points. 


Proof Proposition 9.5.2 and Theorem 9.5.4 show the equality of An and 
N{A, :o € N(A)}. The equality of the first five sets now follows from The- 
orem 9.6.6. Proposition 9.4.18(b) shows ker(T”) C A, C ker(w). Hence 
the very last set includes all the rest. Theorem 9.6.6(b) shows that the last 
two sets are equal. Hence Proposition 9.5.7(g) shows that all of the sets are 


equal. 
The last sentence is an immediate consequence of the equality Ar = 
A{ker(T”) :w € A\,} and Theorem 9.6.4. Oo 


The next result shows that the reducing ideal has one of the basic prop- 
erties of a radical. 


9.7.3 Theorem Let A be a *-algebra and let Z be a *-ideal included in 
Ar. Then (A/Z)r equals An/TZ. In particular, (A/Ar)r = {0}, so A/ArR 
is reduced. 


Proof Let y: A + A/T be the natural map. Then Toy is a *-representation 
of A if T is a *-representation of A/Z. Conversely, since Z is included in Ap, 
any *-representation of A can be written as T'oy for some *-representation 
T of A/Z. These remarks imply (A/Z)r = Ar/Z. The last sentence is an 
immediate consequence. 0 


The following simple proposition is both weaker and stronger than one 
might expect. If it were true (Example 9.7.27 shows that it is not) that any 
*_ideal ZT of a *-algebra A satisfies Zp = Ag MZ, then Ag would define a 
radical in the category of *-algebras. Theorem 10.1.22 and Corollary 10.4.24 
in Chapter 10 show two classes of *-algebras (one of which includes the class 
of Banach *-algebras) in which Zp = AR MT does hold. In this section we 
will also see that Zz = Ap MT holds in commutative *-algebras. On the 
other hand, if we think of the reducing ideal as similar to a typical radical, 
we do not expect to be able to say anything about the reducing ideal of a 
*-subalgebra. For instance, a subalgebra of a Jacobson semisimple algebra 


may be Jacobson radical (e.g., the subalgebra of strictly upper triangular 
matrices in the algebra of all matrices). 
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9.7.4 Proposition Any *-subalgebra B of any *-algebra A satisfies Br C 
Ar OB. Hence any *-subalgebra of a reduced *-algebra is reduced. 


Proof If b belongs to B \ Ar, then there is some *-representation T of A 
satisfying T, # 0. Since Tz is a *-representation of B which is non-zero at 
b, we conclude that 6 does not belong to Br. O 


The *-Representation Topology 


Proposition 9.2.2 shows that the range of any *-representation T' of a 
*_algebra on H is contained in the Banach algebra B(H). This suggests the 
following definition. 


9.7.5 Definition Let A be a *-algebra. The *-representation topology on 
A is the weakest topology that makes each *-representation T: A > B(H) 
continuous with respect to the norm topology in B(H). Denote by A! 
the linear space of linear functionals on A that are continuous in the *- 
representation topology. This space will be regarded as carrying the topol- 
ogy of pointwise convergence on A (i.e., the relativized A-topology of A‘). 


Next we record a few simple facts about the *-representation topology. 


9.7.6 Proposition Let A be a *-algebra. 

(a) The reducing ideal in A is the closure of {0} in the *-representation 
topology. 

(b) The *-representation topology is the locally multiplicatively convex 
topology defined by the set N(A) of C*-semi-norms on A. Hence, 
in the *-representation topology, A is a semi-topological algebra 
which is a topological algebra if and only if A is reduced. 
Furthermore, the involution * is a homeomorphism and multiplica- 
tion is jointly continuous in the *-representation topology. 

(c) Ifa belongs to an open subset S of A in the *-representation 
topology, then there is aa € N(A) and ane > 0 satisfying 
{bE A:a(a—b)<e} CS. 


Proof (a): This is clear from the definitions. 

(b): This follows from Proposition 9.5.2 and Theorem 9.5.4. 

(c): By (b), there is a finite set {o1,02,.-.,0n} of semi-norms in N(A) 
and a finite set {€1,€2,...,€n} of positive real numbers satisfying {6b € A: 
aj(a— 6) < €5;7 = 1,2,...,n} € S. However, o = V7_, oj belongs to 
N(A) by Proposition 9.5.3(e). Thus for « = min{é,€2,...,én}, we have 
{bE A:a(a-—b)<e} CS. oO 


A locally convex topology defined by a family of C*-semi-norms is called 
a locally multiplicatively convex C*-algebra (usually abbreviated |.m.c. C*- 
algebra). Thus the *-representation topology on a *-algebra A is the largest 
(finest, strongest) l.m.c. C*-algebra topology on A. If 7 is any other |.m.c. 
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C*-algebra topology on A, we can consider it as defined by all its continuous 
C*-semi-norms. Thus these topologies are in bijective correspondence to 
certain subsets of N(A). A characterization of these subsets would be of 
interest. Furthermore, it would be interesting to know which *-algebras 
A have a subset of N(A) corresponding to a complete |.m.c. C*-algebra 
topology. Theorem 9.4.15 shows that any continuous, Hilbert bounded 
positive linear functional on an l.m.c. *-algebra is representable. 

Property (c) in the next theorem is proved by reducing to the case of 
C*-algebras. 


9.7.7 Theorem Let A be a *-algebra. 
(a) Each w € A} is continuous with respect to some C*-semi-norm. 
(b) A positive linear functional on A is representable if and only if it 
belongs to At. Hence for each positive linear functional in A}, the 
left ideal A,, is closed in the *-representation topology. 
(c) The linear space A! is the linear span of Al, in Al. 


Proof (a): The set {a € A: |w(a)| < 1} is open and contains zero, so 
Proposition 9.7.6(c) shows that there is ao € N(A) and ane > 0 satisfying 
{a€ A: a(a) <e} C {a € A: |w(a)| < 1}. This implies |w(a)] < e~'o(a) 
for alla € A. 

(b): If w is representable, then a> TY » (T’2,,2 ) = w(a) is con- 
tinuous for all @ € A. Conversely, if w is continuous, then by (a) it is 
continuous with respect to some o € N(A) and hence is representable 
by Theorem 9.5.17. The continuity of multiplication and the involution, 
proved in Proposition 9.7.6(b), makes it clear that the left kernel A,, of a 
representable positive linear functional w is closed in the *-representation 
topology. 

(c): From (b), it is clear that the linear span of Al, is included in 
A?. Conversely, suppose that w belongs to A?. By (a), w is continuous 
with respect to some 0 € N(A). Theorem 9.5.4 shows that there is some 
*_representation T: A + B(H) satisfying o(a) = ||T,|| for all a € A. Hence 
w can be considered as a continuous linear functional on 74 in B(H). By 
continuity, w can be extended to a continuous linear functional @ on the 
closure B of Ty, in B(H). Then B is a C*-algebra. Theorem 9.5.20 shows 
that there are positive linear funcnoua. w, on B for k = 0,1, 2,3 satisfying 
w= Sy _,i*w,. Thus w equals Seo ttwe oT and each wy oT ea positive 
linear functional in A!. O 


9.7.8 Theorem Any *-homomorphism vy: A — B between *-algebras A 
and B satisfies: 
(a) p(Ar) C Br. 
(b) y ts continuous with respect to the *-representation topologies of A 
and B. 
(c) yt: Bi At maps Bt into At, Bt into Al, and Bh into Aig 


9.7.9 The Reducing Ideal and *-Representation Topology 983 


Proof (a) and (b): If T is a *-representation of B, then T o y is a *- 
representation of A. Thus if {ag}aca is a net converging to zero in the 
*-representation topology of A, then {y(a.)}aca certainly converges to 
zero in the *-representation topology of B. Thus y is continuous. We 
conclude y(Ar) = y({0}~) € {y(0)}” = Br. 

(c): Since y is continuous and y! is defined by yt(w) = woy for w € Bt, 
it is obvious that y maps B? into At. Any w € BL and any a € A satisfy 
yt(w)(a) = wo Yy(a) = (Te a) %w » Zw) Hence y!(w) is representable by 


Theorem 9.4.15(e). Thus y maps Bi, into Al. Finally, 
ie! (w)(a)? = |w(y(a))?? < |lwllaw(p(a)*¢(a)) = |lwllay"(w)(a*a) 
shows that yt maps B}, , into Ah .. O 


Closed Ideals 


In the next theorem, (b) is proved by reducing to the case of a 
C*-algebra. The arguments used here to prove this special case will ap- 
pear later in somewhat elaborated form. 


9.7.9 Theorem Let A be a *-algebra, £L a left ideal in A and L~ the 
closure of L in the *-representation topology. 
(a) The sets {w € Al > LC ker(w)} and {w € Ar > £0 A} are equal. 
(b) Denoting the set described in (a) by L+, we get 


Lo = MA, :welty=n{A,:weltnAd}. 
(c) An element a € A belongs to L~ if and only if a*a belongs to L-. 


Proof (a): Proposition 9.4.18(a) shows that for any Hilbert bounded posi- 
tive linear functional w on A, A,, is the largest left ideal included in ker(w). 
Hence for w € Ales L is included in ker(w) if and only if it is included in 
Ais: 

(b): Theorem 9.7.7(b) shows that £L' = N{A, : w € L+} is a closed 
left ideal which includes £. Hence it includes £~. In order to prove the 
reverse inclusion, it is enough to show that there is no element b € CL’ 
which is not in C~. If b € L’ is not in L~, Proposition 9.7.6(c) shows that 
there is some C*-semi-norm o and some positive € so that no element of 
£ is in the € ball around 6 in the o-topology. Let T: A — B(H) be an 
essential *-representation of A satisfying o(a) = ||T,|| for all a € A, and 
let B be the unital C*-algebra generated by T, and J in B(H). For ease of 
reference we will use d and L~ to represent J, and the closure of Tz in B, 
respectively. By construction, d is not in £~. If w is any state on B then 
wo T is a representable positive linear functional on A, so d does belong 
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to N{B, :w € BL; L~ C B,,}. Theorem 9.5.20 shows that Bi, is compact. 
For each n € N, define 2,, by 


OQ, = {w € BL: w(d*d) > n7?}. 


Each 22,, is closed and hence compact, and is disjoint from £+ since w(d*d) 
is 0 for each w € Lt. Therefore, for each w € ,, there isac, € L 
satisfying w(c*c,) > 0. Since Q, is compact, there must be a finite set 
{c1,€2,---;C€m} C L£ such that each w € Ny is positive at cic, for some 
k = 1,2...,m. Hence each w € Q, is positive at g = ) 7, cfce. Using 
the compactness of 0, again, we see that {w(q) : w € Ny} is bounded away 
from zero. Hence some t € R, satisfies w(t?q) > w(d*d) for all w € Op. 
Corollary 9.1.21 shows that we can find p € A, satisfying p? = t?q with p 
in the closed subalgebra generated by ¢?g and hence in £~. Any state w in 
all of BY satisfies w(p? + n~?) = w(p?) + n-? > w(d*d). Corollary 9.1.21 
shows that p has non-negative spectrum, so that p+ (i/n) and p — (i/n) 
have inverses in B. Let b denote the inverse of p+ (i/n), and let w® be the 
representable positive linear functional described in Lemma 9.4.8. We see 


w((p — (i/n))~*d*d(p + (i/n))~*) = w?(d*d) < w?(p? +07) = w(1) = 1. 


Corollary 9.5.6(c) shows ||d(p+(i/n))~*||? = ||(p—(i/n))~*d*d(p+(i/n))~*| 
<1. The identity d— d(p + (i/n))~!p = (i/n)d(p + (i/n))—! allows us to 
rewrite this as ||d— d(p + (i/n))~pl|” < n-?. Since n is arbitrary and p 
belongs to the closed left ideal C7, this implies that d belongs to £7. This 
is what we wished to prove. 

Denote N{A, :w € £+n Ab} by £”. Then L' C £L” is obvious. Suppose 
that b € A does not belong to £’. Then there is some state w € L-+ 
satisfying w(b*b) > 0. Define 7:.A > R, U {oo} to vanish on £ and equal 
oo elsewhere. Then w € Ales and Theorem 9.6.6(a) shows that there is a 
convex combination oe t,wy of pure states w, € Ab, which is positive 
on b*b. Obviously, at least one of the wy € LIN Ab must be positive on 
b*b. Therefore, b ¢ £", which proves £L' = L"”, completing the proof of (b). 

(c): Since £7 is a left ideal, a*a belongs to £~ whenever a does. Con- 
versely, ata € L~ and w € At imply w(a*a) = 0. By (b), this shows 
aen{A, :weELt}=CL-. 0 


9.7.10 Theorem Let A be a *-algebra. Let Z be a two-sided ideal of A 
that is closed in the *-representation topology. 

(a) Z is a *-ideal and A/T is a reduced *-algebra. 

(b) The following sets are equal: 


{we AR: ZC ker(w)} = {we Ah: TC Ay} = {we Ab: IC ker(T*)}. 
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(c) Denoting the set described in (b) by I+, we get: 


T 


A{ker(T’) : w € I+} =A{ker(T”) : w € Z+ NAb} 
MA, :w ETt}=n{Ay:weZt+nAb} 
= Mker(w):w € Z+} =N{ker(w):weTin Ab}. 


(d) Ify:A— A/T is the natural map, then y' maps (A/T)\, 
homeomorphically onto I+. It also maps (A/T)\, | and (A/T)b 
onto Al, , I+ and ALNT+, respectively. 


Proof (b): Since Proposition 9.4.18 shows ker(T“”) C A, C ker(w) for all 
we Al it is enough to show that w(Z) = {0} implies Z C ker(T“). How- 
ever, this also follows from Proposition 9.4.18, which asserts that ker(T”) 
is the largest two-sided ideal included in ker(w). 

(a) and (c): Proposition 9.7.9(b) shows J = N{A,, : w € J+}. However, 
since Proposition 9.4.18 shows that ker(T“) is the largest two-sided ideal 
in A,, for each w € Al, we conclude Z = N{ker(T”) : w € I+}. Since each 
ker(T”) is a *-ideal, Z is a *-ideal. For each w € I+, define W: A/Z > C 
by @(a+Z) =u/(a). This is well-defined since ker(w) includes Z. Clearly @ 
satisfies the conditions of Theorem 9.4.15(e), so that w belongs to (A/Z)k. 
Since N{(A/Z)z : w € I+} is zero, we conclude that A/Z is reduced by 
Theorem 9.7.2. This proves (a). Furthermore, the equality of all of the sets 
mentioned under (c) follows from Theorem 9.7.2 as soon as we have proved 
that y maps (A/Z)', onto ALN Tt. 

(d): We have already shown that each w € Z+ gives rise to an @ in 
(A/Z)), which satisfies y'(o) = @o yp = w. Thus y maps (AID onto 
T+ if it maps into Z+. For @ € (A/T)h, Theorem 9.4.15(e) shows again 
that yt(@) = Wow belongs to AL. Thus yt(@) = Dow € I+ holds. It is 
easy to check |y!(@)| = |o|. Furthermore, y! is injective since y is onto. 
The map (a+Z)¥:(A/Z)), — C, defined by (a + Z)’(®) = @(a +Z) for all 
a+Zeé A/T andallwe (A/T), agrees with the map doy: (A/T)\, — C, 
where @ is defined by &(w) = w(a) for all a € A and all w € A’. Since the 
families {a : a € A} and {a+Z € A/T} define the topologies on A‘, and 
on (A/T)4, yt is a homeomorphism. 

Since yt(w) and w have the same Hilbert bound, y! maps (A/T), 
onto Ak MI+. The set of non-zero extreme points of (ADs is (A/Z)b. 
Define o: A + R, U{oo} by o(a) = Oifa € TZ and o(a) = wifa ¢ ZT. Then 
ce Abs equals Aly: Proposition 9.6.5(e) shows that the set of non-zero 
extreme points of Al, , is AL, = ALNI+. Thus yt maps (A/T) p onto 
Ant. Oo 
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Next we establish the important fact that the reducing ideal includes 
the Jacobson radical. In Section 10.4 we study a class of *-algebras for 
which these two ideals coincide. This class includes all hermitian Banach 
*_algebras. 


9.7.11 Theorem Any *-algebra A satisfies 
Az © {a€ A: A{pn}nen C Ay satisfying p(a*a + pr) — 0} C Ar. 
Hence, a reduced *-algebra and all of its *-subalgebras are semisimple. 


Proof Since a € A; implies a*a € Ay and thus p(a*a) = 0, the first 
inclusion can be verified by choosing pn = 0. Suppose that a € A satisfies 
p(a*a+pn) — 0 for some sequence {pn}nen C Ax. If T is a *-representation 
of A on H, then any b € A satisfies p(T,) < p(b) by Proposition 2.1.8. 
Thus p(To~a+p, ) converges to zero. Hence Theorem 9.1.20(f) shows that 
(Ta*at+p,2,£) converges to zero for any x € H. The inequality 


\|Tozl|” = (Tarat, 2) < (Tarar, 2%) + (Tp, 2,2) = (Tara+p, 2, 2) 


now shows 7T,x = 0. Since x € H was arbitrary, T, must be zero. Since T' 
was an arbitrary *-representation, a belongs to Ar. 

The last sentence follows, because Proposition 9.7.4 asserts that every 
*-subalgebra of a reduced *-algebra is reduced. Oo 


Commutative *-Algebras 


The next theorem shows that a commutative *-algebra modulo its re- 
ducing ideal is *-isomorphic to a certain *-algebra of continuous functions. 
This is analogous to the Gelfand representation theorem for commutative 
Banach algebras, which shows that such an algebra modulo its Jacobson 
radical is isomorphic to a certain algebra of continuous bounded functions. 
Corollary 9.5.10(c) contains a very special case. Commutative *-algebras 
will be studied again in Chapter 10. In particular, classes of *-algebras 
are considered there for which the construction introduced in this theorem 
gives a more complete result (cf. Proposition 10.1.14 and Theorem 10.4.3). 


9.7.12 Theorem Let A be a commutative *-algebra. 

(a) The set Al of pure states on A equals the set of *-homomorphisms 
of A onto C. Hence Ab is a subset of the Gelfand space I, of A. 

(b) For eacha€é A andwe€ Ab, write G(w) = w(a). Then (~) is a 
*-homomorphism of A into the *-algebra CaAS of all (not- 
necessarily bounded) continuous functions on the Tychonoff space 
Al. The kernel of (~) is the reducing ideal Ap. 

(c) Alla € A satisfy a(AL) = {w(a) : w € AL} C Sp(a) and 


sup{w(a*a)'/? : w € AR} = sup{|w(a)| :w € At} < pla). 
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(d) Any *-ideal I of A satisfies Tp =ZNAp. Hence the reducing ideal 
satisfies (Ar)r = Ar when A is a commutative *-algebra. 


Proof (a): This is just a restatement of the first part of Theorem 9.6.10. 

(b): The topology of Al, is precisely the weakest topology on the set 
Al, that makes the family {& : a € A} of functions continuous. Thus Al, 
is Tychonoff (¢.e., completely regular, Hausdorff) and (~ ) maps A into 
Coo (Ab). The map (~) is a homomorphism by part (a). Its kernel is Ar 
by Theorem 9.7.2. 

(c): Any w € Als and a € Ag satisfy w(a)w(a7!) = w(1) by (a). Hence 
w(a) is non-zero. Thus 0 ¢ Sp(a) implies 0 ¢ (Ab). Consider w € A\,, 
and a € A, with w(a) £ 0. If w(a)~'a had a quasi-inverse 6, then we would 


have 
0 = w(0) = w((w(a)~'a) ow(b)) = 10 w(b) = 1. 


Hence w(a)~'a is not quasi-invertible. Thus \ 4 0 and A € a( Al) imply 
A € Sp(a). The displayed line follows easily from (a). 

(d): Proposition 9.7.4 shows Zr C TM Ar. If these two sets are not 
equal, we can find an element b € ZN Ag \ Zr. Theorem 9.7.2 shows that 
there must be some w € Zi. satisfying w(b) # 0. By (a) above, w is a 
*-homomorphism of Z onto C, so we can find e € Zy satisfying w(e) = 1. 
Define w:.A > C by W(a) = w(ae). For any a € Z, we have W(a) = w(ae) = 
w(a)w(e) = w(a), so® extends w. Any a,c € A satisfy 


w(ac) = w(ace)w(e) = w(aece) = w(ae)w(ce) = W(a)w(c) and 
w(a") = w(a"e) = (w(e*a))" = (w(ae))” = (@(a))", 


so @ is a *-homomorphism of A onto C. Thus @ belongs to Al, so @ 
vanishes on Arg. This contradicts @(b) = w(b) #0 since DE TN Ar C Ap. 
0 


In the proof of (d) above, we have shown that any *-homomorphism 
(equivalently any pure state) of a *-ideal Z of A onto C can be extended 
to a *-homomorphism of A onto C. When all references to the involution 
are dropped, this result remains true and is part of Theorem 3.2.7. Indeed, 
the rest of Theorem 3.2.7 can be carried over to the present context to give 
the following result. Let Z, A and B be commutative *-algebras and let 


Oo. 2 A Bee 


be an exact sequence of *-homomorphisms. Then y! maps the set of ele- 
ments of A that do not vanish on y(Z) homeomorphically onto Z},, and yt 
maps Bi homeomorphically onto the set of elements of AL that do vanish 
on y(Z). We will investigate non-commutative versions of this result later. 
Next we restate (d) above in the language introduced in Section 4.7. 
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9.7.13 Corollary The reducing ideal defines a radical subcategory of the 
semi-abelian category of commutative *-algebras and *-homomorphisms. 


Proof The categorical definitions of kernel, cokernel, image, and co-image 
agree with the usual set-theoretic definitions in this category. Hence it is 
obvious that this category is semi-abelian (and co-semi-abelian). Theorems 
9.7.12(d) and 9.7.3 show easily that the reducing ideal defines a radical 
subcategory (Definition 4.7.5). oO 


The Pre-Reducing Ideal 


Our primary interest is in *-representations rather than pre-*-representa- 
tions on pre-Hilbert spaces. Nevertheless, we will investigate a few conse- 
quences of the following definition, which is more suitable for perfectly 
general *-algebras. 


9.7.14 Definition The pre-reducing ideal of a *-algebra A is the set 
Apr = N{ker(T) : T is a pre-*-representation of A on a pre-Hilbert space}. 


The *-algebra A is said to be ( pre-reduced / pre-*-radical ) if Apr equals 


( {0} / A). Define A} to be {w € AL: ||w||z = 1} and call its elements 
pre-states. 


The following easy proposition for the pre-reducing ideal is analogous 
to Theorem 9.7.2. 


9.7.15 Proposition Any *-algebra A satisfies: 
Apr = NMf{ker(T’): we Al} 
= Mker(T’) : w € AL} =Mf{ker(T”) :w € Als} 
= MA,:we ALP =N{A, :we Aly} 
= M{ker(w): we AL} =n{ker(w) : w € Al 5}. 


Proof For any w € Af, \ {0}, w! = ||w||z/w belongs to Al and satisfies 


ker(T” ) = ker(T”), A, = Ay, ker(w’) = ker(w). 


Thus it is enough to show that the four sets in a vertical column all equal 
Apr. We denote these sets by (1), (2), (3) and (4), respectively. Using 
Proposition 9.4.18(b), we see Apr C (1) C (2) C (3) C (4). Let a belong 
to (4) and let T be a pre-*-representation of A on the pre-Hilbert space %. 
For any r€ 4, 

w(a) = (T,2, 2) VaeA 


defines an element w € Al. Thus w(a) = (Taz, x) is zero by our choice of a. 
The polarization identity shows (T,z,y) = 0 for all 2, y € XY. We conclude 


9.7.16 The Reducing Ideal and *-Representation Topology 989 


T, = 0, so a belongs to Apr. This implies (4) C Apr, which completes the 
proof. oO 


Example 9.7.26 shows that a reduced *-algebra need not have a faithful 
*_representation on a Hilbert space. However a pre-reduced *-algebra does 
have a faithful pre-*-representation on a pre-Hilbert space. 


9.7.16 Proposition A *-algebra has a faithful pre-*-representation on a 
pre-Hilbert space if and only if it 1s pre-reduced. 


Proof The necessity is obvious. Suppose that {T*% : a € A} is a set 
of pre-*-representations of a *-algebra A on pre-Hilbert spaces 7%. We 
take the algebraic direct sum of the 7%. Explicitly, let 4 be the set of 
functions in [[,-,4+° that are zero for all but finitely many a € A. Then 
X is a pre-Hilbert space under obvious operations. For any a € A and 
any x € 4X, let T,x be the function in V that takes the value T°z(a) at 
a € A. Then T is a pre-*-representation of A on the pre-Hilbert space ¥ 
and ker(T’) = Nacea ker(T%). The sufficiency follows easily. O 


9.7.17 Theorem Let A be a *-algebra. 
(a) Any *-subalgebra B of A satisfies Byrp C Apr NB. 
(b) Any *-ideal T of A satisfies Ipp = Apr OT. In particular, 
(Apr)pR = Apr implies that Apr is pre-*-radical. 
(c) Any *-ideal Z of A included in Apr satisfies (A/Z)pr = Apr/Z. In 
particular, (A/Apr)pr equals {0}, so A/Apr is pre-reduced. 
Hence the pre-reducing ideal defines a radical subcategory of the semi-abelian 
category of *-algebras and *-homomorphisms. 


Proof (a): If T is a pre-*-representation of A on a pre-Hilbert space, then 
the restriction T|, of the *-homomorphism T to B is a pre-*-representation 
of B on a pre-Hilbert space. Hence Bpp is included in Apr n B. 

(b) Suppose that T is a pre-*-representation of Z on a pre-Hilbert space 
xX. Let 


nr 
X ={}_Ty,2;:n EN; bs EL; x; € # for j =1,2,...,n} 


j=l 


be the pre-Hilbert space with structure inherited from ¥. Let T be the 
restriction of the pre-*-representation T to X (i.e., Ta = Ta| zy, for all 
a € A). Then T is obviously a pre-*-representation of TZ on the pre-Hilbert 
space V. Furthermore, T and T have the same kernels. To see this, choose 
b € ker(T’). Then all x € ¥ satisfy ||Tpr|° = (Ty Thx, 2) = (Ty-Thz, 2) = 0. 
This shows ker(7) C ker(T’). Since the opposite inclusion is obvious, we 


have equality. Define T € A > £,(¥) by Ta bos Tp, ) = are Tab; 2j 
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for alla € A and )07_, Ts, 2; € V. This is well-defined since Do jai 2b; 55 = 
0 implies 


3 
3 


Ta | >. 7s,2; “5 5 TT! Toot jstx) = >_> Deeasen; 83) Ze) 
eal 


jJ=1 k=1 g=1 k=1 
n (2) 0) nr 
a > 5 ue Ty, F a*ab; Zj,Lk) = > (Pascoe; 5 Tp, 2k) = 0. 


It is obvious that T is a pre-*-representation of A on the pre-Hilbert space 
X which extends T. For any b € Z \Zpr, there is some pre-*-representation 
T of Z on a pre-Hilbert space with T, 4 0. This implies T, 4 0, Ty ¥ 0, 
and hence b ¢ Apr. This result together with (a) gives Zpr = Apr NT. 

(c): The argument given in the proof of Theorem 9.7.3 establishes 
(A/Z)pr = Apr/T. 

The categorical and set-theoretic definitions of kernels, co-kernels, im- 
ages, and co-images agree in this category, so that it is obviously semi- 
abelian (and co-semi-abelian). The results that we have just obtained show 
that the pre-reducing ideal defines a radical subcategory. oO 


Properties of Reduced *-Algebras 


We now describe the relationship between a number of properties which 
reduced *-algebras enjoy. The following definition contains the terms not 
already introduced. The definition for regular is not the original definition 
of Paul Civin and Bertram Yood [1959]. We show in Proposition 9.7.19 that 
our condition regular is equivalent to theirs on a wide class of *-algebras 
including all Banach *-algebras. Our alternative definition seems more 
natural for general *-algebras. The concept of a proper involution has a 
long history, being used by Irving Kaplansky at least as early as [1948b]. 
The term “proper” was used by Civin and Yood [1959]. The term “quasi- 
proper” seems to have been introduced in Yood [1960]. The concepts of 
semiproper, very proper and ordered *-algebras are introduced here for the 
first time. Theorem 9.7.21 below shows the implications that hold between 
these concepts. 


9.7.18 Definition A *-algebra A is called: 
(a) regular if every *-subalgebra is semisimple; 
(b) very proper if —a*a € A; implies a = 0 for all a € A; 
(c) proper if a*a = 0 implies a = 0 for all a € A; 
(d) semiproper if h? = 0 implies h = 0 for all h € Ay; 
(e) quast-proper if a*a = 0 implies aa* = 0 for all a € A: 
(f) ordered if it satisfies A; M(—A,) = {0}. 
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The hypothesis of the following proposition is satisfied by all *-algebras 
that are spectral algebras or normed, a fortiori by all Banach *-algebras. 
Condition (b) was the definition of regular given by Civin and Yood [1959]. 
They noted the equivalence of (b) and (c). 


9.7.19 Proposition The following are equivalent for a *-algebra A in 
which no element has empty spectrum. 

(a) A is regular. 

(b) p(h) =0 implies h = 0 for allh € Aq. 

(c) Every mazimal commutative *-subalgebra of A is semisimple. 
A spectral or normed semisimple commutative *-algebra is regular. 


Proof (b)=(a): Suppose that B is a *-subalgebra of A. Choose an element 
h € By N Ay. Since h belongs to By, it must satisfy Sp,(h) C Spp(h) = 
{0}. Since h does not have empty spectrum, h = 0 follows from p(h) = 0. 
Therefore, B; must be {0} since it is a *-subset of A. 

(a)=>(c): Obvious. 

(c)=>(b): Consider h € Ay with p(h) = 0 and let C be a maximal 
commutative *-subalgebra of A containing h. Then h satisfies Spce(h) = 
Spa(h) = {0}. Since Cy = {a € C : Sp(a) = {0} } is assumed to be {0}, 
we conclude h = 0. 

The final remark is immediate from (b) or (c). a) 


9.7.20 Lemma For any *-algebra: 
(a) semiproper implies quast-proper and semiprime; 
(b) semiproper and ordered together are equivalent to very proper. 


Proof (a): The equation a*a = 0 implies (aa*)* = a(a*a)a* = 0, which 
implies aa* = 0. Hence A is quasi-proper. 

If C is a left ideal in A satisfying £L” = {0}, then (£"—!)? = {0}, so it 
is enough to consider the case £L? = {0}. For any a € L,a*a € C implies 
(a*a)* = 0. Since A is semiproper, we conclude a*a = 0. Since A is quasi- 
proper, aa* = 0 must hold. Let a = h + 7k be the decomposition of a into 
hermitian elements. Then we have h? + k* = 0 and hk = kh. Furthermore, 
a? = 0 = (a”)* follows from a € £ and implies h? — k? + 2ihk = 0. Thus 
h? — k? = 0 implies h? = k? = 0. Using the semiproper nature of A again, 
we conclude a = h+ik = 0. Hence CL is {0}; so A is semiprime. 

(b): In any ordered *-algebra, —a*a € A, implies a*a = 0. When A 
is quasi-proper, we conclude that aa* is also zero. If a = h+ 72k is the 
decomposition of a into hermitian elements, then we find h? + k? = 0 by 
adding these equations. Since A is ordered, h? = k* = 0 follows. Finally, if 
A is semiproper, we conclude a = h+ik = 0 from h = k = 0. If p belongs 
to A,A(—A,), then p = — 7?_, azaz, So —a*an = p+ p_1 afax belongs 
to A,. If A is very proper, we discover that p is 0 after n steps, so A is 
ordered. O 
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9.7.21 Theorem The implications shown below hold for any *-algebra. 
No other implications hold in general between these concepts except posst- 
bly: pre-reduced implies regular and, equivalently, pre-reduced implies semi- 
simple. 

C'*-algebra 


Faithfully *-represented 


Reduced 
Pre-reduced 
Regular Very Proper 
Proper 
Semisimple 
Semiproper 
Semiprime Quasi-proper Ordered 


Proof The following implications are obvious: C*-algebra>Faithfully 
*-represented=> reduced=>  pre-reduced, very proper>proper>semi- 
proper, regular>semisimple> semiprime, regular=semiproper. The last 
sentence of Theorem 9.7.11 shows that reduced implies regular. To see that 
pre-reduced implies very proper, we let T be a faithful pre-*-representation 
of A on a pre-Hilbert space 7. If a € A satisfies -a*a € A;, then any x € 
X satisfies —||T,a||? = —(To-ax, 2) € R,, which implies T,2 = 0,T, = 0 
and a = 0. Lemma 9.7.20 gives the rest. 

Since any *-subalgebra of a pre-reduced *-algebra is pre-reduced, the 
two conditions listed as possible unproved implications are equivalent. 

We now list the counterexamples that show that no other implications 
hold in general between these concepts except possibly that pre-reduced 
implies regular and, equivalently, pre-reduced implies semisimple. 

Example 9.7.25 is a commutative, unital Banach *-algebra that is not 
a C*-algebra but has a faithful *-representation. Example 9.7.26 is a 
commutative, unital, reduced non-spectral *-algebra that has no faithful 
*-representation. Example 9.7.27 is a unital, semisimple (even primitive), 
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pre-reduced non-spectral *-algebra that is not reduced. In fact, it is 
*_radical. We do not know whether or not this *-algebra is regular. Exam- 
ple 9.7.28 is a unital, simple, strongly semisimple and Jacobson semisimple 
(even primitive), pre-*-radical but very proper *-algebra. Again we do not 
know whether or not this *-algebra is regular. Example 9.7.29 is a commu- 
tative, unital, semisimple, very proper *-algebra that is neither pre-reduced 
nor regular. Example 9.7.30 is a finite-dimensional, commutative, unital, 
regular, *-simple, Banach *-algebra that is neither proper nor ordered. Ex- 
ample 9.7.31 is a commutative, very proper Banach *-algebra that is neither 
semisimple nor pre-reduced. In fact, it is Jacobson-radical. 

Example 9.7.38 is a commutative, unital, regular, very proper Banach 
*_algebra that is not very proper. Example 9.7.32 is a finite-dimensional, 
commutative, ordered and quasi-proper *-algebra that is not semiprime. 
Example 9.7.33 is a family of finite-dimensional, unital, simple, strongly 
semisimple and Jacobson semisimple (even primitive), Banach *-algebras 
none of that are ordered or quasi-proper. Example 9.7.34 is a family of 
finite-dimensional, ordered Banach *-algebras none of that are semiprime 
or quasi-proper. Example 9.7.36 is a finite-dimensional, ordered, Banach 
*_algebra that lacks all of the other properties of Theorem 9.7.21. Example 
9.7.37 is a finite-dimensional, commutative, quasi-proper Banach *-algebra 
that lacks all the other properties of Theorem 9.7.21. Example 9.7.39 is a 
Banach *-algebra that is semiprime but lacks all of the other properties of 
Theorem 9.7.21 and is non-hermitian. Similarly, Example 9.7.40 is a Banach 
*-algebra that is semiproper, hence semiprime and quasi-proper but lacks 
all of the other properties of Theorem 9.7.21 and is non-hermitian. Oo 


9.7.22 Theorem The implications shown below hold for any finite- 
dimensional *-algebra A. No other implications hold in general between 
these concepts. 


*_Algebra direct sum of M, << C*-algebra = Reduced <= Pre-reduced 
<> Very Proper & Proper © Hermitian and Semiprime 


*_ Algebra direct sum of M,, and S(2)’s 
& Regular © Semiproper 
Semisimple < Semiprime Quasi-proper Ordered 


Proof Theorem 9.7.21 shows that a reduced, regular, pre-reduced, very 
proper, proper or semiproper *-algebra is semiprime. The first Wedder- 
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burn theorem (Theorem 8.1.1) shows that a semiprime, finite-dimensional 
algebra is semisimple and hence the direct sum of full matrix algebras. 
Hence all of the conditions in the top two groups in the diagram imply 
that the *-algebra is semisimple. The structure of these *-algebras is as 
described in Proposition 9.1.47. The equivalence of the conditions in the 
top two groups follow immediately. The other implications were given in 
Theorem 9.7.21. 

(We shall later provide a different proof of these results, entirely in- 
dependent of our list of finite-dimensional *-simple *-algebras in Theorem 
9.1.46. It is recorded under Corollary 11.1.18 and uses Corollary 10.6.4 as 
an important ingredient.) 

Examples 9.7.30 and 9.7.32 to 9.7.37 show that no other implications 
hold. Oo 


It was noted at the beginning of Section 8.1 that any finite-dimensional 
algebra is a Banach algebra under some norm. Note that Proposition 8.2.8 
shows that a semiprime algebra is semisimple if the left annihilator of its 
socle is zero. Conversely, Theorem 8.4.5 shows that the left annihilator of 
the socle of a semisimple modular annihilator algebra is zero. 

Theorem 10.2.8 and Corollary 10.1.8 show that a reduced Banach 
*_algebra has a faithful *-representation. Similarly, Theorem 10.2.8 and 
Proposition 10.1.19 show that a Banach *-algebra is reduced if it is pre- 
reduced. The counterexamples given here show that these (and their im- 
mediate consequences) are the only implications between the concepts con- 
sidered in Theorem 9.7.21 that hold for Banach *-algebras but not for all 
*_algebras. 

A number of the properties considered in Theorem 9.7.21 can be achieved 
by dividing out an easily described *-ideal. Thus we know that A/Ap is 
reduced, A/A pr is pre-reduced, A/Ag is semiprime and A/Aj, is semi- 
simple. We next show that there is a *-ideal Ao in any *-algebra A such 
that A/Ao is ordered. 


9.7.23 Proposition Let A be a *-algebra. 
(a) The subset Arg = {a € A: —a*a € Ay} is a right ideal. 
(b) The linear span Ao of Ay N(—A;) is a *-ideal which equals 


{S- atb; [nme N; aj, b; € Aro}. 
j=l 


(c) A is ordered if and only if Ao equals {0}. 
(d) A/Ao is always ordered, so (A/Ao)o = {0}. 


Proof (a): Any a € Ago Satisfies —a*a = > j=1 274; for suitable a; € A. 


Any } € A then satisfies —(ab)*(ab) = —bd*a*ab = jai b*asa;b, which 
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implies ab € Apo. Also, —(Aa)*(Aa) = S0%_, (Aa;)*(Aa;) holds for any 
A€C. For a, b € Aro, we have 


—(a+ b)*(a +b) = —2a*a — 2b*b + (a — b)*(a— b) € AX. 


(b): It is clear from (a) that Ap = {)05_, atbj sn EN; a b; € Aro} 
is a *-ideal. Any h € Ai N(—A4) satisfies h = — vas aj = Dopni Ogbe.- 
Hence any j or k satisfies —aja; € A+, —bi by € Ax. Thus it is clear that 
the linear span of A; M (—A+) is included in AG. In fact, the two sets 
are equal since a, b € Aro implies that a*b = 47! NC + i*b)*(a + i*b) 
belongs to Ao. 

(c): This follows from (b). 

(d): Suppose that —(a + Ag)*(a + Ao) belongs to (A/Ag)+. Then 
—a*a = Or, ataj+ > p—1 beck holds for suitable a; € A and by, ce € Aro. 
Taking the hermitian part of this equation gives 


n m 
—-a*a = S¢ aha; +27! > (dice + cy bz) 
ga] k=1 
n m 
= S| aa; +47) S— (be + cr)" (be + cx) 
j=l k=1 


—4-? S_(b — ce)” (bp — ce) € Ay. 


k=1 


(The last term is in A, since each by — cy, belongs to Aro.) Hence 
(A/Ao)ro is zero, so that (A/Ao)o is zero by (b). Therefore, A/Ao 
is ordered by (c). oO 


The above results justify us in calling Ao the ordering ideal of A. The 
next remark is trivial to verify. 


9.7.24 Proposition Let A be a *-algebra. 
(a) A satisfies a particular property considered in Theorem 9.7.21 if 
and only if A' satisfies the same property. 
(b) A satisfies a particular property considered in Theorem 9.7.21 other 
than being a C*-algebra, semisimple or semiprime if and only if 
every *-subalgebra of A satisfies the same property. 


The exceptions given under (b) are to be expected since semisimple and 
semiprime are the only two conditions that do not depend on the involution 
in the *-algebra. 


Examples 


For many of the following examples we shall comment on whether the 
*-algebra A is hermitian or symmetric and on its Leptin radical Az. We 
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do this even though these concepts are not discussed systematically until 
the next section. In particular, see Definitions 9.8.1 and 9.8.5. We need 
the examples now, and it would be inconvenient to divide the discussions 
of them. 


9.7.25 The Disc *-Algebra Let A be the Banach algebra (discussed in 
§1.5.2) of all continuous complex-valued functions on the closed unit disc D 
that are analytic on the open unit disc. The norm on A is the supremum 
norm and A has its usual pointwise algebraic operations. Provide A with 
the involution 


fA) =fO*)* VfeEAAED. 


Thus the power series expansions of f and f* are related by 


fr) =o arr” —f*(A) = So at”. 


n=0 


In §3.2.13 we showed how to identify the Gelfand space [4 with the 
closed unit disc D under the map 7 +» -+(z) where (as usual) z is the 
coordinate function z(A) = XA for all A € C. The map 7 » 7(z) is 
the inverse of the map A — ‘y, where y,:A — C is just evaluation at 
\. Theorem 9.7.12 shows that A‘ is the subset of I'4 consisting of all 
*-homomorphisms of A onto C. Under the above identification of D with 
Ty, [-1, 1] can be identified with Aly Hence J is reduced since its reducing 


ideal Ag consists of those f with Gelfand transform f vanishing on A’, and 
any function that is analytic on the open unit disc and vanishes on | — 1, 1[ 
is identically zero. In fact, we can easily give a faithful *-representation of 
A. Let H be £7((—1,1}) and let T:.A + B(H) be defined by T;(g) = fg 
for f € A and g € H, where fg is the pointwise product. The C*-norm 
o(f) = sup{|f(t)] : t € [—1,1]} derived from this *-representation can also 
be written as o(f) = sup{|w(f)| : w € AL} = sup{|w(f*f)|!/? : w € Al}, 
so it is larger than any C*-semi-norm on A. Clearly the complete norm 
| - || of A is not a C*-norm (consider 1+ iz), and A is not complete in its 
largest C*-norm o. (Its completion in @ is just C = C({-1,1]), and every 
*-representation of A can be extended to C.) Hence A is not a C*-algebra. 

Therefore, A is a unital, commutative Banach *-algebra that has a 
faithful *-representation on a Hilbert space (and hence is reduced) but is 
not a C*-algebra. Since .4 has a C*-norm o that is larger than all other C*- 
semi-norms, the *-representation topology on A is just the norm topology 
defined by o. In Chapter 10, we study the class of all *-algebras with this 
property and call them G*-algebras. 

The element z is hermitian in this *-algebra and has the closed disc D 
as spectrum. Hence A is not hermitian. 
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9.7.26 The *-Algebra of All Sequences Let C be the *-algebra of all 
complex sequences with pointwise *-algebra operations. Consider the pos- 
itive element p = (1,2,3,...) in C. Suppose that T is any *-representation 
of C. Let 6, be the sequence with a 1 at the nth position but zeroes else- 
where. Then 735, is a projection operator (a self-adjoint idempotent), so 
||Zs,, || is either 0 or 1. However, nd, < p implies n||T5,, || < |!T>||, so ||T5, || 
must be zero for all but finitely many n € N. Therefore, C has no faithful 
*_representation on Hilbert space. On the other hand, the *-homomorphism 
T'”) that maps a sequence onto its nth entry is a *-representation on C, so 
we find Ap C N{ker(T'™) : n € N} = {0}. 

Note that C has {T'”) : n € N} as its Gelfand space I'¢ and that any 
c€C has spectrum 


Spce(c) = (Te) = {c(n): ne N}. 


The spectrum of each element is just the set of values of that sequence 
Hence C is not a spectral algebra since the spectrum may be unbounded. 
However it is completely symmetric, symmetric and hermitian. 

This is an example of a commutative, unital, reduced, non-spectral 
*_algebra having no faithful *-representation on any Hilbert space. 

This example can be considered as the commutative *-subalgebra of all 
diagonal matrices in our next example. 


9.7.27 Nx N-Matrices Let B be the set of all complex N x N-matrices 
that have only finitely many non-zero entries in each row and each column. 
Then B is a *-algebra under pointwise linear operations, matrix multi- 
plication, and the conjugate transpose involution. We will show how to 
identify B with £L.(¥Vr) for a pre-Hilbert space Vr. Thus B has a faith- 
ful pre-*-representation on a pre-Hilbert space, but we will show that it 
has no non-zero *-representations on Hilbert space. Hence all non-zero 
pre-*-representations of B on pre-Hilbert spaces are unbounded. Further- 
more, the socle Br of B is a non-zero *-ideal which does have a faithful 
*-representation on Hilbert space. This last fact proves that the reducing 
ideal is not a radical in the category of *-algebras and *-homomorphisms. 

Suppose that T were a *-representation of B on a Hilbert space H. 
Proposition 9.5.2 shows that we get a C*-semi-norm by defining o(a) = 
|Z.|| for any a € B. Let p be the diagonal matrix (1, 2,3,...) in B, and for 
n € N let e, be the diagonal matrix with n — 1 zeroes followed by ones. 
(This matrix has spectrum N, so B is not spectral.) For n € N, let enm be 
the matrix with a 1 in the nth row and mth column and zeroes elsewhere. 
For any n EN, en satisfies 0 < ne, < p in the order of By and hence 
satisfies na(e,) < o(p). On the other hand, each e, is a projection, so that 
0 and 1 are the only possible values for o(e,). Hence there is some g € N 
satisfying o(e€n) = 0 for n > q. This implies o(e,,) = o(€q — +1) = 2. 
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For any n € N, 0 = o(€gq) = o(€gn€ng) = F(€Rgeng) = F(Eng)* implies 
a(€nn) = O(€nggn) = O(€ngeng) = O(€ng)* = 0. Thus 


q—-1 q 


a(1) = a(eg + ¥_ enn) < a(eg) + D_ o(€nn) = 0. 


n=1 n=] 


When o(1) = 0 any a € B satisfies o(a) < o(1) o(a) = 0. Therefore, T, is 
zero for all a € B, so T is the zero-*-representation. We conclude that B is 
*_radical (1.e., Br = B). 

Let 4 be the linear space of all complex sequences with pointwise linear 
operations. There is an obvious action of B on ¥: matrix multiplication 
with the elements of 1 regarded as Nx 1-matrices, i.e., (ax)n = ys Ank&k 
for a € B and x € %. This is well-defined since the sum always has only 
finitely many non-zero terms. Since there is no reasonable way to endow 
X with the structure of a pre-Hilbert space, this representation has limited 
interest for us here. However an invariant subspace will prove to be much 
more useful. 

Let Vr be the linear subspace of all complex sequences with only finitely 
many non-zero entries. Clearly this subspace is invariant under matrix 
multiplication by elements of B. For x, y € 4p, define an inner product by 
(x,y) = 72, tny%. This makes 1p into a pre-Hilbert space. Let T denote 
the map of B into £(4r) that is the restriction of the action described in 
the last paragraph. It is easy to check that T is a *-isomorphism of B onto 
the *-algebra £,(4) of all linear operators on 1p that have adjoints on 
Xr. This is a faithful pre-*-representation of B on the pre-Hilbert space 
Xp. It is also algebraically irreducible, so that B is primitive and hence 
semisimple. 

For each n € N, let 6, be the sequence with a 1 at the nth position 
and zeroes elsewhere. The set {6, : n € N} is both a Hamel basis and an 
orthonormal basis for 1-. The rank-one operator 6; @0; equals T.,;;. Given 
any two vectors x and y in ‘fp, there is some n € N such that x @ y* equals 
ae pee riy;ei;. Hence every finite-rank operator on 4’ that belongs 
to £, (4X) equals T, for a matrix with only finitely many non-zero entries. 

Let Br be the subset of B consisting of all matrices with only finitely 
many non-zero entries. ‘The above remarks and Proposition 8.3.3 show that 
Br is the socle of B. Therefore, Br is a *-ideal. However, we will argue this 
last fact directly. Clearly Br is a *-subalgebra of B. For a € B and b € Br, 
ab can have a non-zero entry only in those (finitely many) columns in which 
b has a non-zero entry and only in those (finitely many) rows in which a 
has a non-zero entry in some column in which b has a non-zero entry. Thus 
ab belongs to Br, so that Br is a left ideal and hence a *-ideal. Matrix 
multiplication defines a faithful *-representation of Br on the Hilbert space 
(2(N). Thus Br is reduced (i.e., (Br)p = {0}). 
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Note that B is primitive and hence semisimple since the representation 
on the pre-Hilbert space ¥ given above is algebraically irreducible. We 
give a second proof that B is semisimple. Suppose that My, is the subset 
consisting of all matrices with no non-zero entry in the kth column. Then 
My, is a left ideal. It is modular since eg, is a right relative identity. 
Suppose that CL is a left ideal that includes M,; properly. Then C contains 
an element 6 with a non-zero entry in the kth column. For suitable a € B, 
ab € £Lhasalinthe kx k position. Thus 1—ab€ My, C CL implies 1 € CL. 
Hence My, is maximal. We have NrenM, = {0}, so B is semisimple. 

We do not know whether 6 is regular. If it is not, it contains a 
*_subalgebra that is not semisimple. This is equivalent to finding a non- 
zero hermitian element of B with spectrum {0}. We conjecture that no such 
element exists. It also seems likely that B is hermitian, but we have not 
proved that either. We have shown that B is a unital, semisimple (actually, 
primitive), pre-*-reduced but *-radical *-algebra. 

Robert S. Doran and Wayne Tiller [1982] described the following non- 
commutative Banach *-subalgebra of B which is spanned by three maximal 
commutative *-subalgebras. Consider the set A of N x N-matrices A = 
{ajz}j,ren that are diagonal except that the a2 and a2) entries may be 
non-zero and for which ||A|] = 5052, ox=1 |@;,«] is finite. This is obviously 
a non-unital, non-commutative, infinite-dimensional Banach *-algebra. The 
spectrum of A € A is given by 


sp((S! 0?) ) u fay: 7€ NP U0}, 


Q21 22 


so A is hermitian. It has an obvious faithful *-representation on £7(N), so 
it is reduced. Finally, it is easy to see that the closed *-subalgebras 


D={A€A:ajy2 =a, =0} E={AE A: ay. = 401; A) = A22} 


and F ={A€ A: ai2 = —A21; G11 = azz} 
are maximal commutative and together generate A 


9.7.28 A Simple Quotient *-Algebra Let A be B/By with the notation 
of the last example. We will show that A is algebraically simple and unital. 
Hence it is strongly semisimple and thus (Jacobson) semisimple. Because 
it is simple, A is primitive, but we will prove this directly by exhibiting a 
faithful (algebraically) irreducible representation. As a *-algebra, A is very 
proper, but we will show that it has no non-zero pre-*-representations on 
any pre-Hilbert space, so that it is pre-*-radical. 

We want to show that A is algebraically simple. We do this by showing 
that any ideal Z of B that properly contains Br contains an invertible 
element and hence equals B. If Z is such an ideal, it must contain some 
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6b € B with infinitely many non-zero entries. Since no row has infinitely 
many non-zero entries, there are infinitely many rows in b with non-zero 
entries. Since no column contains infinitely many non-zero entries, there 
are rows in b with the column index of the first non-zero entry arbitrarily 
large. These two statements justify the following inductive construction, 
which simply extends the standard row reduction process to the present 
situation. 

Let i; be the row index of a row in b with its first non-zero entry as far to 
the left as possible. Let 7; be the column index of this first non-zero entry 
b;,;,- Choose iz to be the row index of a row with its first non-zero entry 
to the right of column 7; but as far left as possible given this restriction. 
Let jz be the column index of this first non-zero entry. Continue in this 
way to generate a sequence of double indices. Let a € B be the matrix 
with (6;,;,)~! at the (n,in) position for each n and zeroes elsewhere. Then 
ab € TZ is in reduced row cchelon form. That is to say, every row begins with 
a 1 and this leading entry is farther to the right in successive rows. In fact, 
in the nth row the leading 1 is in the j,th column. Let c € B be the matrix 
with a 1 at the (j,.m) position for all n and zeroes elsewhere. Then abc € Z 
is upper triangular with 1 at each position of its main diagonal. Since there 
are only finitely many non-zero entries in any row, abc is invertible in B. 
Hence Z = B, so A is simple. 

Next we show that A is very proper. This is equivalent to showing that 
if b},b2,...,5n belong to B and ie by.b, belongs to Br, then each b, is 
zero. We need to calculate a diagonal entry of p = }>,_, bp bg: 


Pjj = bs hb) 
k=1 


(Each apparently infinite series has only finitely many non-zero terms.) If 
p belongs to Br, there are only finitely many 7 with p;; non-zero. But this 
means that among all of b,, b2,...,6, there are only finitely many columns 
with non-zero entries. Since each such column has only finitely many non- 
zero entries, each b, belongs to Br. 

We now show that there are no non-zero pre-*-representations of A. 
Let T be an arbitrary pre-*-representation of A on a pre-Hilbert space ). 
Composition with the natural map of B onto A gives a pre-*-representation 
T of B on Y, which vanishes on Br. Let x € Y be arbitrary and define 
w:B — C by w(a) = (Tgz, 2) for all a in B. Clearly w is a positive linear 
functional which vanishes on Br. Let 1 be the multiplicative identity of B 
(i.e., the diagonal matrix with all diagonal entries equal to 1). Let p and 
en € B be as defined in the previous example. As before, the inequality 
ne, < p for all n € N causes a difficulty. This time it implies w(e,) < 
n~'w(p). However, €n — €m € Br for all n,m € N implies w(e,) = 0 for all 
néN. Since 1 — én also belongs to Br we get w(1) = w(e,). This implies 


7 OO 


Oo nr 
= >So be sbeiy = SD, [beg ?. 
1 


jj k=1 ?=1 k=1 t= 
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71 (x)? = (T12,T,r) = (T2,r) = w(1) = 0. Hence, for any a € B, we 
have Ty(z) = T,7\(x) = 0. Since t, x and a were all arbitrary, this shows 
that any pre-*-representation of A is zero. 

Despite the above negative result, A has an attractive faithful, alge- 
braically irreducible representation. Let VY and Ar be as defined in §9.7.27. 
There is a natural representation of A = B/Br on X/Xr. This natural 
representation is defined by 


Tat Bp(X+ Xp) = ax+ Xp Vae€ A xE€d, 


where ax is defined by matrix multiplication. This is well-defined since ax 
belongs to Vp if either a € A belongs to Ar or x € 4X belongs to ‘Xp. 
Clearly T is faithful since ax € 4p for all x € X implies that a has only 
finitely many non-zero rows and hence belongs to Br. 

To see that T is irreducible, we show that for any x, y € X with x ¢ Xr 
there exists an a € A with ax = y. Let nj,n2,n3... be the indices (in 
increasing order) of the non-zero entries in x and let n9 = 0. Letae A 
be the matrix with all entries zero except that at the k,n, position for 
njrtil<k<n,; andj =1,2,3,... the entry is y,/rn,;. Thus ax equals 
y, as desired. 

Note that a coset generated by a diagonal matrix is invertible if and 
only if the diagonal matrix does not have 0 as an entry infinitely often. 
Hence if D is a diagonal matrix, Spg;p,(D + Br) is the set {A : d,j = 
A infinitely often}. Thus the spectrum can be unbounded, so B/Br is not 
a spectral algebra. 

We suspect that A is both regular and hermitian, but have not proved 
either. 


9.7.29 The *-Algebra of All Rational Functions This example is 
taken from an unpublished manuscript by Andrew Lenard [1976]. Let R 
be the usual function field in one variable: the algebra C(z) of all rational 
functions. We will think of an element in R as a function defined and 
continuous on R except at the finite set of its real poles, rather than as an 
explicit ratio of polynomials. As usual, the sum and product are defined 
pointwise. We define an involution by conjugation of values on R or by 
f*(A) = f(A*)* for all A € C. This amounts to simply declaring that z is 
hermitian where z(A) = A for all A € C. 

The collection of all complex-valued functions defined and continuous on 
all but finitely many points of R is not an algebra under these operations 
because (e.g.) z~! — z7! is not defined at 0, and hence is not the zero 
function. We (temporarily) call this set of functions almost continuous. It 
becomes a commutative *-algebra C by considering equivalence classes of 
functions that differ at only finitely many points to be the actual elements 
of the algebra. Note that this equivalence relation respects not only sums 
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and products, but also the usual pointwise order for real-valued functions. 
From now on, all statements about functions in C should be understood to 
allow a finite number of exceptional points in R. (This is why evaluation 
at a point of R is not defined. If it were defined, it would yield a positive 
linear functional.) 

We claim that a function in R is positive relative to the *-algebra struc- 
ture of 72 if and only if it is non-negative-valued. Clearly, a positive function 
is non-negative-valued. Conversely, suppose f = p/q € FR is real-valued 
where p and gq are relatively prime polynomials with g monic. Then the 
non-real roots of both p and g must occur in conjugate pairs. If q has 
any real root r not of even order, we multiply both p and q by (z — r). 
Repeating this for each real root of odd order, we may assume that q is 
positive-valued. If f = p/q is non-negative-valued, p must also have only 
even order real roots. Hence f equals (p/q)*(p/q) for some polynomials p 
and g. Thus f is positive in the order of the *-algebra R. Since R is a 
field, every non-constant element has empty spectrum, and the spectrum 
of a constant is just the singleton containing its constant value. Hence R 
is completely symmetric. 

We are now ready to show that any positive linear functional w on hk 
must be zero. We wish to consider the *-subalgebra A of C generated by 
R and Coo(R) = {h:R > C: his continuous with compact support}. It 
is easy to see that every element of A can be written as (p+ h)/q, where 
p and q are polynomials, h belongs to Coo(R), and q is monic. In this 
*_algebra, some non-negative-valued functions are not positive relative to 
the *-algebra structure. (The function h = f — g, where f(t) = 1/(1 + ¢”) 
and g(t) = max{t? — 1,0}, is an example.) We wish to use the usual 
functional analysis order relation among real-valued functions in A rather 
than the *-algebra order relation. Thus, if f,g € A are real-valued, f < g 
will mean that g — f is non-negative-valued. This agrees with the *-algebra 
order when we restrict to R, as noted in the last paragraph. 

Any non-negative-valued function f in A can be written in the form 
f =(pt+h)/q with p/q € R and h € Coo(R) both real-valued and q monic. 
As before, multiplying the top and bottom by monic linear factors with 
real roots as necessary, allows us to assume that g is non-negative-valued. 
Then (p+ ||h||..)/q are upper and lower bounds in R for f in the order of 
A. This is the condition for the Riesz-Krein extension theorem, so we can 
extend w to be a positive linear functional on A (in the order of A). The 
Riesz representation theorem shows that the restriction of this extended 
w to Coo(R) is given by integration against a finite positive measure . 
Indeed, u(R) = w(1), so it is enough to show that p is zero. 

For each ¢ € R, let h; be the rational function hy = (z —t)—?. Let e > 0 
be arbitrary and define e’ to be min{e, ¢/w(hz)}. Let I; be the open interval 
jt—e',t+e’[. By approximating the characteristic function of I; from below 
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by non-negative-valued functions in Coo(IR), we see w(hi) > (e')~?u(i). 
Using A for Lebesgue measure, we find p(I;) < (e’)?w(ht) < e’e = eA(i)/2. 
For any closed bounded interval J, we can choose a cover of J by J;s with 
t € J, so that no point is covered more than twice and so that only one 
interval extends past each end point of J. (To do this, choose a finite cover 
of J = [a,b] by [js with t € J. From this finite cover choose the interval 
containing a that extends furthest to the right. Then choose the interval 
containing the right end point of the first chosen interval that extends 
furthest to the right. Continue until some interval contains b.) Hence we 
conclude p(J) < eA(J) + 2e. Since ¢ > 0 and J were arbitrary, this shows 
that pis zero. We already noted that this shows w(1) = 0, which in turn 
implies |w(f)|? < w(1)w(f*f) = 0 for all f € R. Thus R has no non-zero 
positive linear functionals. Hence it is pre-*-radical (i.e., its pre-reducing 
ideal satisfies Rpr = R). Nevertheless, R is obviously very proper. 

Since it is a field, it is semisimple. This also means that all non-constant 
functions have empty spectrum. Thus R is completely symmetric, symmet- 
ric and hermitian. 

Jed Herman (personal communication) noted that R is not regular. 
Consider the *-subalgebra 8 of all rational functions that are analytic at 
zero (i.e., they have no pole at 0). This *-subalgebra is not semisimple 
because zB is its only maximal modular ideal and hence (because of com- 
mutativity) its only primitive ideal. This determines the membership of R 
in all of the classes of Theorem 9.7.21. 


9.7.30 A Two-Dimensional *-Simple, *-Algebra Consider the 
* algebra S(2) of §9.1.42: C @C with the involution (a, 8)* = (6*,a*). 
Clearly S(2) is not hermitian. The easy equation, S(2), = S(2)H = 
{(a,a*) : a € C}, shows that A is not ordered. Furthermore, (1,0) shows 
that A is not proper. However S(2) is quasi-proper since it is commutative. 
It is also obviously regular. Another basis for A is 1 = (1,1) and p = (4, —2), 
where p satisfies p? = —(1,1). Note that S(2) is the *-algebra A(2,2) of 
§9.1.48. 

We have shown that A is a finite-dimensional, unital, commutative, 
regular, Banach *-algebra which is neither proper, ordered, nor hermitian. 


9.7.31 The Convolution Disc *-Algebra This algebra was discussed 
in §4.8.3. Let A be the Banach space of complex functions analytic on the 
open unit disc in C and continuous on the closed unit disc D. The linear 
operations are pointwise and the norm is the supremum norm. We make 
A into a commutative Banach *-algebra by defining 


fg(z) = [ fe) — s)ds PeSsvey VzeD; f,gEA. 
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The integral is independent of path because its integrand is analytic on 
the simply connected open disc. Since the function h = 1 satisfies h”® = 
z™-!/(n — 1)!, it generates A as a Banach algebra. In §4.8.3 it was shown 
that A is a commutative, semiprime, Jacobson-radical algebra. Theorem 
10.2.8 shows that any Banach *-algebra satisfies Apr = Ag. Thus A satis- 
fies A = A; C Ar = App, so it has no non-zero *-representation even on 
a pre-Hilbert space. 

It is easy to see that A? consists of the functions that vanish at zero 
(i.e., the series without constant terms). Hence 


w( > Anz”) = ag 


n=O 


is a positive linear functional which is not Hilbert bounded since w(h) = 1 
while w(h*h) = 0. Thus w is not extensible. 

Suppose that f,; € A for k = 1,2,...,K satisfy ae fife = 0. Let 
f(z) = ae Qkn2” be the power expansions for these functions. We 
will show by induction on n that az, is zero for all k and all n. Assume 
Qk.n = O for all k and for n < m with m = 0 permitted. Then we have 


K n—m - 


wijokey [oleae 
k=1 n=2m j=m 0 
m 


| 
Me 


K 
(S> fi fe)(Z) 
k=1 


K fore) 
= SY YS af jag n-j5l(n— fle" 4/(n + VY}, 


where the integral is evaluated by (n — 7) integrations by parts. Hence we 
conclude 

K K 
= i —2m—-1 ** = 2 1\2 ! 
0 = lim z oD fi fe)(z) = S— lorem|?(m!)? /(2m + 1). 


k=1 


By induction we conclude fy, = 0 for k = 1,2,...,K. Therefore, A is very 
proper. 

Thus A is a commutative, very proper (hence semiprime) Banach 
*-algebra which is Jacobson-radical and *-radical (i.e, Apr = A). Any 
radical *-algebra is completely symmetric, symmetric and hermitian. 


9.7.32 C with Zero Multiplication Consider C with all products 
zero and complex conjugation as involution. This is a finite-dimensional, 
commutative, ordered, quasi-proper, completely symmetric, symmetric and 
hermitian *-algebra which is not semiprime. 


9.7.33 Exotic Involutions on M, We now determine all of the proper- 
ties discussed in Theorem 9.7.21 and Theorem 9.7.22 for the *_algebras Mn. 


9.7.33 The Reducing Ideal and *-Representation Topology 1005 


which were defined and constructed for n = 2,3,4,...andk = 1,2,...,[n/2] 
before Theorem 9.1.46 using Theorem 9.1.45. Each M,,, is just the algebra 
M,, of all nxn (complex) matrices with an involution derived from the usual 
conjugate—transpose involution by conjugation by an invertible matrix that 
is hermitian in both the usual involution and the new exotic involution. 
Every finite-dimensional, non-commutative, simple *-algebra A is isomor- 
phic to either /, (with its usual involution) for some n = 2,3,4,... or one 
of the M,,,. The former happens if and only if A is reduced and hence a 
C*-algebra, and the latter is the case when A is *-radical. Furthermore, 
Mn, is *-isomorphic to M,,; only when m = n and k = j. 

Choose an integer n > 2 and fix it for the rest of this discussion. For 
each k satisfying 0 < k < n, let hy be the diagonal matrix with k 1’s 
followed by n — k —1’s on the diagonal. For each a € M,, we define a* to 
be hya*h;’. If1<k < [n/2], then # is the involution on M,,,. Hence, 
there is always a 2 x 2 block on hy that looks like ( ; 2 ; In the rest 
of this paragraph, consider only matrices that are zero outside of this 2 x 2 
block. We naturally represent them as 2 x 2-matrices. The *-subalgebra 
of these matrices is *-isomorphic to M2 with its original involution and 
#-isomorphic to M2 with its exotic involution: 


a £B @ _f1 0 a* y* 1 O0)\ fa* -7* 
y oO ~\O -1 Br o* 0 -1/ \-s* & }° 
0 1 ; si a 
Hence & + with eigenvalues +2 is #-hermitian, so that all M,, are 


non-hermitian. Since they are simple, each has Leptin radical {0}. 
The pair of products 


CNC )-6 YO )-4 7) 
(5) (0 a)=(4 8) (0 0)=(4 4) 


shows that no M,,% is ordered. Clearly the ordering ideal of any M,, is 
all of M,,. Similarly, the matrix 


0 0\/0 0\* /0 0\/o0 -1\_ (0 0 
1 1 1 1 Al 1 Oo 1) \0O 0 
shows that no M7, is quasi-proper. 
Hence Theorem 9.7.22 shows that M,,, lacks all of the properties de- 


scribed there except that it is semisimple and semiprime. In particular, 
this is true of M21, which has the involution displayed above, and in which 
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we have carried out all of the computations. This *-algebra was described 
(with a slightly different presentation) as A(4,5) in §9.1.48, where it was 
noted that it is not hermitian. 


9.7.34 The *-Simple *-Algebras S(2n”) These 2n?-dimensional 
*_algebras for n = 2,3,4,... were introduced in §9.1.42. The underlying 
algebra structure is M, ® M,, and the involution is given by 


(A, B)* =(B*,A*) WA,BE My, 
which immediately implies 
S(2n7), = S(2n”)y = {(A, A*): A € Mp}. 


Hence none of these *-algebras are hermitian, ordered or semiproper. They 
are obviously semisimple. The element 


0 1\ /1 0\\*_ //1 0\ fo 0 

0 0/’\0 O 7 0 0/’\1 0 
shows that no S(2n”) is even quasi-proper. The *-algebra S(8) was de- 
scribed as A(8, 12) in §9.1.48. 


Since we have now analyzed all of the finite-dimensional, *-simple 
*_algebras of Theorem 9.1.46, we can explicitly describe all finite-dimensional, 
semisimple *-algebras. 


9.7.35 Theorem (a) A finite-dimensional, semisimple *-algebra A is 
unital and *-isomorphic to a direct sum of finitely many copies of Mn, 
S(2m”) and Mp» forn,m €N, p=2,3,4,... and 1<k < [p/2]. 

(b) It is regular & semiproper > quasi-proper if and only if only copies 
of S(2) and M,, forn € N occur. 

(c) It is reduced + ordered & hermitian = a C*-algebra if and only if 
only copies of M, forn € N occur. 

(d) It is commutative if and only if only copies of C and S(2) occur. 


9.7.36A Three-Dimensional *-Algebra Let A be the three-dimensional 
*_algebra with basis a,a*, h = h* and with all products zero except aa* = h. 
Since A, equals R,h, A is ordered. However, A? = 0 shows that A is not 
semiprime and it is clearly not quasi-proper. Another basis is j* = j,k* = 
k,h* = h with j? = -ijk = ikj = k? = h and all other products zero. 
Thus this is the *-algebra A(3, 16,1) of §9.1.48. The two bases are related 
by 7 =a+a* and k = i(a* — a). 

Thus A is a finite-dimensional, ordered, Banach *-algebra which lacks 
all of the other properties of Theorem 9.7.21. It is completely symmetric, 
symmetric and hermitian since it is a radical *-algebra. 
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9.7.37 Another Three-Dimensional *-Algebra The *-algebra A(3, 6) 
from §9.1.48 is just the direct sum of Examples 9.7.30 and 9.7.32 and hence 
is a finite-dimensional, commutative quasi-proper *-algebra which lacks all 
of the other properties of Theorem 9.7.21. It is also non-hermitian with 
Leptin radical and Jacobson radical both equal to the 9.7.32 summand. 


9.7.38 A Proper but not Very Proper Commutative, Unital Ba- 
nach *-Algebra This example was discovered and privately communi- 
cated to me by H. Garth Dales. Let D* be the closed four-dimensional 
polydisc 


Dt = {(Aq, A2, A3, A4) a Game [Axe oe ee a 1,2,3, 4}. 


Let B be the four-dimensional polydisc algebra that is just the uniform 
closure of the polynomials on D* (cf. Stout [1971], §21). Clearly B is a 
Banach algebra under the uniform norm. We endow it with the involution 


P (Ai, A2, 3, Aa) oe (p(Ad, 19A4>43))” Vp € B; (Az, A2, A3, Aa) € D‘. 


As usual, we write z, for the polynomial z,(A1, A2, 43,4) = Ax for k = 
1,2,3,4. Let A be the quotient of B by the closed *-ideal Z generated by 
the hermitian element 2) 22 + 2324 = 212] + 2323. 

Obviously B and A are commutative, unital Banach *-algebras. The 
same arguments used for the disc algebra (Example 9.7.25 above) show 
that the Gelfand space of B can be identified with D* in the obvious way. 
Applying Theorem 3.2.7 from Volume I, we see that the Gelfand space of A 
can be identified with the set S = {(A1, A2, A3, Aa) € DA: AyAn +A3A4 = O}. 
The algebra A of Gelfand transforms of functions in A is just the collection 
of restrictions of functions in B to S. This shows that both B and A 
are semisimple. They also both lack non-zero divisors of zero: For B we 
simply note that if fg = 0, then one or the other of these analytic functions 
would have to vanish on a subset of D* with non-empty interior. To see 
the same for A, consider the open connected subset U = {(1, 2,3) € 
CP : |u| < 1, ]u2| < 1, |wipel < |u3| < 1} of C® and the analytic function 
F(u1, M2, 43) = (41, He, Hs, #1Mu2/p3) onto SN (D*)°. If a,b € A satisfy 
ab = 0, then either @o F or bo F must vanish on an open subset of U and 
thus be identically zero. Hence both B and A are regular (by Proposition 
9.7.19) and proper *-algebras. Since the hermitian element h = z + z2 = 
21 + 2} satisfies (h — 7)(t,0,0,0) = 0, A is not hermitian. The equation 
212] + 2323 +Z =TZ shows that A is not very proper. The same equation 
shows that A is not ordered. 


9.7.39 A Bad Semiprime Banach *-Algebra The direct sum of 
the algebras in Examples 9.7.31 and 9.7.33 is a Banach *-algebra which is 
semiprime, but lacks all of the other properties of Theorem 9.7.21. It is 
also not hermitian. 
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9.7.40 A Bad Semiproper Banach *-Algebra The direct sum of 
the algebras in Examples 9.7.30 and 9.7.31 is a Banach *-algebra which is 
semiproper, hence semiprime and quasi-proper, but lacks all of the other 
properties of Theorem 9.7.21 and is also non-hermitian. 


9.8 Hermitian and Symmetric *-Algebras 


If A is a *-algebra, we may forget the involution and consider A merely 
as an algebra. In order to study A in this context, we will want to know 
about the spectra of elements, their spectral radii, the Jacobson radical of 
A, the algebraically irreducible representations of A, the primitive ideals 
of A, etc. However, when we study A as a *-algebra we are primarily 
interested in the sets of hermitian and positive elements, the reducing ideal 
of A, the topologically irreducible *-representations of A, the pure states 
of A, etc. For arbitrary *-algebras, there is relatively little connection 
between the two sets of data that we have just described. In order to 
secure a closer connection between them, we may insist that the spectrum 
of { hermitian / positive ) elements be ( real / positive ). This is the 
situation we explore in this section. Definitive results depend on making 
the type of assumptions studied in Chapter 10 (especially Section 10.4) 
in addition to those considered here. In this short section, we will give 
only some fundamental purely algebraic results. We start with the basic 
definitions. 


9.8.1 Definition A *-algebra J is said to be: 
(a) hermitian if each hermitian element h € Ay satisfies Sp(h) C R; 
(b) symmetric if each element a € A satisfies Sp(a*a) C R,; 
(c) completely symmetric if each positive element p € A satisfies 


Sp(p) C R,. 


Clearly complete symmetry implies symmetry, which implies the hermi- 
tian property. (The latter implication can be seen by noting that Sp(h)? = 
Sp(h?) = Sp(h*h) C R, for h € Ay implies Sp(h) C R.) Example 9.8.13 
will show that all three conditions are distinct for general *-algebras. If A 
is a Jacobson-radical algebra, every element has spectrum {0} (Theorem 
4.3.6), so A is hermitian, symmetric and completely symmetric by default. 

Gelfand and Naimark, in their famous paper [1943], listed the condition 
that we now call symmetry among their axioms for a Banach 
*-algebra with a faithful isometric *-representation on a Hilbert space. 
They conjectured (correctly, as was shown years later) that this condition 
was redundant. The first mathematician to name and study the condition 
symmetry in its own right was Dmitriy Abramovié Raikov, whose short 
paper [1946] developed a remarkable portion of the theory of symmetric 
Banach *-algebras. The condition that we are calling “hermitian” seems to 
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have been first introduced under the name “Banach algebra with a real in- 
volution” by Charles E. Rickart [1947]. It was reintroduced under the name 
“C-symmetry” by Irving Kaplansky in [1949a]. (Actually, his definition was 
slightly different but equivalent to ours under various weak assumptions. ) 
He conjectured that a hermitian Banach *-algebra was symmetric. This 
conjecture was proved by Satish Shirali and James W. M. Ford [1970] and 
is easily extended to prove complete symmetry. We will prove it in Sec- 
tion 10.4 below. The condition of complete symmetry has been considered 
informally for some time but seems to have been first explicitly defined 
and considered by Josef Wichmann [1976]. (We consider that the techni- 
cal term “symmetric” is unfortunate since any *-algebra is symmetrical in 
the non-technical sense and the symmetric ones are not more symmetrical. 
Hence we will use the term “hermitian” whenever it is logically equivalent 
to “symmetric” .) 

Theorem 3.1.5 makes it almost obvious that the hermitian property 
implies complete symmetry for an almost commutative spectral algebra A, 
and that these conditions are satisfied if and only if each element + of the 
Gelfand space I, is a *-homomorphism. We will state this result formally 
in the next chapter. 


Basic Results 


The results of the next theorem are mostly straightforward. Most were 
noted first by Kaplansky {1949a]. This is true, in particular, of the last 
remark, which is somewhat less obvious. 


9.8.2 Theorem Let A be a *-algebra. The following are equivalent. 
(a) A ts hermitian. 

) No element of Ay contains the imaginary unit 1 in its spectrum. 

(c) Each maximal commutative *-subalgebra is hermitian. 

(d) Each spectral *-subalgebra is hermitian. 

(e) A/T is hermitian for every *-ideal TZ. 

(f) A/P is hermitian for every primitive ideal P € Wy. 

(g) A/Az is hermitian. 

(h) A! ts hermitian. 
When these conditions hold, each primitive ideal is a *-ideal. 


Proof (a)=(b): Obvious. 

(b)=>(d): Let B be a spectral *-subalgebra and let h € By be arbitrary. 
Let A belong to Sp,(h). For s,t € R, sh? + th € By C Ay holds, so 
Theorem 2.1.10 shows s\? + tA € Spp(sh? + th) C Spa(sh? + th) U {0}. If 
A is not real, we can choose s and t to give sA2 + tA =i. This contradicts 
(b). Thus B is hermitian. 

(d)=>(c): Maximal commutative *-subalgebras are spectral subalgebras 
by Proposition 9.1.5. 
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(c)=>(a): Each h € Ay belongs to some maximal commutative *-sub- 
algebra C and Proposition 9.1.5 shows Sp,(h) C Spc(h) U {0}. 

(e): If A is hermitian, then A/Z is also since Sp(h+Z) C Sp(h) CR 
holds for all h € Ay. For the converse, let Z be {0}. 

In order to prove the last assertion, suppose that P is a primitive ideal 
of a hermitian *-algebra A. For any a € A! and 6 € P, the skew-hermitian 
element ab* —ba* is quasi-invertible. Hence (a+P)(b*+P) is quasi-invertible 
in A!/P. Since this is true for all a+ P in A'/P, Theorem 4.3.6 shows 
b*+ P € (A'/P)sz = {P}. Hence b* belongs to P, which must therefore be 
a *-ideal. 

(f): This follows from the last assertion of the present theorem, which 
we just proved, and Theorem 4.1.8(d) of Volume I. 

(g): Theorem 4.3.6 shows Spy(h) = Spyja,(h + Az). 

(h): If A! is hermitian, then so is A since it is a *-ideal and hence a 
spectral *-subalgebra of A!. Any t+h € (A!')y satisfies t € Randh € Ap. 
If A is hermitian, this shows Sp,i(t +h) =t+ Spa(h) CR. Oo 


In the next theorem all of the implications except (e)=>(a) and (a)=>(h) 
are trivial. The equivalence of (e) and (a) was proved by Horst Leptin 
[1976a] for Banach *-algebras and extended by both the present author and 
Wichmann [1978] independently to arbitrary *-algebras. The implication 
(a)=>(h) was proved by Civin and Yood [1959] for Banach *-algebras and 
extended to arbitrary *-algebras by Robert S. Doran [1972]. Of course, the 
latter implication now follows from the former. 


9.8.3 Theorem Let A be a *-algebra. The following are equivalent. 
(a) A is symmetric. 
(b) Allae A satisfy —a*a € Aga. 
(c) Each spectral *-subalgebra is symmetric. 
(d) A/Z is symmetric for each *-ideal T. 
(e) There is some *-ideal T for which I and A/T are symmetric. 
(f) A/P is symmetric for every primitive ideal P € IL,. 
(g) A/Ajz is symmetric. 
(h) A! is symmetric. 
These equivalent conditions imply that A is hermitian. 


Proof All of these implications are either obvious or follow in the same way 
as the similar implications in Theorem 9.8.2, except (b)=>(a) and (e)=(a). 
Note that (g)=>(a) and (a) =(h) are special cases of (e)>(a). 

(b)=>(a): For any a € A and any negative number —t?, we have 
—t-*a*a = —(t7!a)*(t~1a) € Ago, which implies —?? ¢ Sp(a*a). Fur- 
thermore, (b)=>(a) in Theorem 9.8.2 shows Sp(a*a) C R, from which we 
conclude Sp(a*a) C R,. (This also gives another proof of the final assertion 
which we have already proved informally.) 
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(e)=>(a): Since A/Z is symmetric, for any a € A we can find b € A 
satisfying (b + Z) o (—a*a+Z) =Z. Then h = (—a*a) 0 b* 0 bo (—a*a) is 
a hermitian element in Z. Since Z is a symmetric *-ideal, —(ah)*(ah) = 
—ha*ah is quasi-invertible in Z. Hence (c+ d) ce =coe+doe-—e gives 


[—h + (ha*a) o (—a*a) 0 b* 0 b} o (—a*a) 
= (—h) 0 (—a"a) + (ha*a) o (—a*a) 0 b* obo (—a*a) +a*a 
= (—h)o(-a*a) + (ha*a)oh+a*a 
= -h-a‘*a-—ha*a+ha*a+h-— ha*ah+a*a 
= —ha*ah. 


This shows that —a*a is quasi-invertible. O 


In the following theorem, (e)=>(a) and (a) + (i) are due to Wichmann 
in [1978] and [1976], respectively. In [1974] Leptin proved the symmetry of 
the n x n-matrix algebra over a symmetric Banach *-algebra. (Symmetry 
and complete symmetry coincide for Banach *-algebras.) 

The last sentence in the theorem is essentially an observation of the 
author [1972b]. Example 9.7.29 is a completely symmetric *-algebra which 
does not satisfy the criterion of this final sentence because it completely 
lacks non-zero positive linear functionals. Recall that for any algebra A the 
tensor product A® M,, can be interpreted as the algebra M,,(A) (Definition 
1.6.9) of n x n-matrices with elements in A. We will denote the matrix 
with a,j at the 77 position by (ai;)nxn. If A is a *-algebra, then the natural 
involution on A @ M,, is the involute transpose: 


(Qij)nxn = (Qjj)nxn  —*V (ais) €E A®@ My. (1) 


This is consistent with the following general definition of an involution on 
A ® B when A and B are *-algebras: 


(a@b)*=a @b" Va@beEAQB. (2) 


9.8.4 Theorem Let A be a *-algebra. The following are equivalent. 
(a) A is completely symmetric. 
(b) Allpe€ Ax satisfy —p € Aga. 
(c) Each spectral *-subalgebra is completely symmetric. 
(d) A/Z is completely symmetric for each *-ideal T. 
(e) There is some *-tdeal ZT for which ZT and A/T are both completely 
symmetric. 
(f) A/P iscompletely symmetric for every primitive ideal P € IL,.- 
(g) A/Ay is completely symmetric. 
(h) A! is completely symmetric. 
(i) A@M,, is completely symmetric for each (or for some) n €N. 


1012 9: *-Algebras 9.8.4 


If every mazimal modular left ideal of A is annihilated by some state of A, 
then all of these conditions hold. 


Proof Except for (a) = (i) and the last statement of this theorem, all of 
these results have proofs exactly similar to those given for the last theorem. 

(a) = (i) We interpret A ® M,, as the *-algebra of n x n matrices over 
A. By (g) and (c), we may assume that A is unital. Assume that A@ M, is 
completely symmetric. For 1 < k < m, let Ay = (Api; )nxn be a matrix with 
all columns zero except the first. Then — }7;_, AZ A, is quasi-invertible. 
All of its entries are zero except the (1,1) entry -— Of, iy Ghana, 
which must therefore be quasi-invertible in A. Letting m increase, we see 
that A is completely symmetric. Alternatively, if A@ M,, is symmetric for 
all n, we may take m = 1 in the above argument and let n increase to prove 
the complete symmetry of A. 

Conversely, assume that A is completely symmetric. We examine 
A ® Mz first. For each k = 1,2,...,m, let Ay = (a,;;)2x2 be an arbi- 
trary matrix in A @ M2. Then we may write 


— 1+ b 
1+ SAGAR = ( ye cer 
k=1 


—_ m * * _ m * * 
where a Do kar (11 E11 + Fh21%p21)) F = Doe=i (V1 2%12 v Qjo2%x22) and 
b = op (O511 F412 + ®h21949). Denote the invertible matrix 


€¢ = aie 


by B, so that B*(I + >), A, A,)B is the diagonal matrix 


D= 1+p 0 
~\ 0 1l+q—b*(1+p)'b)}° 


Note that we can also write this matrix D as B*B + )°;_., (Ax B)*(AxB). 
If we let Ch, = (Chis 2x2 = A,B, then the (2,2)-entry of D can be writ- 
ten as 1+ ((1 + p)~*b)*((1 + p)~*b) + opis (ChioCere + Cho2Cn22) 80 that 
this entry, and hence D, are invertible by the complete symmetry of A. 
Since A ® Mom is *-isomorphic to (A ® Mgm-1) ® Mo, we may inductively 
prove that A @ Mom is completely symmetric for any m € N. Ifn € N 
is any integer, choose m € N so that n < 2”. Then A® M,, is a corner 
*-subalgebra of A @ Mom and hence is completely symmetric by (c). 

In order to prove the last statement of the theorem, assume that each 
maximal modular left ideal of A is included in the kernel of some state. 
Suppose that there is some p € A; satisfying —p ¢ A,g. Then either A(1+ 
p) or (1+ p)A is a proper subset of A. Since the latter is just (A(1 + p))*, 
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we conclude that A(1+p) is a proper modular left ideal. Theorem 2.4.6(d) 
shows that A(1+> ) is included in some maximal modular left ideal, so some 
state w satisfies A(1 +p) C ker(w). This gives w(p”) < w(p(1+p)) = 0. 
For any a € A, we then find |w(a*ap)|* < w(a*aa*a)w(p?) = 0 and thus 
w(a*a) = w(a*a)+w(a*ap) = w(a*a(1+p)) = 0. However, this contradicts 
the fact that w is a state, since there is some a € A with w(a*a) > 0 for 
any state w. Therefore, A is completely symmetric. im 


In [1976] Wichmann defines a *-algebra A to be n-symmetric if the 
element — » 4 ajax is quasi-invertible for any a, € A. The above proof 
shows that n-symmetry for all n € N is equivalent to complete symmetry. 
He shows, in particular, that 2n + 1-symmetry of A gives symmetry for 
A ® M2 and n-symmetry for A® M,, gives mn-symmetry for A. 


The Leptin Radical 


The following definitions and results are essentially due to Leptin [1977]. 
They were extended from Banach *-algebras to general *-algebras by Wich- 
mann [1978] and the author, independently. 


9.8.5 Definition Let A be a *-algebra. The sum of all *-ideals of A that 
are symmetric *-algebras will be called the symmetric radical or Leptin 
radical of A and will be denoted by Az,. The sum of all *-ideals of A that 
are completely symmetric *-algebras will be called the completely symmetric 
radical of A and denoted by Agr. 


The inclusion A,, C Az is obvious from the definition. For the next 
theorem the reader should recall the notation 


L:A={aeEA:aACLl} 
for the quotient of £ introduced in Definition 4.1.7. 


9.8.6 Theorem Let A be a *-algebra. Let L(A) be the collection of 
mazimal modular left ideals of A that have right relative identities of the 
form —a*a for someae€é A. Let S(A) be the set of primitive ideals of A of 
the form L: A for some LE L(A). Then the Leptin radical Ay satisfies: 

(a) Az is a symmetric *-algebra. 

(b) Az equals N{PNP*:P € S(A)}. 

(c) Any *-ideal IT C Az of A satisfies (A/T), = Axt/Z, which implies 
(A/Az)1t = {0}. Hence A/ Az includes no non-zero symmetric 
*-ideal. 

(d) Any *-ideal I of A satisfies T, =I Az, which implies (Az), = 

+e 

(e) For any *-ideal I of A, (A/Z), = {0} implies A, = T_. 


Proof (a): Let S be the family of all *-ideals of A that are symmetric 
*-algebras. Clearly, S is not empty since it contains {0}. Order S by 
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inclusion and note that the union of any linearly ordered subset of S again 
belongs to S. Zorn’s lemma guarantees a maximal element M of S. Let 
T be any *-ideal of A that is a symmetric *-algebra. Then M+Z is a 
*_ideal. Theorem 9.8.3(e) shows that M + Z is symmetric since Z and 
(I+ M)/ZI ~ M/(ZNM) are both symmetric. Hence the maximality of 
M implies Z C M. Therefore, Ay, equals M and is symmetric. 

(b): Let £ be an element of L(A) and let e € A satisfy A(1+e*e) C CL. 
Suppose that Az is not included in £. Maximality of £ implies A, +L = A, 
so we may write b+c = —e*e with b € Ay andc€é€ L. Hence the hermitian 
element h = b* ob € A, is a right relative identity for £. Thus we have 


Az = Ar(1 + (eh)*(eh)) C Az(1 — he*e)(1 — h) + Aph(1 + e*e) CL. 


Hence any a € Ay satisfies aA C Az, C CL and thus belongs to £: A. This 
proves Ar CN{PNP*:P € S(A)}. 

Suppose that b is an element of .A for which —b*b is not quasi-invertible 
in A. Since —b*b is hermitian, it has no left quasi-inverse in A and hence 
Theorem 2.4.6 shows that there is some £ € L(A) satisfying A(1+6*b) CL 
and —b*b ¢ L. Therefore, b does not belong to £. Since £: A is included in 
L, b does not belong to £: A. Hence for any b in N{PNP* : P € S(A)}, 
there is a quasi-inverse for —b*b. Thus this intersection is symmetric. Since 
it is also a *-ideal, it is included in Az. This proves (b). 

(c): Since A; /Z is the *-homomorphic image of a symmetric *-ideal, it 
is symmetric and hence satisfies A, /Z C (A/Z),. Let K be the *-ideal of 
A that is the complete inverse image of (A/Z),_ under the natural map of 
A onto A/Z. Then K is symmetric since J C A, and K/T = (A/TZ)z are 
both symmetric. Hence (A/Z); = K/T is included in A, /Z. The second 
sentence is an immediate consequence. 

(d): Since Ay NZ is a symmetric ideal of Z, it must be included in Z;. 
Hence it only remains to show Zz, C Ay. In order to establish this, let us 
assume first that Az is zero. Then ZZ7,Z C Zz, is a symmetric *-ideal of A 
and hence is included in Ay = {0}. Thus Z? C ZZ,T is zero. Therefore, Tr 
is included in the Jacobson radical of Z, which equals Ay NZ C Az, = {0} 
by Theorem 4.3.6. Hence we have shown that A, = {0} implies Z, = {0}. 

Now let Az be arbitrary again. Since (c) shows (A/Az)z = {0}, the 
conclusion of the last paragraph gives ((Z + Az)/Ax)_ = {0}. This means 
that (Z + Az)/Az has no non-zero *-ideals that are symmetric *-algebras. 
However, (Zz + Azx)/Az is a *-ideal that is a symmetric *-algebra since it 
is *-isomorphic to Zz /(Z, Az). This implies that (Zz + Az)/Az is {0}. 
That is equivalent to Zr, C Az, which is what we were trying to prove. 

(e): Since (a) shows that Az is symmetric, Theorem 9.8.3(d) shows that 
Ar/(Ai NZ) = (Az + Z)/Z is symmetric. However (A/Z); = {0} implies 
that the *-ideal (Ar +Z)/Z is zero. Hence (d) shows Z, = A,. O 


Note that conclusion (a) of the above theorem combined with Theorem 
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9.8.3(b) shows that the sum of any family {Z, : a € A} of *-ideals of a 
*_algebra A is a symmetric *-algebra if each of the *-ideals ZT, for a € A is 
symmetric. The next theorem establishes the same result relative to com- 
plete symmetry. We restate Theorem 9.8.6 for the completely symmetric 
case, adding one more result which holds in this case. 


9.8.7 Theorem Let A be a *-algebra. Let L.(A) be the collection of 
maximal modular left ideals of A that have right relative identities of the 
form —p for some p € Ax. Let S,(A) be the set of primitive ideals of A of 
the form L: A for some LE L,(A). Then the completely symmetric radical 
Act of A satisfies: 


(a) Agr is a completely symmetric *-algebra satisfying 
Ay © Act © Ax. 


(b) Agr equals N{PNP*:P € S.(A)}. 

(c) Any *-ideal Z C Ar of A satisfies (A/Z)-r = Act /T. In particular, 
(A/Acx)ct = {0} holds, so that A/Acr includes no non-zero 
completely symmetric *-ideal. 

(d) Any *-ideal Z of A satisfies Z., =ZN A-z. In particular, the 
completely symmetric radical satisfies (Act )ct = Aci. 

(e) For any *-ideal T of A, (A/T)cr = {0} implies Top = Aci. 

(f) The tensor product of A with the full matriz algebra M,, for any 
positive integer n satisfies 


(A ® Mn)cL = Aci & M,. 


Proof The proof of the last theorem can be carried over without essential 
change to prove (a), (b), (c), (d), and (e). The additional remarks in 
(a) follow from Definition 9.8.1 and the remarks about Jacobson-radical 
algebras following it. 

(f): We consider A @ M,, as the *-algebra of n x n-matrices over A. 
Theorem 9.8.4(i) shows that A,., ® M,, is a completely symmetric *-ideal 
in A @ M, and hence is included in (A ® Mn)ecr. 

If A is unital, then it is easy to see that every *-ideal in A @® M,, has 
the form Z ® M,, for some *-ideal Z of A. Hence the asserted equality holds 
since Theorem 9.8.4(i) shows that Z @ M,, is completely symmetric if and 
only if Z is. If A is not unital, we have 


(A! @ Mn)ct NA® My 
Ack ® M, 


(A & Mn)ct 


by our previous results. OC) 
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Next we establish some topological properties of the Leptin radical and 
completely symmetric radical. These were first noted by Leptin [1977], 
using the second proof that we will give for Corollary 9.8.9. 


9.8.8 Corollary The Leptin radical Ay and the completely symmetric 
radical A,r of a *-algebra A are closed in any spectral semi-norm. 


Proof By Theorems 9.8.6(b) and 9.8.7(b), both Az and A,, are intersec- 
tions of *-ideals of the form PM P*, where P is primitive. Proposition 4.2.6 
shows that primitive ideals are closed in any spectral semi-norm. However, 
the argument also works for P*, even though we do not know that the 
involution is continuous, since P = £L: A implies P* = {a € A: Aa C L*}. 
Since £* is a maximal modular right ideal, it is closed by Theorem 2.4.7. 
This shows that ?* is also closed. oO 


9.8.9 Corollary Let A be a *-algebra. Any *-ideal I of A is ( symmetric 
/ completely symmetric ) if it contains a family of ( symmetric / completely 
symmetric ) *-ideals of T the sum of which is dense in T relative to some 
spectral semi-norm on ZT. In particular, A is ( symmetric / completely 
symmetric ) if it contains a family of ( symmetric / completely symmetric ) 
*-ideals the sum of which is dense relative to some spectral semi-norm. 


Proof This follows immediately from the last corollary. 

We will also give an independent proof due to Leptin [1977]. It is enough 
to prove the last statement. We will consider the case of a family of symmet- 
ric *-ideals {Z, : a € A} with dense sum since the completely symmetric 
case has an entirely similar proof. Then Z = }°7Z, is symmetric according 
to the remark following Theorem 9.8.6. Let c € A be arbitrary. It is enough 
to show A = A(1+c*c). Since Z + A(1 + c’*c) is a dense modular left ideal 
with —c*c as a right relative identity, we must have 


A=T+A(1+c*c). 


Hence we may find b € Z and d€ A satisfying —c*c = b+ d(1+ c*c). This 
shows that b € Z is a right relative identity for A(1 + c*c). It follows that 
e = 6+ )* — b*b € Ty is also a right relative identity for A(1 + c*c) since 
any a € A satisfies a — ae = a — ab — (ab* — ab*b) € A(1 + c*c). However, 
ce belongs to Z. Since Z is symmetric, this implies 


ZI = T(1 + (ce)*(ce)). 
Now since any a € A is congruent to ae modulo A(1+ c*c), we have 


A(1 + c*c) 


Le(1 + c*c) + A(1 + c*c) = Te(1 + c*c)e + A(1 + c*c) 
L(e? + ec*ce) + A(1+c*c) =Z(14 (ce)*ce) + A(1 + c*c) 
I+ A(1+c*c) = A. 
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Theorem 10.6.4 below shows that the the socle of a proper *-algebra is 
included in the Leptin radical. Several interesting consequences are derived 
from this. 

Next we state a major consequence of Theorems 9.8.6 and 9.8.7 in the 
language of radical subcategories introduced at the end of Section 4.7. 


9.8.10 Corollary Both the Leptin radical and the completely symmetric 
radical define radical subcategories of the semi-abelian category of *-algebras 
and *-homomorphisms. 


Theorem 10.4.7 will show that the conditions “hermitian”, “symmet- 
ric”, and “completely symmetric” coincide for Banach *-algebras. Corollary 
9.8.8 then shows that the Leptin radical and completely symmetric radical 
of a Banach *-algebra are always equal. Definition 10.5.21 will introduce 
the Barnes radical Ag, defined for any Banach *-algebra A. Thus there are 
four important radicals defined in the category of Banach *-algebras and 
continuous *-homomorphisms: the Jacobson radical, the reducing ideal, the 
Leptin radical as well as the Barnes radical. Theorems 9.7.11 and 10.5.23 
show A; C Ar C Aga. Theorem 11.1.17 shows 


Aj =ArRNA,Z 


for any Banach *-algebra A. 
Commutative *-Algebras 


We wish to give necessary and sufficient conditions for when a commu- 
tative *-algebra is hermitian or symmetric. The latter condition is due to 
Wichmann [1974]. We begin with one of his preliminary results. 


9.8.11 Proposition Let A be a *-algebra. Then A® Mo is hermitian if 
and only if th — a*a is quasi-invertible in A for allh € Ay andae A. 
Hence A is symmetric when A ® Mg is hermitian. 


Proof If A® Mz is hermitian, then the skew hermitian matrix 


; fh at* 
in =i(? fa 


is quasi-invertible. Denote its quasi-inverse by A = (ai; )2x2 and calculate 
the quasi-product AoiH. In the 12-position we get aj2 = i(ai1a* — a*) 
and in the 11-position, 0 = a,j; + ih — iay,h — taj2a. Substituting the 
first expression into the second, we find that a, is a left quasi-inverse for 
th — a*a. A similar calculation with 1H o A shows that a; is also a right 
quasi-inverse, so that ih — a*a is quasi-invertible, as we wished to prove. 
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Now suppose that the criterion holds. We must find a quasi-inverse for 


* 


), where h,k € Ay and 


aé€ A. Let b be ih—a*(1—ik)~‘'a. This is quasi-invertible by our criterion 
since it can be written as 


the typical skew hermitian matrix 7H =1 ¢ 


b = i[h — ((1—tk)~'a)"k((1 —ik)~*a)] + [((1 — ik) ~4a)*((1 — tk) *a)]. 
Hence the following matrix is a quasi-inverse for iH: 


bY —i(1 — b)~'a*(1 —ik)7! 
(ia intone 4 ay tah 8)-tar(a —a)-t) 


where 6? and (ik)? are quasi-inverses. Thus A ® M2 is hermitian. 
If A @ Mg is hermitian, we can let h be zero in the criterion to see that 
A is symmetric. 0 


9.8.12 Theorem Let A be a commutative *-algebra. 
(a) If A is hermitian, then its Gelfand space [4 equals its set Al, of 
pure states. The converse holds if A is spectral. 
(b) A is symmetric if and only if AQ Mp2 is hermitian. 


Proof (a): Theorem 9.6.10 shows that, for any commutative *-algebra A, 
its set of pure states At, is the set of all y € I, that are *-homomorphisms. 
If these sets are not equal, there is some y € [.4 and some h € Ay with 
y(h) ¢ R. Since y(h) belongs to Sp(h), A is not hermitian. Conversely, if 
A is not hermitian, there is some h € Ay and some non-real » € Sp(h). If 
A is spectral, there is some y € I, satisfying y(h) = A, which proves that 
7 is not a *-homomorphism. Hence A, is proper subset of I‘y. 

(b): If A is symmetric as well as commutative, then the quasi-product 
ih — a*a = (—a*a) o (i(1 + a*a)~*h) is quasi-invertible for any h € Ay 
and a € A. Hence A ® Mg is hermitian by the previous proposition. The 
converse was obtained without commutativity in the last proposition. O 


9.8.13 A Hermitian but Non-Symmetric *-Algebra_ The following 
example is due to Wichmann [1974]. Let C(z)[w] be the polynomial ring in 
w over the function field C(z) in z. Thus a typical element is a polynomial 


p(w) = >> pe(z)w* 
k=0 


in w for which the coefficients p,(z) are rational functions in z. We make 
this into a *-algebra by regarding the variables as real variables, i.e., 2* = z’ 
and w* = w. Let A be the quotient of this polynomial *-algebra modulo 
the *-ideal generated by the irreducible polynomial 1 + 22 + w2. Thus A is 
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a field as well as a *-algebra and each element of A can be uniquely written 
as f(z) +g(z)y, where y? = —(1 +27) and y* = y. Since J is a field, each 
non-constant element has empty spectrum. Thus A is hermitian. However, 
the equation 

L+(zt+iy)*(z+iy)=1+2%7+y’? =0 


shows that A is not symmetric. 

Theorem 9.8.12(b) shows that A is an example of a hermitian *-algebra 
for which A @ Mp2 is not hermitian. In Section 10.4 we will show that 
hermitian Banach *-algebras are completely symmetric, so that no example 
such as the above can occur in that case. It seems likely that this type of 
counterexample can be ruled out by a much weaker hypothesis. 


9.8.14 Additional Examples C*-algebras are, of course, completely 
symmetric. The group Banach *-algebras £1(G), L1(G) and M(G) intro- 
duced in §9.1.7 and 89.1.8 are sometimes but not always hermitian. We 
will explore this interesting question in Chapter 12. For a locally compact 
abelian group G, the discussion in Section 3.6 shows that each element + 
of the Gelfand space arises from a continuous character. It is thus easy to 
see that 7 is a *-homomorphism, so that L'(G) is hermitian (and there- 
fore completely symmetric) in this case. Section 10.5 will show that the 
*_algebras Bys(H) of Hilbert-Schmidt operators and B;(H) of trace class 
operators are hermitian and thus completely symmetric. This fact also fol- 
lows from the results of Section 10.4, since the above two *-algebras are 
*_ideals (and hence spectral *-subalgebras) of the C*-algebra B(H). 

The table at the end of §9.1.48 gives the Leptin radical for the 36 
*-isomorphism classes (including three parameterized families) of finite- 
dimensional *-algebras listed there. It also shows whether each *-algebra 
is hermitian. For finite-dimensional *-algebras, the hermitian property is 
equivalent to complete symmetry. In fact, a finite-dimensional hermitian 
*_algebra is a C*-algebra if and only if it is semisimple. The Wedderburn 
structure theorems of Section 8.1 show that any finite-dimensional hermi- 
tian *-algebra .A contains its Jacobson radical as a *-ideal and also contains 
a *-subalgebra B that is just a direct sum of full matrix algebras with their 
usual involutions. The natural map of A onto A/A, sends the C*-algebra 
B *-isomorphically onto the C*-algebra A/A,;. In particular, Ay 6B = A, 
where the direct sum is in the category of Banach spaces and the multipli- 
cation is a type of semi-direct product. 

There are a number of additional examples at the end of Section 9.7. 
Example 9.7.25 (the disc algebra) is a fairly typical example of a non- 
hermitian, unital, commutative Banach *-algebra. Each element of the 
Gelfand space defined by evaluation at a non-real point in the disc is not a 
*-homomorphism. The *-algebra of all sequences in §9.7.26 is a completely 
symmetric, unital, commutative *-algebra which is not a spectral algebra. 
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The algebra B of Nx N-matrices defined in §9.7.27 is non-hermitian. To 
see this, consider the hermitian element H that has —7z at each position on 
the superdiagonal and 7 at each position of the subdiagonal. Then i — H 
is 1A where A has 1 at each position of the main diagonal and the super- 
diagonal and —1 at each position of the subdiagonal. If B = (b:;)nxn € B 
were an inverse for A, looking at the first column of AB, we find b); +69; = 1 
and —bnj + bniij, + On+2,1 = 0 for alln € N. It is easy to check that this 
implies that the first column of B has at most one zero entry, contradicting 
BeB. 

The disc *-algebra with convolution multiplication described in §9.7.31 
is completely symmetric since it is Jacobson-radical. It is even easier to 
determine the hermitian, symmetric and completely symmetric character 
of all of the rest of the examples at the end of Section 9.7. 


9.9 Linear Maps Between *-Algebras 


Up to here, we have considered *-homomorphisms between *-algebras 
and certain types of linear functionals on *-algebras. The latter should 
also be considered as maps between *-algebras since the field of complex 
numbers is an important example of a *-algebra. In this section we will 
introduce several additional types of linear maps between *-algebras. All 
of the properties that we consider do hold for *-homomorphisms. Most 
of the results obtained here will be rather unsatisfactory. In Chapter 10, 
where we consider special classes of *-algebras, many of the present results 
will be sharpened. We begin with an unsurprising formal definition. 


9.9.1 Definition Let A and B be *-algebras and let y:.A > B be a map. 
(a) y is called hermitian if it is linear and satisfies 


y(An) C Bu. 


(b) is called positive if it is linear and satisfies 
p(A+) C By. 


Both of these definitions are so weak that they have little theory associ- 
ated with them. The concepts become more interesting only when combined 
with other restrictions on the maps. A map y:A — B is hermitian if and 
only if it is a *-linear map (i.e., a linear map satisfying 


y(a*)=y(a)* Vac A). (1) 


(If a = h+ik, then p(a*) = y(h — ik) = y(h) — ip(k) = y(a)*.) Another 
obvious remark is that a linear map y:.A — B is hermitian if and only if 
its restriction to Ay is a real linear map of Ay into By. Conversely, any 
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real linear map of Ay into By can be extended by complex linearity to 
a hermitian map y: A — B. We will make use of this last remark on a 
number of occasions. Note that a ( hermitian / positive ) linear functional 
is precisely a linear functional that is a ( hermitian / positive ) linear map. 
Let A and B be *-algebras and let y: A > B be linear. Then y is positive 
if and only if it satisfies 


p(h) < p(k) Vh, ke Anjh<k. (2) 
We state the next simple result formally for the sake of future reference. 


9.9.2 Proposition Let A and B be *-algebras and let y:A — B be 
positive. Then » satisfies 


y(a*b)* = y(b*a) € B? Va, bE A. 


Hence restricted to A? is a hermitian map of A? into B?. In particular, 
A? = A implies that yp is hermitian and satisfies p(A) C B?. 


Proof For a,b € A and X» € C, we have 0 < y((Aa + 6)*(Aa + b)) = 
|A|?:p(a*a) + A* p(a*b) + Ay(b*a) + y(b*b). Hence choosing \ = 1 and A =i, 
and noting that the first and last terms are positive and hence hermitian 
elements of B*, we have 


yp(a*b) + y(b*a) = y(a*b)* + y(b*a)* € B? 
y(a*b) — y(b*a) = p(b*a)* — y(a*b)* € B’. 


Adding these equations gives the first result stated in the proposition. The 
rest follow from Proposition 9.1.6. Oo 


Completely Positive Linear Maps 


We will now discuss completely positive linear maps between *-algebras. 
These were defined and their basic properties were obtained by W. Forrest 
Stinespring [1955]. Hisaharu Umegaki obtained some of the same results 
independently [1955]. Section 1.10 introduced general tensor products, but 
A ® M,, was briefly discussed preceding Theorem 9.8.4. We always regard 
A ® M,, as the *-algebra M,,(A) of n x n-matrices with entries from A and 
with the involution (@:j)iyn = (@3;)nxn for (aij )nxn € Mn(A). 


9.9.3 Definition Let A and B be *-algebras and let y: A > B be a linear 
map. Define y,:A@® M, > B® M,, by 


Pn((Gij nxn) = (Y(Giz)) nxn 


(i.e., Yn = 9 @ I, where J is the identity map in B(C”)). Then ¢ is called 
completely positive if (~~, is positive for all n € N. 
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A *-homomorphism y is completely positive since y, is again a 
*homomorphism. For n > 1, the transpose map on M, is an example 
(due to William B. Arveson [1969]) of a positive linear map which is not 
completely positive. It is obvious that it is positive. One can see that it is 
not completely positive as follows. Let E be the element (n~!E¥)nxn of 
M,(M,,) ~ My, ® Mp, where E” € M,, is the matrix unit for position 77. 
Then E? = E = E* shows that E is positive. However, y,(E) = (E7*)nxn 
is self-adjoint and satisfies (ny,(E))? = I. Hence nyn(E) is a self-adjoint 
unitary matrix and thus has the form 2P —I for some projection P which is 
obviously neither 0 nor J. Thus y,(£) is not positive, so vy is not completely 
positive. 

One of the most useful properties of completely positive maps is easy 
to obtain. It depends only on the map 2 being positive, as one sees from 
the proof of the next proposition. 


9.9.4 Proposition Let A be a unital *-algebra and let B be a C*-algebra. 
Let y: A > B be completely positive. Then satisfies 


y(a)*p(a) < |leQ)[ly(a"a) = Va EA. (3) 
If p is also non-zero, then |\y(1)|| is positive and y' = ||p(1)||"' satisfies 
y'(a)*p'(a)<y'(a*a) = aE A. (4) 


Proof Let T be a faithful *-representation of B as a C*-algebra on H. 
Corollary 9.1.21 shows that positivity in B is the same as in B(#), so we 
may replace B by B(H) and y by Toy. We do this. For any a € A, the 


atrix 7 
la 1 a\\_/ (1) fa) 
"2 \\o 0} \o 0})~ \ylat) (ata) 
is positive since ~2 is positive. Hence for any z, y € H, we have 


(p(1)z, 2) + (yla)y, x) + (p(a)*x,y) + (y(a*a)y, y) 2 0. (5) 


If y satisfies y(1) = 0 but y(a) ¥ 0, then we obtain an obvious contra- 
diction by choosing y, so that y(a)y # O and choosing zx to be a large 
multiple of —p(a)y. Hence if y is non-zero, then y(1) is non-zero. Now let 
x equal —|\(1)||~* y(a)y. Making this substitution in (5), multiplying the 
inequality by ||y(1)||, and then allowing y to vary over H gives 


Ie(1)II-* p(a)* (A) e(a) — 2v(a)*y(a) + ly(1)Ily(a"a) > 0. 


Inequality (3) holds since y(a)* (I —{|(1)||~*y(1))y(a) is a positive element 
of B(H) by Theorem 9.1.20(h). The last sentence is now clear. oO 
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Schwarz Maps 


Maps satisfying the Cauchy—Schwarz inequality (4) are so important 
that we will give them a name (in honor of Hermann Amandus Schwarz). 


9.9.5 Definition Let A and B be *-algebras. A map y: A — B is called 
a Schwarz map if it is linear and satisfies 


yla)"pla) S plata) = Va EA. (6) 


Note that a Schwarz map is positive and any state is a Schwarz map. 
Proposition 9.9.4 shows how to construct a Schwarz map from any non-zero 
map satisfying its hypotheses. 

For any positive map y:A — B, where A and B are *-algebras, we 
could define ||y||47 = inf{B € R, : y(a)*y(a) < By(a*a) for all a € A}. If 
this expression is finite and B is a C*-algebra, then ¢ satisfies y(a)*p(a) < 
llyllzp(a*a) for all a € A. However, this inequality need not hold when B 
is not a C*-algebra since the positive cone may not be closed. This latter 
fact limits the usefulness of this notion. Proposition 9.9.4 shows that ||y||# 
would be finite for any map satisfying its hypotheses. In fact, one can check 
(and it will be clear a little later) that ||y||4 = ||y(1)|| in this case. 

We now include a remarkable property of Schwarz maps. We begin with 
a simple lemma. The next three results are due to the author [1974] and 
to Man-Duen Choi [1974a], independently. 


9.9.6 Lemma A pre-reduced *-algebra A satisfies 
{p+th:tE€R} CA, = h=0 VDhead. (7) 
Any algebra satisfying (7) is ordered. 


Proof If A is pre-reduced, Proposition 9.7.15 shows N{ker(w) : w € Al} = 
Apr = {0}. Suppose that p, h € A satisfy {p+ th:¢ € R} C Ay. Then 
any w € Al and any t € R satisfy w(p) + tw(h) = w(pt+th) > 0. Clearly 
this implies w(h) = 0. Since w € Al was arbitrary, h must be zero. 

Any h € Ai M (—A}4) satisfies 0+ th € A; for all t € R. Hence (7) 
implies that A is ordered. oO 


Condition (7) can be neatly expressed as: A; contains no complete 
straight line. 


9.9.7 Theorem Let A be a *-algebra and let B be a *-algebra with no 
complete straight lines in B,. Let p: A + B be a Schwarz map. An element 


bE A satisfies 
y(b)*p(b) = p(b*b) (8) 
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if and only if it satisfies 

y(a*b) y(a)*p(d) 

y(b*a) = (b)* (a) 


If y is also a hermitian linear map, then the set of elements satisfying (9) 
is a *-subalgebra and the restriction of yp to this set is a *-homomorphism. 


VaceA. (9) 


Proof The sufficiency of (9) is obvious. Let b € A satisfy (8) and let ae A 
and t € R be arbitrary. Then we find 


t(p(b)" p(a) + v(a)*p(d)) 

= (tb + a)*p(tb + a) — t’y(b)*p(b) — y(a)* (a) 

< y((th +a)*(tb + a)) — t’y(b*b) — y(a)*p(a) 

= ty(b*a + a*b) + (y(a*a) — p(a)*—p(a)). 
Hence (7) gives y(b)*y(a) + y(a)*p(b) = y(b*a + a*b). Replacing a by 
—ia and then multiplying by i gives y(b)* p(a) — y(a)*p(b) = y(b*a — a*d). 
Adding and then subtracting these two equations gives the two equations 
of (9). The last sentence is easily verified. s 


Let A be the 2 x 2-matrix algebra with the involution defined by 
a B\"_ (6d Bp 
Op Ra Or 


An arbitrary element in Ay has the form (¢ = } foraeé Cands,teER 


and can be written in the form 


+ oe moksey ae 9) eAy 


Hence A satisfies Ay = Ay = —A,. Therefore, the transpose map ¢ from 
A into A is a hermitian Schwarz map. Only multiples of the identity satisfy 
(9), but any hermitian matrix satisfies (8). Thus the hypothesis (7) in the 
theorem is essential. 

Later we will use Theorem 9.9.7 to characterize *-homomorphisms in 
terms of Schwarz maps. Now we use it to characterize quasi-expectations 
(cf. Masahiro Nakamura and Takasi Turumaru [1954]). The terminology 
is from probability theory. 


9.9.8 Definition Let A be an algebra and let B be a subalgebra. A 
quasi-erpectation of A onto B is a projection map y:A > B C A (i.e.,-a 
linear idempotent map with range B) that satisfies 


y(ab)=y(a)b = vp(ba) = by(a) ~=—s« Waa E A; DEB. (10) 
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If A and y are unital and B is a unital subalgebra, then a quasi-expectation 
is called an expectation. 


Note that if A and » are unital and B is a unital subalgebra of A, then 
a linear map satisfying (10) is automatically a projection onto B. Here 
is a typical example that satisfies the next corollary. Let G be a locally 
compact group and let K be a compact, open, normal subgroup. Choose 
Haar measure \ on G to satisfy \(K) = 1. Let A be L(G) and let B 
be the *-subalgebra of functions constant on cosets of K. Let x be the 
characteristic function of K considered as a central idempotent of L1(G). 
(In M(G) xy may also be identified with the normalized Haar measure of 
K.) Define y by y(f) = f * x for all f € A. Both the hypotheses and 
consequences of the next corollary are easily checked in this case. 


9.9.9 Corollary Let A = A* be a *algebra and let B be an ordered 
*.subalgebra. Let p: A > A be a projection onto B. Then ¢ is a positive 
quasi-expectation tf and only tf it 1s a Schwarz map. 


Proof If y is a Schwarz map, then any b € B satisfies y(b)* p(b) = b*b = 
y(b*b). The theorem gives (9). Replacing 6 by b* in the second equation 
gives y(ba) = by(a). Proposition 9.9.2 shows that y is hermitian. Hence, 
replacing a by a™* in the first equation gives the other half of (10). 

Let y be positive and satisfy (10). Then any a € A satisfies: 


0 < ((p(a) — a)*(y(a) - a)) 

= lp(a)* pla) — p(a)*a — a*y(a) + a*a) 
y(a)*p(a) — y(a)"v(a) — y(a* y(a)) + y(a*a) 
= —(a)"y(a) + v(a*a). 


Hence y is a Schwarz map. oO 
Complete Positivity 


We now come to the major result on completely positive maps. In the 
form given, this result is new, but it generalizes results of Stinespring [1955], 
Umegaki [1955], and William L. Paschke [1972]. Paschke’s original result 
will be given in Chapter 10. In fact, we need to slightly alter the notion of 
positivity in order to obtain a result in the current setting. For a pre-Hilbert 
space 1, we will say that an element P € L,() is operator positive if it 
satisfies (Px,z) > 0 for all z € 4. It is obvious that an operator in £L, (4%) 
that is positive relative to the *-algebra structure is operator positive. The 
proof (which works in the case of Hilbert spaces) that operator positivity 
implies *-algebra positivity fails for pre-Hilbert spaces. Since £,4(4) ® Mn 
can be identified with £,(4")), where ¥™ is just YOXO---OX (with n 
summands), the meaning of operator completely positive in the next theorem 
is obvious. See Section 1.10 for tensor products. 
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9.9.10 Theorem Let A be a unital *-algebra, and let X be a pre-Hilbert 
space. The following are equivalent for a linear map y: A + L,(4). 
(a) y ts operator completely positive. 
(b) There exists a pre-*-representation T of A on a pre-Hilbert space Y 
and a linear map V:X + Y with an adjoint V*:Y > X satisfying 


yp(a) = V*TV Vac. (11) 


If y(1) is a bounded operator, V is bounded. If p is unital, V is an 
tsometry. 


Proof (b)=>(a): We must show that y, is operator positive for any n € N. 
For any (dij )nxn € A® Mn, we get 


Pn((Aij nxn (@ij)nxn) = Ynl((Aji)nxn(Qij)nxn) = (¥> ei) 


k=1 
(x: 
k=1 

(Soir v)"(a,¥)) 

k=1 nxn 


aed (Ta; )nxn(Zai;V)nxn > 0, 


which is what we needed to show. 
(a)=>(b): Let Y be the algebraic tensor product A ® 4. For 


v* TTY) 
mxn 


t=) aj @2; and G=) 0b; @y; (12) 

j=l j=l 
in Y define (-,-):¥ x ¥) > C by 
n 


5 (v(bpa,)z,, ye). (13) 
j=l k=1 


Since (Z,%) is a linear function of each a; and x; and is a conjugate linear 
function of each b, and y;, the universal mapping property of tensor prod- 
ucts shows that it is well-defined on x ) and is linear in Z and conjugate 
linear in y. Furthermore, it satisfies 


4 Ph a5}25, 24) = = (Yn (A* A)x, x) > 0, 


o~ 
Ri 
8 
we 
il 
Me 
bd 
f iMe < 


where A is the matrix with first row a,,a,...,@n and all other rows zero 
and x is the vector (%1,22,...,2,) € 4". Let N be the linear subspace 
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N = {@€ ): (%,£) = 0} and let Y be the quotient linear space Y/N with 
the inner product induced by (, ). 
Define a map T: A > L(Y) by 


T, (2) = saa; ® 2; (14) 
j=l 


for all a € A and z € J, as described in (12). Then T is a well-defined 
homomorphism satisfying 


Tm m 
(Tot, 9) = >- Y_(p(bjaa;)x;, yz) = (2, T29) 


for all a € A and all #9 € Y, as in (12). Furthermore, for any fixed = € 
the map w:A — C defined by w(a) = (TaZ,Z) is a positive linear func- 
tional satisfying (T,Z,T,£) = (To-a,£) = w(a*a) < (w(1)w((a*a)?))/? = 
((Z, Z)w((a*a)”))}/2. Hence T, maps N into itself. Define T: A > L.() 
to be the map induced by T. For any z € 4, define V(z) by V(z) = 
1@z+WWN in Y. Then for g € ) as defined in (12) we have (Vz,g +N) = 
deni (PCO )z,yr) = (2, k= y(be)yx). Hence V*: — 4 is defined by 
V* (Sop Ok @ yk +N) = YL, (be) ye. Therefore, alla € Aandz€ 4 
satisfy p(a)z = V*(a@®z) = V*T,(1 ® z) = V*T,V(z), proving (11). 
The last two sentences of the theorem follow from the observation that 
(y(1)z,z) = (V*Vz,z) = ||Vz||? holds for all z € ¥. O 


The reader should note the close similarity between the above proof and 
the construction of the *-representation T” from an arbitrary positive linear 
functional w on a *-algebra. We could introduce the notion of admissible 
completely positive maps just as we did for positive linear functionals. The 
admissible completely positive maps would be those for which the construc- 
tion of the last theorem could be extended to the Hilbert space completion 
of Y (assuming that VY was a Hilbert space). We will not do this. We will 
characterize *-homomorphisms in terms of Schwarz maps and completely 
positive linear maps later in this section. 

We now show that commutativity in either the domain or target algebra 
is enough to show that a positive function is completely positive, provided 
that the *-algebras involved are adequately restricted. The following result 
(first proved by Stinespring [1955]) is distinctly non-trivial since it depends 
on the full force of the Riesz representation theorem. We will weaken the 
hypothesis on A in Section 10.1. 


9.9.11 Theorem Let A be a commutative C*-algebra and let B be a 
*-algebra. If p: A — B is positive, then it is completely positive. 
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Proof Theorem 9.1.15 allows us to replace A by Co(Q) for some locally 
compact space 2. Theorem 9.5.12 shows that we may replace B by B(H) 
by taking some faithful *-representation of B as a C*-algebra on H. We will 
check the definition of complete positivity directly. To this end, we choose 
an arbitrary positive n x n-matrix F = (fi;)nxn of functions in Co(Q). It 


is enough to show that any n-tuple x = (2),2%2,...,2n) € H” satisfies 
(pn(F)x,x) = s 5 (Cis) )zj,2;) > 0. (15) 
i=1 j=1 


For S = {2; +1™¢, : 1 < j,k <n,0< m < 3}, define wo: Co(M) > C by 
wo(f)=4' So (p(f)z,2) Vf € Co(2). 


res 


Then wo is positive. For 1 <i,7 <n, define w;;:Co(Q) > C by 
wis(f) = (p(f) zi, 2;) Vf € Co(M). 


Polarization shows |w,;(f)| < wo(f) for any positive function f in Co(Q). 
Let yp be the finite, non-negative, regular Borel measure that represents wo 
according to the Riesz representation theorem. For each i,j with 1 < 2,7 < 
n, let hi; be the function in L(y) satisfying 


dsl fy = / fhidu Wf €Co(M) 


according to the Radon—Nikodym theorem. 
(Rather than citing the Radon-Nikodym theorem, we could give the 
following short oreument often used in its proof. The Cauchy—Schwarz 


inequality gives |wo(f)? = | f f -Idul? < f\fP’du f ldp = ||ullwo(f* Ff). 
Hence wo is extensible. It is also admissible since it satisfies 


wo(g" f* fg) = ; FPlg2du < |LFI2, / lgP?due = [IF I2,w0(9"g). 


Hence wo is representable. As usual, denote the Hilbert space of the 
*-representation T“° by H”°®. Any f,g € Co(Q) satisfy (f%°,g”°)., = 
wo(g*f) = f g*fdu. Hence H“° can be identified in the usual way with the 
space L?(y) of functions on 2 that are square integrable with respect to yp. 
Then |wij(f)| < |wo(f)| < ||| F112, implies the existence of hj; € L?(p) 
satisfying Wij (f) = Ge hi; Jwo = f fhijdp. ) 

For all positive functions f € Co(Q) and all n-tuples 1, A2,..., An of 
complex numbers, we get 


[1(% Sava) a - SS f thar 


i=1 j=l t=1 j=1 
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S- Si (o(f)zi, 23) AF = (v(f)x, x) > 0, 


i=1 j=1 


where r = Yin Aiz;. Since f > 0 was arbitrary in Co({), the expression 
ei Loa io) )A:A¥ must be non-negative for almost all w € 2. 

9 ee (fij)axn € Co(Q) ® My, be positive, so that it can be written 
as F = Dee (GM (w))*G™ (w), where Gl) (w) = (gh? (w ))nxn- (Since 
or i M,, is a C*-algebra, we can actually choose m = 1 and G positive, 
but we will not stop to show this.) Write H(w) = (hij(w))nxn. We can 
now rewrite (15) as 


(on(F)x,x) = 3 Yovalsa) = ~ 9 2 7 faj(w)Pjaw)dpa(v) 
= [ BFW)A&)duw) 
3 [ RG) Hw)GW))du(w) > 0 
as we wished to show. ; 0 


9.9.12 Corollary Let A be a unital C*-algebra and let B be a C*-algebra. 
Any positive map yp: A > B satisfies 


vc)" p(c) < |le()Ile(e"e) Vee An. (16) 


Proof Let c be anormal element of A, and let C be the closed *-subalgebra of 
A generated by 1 and c. Then C is commutative with an identity element, 
and it is a C*-algebra by Corollary 9.5.6. The restriction of y to C is 
completely positive by Theorem 9.9.11. Thus inequality (16) follows from 
Proposition 9.9.4. QD 


9.9.13 Proposition Let A be a *-algebra and let B be a commutative 
C'*-algebra. Then any positive map vy: A > B is completely positive. 


Proof Theorem 9.1.15 shows that we may replace B by Co(Q) for some 
locally compact space M. Let A = (ai;)nxn be a positive matrix in M,,(A). 
Let x = (1, A2,.--,An) be an element of C” and let w be a point in 2. We 
have 

nr nm 


(yn(A)(w)a, 2) = S> >> vlag)w)Adf = (D> S> AAjaiz)(w) > 0 


i=1 j=1 i=1 jg=1 


since }-5- ay .-1 AiAjaiz is a positive element of A. Hence for each w € &, 
the matrix yn (A)(w) = (pn (aiz)(W)) ~n in Mn is positive. 
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The proof will be complete when we show that a matrix F = (fij)nxn 
in M,(Co(Q)) is positive when F(w) = (fi;(W))nxn in My is positive for 
each w € 2. To do this we apply the construction used to prove Theorem 
9.1.20(i) to the positive matrix F(w) in M,. This construction gives a 
positive matrix G(w) = (gi; (W))nxn satisfying G(w)* = F(w), which clearly 
depends continuously on the f,;(w) and hence on w. Therefore, g;;(w) is a 
continuous function of w which vanishes at infinity for each i7. Therefore, 
G belongs to M,(Co()) and satisfies G2 = F. Hence F is positive. O 


9.9.14 n-Positive Linear Maps Man-Duen Choi [1972] defines a linear 
map y: A > B between *-algebras to be n-positive if y,: M,(A) — M,(B) 
is positive. Hence a linear map is completely positive if and only if it is 
n-positive for all n € N. For each n € N, he exhibits a map between 
C*-algebras that is n-positive but not (n + 1)-positive. In the same paper, 
he shows that for any non-commutative C*-algebra A, there are positive 
but not 2-positive maps of A into M2 and from Mp2 into A. From this 
he concluded that if A and B are C*-algebras, then there is a positive 
but not 2-positive map of A into B unless A or B is commutative. Thus 
the hypothesis of commutativity in Theorem 9.9.11 and Proposition 9.9.13 
cannot be weakened. 


Before leaving completely positive maps, we mention the closely related 
idea of completely bounded maps. If y:.A > B is a bounded linear map 
between algebra A and B it extends naturally to a map y, between M,,(A) 
and M,,(B). If A and B are normed and one has a natural way to extend 
the norm to M,(A) and M,(B), » is called completely bounded if 


llelleo = sup{]|yen|| : m € N} 


is finite. Rather than including the results formally, we refer the reader 
to Vern I. Paulsen [1968], Erik Christensen and Allan M. Sinclair [1989], 
Michael Cowling and Uffe Haagerup [1989], Edward G. Effros and Zhong- 
Jin Ruan [1993], David P. Blecher [1995] and the references found there. 


Jordan *-Homomorphisms 


Section 6.3 introduced and discussed Jordan homomorphisms. In ac- 
cordance with our convention on the meaning of words with a *-prefix, a 
Jordan *-homomorphism is a Jordan homomorphism that is also a hermi- 
tian linear map. We record an easy fact for later reference. 


9.9.15 Proposition Let A and B be *-algebras. A linear map y: A > B 
is a Jordan *-homomorphism if and only if it is hermitian and satisfies 


y(h?)=y(h)? VAESA. (17) 


Proof Lemma 6.3.2 establishes this. O 
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If A is a C*-algebra, then Corollary 9.1.21 shows A, = {h?:h € Ap}, 
so that (17) implies that y is positive. This is not necessarily true when 
A is not a C*-algebra, even if A is a Banach *-algebra. The equivalent 


conditions 
y(a*a+aa*) > 0 VaeA 


y(h?) > 0 V he An, 


which are obviously satisfied by Jordan *-homomorphisms, have been called 
Jordan positivity or weak positivity. They are discussed in Rickart’s book 
[1960] and Shirali [1968], but we will not pursue them here. 

While discussing Jordan *-homomorphisms we remark that there is a 
very easy direct proof that the kernel of a Jordan *-homomorphism y: A > 
B is a *-ideal when B is a semiproper *-algebra. (One could prove this 
indirectly by citing Theorem 9.7.21 and Corollary 6.3.8.) Since ker(y) is 
obviously a *-linear subspace of A, it is enough to consider the product 
of hermitian elements h € ker(y) and k € Ay. However, Lemma 6.3.2(e) 
shows that the hermitian element y(i(hk — kh)) has square zero. If B is 
semiproper, we get y(hk) = y(kh) = (p(h)y(k) + vl(k)y(h))/2 = 0. A 
similar argument gives the first half of the next result, which generalizes 
Theorem 9.5.12(d). 


9.9.16 Proposition Let A and B be *-algebras and let yp: A > B be a 
Jordan *-homomorphism. 
(a) Ifh, k € Ay commute and B is semiproper, then p(h) and p(k) 
commute. Hence ~ maps the center of A into the center of B. 
(b) Ifa, b€ A commute and B is regular, then y(a) and p(b) commute. 


Proof (a): Lemma 6.3.2 shows (i(y(h)y(k) — y(k)y(h)))? = 0. Since 
i(p(h)yp(k) — y(k)p(h)) is hermitian and B is semiproper, y(h) and y(k) 
commute. The final remark is immediate. 

(b): Since B is regular, the *-subalgebra generated (as a subalgebra) 
by (A) is semisimple. Hence Theorem 6.3.4 shows that y(a) and (6) 
commute. O 


We now give the major result of this section on Jordan *-homomorphisms. 
We will return to these maps in several sections of Chapter 10. 


9.9.17 Theorem Let A and B be *-algebras with B pre-reduced. The 
following are equivalent for a map yp: A — B. 

(a) y is a *-homomorphism. 

(b) vy ts a Jordan *-homomorphism and a Schwarz map. 


Proof Obviously, (a) implies (b). Conversely, a Jordan *-homomorphism 
y satisfies p(h?) = y(h)? for all h € Ay. Hence Theorem 9.9.7 shows 
p(hk) = p(h)y(k) for all h, k € Ay. Thus ¢ is a *-homomorphism. Oo 
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Using Theorem 9.5.4, it is easy to see that a *-algebra A is reduced if 
and only if it has at least one (and usually many) C*-norms. Thus the 
hypotheses of the following proposition are not very restrictive. A special 
case of this result was proved by Richard V. Kadison [1951la]. The present 
proof is based on Alan L. T. Paterson [1969]. A partial converse is contained 
in Proposition 10.1.15 (cf. Theorem 10.1.16). The proof uses notation from 
Section 2.6 of Volume I. 


9.9.18 Proposition Let (A, || - ||) and (B,||- ||) be unital *-algebras with 
C*-norms. Let p:A — B be a unital linear isometry of A onto a dense 
subset of B. Then ¢ is a Jordan *-isomorphism onto its range. 


Proof Without loss of generality we may assume that A and B are complete 
in their norms and hence are C*-algebras by Corollary 9.5.6. Then y(A) 
is complete and dense in B, so that y maps A onto B. Since the sets 
As and Bs are defined purely in terms of the norm, the linear structure 
and the identity element, » maps As onto Bs. Theorem 9.5.9(d) shows 
y(Ay) = By, so that y is a hermitian (= *-linear) map. Similarly, ~ maps 
the set of vertices of A; onto the set of vertices of B,. Thus Theorem 
9.5.16(c) shows y(Ay) = By. Hence any h € Ay and t € R satisfy 
p(e**)o(e-#") = v(e**)y(e#")* = 1 by Theorem 9.5.9. Expanding the 
first few terms for small values of |t| gives 


t?|\|p(h)? — p(h?)|| + O(¢*) 
II[1 + ity(h) — 2774? p(h?)][1 — ite(h) — 2774? —p(h?)] — 1 
O(l¢|*), 


which implies y(h?) = y(h)*. Thus ¢ is a Jordan *-isomorphism. Oo 


Theorem 6.3.11 of Volume I discusses a situation in which a Jordan 
homomorphism can be written as a sum of a homomorphism and an anti- 
homomorphism. Klaus Thomsen [1982] gives a stronger result for a Jordan 
*-homomorphism into B(H) for some Hilbert space H. 
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Special *-Algebras 


In this chapter we study various essentially algebraic hypotheses on 
*_algebras, most of which are satisfied by Banach *-algebras and all of 
which are satisfied by hermitian Banach *-algebras. Virtually all known 
results on Banach *-algebras and hermitian Banach *-algebras (that are 
not explicitly properties of the complete norm) are obtained in this more 
general setting. We study these classes of *-algebras partly for their own 
interest, but mainly because they lend themselves to particularly simple 
proofs of the theorems we wish to establish. Furthermore, we can define 
categories which include all Banach *-algebras (or all hermitian Banach 
*_algebras) among their objects but which are much better behaved than 
the awkward categories of Banach *-algebras. These more inclusive cate- 
gories facilitate constructions and proofs. 

As we have seen in Chapter 9, the *-representations of an arbitrary 
*-algebra A endow A with a topology. This *-representation topology is 
defined entirely in terms of the *-algebraic structure of the *-algebra. The 
closure of zero is the reducing ideal. In this chapter we will consider sev- 
eral classes of *-algebras in which a geometrical structure arises from the 
*_algebraic structure. In each case we find some quantitative notion of 
boundedness and use it to define a semi-norm. 

The *-representation topology on perfectly general *-algebras is un- 
wieldy. Section 10.1 is devoted to those *-algebras for which the *-represen- 
tation topology is defined by a semi-norm. We call them G*-algebras. There 
is only one choice of this semi-norm that satisfies the C*-condition. We call 
this semi-norm the Gelfand—Naimark semi-norm since it was first studied 
(on certain Banach *-algebras) by these mathematicians [1948]. We denote 
it by y. It is the largest C*-semi-norm on the *-algebra. Theorem 10.1.7 
shows that many simple conditions on a *-algebra are equivalent to its being 
.a G*-algebra. Thus, this notion is a very natural one. The reducing ideal 
Ar of a G*-algebra A is obviously described by Arn = {a € A: (a) = 0}. 
Several results for G*-algebras are connected with the close relationship 
between a G*-algebra A and the completion of A/Apr under the norm in- 
duced by 7. This completion is called the enveloping C*-algebra of A and 
is denoted by C*(A). It is actually better to consider the natural map 
@:.A — C*(A) as the enveloping C*-algebra of A. It is the solution of a 
universal mapping problem, its construction is functorial, and it captures 
the *-representation theory of A. G*-algebras are also characterized by 
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their possession of a universal *-representation. 

It is easy to see that Banach *-algebras are G*-algebras, but compara- 
tively little of their representation theory can be extended to G*-algebras. 
The difficulty is that the pre-*-representations of a G*-algebra on a pre- 
Hilbert space may be poorly behaved. Our direct interest is always in 
*_representations on Hilbert space, but in many constructions (e.g., ex- 
tensions of *-representations from *-ideals to the whole *-algebra) it is 
necessary to define a pre-*-representation on a pre-Hilbert space first and 
then extend it to the Hilbert space completion. The essential difference 
between G*-algebras and BG*-algebras (a class which is also considered in 
Section 10.1) is that this type of construction can be made for the latter 
class of *-algebras. Essentially all of the features of the *-representation 
theory of Banach *-algebras are reproduced in the *-representation theory 
of BG*-algebras. 

A fundamental result on BG*-algebras is given in Theorem 10.1.21, 
which asserts that any *-representation T of a *-ideal Z of a BG*-algebra 
A can be extended to a *-representation T of A on the same Hilbert space. 
If T is essential, then T is unique and essential and preserves a number of 
the properties of T. Theorem 10.1.22 uses a similar construction to show 
that any *-ideal in a BG*-algebra is a BG*-algebra. This result shows 
that the category of all BG*-algebras and all *-homomorphisms is very 
convenient for constructions and proofs. These results combine to show 
that the reducing ideal defines a radical in the semi-abelian category of 
BG*-algebras and *-homomorphisms. 

Tensor products of G*- and BG*-algebras are discussed at the end of 
Section 10.1. It is shown that the algebraic tensor product of two unital 
G*-algebras or two arbitrary BG*-algebras falls in the same category. Fur- 
thermore, in either of these cases the enveloping C*-algebra of the tensor 
product can be identified with the enveloping C*-algebra of the tensor prod- 
uct of the enveloping C*-algebras of the two factors. The theory of maximal 
and minimal C*-norms on tensor products of C*-algebras and the theory 
of nuclear C*-algebras extend to BG*-algebras with unique C*-norms, and 
thus to certain Banach *-algebras. 

Both G*-algebras and BG*-algebras seem to be natural classes of 
*-algebras. However, both classes are defined by picking out key elements 
among the properties that we wish the *-algebras to possess. Neither def- 
inition would be easy to verify directly in most cases. Hence, we would 
prefer to see the assertion that a *-algebra is a G*-algebra or BG*-algebra 
in the conclusion rather than in the hypothesis of a theorem. The class 
of *-algebras studied in Section 10.3 has a less natural definition, but it 
suffers from none of the disadvantages just mentioned. Before turning to 
these *-algebras we explore some intermediate classes. 

Section 10.2 introduces three more classes of *-algebras. An S*-algebra 
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is merely a *-algebra that is also a spectral algebra. This implies that the 
spectral radius is finite-valued, so we may define a function 7: A > R, by 


t(a) = p(a*a)'/? VacéA. 


This function plays a crucial role in *-algebra theory. We call it the Ratkov- 
Ptdék functional for reasons explained in Section 10.4. It is easy to check that 
any *-representation T satisfies ||T,|| < 7(a) for all a € A, so S*-algebras 
are G*-algebras in which the Gelfand—Naimark semi-norm satisfies 


(a) < r(a) VacéA. 


All known proofs that Banach *-algebras are BG*-algebras depend on 
extracting hermitian square roots of certain special hermitian elements. 
The realization that this is possible in any Banach *-algebra has a compli- 
cated history which we will discuss in the next chapter. We formulate a 
common square root lemma as an axiom and then define an Sq*-algebra to 
be an S*-algebra satisfying this axiom. (For technical reasons the axiom 
actually involves quasi square roots.) An easy proof then shows that all 
Banach *-algebras (and arbitrary *-ideals in them) are Sq*-algebras. 

There are at least two conceptually different ways to show that 
Sq*-algebras are BG*-algebras. Section 10.2 uses the notion of T*-algebras 
but Section 10.3 derives similar results by using U*-algebras. A T*-algebra 
is a *-algebra A in which each hermitian element h € Ay can be trans- 
lated by some real number ¢ so that ¢ + h becomes a positive element of 
the unitization A! of A. This translation axiom has two virtues. First, 
Theorem 10.2.4 shows that any T*-algebra is a BG*-algebra. Second, The- 
orem 10.2.8 shows that any Sq*-algebra, and hence any Banach *-algebra, 
is a T*-algebra. A third property is also of considerable interest and util- 
ity. The Gelfand~Naimark semi-norm may be expressed in terms of this 
translation. In fact we prove: 


y(a) = inf{t € Ry :t? -a*a€ AL} VacéA, 


where A is a T*-algebra. A similar formula was first proved by John L. 
Kelley and Robert L. Vaught [1953] for unital Banach *-algebras with an 
isometric involution. 

The unitary elements in a unital *-algebra define inner *-automorphisms 
of the *-algebra. Furthermore, a unitary element and its inverse (adjoint) 
are equivalent relative to the *-algebra structure. Thus, it is natural to 
think of these elements as having about the same “size” as the identity. 
Carrying this thought a step further, we see that }7;_, |Aj| should be an 
upper bound for the “size” of the element ear A;u;, where the A; are 
complex numbers and the u; are unitary elements. We pursue this idea 
in some depth. All of the following concepts can be modified so that they 
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apply to non-unital *-algebras. However, to simplify these introductory 
remarks, we will use the term *-algebra to mean unital *-algebra in the 
next three paragraphs. 

In Section 10.3 we define a *-algebra A to be a U*-algebra if it is the 
linear span of its unitary elements. Ford’s square root lemma shows that 
any Banach *-algebra is a U*-algebra. Several other interesting classes of 
*_algebras are U*-algebras. In general, it seems to be easy to check whether 
a given *-algebra is a U*-algebra. However, the most striking feature 
of U*-algebras is that many theorems that have been proved for Banach 
*_algebras are distinctly easier to prove using the logically weaker definition 
of a U*-algebra rather than the definition of a Banach *-algebra directly. 

The Minkowski functional of the convex hull of the set Ay of unitary 
elements in a U*-algebra A is an algebra semi-norm on A. We will de- 
note it by vu (upsilon) and call it the unitary semi-norm. The most useful 
property of U*-algebras is the following elementary fact. If T is a pre-*- 
representation of a U*-algebra A on a pre-Hilbert space and a is an element 
of A, then JT, is a bounded operator satisfying ||T,|| < u(a@). This implies 
that every positive linear functional on a U*-algebra is admissible and that 
every U*-algebra A is a BG*-algebra satisfying 


y(a) < v(a) Vaca. 


The Gelfand—Naimark semi-norm and the reducing ideal can be described 
in terms of the unitary semi-norm. 

A disadvantage of U*-algebras is that various *-subalgebras that arise 
naturally (e.g., the reducing ideal) do not seem to be U*-algebras them- 
selves. For Banach *-algebras, this difficulty is often overcome by show- 
ing that the *-subalgebra is closed. Even when a *-subalgebra B of a 
U*-algebra A is a U*-algebra, it is difficult to find any connection between 
the two unitary semi-norms except for the obvious inequality ug(b) > v.4(b) 
for all b € B. This situation is only partially ameliorated for Banach 
*_algebras by the important result that the Gelfand—Naimark semi-norm 
y equals the unitary semi-norm v in this case. 

In Section 10.4 we discuss a generalization of hermitian Banach 
*-algebras. A G*-algebra is called a yS*-algebra if its Gelfand—Naimark 
semi-norm is a spectral semi-norm. A Banach *-algebra is a yS*-algebra if 
and only if it has one, and hence all, of the following properties: (a) hermi- 
tian; (b) symmetric; (c) completely symmetric. This result is particularly 
important since it is usually comparatively easy to determine whether a 
given *-algebra is hermitian, but most of the results on hermitian Banach 
*-algebras depend on one of the formally stronger conditions mentioned 
above. Most known results on hermitian Banach *-algebras have simple 
conceptual proofs for the class of yS*-algebras. 

The class of ~S*-algebras may be described informally as the class of 
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*_algebras in which the spectral properties and the involutive properties 
are very closely related and regular. For instance, the reducing ideal and 
Jacobson radical coincide in a yS*-algebra, and a yS*-algebra A satisfies 


Sp(c) \ {0} C {w(c) :w € AS} C co(Sp(c)) Vee An. 


Many characterizations of yS*-algebras are given. Some of these involve 
the Raikov—Ptak functional 7. A *-algebra A is a yS*-algebra if and only 
if 
(a) = Tr(a) VaceA. 

Also, A is a yS*-algebra if and only if 7 is an algebra semi-norm. The 
structure of a spectral *-subalgebra B of yS*-algebra A is particularly 
closely connected with the structure of A. As examples we note that each 
*_representation of B can be extended to a *-representation of A on a pos- 
sibly larger Hilbert space and that each maximal modular left ideal of B is 
the intersection with B of a similar ideal in A. Since a yS*-algebra modulo 
its reducing ideal is a spectral subalgebra of its enveloping C*-algebra, re- 
sults of the type just mentioned can be used to derive many properties of 
7S*-algebras from similar well-known properties of C*-algebras. 

Section 10.5 deals with the important and closely related problems of 
uniqueness of C*-norms on BG*-algebras and *-regularity. A BG*-algebra 
A is said to have a unique C*-norm if its Gelfand—Naimark semi-norm in- 
duces the only C*-norm on its reduced quotient A/Ar. Theorem 9.2.16 
shows that C*-algebras have this property. Theorem 10.4.28 shows that 
reduced, permanently spectral *-algebras have unique C*-norms and are 
also yS*-algebras. This includes semisimple, completely regular, commuta- 
tive, spectral *-algebras and reduced, modular annihilator *-algebras. The 
definition of *-regularity is too technical to give here. A *-algebra A is 
*-regular if its ideal theory is particularly closely related to the (simpler) 
ideal theory of its enveloping C*-algebra. Theorem 10.5.18 shows that a 
G*-algebra is *-regular if and only if all of its quotients by y-closed *-ideals 
have a unique C*-norm. The behavior of tensor products of BG*-algebras 
with respect to *-regularity and uniqueness of C*-norm is explored at the 
end of Section 10.5. The theory of this section was stimulated by work on 
the ideal theory of Z1(G) for locally compact groups G. 


10.1 G*-Algebras and BG*-Algebras 


In this section, we study two classes of *-algebras defined in terms of 
simple but powerful restrictions on their *-representation theory. These 
classes of *-algebras were defined by the author in 1971 and 1973, but 
this is the first systematic published account of their theory. Nearly all of 
the results of this section are extensions of well-known results on Banach 
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*_algebras to this new setting. In [1986a] Zoltan Sebestyén introduced a 
class of *-algebras identical with the class of BG*-algebras. We begin with 
G*-algebras. 


10.1.1 Definition Let A be a *-algebra. For any a € A, define y(a) by 
+(a) = sup{||Tq|| : T is a *-representation of A on a Hilbert space}. (1) 


If y(a) is finite for each a € A, then A is called a G*-algebra and y = yx is 
called the Gelfand—Naimark semi-norm on A. 


On a *-algebra that is not a G*-algebra, y is an extended real-valued 
function which is never negative because of the zero *-representation. 

The next two sections will provide many examples of G*-algebras, in- 
cluding all Banach *-algebras. §10.1.46 notes that the usual *-algebra of 
polynomials is not a G*-algebra. There are many alternative formulas for 
+ on a *-algebra. 


10.1.2 Proposition Any *-algebra A satisfies: 


y(a) = sup{o(a):o € N(A)} =sup{o”(a):w € Ab} 
= sup{o”(a):w € ALU {0}} = sup{w(a"a)/? :we Ab} 
= sup{w(a*a)!/? :we AL, U{0O}} VWaeEA (2) 
lw(a)| < flwlly ya) = VaeA;we Ab (3) 
y(h) = sup{lw(h)|:we Ahi} Whe Ag. (4) 


Proof The first equation is an immediate consequence of Proposition 9.5.2 
and Theorem 9.5.4. The second and third equations follow from Proposition 
9.4.17 and Theorem 9.6.6(c), respectively. Proposition 9.4.13 shows 


w(a*a)/? < P| rca (a) Vae A, we Aya 


This implies y(a) > sup{w(a*a)!/? :w € Ab i}. To establish the opposite 
inequality, note that since y(a) = sup{||T“|| : w € Al} holds for any a € A, 
there is a sequence {wn }nen C AL and a sequence {rn }nen Satisfying 


Cn = bY" € AY, wr(bt bn) = ||zn|\7 =1 and 


¥(a) = lim ||TY" z_|| = lim wp(b*%.a*ab,)!/?. 


We can rewrite this as y(a) = limw!,(a*a)/?, where w!, = (wy)'" belongs 
to Ahi by Proposition 9.4.22(g). This proves the opposite inequality and 
hence the fourth equation. The last equality in (2) is a consequence of 
Theorem 9.6.6(b). 
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Inequality (3) follows from Proposition 9.4.22(d) and the inequality 
o“’(a) < y(a), which holds for all a € A and allw € Al. To obtain 
formula (4), note that (3) implies y(h) > sup{|w(h)|:w € Anal In order 
to prove the opposite inequality, note 


y(h) = sup{||T,|| :T is a *-representation} 
< sup{|(T,2z,2)| : T is a *-representation and z € H/} 
< sup{|w(h)|: w € Ay}. A 


10.1.3 Theorem Let A be a G*-algebra. 
(a) The Gelfand-Naimark semi-norm is a C*-semi-norm that is the 
largest element in N(A). 
(b) The *-representation topology of A is the semi-norm topology 
defined by y, and the reducing ideal satisfies 


Ar = {ae A: y(a) = 0}. (5) 


(c) A ( linear functional belongs to A* / positive linear functional is 
representable ) if and only if it is continuous with respect to y. 

(d) Any y-closed two-sided ideal in A is a *-ideal satisfying Theorem 
9.7.10. 


Proof (a): Propositions 9.5.2 and 9.5.3(e) show that 7 is a C*-semi-norm. 
Theorem 9.5.4 shows that + is the largest C*-semi-norm. 

(b): Proposition 9.7.6(b) (or (c)) shows that y defines the *-representa- 
tion topology. 

(c): The definition of A! and Theorem 9.7.7 give this result. 

(d): Theorem 9.7.10 and (b) above imply this. Oo 


These results emphasize that the analytic and topological properties of 
the Gelfand—Naimark semi-norm are derived from the *-algebraic structure. 
This implies that *-homomorphisms are automatically continuous. 


10.1.4 Proposition Let A be a G*-algebra. Let B be a *-algebra and 
let p: A + B be a *-homomorphism. Then y(A) is a G*-algebra and ¢ is 
contractive relative to y4 and Yy(A)- 

If B is also a G*-algebra, — is contractive relative to y,4 and ‘yp: 


ye(y(a))<ya(a) VacEd 


Proof If T is a *-representation of y(A), then T o ¢ is a *-representation 
of A, so by definition y,(4)(y(a@)) < ya(a@) < co holds for all a € A. The 
last statement follows since the restriction of any *-representation of B to 
(p(A) is a *-representation of y(A). C) 
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10.1.5 Definition Let A be a*-algebra. A *-representation T of A is 
called a universal *-representation of A if every essential *-representation 
of A is unitarily equivalent to a sub-*-representation of a multiple of T. 
If the Hilbert sum @{T” : w € A\,} is defined, it is called the universal 
*_representation of A and is denoted by YT or Y. 


This terminology is obviously not well chosen unless the universal 
*_representation Y is a universal *-representation. We will check this 
now. The easy proof that the universal *-representation is defined for any 
G*-algebra is postponed until Theorem 10.1.7. 


10.1.6 Proposition Let A be a *-algebra. If the universal *-representation 
is defined, then it is a universal *-representation. If A has any universal 
*-representation, then the universal *-representation is defined. Either of 
these equivalent conditions imply 


Ar=ker(Y); ya) =|lTall Vaed, (6) 


so they imply that A is a G*-algebra and that T is an isometry with respect 
to y and the operator norm. 


Proof The first result is an immediate consequence of Proposition 9.4.17. If 
T is a universal *-representation, then for each w € Ai, T” is equivalent to 
a sub-*-representation of a multiple of T so that ||T?|| < ||Ta|| holds for all 
a € A. Hence the universal *-representation is defined. The last sentence 
now follows easily from the fact that Y is a universal *-representation. O 


We mention here, without going into detail, another important large 
canonical *-representation: the reduced atomic *-representation V4 = 
of a G*-algebra A. This *-representation is the Hilbert sum of a set of 
topologically irreducible *-representations of A that contains one represen- 
tative from each unitary equivalence class. (The name comes from a lattice 
theoretic property of the von Neumann algebra generated by V4, which 
is very different from that of TY, since they are very different collections 
of operators.) From the definition, it is clear that W is not set theoreti- 
cally unique but is unique up to unitary equivalence. It is easy to see that 
the Hilbert sum defining © exists exactly when A is a G*-algebra. We 
also have ker(¥*) = Ap and ||,|| = y(a) for all a € A. Clearly © is a 
universal *-representation. Moreover, the norm closure of ©, is naturally 
isometrically *-isomorphic to the norm closure of Yy, since (as abstract 
C*-algebras) both are simply the completion of A/Ap in the norm defined 
by . Nevertheless, Y and © are far from being unitarily equivalent. 


10.1.7 Theorem Let A be a *-algebra. Then the following are equivalent. 
(a) A is a G*-algebra. 
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(b) The Hilbert sum of any family of *-representations of A is defined. 
(c) The universal *-representation is defined. 
(d) A has a C*-semi-norm that is larger than any other C'*-semi-norm. 
(e) N(A) is compact. 
(f) Ans is compact. 
(g) Some linear space semi-norm on A defines the *-representation 
topology. 
(h) There is a function o: {a*a:a€ A} > Ry, satisfying: 
(h’) lim infyn_599(o((a*a)?"))?> ""<00 VWaeA; 
(h”) For each w € Ay and b€ A, there is a constant B satisfying 


w(b"a*ab) < Bo(a*a) VaceA. 


(i) Atleast one (hence all) of the expressions in Proposition 10.1.2 is 
finite for alla é A. 

(j) A?! is a G*-algebra. (In this case, if A is non-unital, the Gelfand- 
Naimark semi-norm 74: of the unitization extends y, and satisfies 


sup{7.4(Ab+ab) : b € A, v.4(b) < 1} < ya (Ata) < JAl+ya4(a) < 3y41(A+) 


forallX+aeéA!.) 

(k) For each *-ideal T, A/T is a G*-algebra. In this case, the Gelfand- 
Naimark semi-norm on A/T is the quotient semi-norm of the 
Gelfand-Naimark semi-norm on A: 


ya/t(a+Z) = inf{y,4(a + 6): be TZ} VaceJZ. (7) 


Proof (a)=>(b): If {T° : a € A} is any family of *-representations, Defi- 
nition 9.5.1 shows sup{||T.°|| : a € A} < y(a) for each a € A. Hence, the 
Hilbert sum of {T° : a € A} is defined. 

(b)=>(c): This is a special case. 

(c)=(d): It follows from equation (6) and Proposition 10.1.3(a) that 
a+ ||Ya|] = y(a) is the largest element in N(A). 

(d)=>(e): If o is the largest element in N(A), then we have (in the 
notation introduced in Definition 9.5.1) N(A) = N,(A). Hence N(A) is 
compact by Proposition 9.5.8(a). 

(e)>(a): If N(A) is compact, then sup{o(a) : o € N(A)} is finite for 
each a € A. By Proposition 10.1.2, this supremum is y(a) so that A is a 
G*-algebra. 

(a)=>(g): Theorem 10.1.3(b) shows that y defines the *-representation 
topology. 

(g)=>(h): Suppose that o’ satisfies (g). Since multiplication is jointly 
continuous in the *-representation topology, there is a constant B satisfying 
o'(ab) < Bo'(a)o'(b) for a, b € A. Define o by o(a) = Bo'(a). Then a still 
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defines the *-representation topology and o is submultiplicative so that (h’) 
holds. By Theorem 9.7.7, each w € A’ is continuous with respect to o so 
that (kh) holds. 

(h)=>(f): Proposition 9.4.12 shows that all a € A and all w € Al, satisfy 
o” (a) < o(a), where o(a) is the limit infimum of (h’). Thus Avs = At, 
holds, so that Al, is compact by Proposition 9.5.8(b). 

(f)>(a): By Proposition 10.1.2, it is enough to show that 
sup{o“(a) :w € Al} is finite for each a € A. For each w € Al and 
bE A\ Aj, let &> be w(b*b)~1w’. Proposition 9.4.22(g) shows w € Ab... 
Thus 


o” (a)? = sup{w"(a*a) :b € A\ A} < sup{w(a*a) :w € Aa} 


is finite since A}, , is compact. 

(a) (i): This follows from Proposition 10.1.2. 

(a) & (j): There is nothing to prove if A is unital, so we assume the 
opposite. Assume first that A is a G*-algebra. Let T be a *-representation 
of A' on a Hilbert space H, and let x € H be arbitrary. Since the restriction 
T of the *-homomorphism T to J is a *-representation of A on H, we get 


Tr+azl| < ATi z\| + [Taxi] < (Al + ya(@))Ilell, 


where we have also used the fact that 7) is a projection operator and hence 
has norm 1 (or 0). This shows: (1) A! is a G*-algebra, (2) yai|4 < Ya, 
and (3) the middle inequality of the display in (j). 

Conversely, assume that A! is a G*-algebra. Let T be a *-representation 
of A on a Hilbert space H. Then T49 = AI+T, is a *-representation of A? 
on H. We conclude that A is a G*-algebra satisfying y4 < y,1|,4. Hence, 
yai(a) = ya(a) for all a € A. The first displayed inequality now follows 
from submultiplicativity. 

Note that T\4, = Al is a *-representation of A! whenever A is non- 
unital. This proves that y4:(A+a) > |A| for any \+a € A?. Subadditivity 
gives yai(A + a) 4+ |A]l = ya (A +a) 4+ ya1(-A) = yai(a) = ya(a). Adding 
this inequality to twice the previous one gives the third inequality in (j). 

(k)=(a): Consider Z = {0}. 

(a)=>(k): When y: A > A/T is the natural map, the first part of Propo- 
sition 10.1.4 shows that the quotient *-algebra is a G*-algebra satisfying 
at least the inequality < in (7). Corollary 9.5.13 shows that the quotient 
semi-norm is a C*-norm, so it must be dominated by the Gelfand—Naimark 
semi-norm *774/z. This gives the opposite inequality. O 


10.1.8 Corollary The following are equivalent for any *-algebra A. 
(a) A is a reduced G*-algebra. 
(b) y is a norm on A. 
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(c) Y is a faithful *-representation which is isometric with respect to y. 
(d) A has a faithful *-representation that is isometric with respect to ¥y. 


When these conditions hold, we will naturally speak of the Gelfand— 
Naimark norm (rather than semi-norm) on A. We restate the charac- 
terizations of C*-algebras among *-algebras given by Theorem 9.2.16 and 
Corollary 9.5.6 of Theorem 9.5.4 using our present terminology. 


10.1.9 Proposition The following are equivalent for any *-algebra A. 
(a) A is a C*-algebra. 
(b) Y is a faithful *-representation of A as a C'*-algebra. 
(c) A is a reduced G*-algebra that is complete under the 
Gelfand—Naimark semi-norm. 
(d) There is a complete C*-norm on A. 
(e) is a complete norm and is the only norm in N(A). Also y satisfies 


y(a) = p(a*a)'/2 Wa EA. (8) 


We now introduce the enveloping C*-algebra of a G*-algebra. It is the 
solution of a universal mapping problem that we could have used as its 
definition. Thus its construction is functorial. 


10.1.10 Definition For any G*-algebra A, denote by C*(A) the com- 
pletion of A/Ag in the C*-norm induced by y. Then C*(.A) together with 
the natural map ®:.A > C*(A) is called the enveloping C*-algebra of A. 


10.1.11 Theorem Let A be a G*-algebra and let 6: A + C*(A) be its 
enveloping C*-algebra. 
(a) C*(A) ts a C*-algebra with a unique C*-norm y = Yo«( ay satisfying 


yo ®(a) = y4(a) Vaca. 


(b) (Universal Mapping Property) If B is any other C*-algebra and 
w: A — B is any *-homomorphism, then there is a unique 
*_homomorphism w: C*(A) > B satisfying » = po®. This 
property determines the enveloping C'*-algebra up to the natural 
notion of isomorphism. Furthermore, is contractive relative 
to the unique C'*-norm of C’*(A) and B. 

(c) (Functorial Property) If B is any other G*-algebra and y: A > B 
is any *-homomorphism, then there is a unique functorial 
*_homomorphism C™* (yp): C*(A) - C*(B) that makes the 
following diagram commute: 


A 
[C—O 
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If p(A) is dense in (B, yg), then C*(y) ts surjective. 


Proof (a): This is obvious from Definition 10.1.10 and Proposition 10.1.9. 

(b): Proposition 10.1.4 shows yg ow < ya, so that w(a + Ar) = V(a) 
gives a well-defined contraction of A/Apr into B which can be extended by 
continuity to all of C*(A). The resulting map obviously satisfies 
wy = po®, If 6’: A > B’ satisfied the same universal mapping property, ®' 
would establish an isomorphism between the two enveloping C*-algebras 
satisfying the appropriate commutative diagram. Proposition 10.1.9 shows 
that yg is the unique C*-norm of the C*-algebra B. 

(c): C*(y) is just the map constructed in (b) from ®% oy. If y(A) is 
dense as stated, then 8 (y(.A)) = C*(y)(@4(A)) is dense in C*(B). How- 
ever, any *-homomorphic image, such as C*(py)(C*(A)), of a C*-algebra is 
closed. O 


The structure of the class of *-representations of a G*-algebra A is 
identical with the structure of the class of *-representations of its enveloping 
C*-algebra C*(A). Since C*-algebras are much better behaved in other 
respects than general G*-algebras, it is natural to carry out more detailed 
investigations of *-representation theory in the context of C*-algebras. 

The reader should be aware of one thing that is not preserved by the 
the natural bijection in the next theorem. It is possible to have a faithful 
*_representation of a G*-algebra A that is no longer faithful when extended 
to C*(A). This, of course, can only happen when A has a C*-norm (not 
semi-norm) different from (hence less than) its Gelfand—Naimark norm. 
This is related to the subject matter of Section 10.5. A specific example 
is given by L'(G) for a non-amenable locally compact group G (e.g., the 
discrete free group on two generators or SL(2,R)) as discussed in Chapter 
12. More generally, there may be *-representations of C*(.A) with different 
kernels that have the same kernel when restricted to A. 


10.1.12 Theorem Let A be a G*-algebra, and let ®: A + C*(A) be its 
enveloping C'*-algebra. 
(a) The map T ++ To® establishes a natural bijection between the class 
of *-representations of C*(A) and the class of *-representations of 
A. This map preserves the following properties: trivial, essential, 
topologically cyclic, topologically irreducible and unitarily equivalent. 
For each *-representation T of C*(A), Tc+(,) is the closure of 
(To),. In particular, every *-representation T of A can be 
extended by continuity to a unique *-representation T of C*(A) in 
the sense that T= To. 
(b) The map &+:C*(A)? + At defined by ®*(w) = wo ® for all 
w Ee C* (A)! is a continuous linear bijection which maps C* (A)t, 
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onto Al, and satisfies 
SEW) = lll Vw e Cr(A)t. (9) 


It is a homeomorphism of CAs C*(A)}, and c*(A)t onto 
Ais Al, and Ai, respectively. 
(c) There is a natural unitary map of the representation space H% of 


the universal *-representation of A onto the representation space 
Ho ‘A) of the universal *-representation of C*(A) that satisfies 


C*(A 
Ul UST, Need. 
Furthermore, 1°") is an isometric *-isomorphism and Lea 
is the norm closure of UT4U*. 


Proof (a): If T is a *-representation of C*(A), then T o ® is obviously a 
*_representation of A and all of the stated properties are preserved under 
this map. Since Theorem 9.5.12(d) shows that Tc-(,) is closed, it is the 
closure of To ®4. If S is any *-representation of A, then ker(S) includes 
Ar = ker(®), so that we can define a *-representation T: A/Ar > B(HS) 
by To (a) = Sq. Since S is continuous (in fact contractive) with respect 
to ya, T is continuous with respect to the norm on A/Ag. Hence T can 
be extended by continuity to a *-representation T of C*(A). Clearly To ® 
equals S. Hence the map T +» To @ is surjective. It was already clear that 
this map was injective. 

(b): The map © is continuous in the *-representation topology so that 
6! does map C*(A)! into A?. Clearly ®* is continuous. Each w € A} 
vanishes on Ar so that we can define w: A/Arp > C by &(a+ Ap) = w(a) 
for all a € A. Since w is continuous with respect to the norm on C*(A), we 
can extend it by continuity to @:C*(A) > C. Clearly w is @+(@). Hence #! 
(which is obviously injective) is a bijection. The map ®! preserves positivity 
so that it maps C* (A)t, onto Al, by Theorem 9.7.8(c). In order to see that 
it maps cA), and C* (A) onto Abs and Al, respectively, it is enough 
to establish (9). Since each w € c* (A), is continuous and ®(.A) = A/Ar 
is dense in C*(A), we have 


[| B* (w) |x 


sup{|!(w)(a)|? : a € A satisfying ®+(w)(a*a) < 1} 


sup{|w((a))|? : (a) € (A) satisfying w(S(a)*®(a)) < 1} 


sup{|w(b)|* :b € C*(A) satisfying w(b*b) < 1} = ||wl|z- 


Since Bi, is compact by Theorem 10.1.7(f), the continuous bijection + is 
a homeomorphism when restricted to Bt , (or Bi. or Bh). Finally 6+ maps 
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Bi, onto Al, by Proposition 9.6.5(b), since it maps the set of non-zero 
extreme points of Bis onto the set of non-zero extreme points of Aa: 
(c): We use notation from Section 9.4, particularly §9.4.4. For each 
w € C*(A)1, consider the map from A”°® to A” defined by a¥°? 15 &(a)”. 
This is a well-defined linear isometry since ||a”°*||,,.6 = wo ®(a*a)!/? = 
||®(a)” ||, for all a € A. Since its image is dense, it extends by continuity 
to a unitary map of H“°? to HY”. Let U be the direct sum of these unitary 
maps for each w € C* (Aji. This construction makes the rest of the claims 
obvious. oO 


This result shows that the *-representation theory of a G*-algebra A is 
essentially the same as that of its enveloping C*-algebra C*(.A). In §9.3.26 
we defined a *-algebra to be Type I if all of its *-representations generated 
Type I von Neumann algebras. Theorem 10.1.12 shows that a G*-algebra A 
is Type I if and only if its enveloping C*-algebra C*(.A) is Type I. Hence the 
various conditions quoted in §9.3.26 as equivalent to Type I for C*-algebras 
are also equivalent for G*-algebras. 

When results on C*-algebras are applied to the enveloping C*-algebra 
C*(A) of a G*-algebra A, they frequently yield useful results about A. The 
next result is an example. 


10.1.13 Proposition Let A be a G*-algebra. 
(a) A has a norm-one, hermitian, two-sided, approximate identity 
relative to its Gelfand—Naimark semi-norm. That is, there is a net 
{easaca C {hE An: y(h) < 1} satisfying: 


lim y(e€ga — a) = 0 = lim y(aeg — a) Vac A. (10) 


Furthermore, for all w € At, the net {e¢ aca in A” converges to 
zy in the weak topology of H”. 
(b) Allwe Al, satisfy: 


\lw|l = sup{|w(a)|:a€ A; y(a) < 1}. (11) 
(c) If A is unital, then the set of states is given by: 
At = {w € Al: w(1) =1 and |w(a)| < y(a) for alla € A}. (12) 


Proof (a): Theorem 9.2.18 shows that every C*-algebra B has a net 
{hg}geB with all of the properties relative to B that we assert here for 
{ea}aea relative to A. Let (B,|| - ||) be the enveloping C*-algebra of 
A, let &: A — B be the natural map, and let {hg}gep be the net in B. 
We construct {€a}aca by approximation. For each 8 € B and n € N; 
choose e€g,n € A to satisfy ||®(eg n) — hg|| < n~'. By replacing egn by 
2-*(€g,n+€%n) if necessary, we may assume eg,n € An. Similarly, by mul- 
tiplying by a suitable scale factor we may assume ¥(€g,n) = ||®(eg,n)|| < 1. 
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Now let A be B x N ordered by defining (G,m) > (7,n) to mean £8 > + and 
m>n. It is clear that equation (10) is satisfied. 
Now suppose that w € Al, is given. Then all a € A satisfy 


a”, 24 — eg) | = lw(a — eaa)| < ||w|lay(@ — €aa) 
by (3) of Proposition 9.1.2. Similarly, we get 
llzw — ell” = |lzull” -2w(ea)-+w(e2) < || (1+2y(e0)+7(e2)) < Allwlla- 


Since A” is dense in H”, these two inequalities show that e% converges 
weakly to z,. 

(b): By inequality (3) of Proposition 10.1.2, the supremum is bounded 
above by ||w||47. However using the net {ea }ac, of (a) we have 


lw|ler = lleu||? = lim(z,,, e%) = limw(eg). 


This gives the opposite inequality. 

(c): We will denote the set on the right of (12) by Al. Using The- 
orem 10.1.12(b) and the notation of Theorem 9.5.9, we find that Al, = 
{wo®:we€C*(A)i,}. Theorem 9.5.9(d) asserts that C'*(A){, is just the 
set of states on the enveloping C*-algebra C*(A). Another application of 
Theorem 10.1.12(b) gives (12). 0 


10.1.14 Proposition Let A be a commutative G*-algebra and let (~) be 
the *-homomorphism defined in Theorem 9.7.12 with kernel Ap. 

(a) Then (-) maps (A,7) tsometrically onto a dense *-subalgebra of the 
commutative C'*-algebra Co (Ab) of all continuous functions 
vanishing at infinity on the locally compact space Ab. The map of 
C*(A) into Co(Ab) described in Theorem 10.1.11(b) 2s an isomet- 
ric *-isomorphism which identifies (~): A > Co(Ab) with the 
enveloping C'*-algebra ®: A + C*(A). 

(b) If A ts unital, then A‘, is compact. 

(c) The map (") is a surjective onto Co( Ab) if and only if A is a 
commutative C'*-algebra. In this case, Al, =T 4, so (~) is just the 
Gelfand homomorphism. 


Proof (a) and (b): Theorem 9.7.12(a) shows that A is the set of 
*_homomorphisms of A onto C and that (~) maps into the set of continuous 
functions on Als The last equation in Proposition 9.1.2 shows that (~) is 
an isometry into C (AS). The proof that the set of *-isomorphisms of A 
onto C is locally compact, and compact if A is unital, and that (~) maps 
into Co(Ab), is exactly similar to the proof of the same properties for the 
Gelfand theory in Theorem 3.1.2(e). We refer the reader to that proof. The 


1048 10: Special *-Algebras 10.1.15 


Stone-Weierstrass theorem shows that A is dense in Co(Ab). The map of 
Theorem 10.1.11 is a *-isomorphism (because (~) has the reducing ideal of 
A as kernel) of C*(A) onto a dense subset of Co(A‘). Since it is an isome- 
try, it is actually surjective and thus identifies Co (Ab) with the enveloping 
C*-algebra. 

(c): This follows from Corollary 9.5.6 and Theorem 9.6.10. 0 


The following important properties of Jordan *-homomorphisms of G*- 
algebras were established for C*-algebras by Richard V. Kadison [1951la]. 
We begin with an extension of Proposition 10.1.4. 


10.1.15 Proposition Let A be a G*-algebra and let B be a *-algebra. 
Let y:A — B be a Jordan *-homomorphism. If —p is surjective, then B is a 
G*-algebra. If B is a G*-algebra and y(A) is dense in B with respect to +, 
then satisfies: 

¥BOp SYA. (13) 


If ~ is a Jordan *-isomorphism, then it satisfies: 


1B°p = Ya. (14) 


Proof It is a particular consequence of equation (14) that the reverse of 
a G*-algebra is a G*-algebra with the same Gelfand—Naimark semi-norm. 
This follows from (14) since the identity map onto the reverse algebra is a 
Jordan *-isomorphism. An obvious check shows that the involution is still 
an involution on the reverse algebra. We begin the proof by establishing 
this fact directly. If o is any C*-semi-norm on A and a- b = ba denotes 
the multiplication in the reverse algebra, then o(a) = a(a*) = a(aa*)!/? = 
o(a* -a)'/? so that o is a C*-semi-norm on the reverse algebra. Hence, the 
reverse algebra is a G*-algebra with the same Gelfand—Naimark semi-norm 
by the first equation of Proposition 10.1.2. 

Now suppose that y is a surjective Jordan *-homomorphism. Let T 
be a topologically irreducible *-representation of B. Then Tg is a prime 
algebra by Proposition 4.2.5. Hence, Toy is a *-representation of either A 
or the reverse of A by Theorem 6.3.7. Thus ||Ty(a)|| < ya(@) holds for all 
a € A. However, yg(p(a)) is the supremum of ||T,(q)|| over all topologically 
irreducible *-representations T. This proves that B is a G*-algebra and 
that (13) holds. If we had only assumed that y(.A) was dense in B, the 
same argument would still establish (13). Equation (14) then follows by 
considering y~?. D 


10.1.16 Theorem If A and B are unital G*-algebras, then the Looe 
are equivalent for a linear bijection yp: A > B. 

(a) y is a Jordan *-isomorphism. 

(b) y ts a unital isometry. 
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Proof Proposition 10.1.15 and 9.9.18 give this beautiful result. oO 


BG*-algebras 


The *-representation theory of BG*-algebras mimics all of the features 
of the *-representation theory of Banach *-algebras. The next two sec- 
tions contain several proofs that Banach *-algebras are BG*-algebras. The 
easiest way to establish results on the *-representation theory of Banach 
*_algebras is to use one of these proofs and quote the results we are about 
to obtain for BG*-algebras. 


10.1.17 Definition A *-algebra A is called a BG*-algebra if every 
pre-*-representation of A on a pre-Hilbert space is normed. 


This appears to be a weak definition at first, since nothing is said about 
a uniform bound for ||TQ|| as T ranges through *-representations of A and 
a € A remains fixed. In particular, it is not obvious that a BG*-algebra 
is a G*-algebra. However, it turns out that BG*-algebras are G*-algebras. 
We prove this now, beginning with a lemma. 


10.1.18 Lemma A *-algebra A is a BG*-algebra if and only if 


sup{||T,2|| : T is a pre-*-representation of A (15) 
on a pre-Hilbert space X and x € X,} 


is finite for each a € A. 


Proof The sufficiency is obvious. Suppose that there is an a € A such 
that the supremum is infinite. Then we can find a family {T” : n € N} 
in which each T” is a pre-*-representation of A on a pre-Hilbert space 1” 
with some zn € (A); satisfying ||T?2,|| > n. Let T be the pre-Hilbert 
sum of the pre-*-representations {T” : n € N} of A on pre-Hilbert spaces 
as described in Definition 9.2.11. Then J, is not a bounded operator, so T' 
is not normed. This contradiction establishes the lemma. O 


10.1.19 Proposition If A is a BG*-algebra, then: 
(a) A is a G*-algebra. 
(b) For anya € A, y(a) equals the supremum in (15). 
(c) The pre-reducing ideal and reducing ideal coincide: Apr = Ar. 


Proof (a): Let A be a BG*-algebra and let a be an element of A. Obviously 
the supremum in (15) is greater than or equal to y(a). Thus, the lemma 
shows that A is a G*-algebra. 

(b): Let T be a pre-*-representation of A on a pre-Hilbert space %. 
Since T is normed, Proposition 9.2.2 shows that there is a *-representation 
T of Aon the Hilbert space completion ¥ of XY so that Ty, is a restriction 
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of T,. Since T, is a bounded linear operator and ¥ is dense in V, we have 
|[To2|| < ||Toxl| < y(a) for all x € 4. Hence, the supremum equals y(a). 
(c): The inclusion Apr C Ar always holds. If a ¢ Apr, then there is 
a pre-*-representation T with T, # 0. The *-representation T in the last 
argument satisfies T, #0, so a is not in the reducing ideal. 0 


10.1.20 Theorem The following are equivalent for a *-algebra A. 

(a) A is a BG*-algebra. 

(b) A is a G*-algebra and every positive linear functional on A is 
admissible. 

(c) A ts a G*-algebra satisfying Al = At. 

(d) At is compact. 

(e) sup{w(a*a): we A) is finite for eacha € A. 

(f) A! is a BG*-algebra. (The inequalities in Theorem 10.1.7(j) remain 
valid. ) 

(g) For each *-ideal T of A, A/T is a BG*-algebra. 


Proof (a)=>(b): Proposition 9.1.19 shows that A is a G*-algebra. If w is 
a positive linear functional, then the construction in §9.4.4 gives a pre-*- 
representation T’ of A on a pre-Hilbert space. Since A is a BG*-algebra, 
T” is normed, so w is admissible. 

(b)=>(c): Since every positive linear functional on A is admissible, Abi 


is just Ans by Theorem 9.4.15(b). 


(c)=>(d): The set Ais, = vee is compact by Theorem 10.1.7 (f). 

(d)=(e): Obvious. 

(e)=>(a): Suppose that T is a pre-*-representation of A on pre-Hilbert 
space V. Let x be an element of 4;. Then w:A — C defined by w(a) = 
(T,x, x) belongs to A: Thus, ||T,2|| = w(a*a)!/? is less than or equal to 
the supremum of (e). Therefore, T, is bounded for each a € A. Thus, T is 
bounded, so A is a BG*-algebra. 

(a) = (f): The proof of (a) < (j) in Theorem 10.1.7 remains basically 
correct. In the proof of (a)=>(j) there, we used the fact that any projection 
operator in B(H) has norm 1 or 0. This remains true for projection opera- 
tors in £,(4’) where 4 is a pre-Hilbert space, but the proof in terms of the 
C*-property of the operator norm after Definition 9.1.18 no longer makes 
sense. Instead, we note that any projection operator P € £,(¥V) andre x 
satisfy ||Pz||? = (Pz, Pz) = (P*Pz,2) = (Pz,z) < ||Pz|| ||zll. 

(a) <> (g): The proof of (a) = (k) in Theorem 10.1.7 remains valid in 
this case also. If A is a BG*-algebra and T is a pre-*-representation of 
A/T on a pre-Hilbert space 1, then T o is a pre-*-representation of A 
on the same pre-Hilbert space. Thus, if A is a BG*-algebra, then A/T is a 
BG*-algebra. oO 
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The next theorem was proved for C*-algebras by Irving E. Segal [1947al] 
and for U*-algebras by the author [1972a]. In [1986a] Sebestyén proved the 
theorem independently. 


10.1.21 Theorem Let A be a BG*-algebra. Let Z be a *-ideal in A 
and let T be a *-representation of IZ on a Hilbert space H. Then there is a 
*_representation T of A on H that extends T. If T is essential, then: 
(a) T is unique. 
(b) T is essential. 
(c) A vector z € H ts topologically cyclic for T if and only if it is 
topologically cyclic for T. 
(d) A closed subspace of H is T-invariant if and only if it is T-invariant. 
(e) A one- or two-sided ideal J of A satisfying J OZ C ker(T) also 
satisfies J C ker(T). 
Thus T is topologically cyclic or topologically irreducible if and only if T 
has the corresponding property. 


Proof Let H = H°@H! be the orthogonal decomposition of 1 into closed T- 
invariant subspaces with T™” trivial and T”’ essential (Proposition 9.2.7). 
Then T”” can be extended to the trivial *-representation of A on 1°. If 
T*’ can also be extended, then the direct sum of these two extended *- 
representations will extend T. Thus, we may (and do) assume that T is 
essential for the rest of this proof. 

If T is an extension of T and Shae To zy, isan element of X = span(TzH) 
with b, € Z and 2, € H fork =1,2,...,n, then any a € J satisfies: 


Ta DT 6b, ek = = yt. Th, 2k = = YT se = = So Tone (16) 


Since TzH is dense by assumption, and T is normed by Proposition 9.2.2, 
this shows that 7 is unique if, in fact, any such extension exists. 
If }>;=1 14,2; is zero, the same notation as above gives 


n 
> elle 
k=1 


0) nr 


n n 
> > Cab, Bes Tau; ts) = > > Tis arabe ns 2;) 


k=1j7=1 k=1 9=1 
n nr 

S (Ttabpoes S Ty, £3) = 0. 

k=1 j=1 


Thus, 7, is well defined on X by (16). It is easily seen that T is a 
pre-*-representation of A on ¥. Hence, it is normed since A is a BG*- 
algebra. Therefore, there is a unique extension by continuity T, of each T, 
so that T, is an operator on H. The resulting map T is a *-representation 
of A, which extends T. We have proved the existence and uniqueness of T. 
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The inclusion T4H-~ D TrH~ = H shows that T is essential. If z is 
topologically cyclic for T, it satisfies T4z- D Tzz~ = Trz~ = H, so z is 
topologically cyclic for T. Conversely, if z is topologically cyclic for T, then 
H =T,z~ is the smallest closed T-invariant subspace containing z. Since 
T aTzz~ is included in Trz~, Tzz~ is a closed T-invariant subspace which 
contains z by Theorem 9.2.6(c). Thus z is topologically cyclic for T’. 

Suppose that K is a closed T-invariant subspace. Then it satisfies T7zK = 
TzK C Tak C K, so that K is T-invariant. Conversely, suppose K is 
closed and T-invariant. Theorem 9.2.6(c) shows that for any z € K there 
is a sequence {bn}nen C Z so that T,, 7 converges to z. Hence anya e€ A 
satisfies T,r = lim 7,7; x = lim Ta,,x € K. Thus K is T-invariant. 

(e): Let a € J and b € ZT be arbitrary. If 7 is a right ideal, then 
Tap = Tap = 0 implies T, = 0 by the definition of essential. If 7 is a left 
ideal, then 7)T'. = Tha = 0 implies T, = 0 by Theorem 9.2.6(b). 

The last sentence follows: T and T are topologically cyclic if there is 
some topologically cyclic vector in H and they are topologically irreducible 
if they are not the one-dimensional zero *-representation and every non-zero 
vector in H is topologically cyclic. 0 


An argument similar to the one used to prove Theorem 10.1.21 estab- 
lishes the following important result. Note that the bottom vertical arrow 
in each sequence maps onto a dense *-subalgebra in the C*-norm. 


10.1.22 Theorem Let A be a BG*-algebra and let Z be a *-ideal of A. 
Then T and A/T are BG*-algebras satisfying: 


yz (6) ya(b) VWbeET (17) 
yajt(at+Z) = inf{yas(a+b):b€ TZ} VaceA. (18) 


This gives Zp = ITN AR and the following commutative exact diagram where 
yp: LI > A is inclusion and ~: A > A/T is the natural map. 


0 0 0 
+ tL 1 
O se 2 Age as 
| | | (19) 
OoO— rr + A + A/T — 0 


|= |o- [oars 
0 — ct) — cry) [® Crrast) 3 0. 
The inclusion I C Ap implies (A/T) rp = Ar/T and thus allows the addition | 


of a horizontal exit arrow and zero at the upper right hand corner of the 
diagram. 
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Proof Consider Z and (17) first. Let T be a pre-*-representation of Z on a 
pre-Hilbert space 7. Let Y be the pre-Hilbert subspace 


{J > ,2; >n EN; 6; €Z; 2; € X for j = 1,2,...,n}. 


j=l 


Define T:A > L£.(Y) by Tas 14,23) = De ie1 Tos,2; for a € A and 
yi T,,2; € Y. Then T, is a well-defined pre-*-representation on Y by 
the argument used in the proof of the last theorem. Therefore ||Ta|| < (a) 
holds for all a € A. In particular, any 6 € Z and x € & satisfy 


\Ts2x||? = (Toeo2, 2) = (To Thx, 2) < y(b)||Tsal| |Izll. 


We conclude ||T;|| < y(b) for any b € Z. Therefore, Z is a BG*-algebra 
satisfying yz(b) < y,4(b) for all b € B. The restriction to Z of the *-homo- 
morphism of any *-representation of A is a *-representation of Z so that 
the opposite inequality holds, proving equation (17). Theorem 9.1.20 shows 
that A/T is a BG*-algebra. Equation (18) is from Theorem 10.1.7(k). 
The commutativity of the diagram is obvious from Theorem 10.1.11(c). 
Exactness is obvious for the vertical sequences and for the middle horizontal 
sequence. Consider the top horizontal sequence. Since Zp = {bE TZ: 
yr(b) = 0}, equation (17) shows that y (which is just injection) maps Zr 
into Ag. (Proposition 9.7.4 also shows this.) When the inclusion J C Ar 
holds, Theorem 9.7.3 applied to ARNT shows that ~(Ar) = (Ar+TZ)/T = 
Ar/(ARNT) is just (A/Z) pr giving exactness at the end of the line. It only 
remains to show that for a € Ar, (a) = O implies a € Zp. Since ¢ is just 
injection, this amounts to showing Zr = AgMZ. Equation (17) gives this. 
Equation (17) shows exactness at C*(Z). Since the image of @4/7 is 
dense, commutativity shows exactness at C*(A/Z). The functorial nature 
of C* shows C*(w) o C*(y) = 0. Suppose that b belongs to ker(C*(w)). 
There is a sequence {an}nen in A so that 64(a,) converges to b. Thus 
0 = C*(z)(b) is the limit of the sequence {®4/7 (y(a,))}n. Hence equation 
(18) implies the existence of a sequence {b, }nen in Z satisfying lim 7,4 (an — 
b,) = 0. This implies that b is the limit of {64(b,)} nen and, hence, belongs 
to the image of C’*(Z), as we wished to show. a) 


10.1.23 Corollary Let A be a BG*-algebra. Then its reducing ideal Ag 
is a BG*-algebra satisfying (Ar)R = Ar = Apr. 


Proof Theorem 10.1.22 shows that Ar is a BG*-algebra. Proposition 
10.1.19 shows that the reducing ideal and pre-reducing ideal agree on BG*- 
algebras. Theorem 9.7.17 (or Theorem 10.1.22) gives the result. 0 


10.1.24 Corollary The reducing ideal defines a radical subcategory of the 
semi-abelian category of BG*-algebras. 
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Proof Radical subcategories were introduced in Definition 4.7.5. This fol- 
lows from Proposition 10.1.19(c) and Theorems 9.7.17 and 10.1.22. oO 


10.1.25 Corollary Let Z be a *-ideal in a BG*-algebra A. If J is a 
yz-closed ideal of Z, then J is a *-ideal of A. 


Proof Theorem 10.1.22 shows that Z is a BG*-algebra with yz = ya|z. 
Proposition 10.1.13 shows that Z has a norm-1 approximate identity {ea}aea 
with respect to yz. Theorem 10.1.3(d) shows that J is a *-ideal of Z 
and hence a *-subalgebra of A. Any 6 € J and any a € A satisfy 
ba = lim (be, )a, where be,a € J since ega € T. a) 


A number of variations on this result are possible. If we assume that Z 
is also y,4-closed, then J is y,4-closed. The result also holds for G*-algebras 
in addition to BG*-algebras if we simply assume that both A and Z are 
G*-algebras. Of course, it is based on the well known fact that a closed 
ideal of a closed ideal of a C*-algebra is a *-ideal in the original C*-algebra. 

We can improve the representation theorem (Theorem 9.9.10) for com- 
pletely positive maps when the domain is a BG*-algebra. The follow- 
ing theorem was proved by W. Forrest Stinespring [1955] when A is a 
C*-algebra. William L. Paschke [1972] derived the next two results when 
A is a U*-algebra. 


10.1.26 Theorem Let A be a unital BG*-algebra and let H be a Hilbert 
space. A map yp: A + B(H) is a completely positive linear map if and only 
if there is a *-representation T of A on a Hilbert space K and a bounded 
linear map V:H > K satisfying yp(a) = V*T,V for allaeé A. 


Proof The pre-*-representation on a pre-Hilbert space given by Theorem 
9.9.10 can be extended to a *-representation on a Hilbert space. When this 
is done, “operator completely positive” coincides with “complete positivity” 
and y(1) is bounded, so V is bounded. oO 


10.1.27 Proposition Let A be a unital BG*-algebra and let B be a reduced 
G*-algebra. If p: A > B is positive, then it ts continuous with respect to 
the Gelfand—Naimark semi-norms of A and B. Hence, it can be extended 
to a positive map between the enveloping C*-algebras of A and B. If p is a 
hermitian Schwarz map, we need not assume that A is unital. 


Proof Replace B by its image under its universal *-representation on the 
Hilbert space H = H". If ~ is considered as a map of A into B(H), it is 
still positive (or a hermitian Schwarz map) since B(H)4 NB includes By. 
Thus we replace B by B(H). Proposition 10.1.6 shows that this does not 
change the value of yg on (A). 

Let x be a vector in H;. Define w,:.4 — C by wz(a) = (—p(a)z, 2) for all 
a € A. Then wz is positive. Hence, it is admissible by Theorem 10.1.20(b). 
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If A is unital, w, is hermitian with a finite bound by Theorem 9.4.7. If y 
is a hermitian Schwarz map, the same is true and we have 


lwe(a)? = [(y(a)z,2))? < |Ip(a)all’ 


(p(a)"p(a)z, x) < (y(a"a)z, r) = wz (a"a), 


so that ||wz||# <1 holds. On the other hand, if A is unital, then we have 
lwolla = we(1) = (y(1)z,2z) < ||y(1)||. Hence, under either hypothesis, 
||w2||# is bounded independent of the choice of the vector z € H;. However, 
Theorem 9.1.20(e) and Proposition 10.1.2 give 


lp(a)|l < 2llela)lly = 2sup{(y(a)z, x) : 2 € Hy} 
< 2sup{wz(a) : 2 € Hy} < sup{||we||yy(a) : ¢ € Hy}. 


Thus y is continuous. Therefore, y can be extended by continuity to 
g: A’-> B(H), where A is the enveloping C*-algebra of A. Then @ is 
clearly positive. The continuity of @ shows that (A) is actually contained 
in the isomorphic image of the enveloping C*-algebra of the original algebra 
B in B(H). Hence, @ gives the desired extension. O 


10.1.28 Corollary Let A be a unital BG*-algebra. Let B be a C*-algebra. 
Let p: A > B be positive. Then » satisfies: 

(a) If A is commutative, yp is completely positive. 

(b) v(c)*p(e) < |le()Ile(c*e) for all c € An. 


Proof By Proposition 10.1.27, we may suppose that is defined on the 
enveloping C*-algebra of A. Hence, we may invoke Theorem 9.9.11 and 
Corollary 9.9.12. O 


The next result could be a corollary of Theorem 10.1.20(c) as well as 
Proposition 10.1.27. Section 10.3 below will give a number of related results. 
In particular, several proofs will be given there that every positive linear 
functional of any C*-algebra is continuous. 


10.1.29 Corollary Every positive linear functional on a unital BG*- 
algebra is continuous with respect to the Gelfand—Naimark semi-norm. 


10.1.30 Tensor Products of *-Algebras Subsection 1.10.26 contains a 
brief introduction to some of the results we are about to discuss. Let A and 
B be two *-algebras and let A® B be their algebraic tensor product (Def- 
inition 1.10.1). We consider A ® B as an algebra under the multiplication 
for algebra tensor products introduced in Theorem 1.10.6: 


(a @ b) (c@d) = ac® bd Va,c€ A; b,deB. 
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There is a natural involution on this algebra tensor product, and we will 
make use of it without explicit mention from now on: 


(a®@b)* =a* eo" VaE€ A; bEB. 


(To check that this is well defined, consider the bilinear map (a,b) + a* ® 
b* € (A @ B)*, where (A @ B)° is the linear space that is the complex 
conjugate of A @®B.) There are several natural C*-algebra semi-norms on 
this tensor product *-algebra. They are sometimes distinct. 

Tensor products of unital algebras are always easier, so assume at first 
that A and B are unital ( G*-algebras / BG*-algebras ). Let T be a 
( *-representation / pre-*-representation ) of A®B. Thena rs a@1 Tye 
and b+ 186 ++ Tig» are ( *-representations / pre-*-representations ) 
(denoted, from now on, by R& and S) of A and B, respectively. The equation 
Tags = Taeilias = RaSp (for any a € A and b € B) implies 


Tell < inf) ya(ax) ye (be) t= Soar @ be} VEE AB. 


k=1 k=] 


Hence A ® B is a ( G*-algebra / BG*-algebra ) and y = yep Satisfies 
inequality (1.10.26) relative to 74 and yz. 

The *-representations R of A and S of B just defined are commuting 
in the sense that Rg = Tag: commutes with Sp = Tig» for any a € A and 
bE B: 


RaSp = Tagilias = Tia@1)(1@6) = Taws = T(1@8)(a@1) = TiesTaai = SpRa. 


If A and B are not necessarily unital ( G*-algebras / BG*-algebras }, 
then Theorem ( 10.1.7(j) / 10.1.20(f) ) asserts that A! and B! are unital 
( G*-algebras / BG*-algebras ) and their Gelfand—Naimark semi-norms 
extend y,4 and yg. It is obvious that A ® B is a *-ideal in A! @ B!. If A 
and B are BG*-algebras, Theorem 10.1.22 shows that the Gelfand—Naimark 
semi-norm on the *-ideal A® 8 agrees with the restriction of the Gelfand- 
Naimark semi-norm on A! @ B!. Hence, it satisfies inequality (20) below. 

We need one more idea before stating the next comprehensive theorem. 
Consider the map from A x B into C*(A) @ C*(B) defined by (a,b) 4» 
®4(a) ® @z(b). This is bilinear and thus defines a linear map 


®:A@B4 C*(A) ® C*(B), 
which is a *-homomorphism. 


10.1.31 Theorem Let A and B be ( unital G*-algebras / BG*-algebras ). 
(a) The *-algebra A® B is a ( unital G*-algebra / BG*-algebra ) 
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with Gelfand-Naimark semi-norm satisfying inequality (1.10.26) and 


yA@s(t) <int | au) t= Som ote} VtEA@B. 


k=1 k=1 
(20) 
(b) Every *-representation T of A@B can be extended by continuity 
to a unique *-representation T of C*(A) @ C*(B) in the sense that 
tt satisfies To® =T. This establishes a canonical isometric 
*.isomorphism ® of C*(A ® B) onto C*(C*(A) ® C*(B)), which is 
the completion C*(A) ®=+C*(B) of C*(A) ® C*(B) with respect to 
its Gelfand—Naimark norm 7. 
(c) if R: A —- B(H) and S:B > B(H) are commuting *-representations 
on the same Hilbert space H, then R© S:A®@B — B(H) defined by 


(R© S)aao = RaS» Va€ A bE B 


is a well-defined *-representation of A@B on H. 

(d) Conversely, if T: A@B— B(H) is a *-representation, then it can 
be extended to A! ® B' and there are commuting *-representations 
R: A B(H) and S:B > B(H) satisfying T= ROS. 

(e) Hence the Gelfand-Naimark semi-norm y,zep satisfies 


» Ra, Sb, 


where the supremum is extended over all commuting *-representations 
of A and B, respectively, on the same Hilbert space. The supremum 
is attained. 


t= mob} VteA@B, (21) 


7YA@B(t) = sup 1)3 


Proof (a): This was proved in the remarks preceding the theorem. 

(b): Let T be a *-representation of A @® Bon H. Let a € C*(A) 
and 6 € C*(B) be arbitrary. We can find sequences {an}nen C A and 
{bn}nen C B satisfying ®(a,) + a, &(b,) > b, and hence 


|TZan@bn ~~ Lamm @bm || < 2 (aeaxjeb. | 1 || Tom @(bn —bin ) | 
<  YA(Gn ~ Gm) ¥B(bn) + YA(@m)1B(bn — bm). 


We can define T’: C*(A) x C*(B) > B(H) by taking Te p) to be the limit of 
this Cauchy sequence. Had we chosen different senlienes: converging to a 
and b, an estimate similar to that displayed above shows that the definition 
of T; a,b) Would be unchanged. Thus, it is obvious that (a,b) 4 T, a,b) iS 
bilinear from C*(A) x C*(B) to B(H). Hence, it defines a linear map T 
from C*(A) @ C*(B) to B(H). It is easy to see that T is a *-representation 
extending T in the indicated sense. 
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Using the extension just given, for any t € A®B we get 


y(t) sup{||Z:|| : T is a *-representation of A ® B} 


sup{||S%(4)|| : S is a *-representation of C*(A) @ C*(B)} 
= 7(&(t)). 


The opposite inequality is obvious since y is the largest C*-semi-norm on 
A®@B. Hence ® is an isometric isomorphism that extends to the completion 
C*(A @® B). We will now show that the range of © is dense, so that this 
isometric extension maps C’*(A @ B) onto C*(A) ®y C*(B). 

Applying (a) to C*(A) and C*(B) gives 


lA 


¥(t) < inf{>_ [lax llo=(aylOkllo* (a) t= S| ax @bx} Vt € C*(A)@C*(B). 
k=1 k=1 


For any t = > >;_, 4% ® bk € C*(A) @ C*(B), we can find sequences 
{akm}men in A and {bim}men in B with {®(agm) — ax }men and {®(bem) — 
by }men Converging to zero for k = 1,2,...,n. If we define tm = >,_, Akm® 
bkm in A® B for each m in N, then this sequence satisfies 


n 


WB(tm) —t) < So (FHPlaim) @ B(bim) — (dem) B bx) 
k=1 


+ ¥(B(arm) @ by — ay ® bx) ) 


D (1(eem)I¥ (bem) = Pello=(B) 
k=1 


IA 


+ |[®(@km) — ax| c+ay1(be)); 
which converges to zero, proving density. 

(c): We use the notation R © S to distinguish this tensor product of 
commuting *-representations on the same Hilbert space from the tensor 
product of two arbitrary *-representations on distinct Hilbert spaces that 
we will introduce below. The *-algebraic properties are trivial once we 
know that R©S is well defined. However, (a,b) ++ RS» is clearly bilinear, 
so R©S is just the canonical extension of a bilinear map on A x B to 
A®B. (Commutativity of R and S is needed to see that ROS isa 
*_representation.) 

(d): If A and B are unital, the discussion before the theorem gives these 
results. If they are BG*-algebras, but not necessarily unital, Theorem 
10.1.21 shows that T can be extended from A @ B to A! @ B', so that 
the unital proof applies again. More explicitly, we may assume that T is 
an essential *-representation, so that the extension T of T to A! @ B! is 
unique. Then R and S are defined by R, = Tag: and Sp = Tig». 
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(e) The Gelfand—Naimark semi-norm is always the largest C*-semi- 
norm. Apply (d) to the universal (or any other isometric) *-representation 
of A® B to see that the supremum is attained. Oo 


Notice that (a) above implies that every C*-semi-norm on the tensor 
product of BG*-algebras is “subcross” in the common terminology used by 
Niels Erik Wegge-Olsen in [1993]. Thus this result extends his Corollary 
T6.2, which he described as new. Our proof is also more transparent. 
Result (e) above extends his Proposition T6.8. 

For Banach *-algebras, the second sentence of (b) is due to Kjeld B. 
Laursen [1969b], who made the first systematic study of tensor products of 
*-algebras more general than C*-algebras. 

Obviously, (c) holds if A and B are just assumed to be *-algebras. 
If we are willing to assume that A ® B is a G*-algebra with Gelfand- 
Naimark semi-norm satisfying equation (20), then (d) can be proved for not- 
necessarily unital G*-algebras. We may assume that T: A ® B > B(H) is 
essential. Now use the y-approximate identities in G*-algebras established 
in Proposition 10.1.13. It is easy to see that the net Tz, gp (where {€a}aea is 
an approximate identity for A) converges in the strong operator topology on 
B(H) to an operator we may designate as S,. Then R, can be constructed 
in the same way and we see Tag, = RaS> for all a @ b. 

The *-representations R and S of (d) will be called the restrictions of T 
to A and B, respectively. When A and B are unital, R and S can actually 
be realized as the restrictions of T to the isomorphic copies A @®C 1g of A 
and C1, ®B of B, respectively. 

We wish to emphasize the results in (b) with a commutative diagram 
which should be compared with (24) below in Proposition 10.1.38. Theorem 
10.1.12(a) shows that every *-representation T of a *-algebra has a unique 
extension to a *-representation T of its enveloping C*-algebra in the sense 
that it satisfies T = T'o®. Combining this with (b), we get the following 
commutative diagram where A and B satisfy the hypotheses of Theorem 
10.1.31 and T: A@B — B(H) is an arbitrary *-homomorphism. None of the 


maps except ® and ®“" is always injective and only ® is always surjective. 


~ 


{0} —> C*(A@B) een ee. cee C*(A) @, C*(B) —» {0} 


(22) 


1060 10: Special *-Algebras 10.1.31 


When A and B have unique C*-norms, besides the Gelfand—Naimark 
semi-norm 7 = Y4@s on A@B, which is the largest C*-norm, there is always 
a smallest C*-norm on the algebraic tensor product. This norm arises by 
consideration of the tensor products of *-representations and states. To 
begin with, let A and B be arbitrary *-algebras and let S: A — B(H) and 
T:B — B(K) be *-representations. We shall construct a *-representation 
S @T of A@B on the Hilbert space H&K. 

First we construct the Hilbert space. For r®y and z®w in the algebraic 
tensor product H ® K, consider the expression 


(rx ®y,z@w))=(z,z)(yw) Var,zEeHs ywek, 


where we simply multiply the inner products in H and K. Applying the 
universal property of the tensor product twice, we see that ((-,-)) is a well- 
defined inner product on H&K. To see that it is positive definite, let 
t = 5°, 1 2k ® yx be arbitrary. By a slight variation on Lemma 1.10.3, we 


may assume that (yi, y2,---,Yn) is an orthonormal list. This gives 
n nN n 
((t,t)) = 5° So (xe, 2j)(yesys) = >~ |Iael |”. 
k=19=1 k=1 


Notice that ((¢,t)) = 0 holds exactly when t = 0. The norm t + ||{¢||| = 
((t, t))!/? on H@K clearly satisfies ||| @y||| = {|x| ||y||. This gives inequal- 
ity (1.10.26), which is half of Definition 1.10.23 of a reasonable norm. In 
order to get inequality (1.10.27), consider the continuous linear functionals 
(wy / Wy )on( H/ K ) defined by (z+ (2,y) / z+ (z,w) ) for a fixed 
vector (y€H /wekK ). An arbitrary element t € H @K can be written 
ast = ig Dopo AjkTj @ 2k, where ( 10,21,---,2n / 20, 21,---,2n ) is an 
orthonormal set in (H / K ). This satisfies |||t|||? = S79 Dog—o |Agel? and 


n nr 
ly @ ww lt)? =|) Dd Aje(wy,y)(ze, w)!? < (All yl Levi, 


jJ=0 k=0 


giving inequality (1.10.27). Thus the norm is reasonable. Denote the com- 
pletion of 2 @K in this norm by H&K. It is obviously a Hilbert space and 
is called the Hilbert space tensor product of H and K. 

If H and K are orthonormal sets in H and K, respectively, it is obvious 
that H@ K ={h@k:he H; k € K} is an orthonormal set in H@K. If 
these sets are orthonormal bases, condition (b) of §1.8.11 shows that H@K 
is an orthonormal basis. 

Next we wish to embed B(H) @ B(K) into B(H@K). For any T € B(H), 
S € B(K) and t = \op_, 2k @ ue € H@K, we can define T @ S(t) = 
opens L (te) @ S(ye) € H@K. The linearity of T and S shows that this is 
well defined. By showing that T @ S is bounded, we can extend this map 
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to an element of B(HSK). The equation T# S = Tw1-1@S allows us to 
consider only T®J and 18S. For the former case, we may also assume that 
Y1,Y2,---)Yn is an orthonormal set in the expression t = 5°, _, te@yx. Both 
{r, ® yp: k =1,2,...,n} and {Trp Sy, : k = 1,2,...,n} are orthogonal 
sets in 72 & K, so the Pythagorean theorem gives 


INIT co (#)| 2 = S° T(ea) B yell? = So UT (ew dP? 
k=! k=} 


n n 
SIT? Se Vera ll? = (ITU? S— Ware 6 yall? = ITI |Meldd?. 
k=] k=] 


Applying the same argument to 1@S for S € B(K) and using submultiplica- 
tivity gives ||T 3 S\|eqyaxy S {ITI [Sllacc). Thus, we have a bounded 
bilinear map from B(H) x B(K) into B(H&K) which can be extended to a 
bounded linear map of B(H)& B(K) into B(H&K). However, the definition 
of operator norm in B(H@K) gives ||T % S| a qaxy > sup{llT(z)|| S()II : 
rEH; yE RK} = lT Ia ay |Slleccy. We state these results formally. 


10.1.32 Theorem Let H and K be Hilbert spaces, and let H®K be the 
completion of H®K in the norm induced by the product of the inner products 
on H and K. This tensor product norm is reasonable and H&K is a Hilbert 
space. If H and K are orthonormal sets in H and K, respectively, then 
H®K={h&Sk:heH; k € K} is an orthonormal set in HK. If H 
and K are orthonormal bases, then H & K 1s also. 

There is a natural injective *-isomorphism of B(H)SB(K) into B(H&K) 
satisfying 


IT @ Sllaqusxy = UIT Ilsrm IISllux) = VT € BCH); SE B(K); and 


TS S(x# Sy) =T(z) & Sy) VT € BH); SE B(K); cE H; yER. 


The image of Br(H) ® Br(K) (or Bk(H) 8 Be(K)) in B(H&K) is norm 
dense in Be (H&K) and hence the image of B(H) & B(K) is dense in the 
operator topologies in B(H@K). Furthermore, the operator norm on the 
images of these algebraic tensor products is the unique C*-norm on them. 


Proof All but the final two sentences have already been established. In 
order to prove the last two sentences, let # and K be arbitrary (prob- 
ably infinite-dimensional) Hilbert spaces with orthonormal bases H and 
K, respectively. For g,h € H and j,k € K, the rank-one operators 
g@h* € Br(H) and j © k* € Br(K) satisfy (g & h*) @ (7 @k*) = 
(9@j)@(h@k)* € BE(H@K). By taking norm limits of linear com- 
binations of the orthonormal basis H « K, we see that the operator norm 
closure of Br(H) @Br(K) in B(H@K) is just the ideal of compact operators 
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Bx(H@K). There is obviously only one C*-norm on the algebraic tensor 
product Br(H) @ Br(K). 

By the von Neumann density theorem (Theorem 9.3.3), the remark 
about operator topologies simply says that the von Neumann algebra gen- 
erated by the image of B(H) ® B(K) is B(H@K). Our result on the image 
of the smaller algebraic tensor product shows that it already has CI as its 
commutant, proving that the double commutator algebra is B(H@K). O 


In the above discussion and formal statement we have deliberately sup- 
pressed any name for the embedding map of B(H) ® B(K) into B(H@K). 
Whenever we have an element of B(7) ® B(K), we will think of it as an 
operator on H@K. We will denote the norm closure of B(H) @ B(K) in 
B(H®K) by B(H)®B(K). Notice that this defines a natural C*-norm on 
the algebraic tensor product B(H)®B(K). Now we extend this construction 
to *-representations and states. 


10.1.33 Theorem Let A and B be BG*-algebras. Let ( S /T ) bea 
*-representation of ( A /B) ona Hilbert space (H /K ). Using the last 
theorem, define 


S®T:A®@B- B(HSK) 


by SOT aan = Sa @Ty for allae A and be B. 
(a) S@T is a *-representation satisfying 


S@T ~(S® Ix) © (Iy @T). 


(b) There is a unique extension of S®T to a *-representation S ® T 
of C*(A) ®@ C*(B) in B(H@K). Furthermore, S®T =S@T, 
where (S /T ) is the extension of (S /T ) to a *-representation 
of ( C*(A) / C*(B) ) guaranteed by Theorem 10.1.12(a). 

(c) S@T is faithful if S and T are faithful. 

(d) The commutant and double commutant of S,@Tp are (S.4)' @(Tp)’ 
and (S,4)" @ (Tp), respectively. Hence if S and T are both 
( irreducible / factorial / factorial of Type I), then S&T is 
( trreducible / factorial / factorial of Type I ). 

(e) In Theorem 10.1.31(d), if either of the restrictions R or S satisfying 
T=ROS:A®B-— B(H) is a Type I factorial *-representation, 
then there are Hilbert spaces K and L and *-representations 
R: A > B(K) and S:B > B(L) satisfying H ~ K@L andT ~ ROS. 
Therefore, if A or B is a Type I BG*-algebra, then every factorial 
*-representation T of A®B can be written as a tensor product. 
Hence, the algebraic tensor product of two Type I BG*-algebras 
is Type I. 

Let (w /7T) be a state on( A/B). 
(f) Then w @rT ts a state on A@B and the *-representation T’ @T7 
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is unitarily equivalent to T’®" under a unitary equivalence that 
sends z,, ® 2, onto z,@,. Hence, w@rT is a pure state tf and only 
if both w and T are pure states. 


Proof (a): We are just composing the well-defined *-homomorphism a®b + 
Sa @T, of A&B into B(H) ® B(K) with the *-homomorphism of this 
*_algebra into B(H@K). The unitary equivalence is easy. 

(b): This is a corollary of Theorem 10.1.31(b). The construction there 
shows S@T=Se@T. 

(c): Suppose S and T are faithful *-representations. Let t = a aj® b; 
be a non-zero element of A ® B. According to Lemma 1.10.3, we may as- 
sume that ( @),@2,...,@n / bi,bo,...,b, ) is a linearly independent set in 
(A/B). Hence ( Sq,,Sa.,---,Sa, / Ts,,Ts.,;--->1b, ) is linearly inde- 
pendent in ( B(H) / B(K) ). By extending these sets to a Hamel basis it is 
easy to see that S @ T(t) must be non-zero. 

(d): This follows from the commutation theorem for tensor products 
(Theorem 9.3.29). 

(e): If the restriction R: A + B(H) is a Type I factorial *-representation, 
then §9.3.25 shows that it has the form Ry = R, @/ in B(K@L), where 
H is identified with K@C and R, belongs to B(K) for each a € A. Since 
S:B — B(H) commutes with R, it must have the form S, = I @ Sy in 
B(K@®L) where S, belongs to B(L) for each b € B. Therefore, if either S 
or R is Type I, T = ROS is equivalent to R®S. If either Aor Bisa 
Type I BG*-algebra as defined in §9.3.26, then this construction is valid 
for the restrictions of any *-representation of A ® B. Hence if both A and 
B are Type I BG*-algebras, then every factorial *-representation of A @ B 
is the tensor product of Type I *-representations, and thus is a Type I *- 
representation itself. By results in §9.3.26 and after Theorem 10.1.12, this 
is enough to show that the tensor product is Type I. 

(f): Theorem 9.4.15 shows that we can write 


wa) = (Te 2, Zu) 7(b) = (Ty 27,27) VaceEA; bE B, 


where ( z,, / 2, ) is the canonical unit vector in ( H” / H7 ). As usual, we 
define the linear functional w @ r: A @ B- C by 


w @T(a® b) = u(a)r(b) VaEA; bEeB. 
Then the definition of the tensor product of *-representations gives 
w@T(a®b) = (TY @ Ty gp2u @ 21; 2y ® 27) VaceA; DEB. 
Theorem 9.4.15 now shows that w@r is a state on the *-algebra A@B. Since 


the *-representation T’®” represents w@7, T“®7 is unitarily equivalent to 
T”’ @T”7 under a unitary equivalence sending z,,@, onto z, © Zr. 
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The last sentence follows from (e) and Theorem 9.6.4. O 


The level of abstraction has gotten to the point where a very concrete 
illustration seems worthwhile. We gave a concrete realization of Mnm as 
the algebra tensor product of M, and M,, in 81.6.8 of Volume I and used 
this to illustrate Type I factors derived from M3 ® Mp2 in §9.3.25. Consider 
the Hilbert space tensor product of H = C? and K = C?. Then the tensor 
map (a, 8,7) ® (6,€) + (ad, 86, 6, ae, Be, ye) identifies H @K as C®. This 
is compatible with the identification above of Mg with M3 @ Mp in the 
following sense. If S : M3 > B(C*) and T : Mz > B(C’) are the usual 
*_representations, then S ® T becomes the usual *-representation of Mg on 
C® under this construction. 

Now suppose that R: M3 > Mg and S: Mz > Mg are described by the 
matrices shown for A and A’ in §9.3.25. Under the usual *-representation of 
Mg on CC®, we can consider R and S to be a pair of commuting 
*_representations. So R© S is a *-representation of M3 @ Mz on C*, as in 
Theorem 10.1.31(c). This is again just the usual *-representation of Mg on 
C® with our identifications. Notice that R and S in this example are just 
S @ Io and I3 ® T, respectively, in the notation of the last paragraph. 

By choosing finite-dimensional examples, we have removed all complica- 
tions due to the need to choose a norm and to complete incomplete algebraic 
tensor products. However, these simple examples are good illustrations of 
the meaning of the two kinds of tensor products, at least when one factorial 
representation is Type I. 

Let ( S / T ) be an essential *-representation of a *-algebra ( A / B ) 
on a Hilbert space (H / K ). Theorem 9.4.17 shows that we can write 


S~ Bweql™” T~ @,eTl” 


for some set ( 2 C Al, /TC Br, ), where ~ denotes unitary equivalence. 
Combining these unitary equivalences with those of Theorem 10.1.33(f) 
establishes the next result. 


10.1.34 Proposition If ( S /T ) is an essential *-representation of a 
BG*-algebra ( A / B ) on a Hilbert space (H /K ), then 


S@T~ DweEn; Bee Mada 


for some sets Q C At and T © Bi, where =~ denotes unitary equivalence. 
Even if S and T are not necessarily essential, they satisfy 


|S @T z|| = sup{(Ww @7(t*t))'/?:wEeN; TET} VtEAB, 


where (2 /T ) consist of all states continuous with respect to the semi-norm 
(a |[Sal| 70+ |[Zoll )- 
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Proof If S and T are not necessarily essential, Proposition 9.2.7 shows that 
they differ from an essential *-representation by a trivial *-representation. 
This cannot affect the norm of S @7';. The formula for the norm is just 
Corollary 9.5.5. O 


When A and B have a unique C'*-norm (i.e. when the Gelfand—Naimark 
norm is the only C*-norm on each of these *-algebras), the last two results 
have profound consequences. Then the C*-norm induced on A®B by S@T 
is independent of the particular pair of faithful *-representations S and T. 
Theorem 9.2.16 shows that C*-algebras have unique C*-norms. Theorem 
10.4.28 shows that permanently spectral reduced *-algebras also have a 
unique C*-norm. Thus reduced *-algebras that are either commutative 
and completely regular or modular annihilator have unique C*-norms. This 
phenomenon will be studied in detail in Section 10.5 below. 


10.1.35 Proposition Let A and B be be C*-algebras. Let {(w / 7 ) be 
a state on ( A /B) and let( S /T ) be a faithful *-representation on a 
Hilbert space (H /K ). Then there is a state v on the closure of S®T res 
in B(H@K) satisfying 


v(t) =w@r(S @T +t) VtE ASB. 


Proof In order to simplify notation, we will suppress the names of the 
*_representations S and T and consider A and B as closed *-algebras in 
B(H) and B(K), respectively. 

In §9.4.28 we introduced vector states and showed that convex com- 
binations of vector states and zero were weak* dense in the set Ab of 
representable positive linear functionals of Hilbert norm less than or equal 
to 1 on a C*-algebra of operators. Obviously, we may omit 0 when approx- 
imating states. Assume that w and 7 are vector states w, and w, for unit 
vectors x € H andy € K. Then wz ®w, on A ® B is just the restriction 
of the vector state wre, on B(H®K). This shows that a state that is a 
convex combination of vector states can be extended to be a state (indeed 
a convex combination of vector states) on B(H®K). 

If w and 7 are arbitrary states, they are the limit of weak* convergent 
nets of states of the types already considered. Hence, we can construct a 
net of states on B(H®K) which must have a weak* convergent subnet by 
Alaoglu’s theorem. The limit of this subnet is a state on B(H@K) that 
restricts to w @T. O 


10.1.36 Theorem For any BG*-algebras A and B, define a function 
o=0,4en:A®B- Ry by the following two formulas, which agree: 


a(t) 


| 


sup{w @T (Gt) owe Ai; TE Bi; } (23) 
sup{w @ 7 (t*t)!/? :w € AL; 7 € BL; } VtE A@B. 
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(a) If A and B are reduced, o is a C*-norm on AQ B. 

(b) If S:A— B(H) and T: B - B(K) are *-representations, then S@T 
can be extended by continuity to the completion A®, B of A@B 
with respect too. 

(c) If A and B also have unique C'*-norms and S and T are faithful, 
this extension is an isometry. 


Proof (a): Proposition 10.1.34 shows that the two formulas for o are, 
respectively, the C*-semi-norms on A ® B defined by the tensor prod- 
ucts T4 @ Y8 and ¥4 @ GF of the universal and the reduced atomic *- 
representations. Both of these *-representations give the Gelfand-Naimark 
semi-norm on .A and B and hence the tensor product semi-norms agree. 

(b): Proposition 10.1.34 also implies ||S @ 7 ;|| < o(t) for alte A@B 
and any *-representations S and T, so the extension to the o-completion 
can be defined by continuity. 

(c): Since A and B have unique C*-norms, any faithful *-representations 
are isometries with respect to their Gelfand—Naimark norm. Extend these 
*_representations to C*(A) and C*(B). Then Propositions 10.1.35 and 
10.1.2 give the opposite inequality. O 


10.1.37 Definition If A and B are reduced BG*-algebras, we call o = 
oA@B the spatial C*-norm on A ® B. We call the completion A ®, B of 
A ® B under o the spatial tensor product. 


The theorem shows that for any faithful *-representations S:.A — B(H) 
and T: B + B(K) of reduced BG*-algebras with unique C*-norms, A ®, B 
is isometrically *-isomorphic to the closure of S ® T ~,ge in B(H@K). In 
particular, the C*-algebra B(H)®B(K) defined just after Theorem 10.1.32 
is simply B(H) ®, B(K) relative to the identity representations of B(#) on 
H and B(K) on K. In the present context, we can now give a refined version 
of the commutative diagram (22) that was based on Theorem 10.1.31. 


10.1.38 Theorem Let A and B be reduced BG*-algebras. Leto anda be 


oC 


C*(A ® B) ———————>- C'* (A) 8 C* (B) ~ AS, B— {0} 


® o° 
“ C*(A) @ C*(B) 
1% set Ser 9 


B(H@K) 


(24) 


10.1.39 G*-Algebras and BG*-Algebras 1067 


the spatial C'*-norms on A®B and C*(A) @C*(B), respectively. Let ( S / 
T ) be a *-representation of ( A /B) ona Hilbert space(H /K). Then 
natural *-homomorphisms @", 6° , &7, and S®,T exist which make the 
above dtagram commutative. If A and B have unique C*-norms and S and 
T are faithful, then the representations S®T, S$ ®,T and S @T in the 
diagram are isometries with respect to ao, and the range of S®,T is just 
the operator norm closure of the range of S®T. Note that 6° may not be 
injective even in this case. 

If S and T are essential, the von Neumann algebra generated by any of 
these tensor product *-representations satisfies 


(S@T)zgs’ = SA" @un Tz", 


where the right side is the von Neumann algebra on H@K determined by 
the tensor product of von Neumann algebras. 


Proof The existence of ® and © follows from Theorems 10.1.12(a) and 
10.1.31(b), as in diagram (22). ©% and ®% are just the embeddings of 
A ® B and C*(A) ® C*(B) into their completions with respect to o and oa, 
respectively. Theorem 10.1.12(c) and the definitions of 0, ¢ and ® show 


Goma. 


Hence A®, B is at least a closed *-subalgebra of C*(A)®z¢C*(B). Theorem 
10.1.11(b) shows that the embedding map of A@B into C*(A)@;C*(B) can 
be factored through C*(A® B). The resulting *-homomorphism of C*(A® 
B) onto A @, B in C*(A) @¢ C*(B) is 6%. However, Theorem 10.1.31(b) 
shows that C*(A) ® C*(B) can be embedded as a dense *-subalgebra of 
C*(A ® B). Since all of these maps commute, ®% is surjective and the 
image of A @, B in C*(A) 7 C*(B) is the whole C*-algebra. Theorem 
10.1.36 now establishes the next remark. 

Clearly (S @¢ T) Ags is included in S', @yn Ty. Since the latter is 
closed in the operator topologies, one inclusion is established. For any 
(SeéS% /T € Ty ), there is a net ( {aa} / {ba} ) in (A / B ) satisfying 
(S=limg S., /T =lime T%, ), where the limits are in the strong operator 
topology. Theorem 10.1.31(d) allows us to assume that A and B are unital. 
It is easy to see that ( {Sa, ®T1} / {S: ® T},} ) converges strongly to 
({S@T,} / {S: ®T} ), establishing the opposite inclusion. Oo 


10.1.39 Definition A reduced BG*-algebra A is said to be nuclear if 
it has a unique C*-norm and its algebraic tensor product A © B with any 
other reduced BG*-algebra B with a unique C*-norm also has a unique 
C*-norm. 


Nuclear C*-algebras were first investigated by Takasi Turumaru [1956] 
and Masamichi Takesaki in [1964]. Takesaki showed that Type I (hence 
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commutative and finite-dimensional) C*-algebras are nuclear, and it is now 
known that inductive limits of nuclear C*-algebras (hence AF-algebras) are 
nuclear. The foundations of a theory of tensor products of C*-algebras had 
been laid by Takasi Turumaru in four papers culminating in [1956]. A C*- 
algebra is traditionally called nuclear if its tensor product with any other 
C*-algebra has a unique C*-norm. 


10.1.40 Proposition A reduced BG*-algebra A is nuclear if and only 
if it has a unique C*-norm and C*(A) is nuclear. For C*-algebras, the 
traditional definition of nuclearity agrees with the present definition. 


Proof Let A be nuclear. Then it has a unique C*-norm by definition. Let 
B be any reduced BG*-algebra with a unique C*-norm, namely, yg. If 
C*(A) @ B had two distinct C*-norms, the restrictions of these norms to 
A ® B would have to differ since A @ B is dense in C*(A) ® B with respect 
to the Gelfand—Naimark norm ¥ on C*(A) @ B (Theorem 10.1.31(b) ) and 
hence with respect to any C*-norm. Hence C*(A) is nuclear with respect 
to the more restrictive definition. 

Conversely, suppose that A and B have unique C*-norms and that 
C*(A) is nuclear in the traditional sense. Let a be a C*-norm on A @ B. 
Theorem 9.5.4 shows that a arises in the form a(t) = ||Jj|| for allt € A@B 
from some faithful *-representation of A ® B. Theorem 10.1.31(d) shows 
that T and hence a can be extended to A! @B’. Hence a induces C*-norms 
on A ~ A@Cl and B ~ Cl ® B which must be their Gelfand—Naimark 
norms since they have unique C*-norms. Hence, T is still faithful (a is still 
a C*-norm) when extended to C*(A) © C*(B). By our nuclearity assump- 
tion, this C*-norm is the Gelfand-Naimark norm 7. Theorem 10.1.31(b), 
as illustrated in diagram (22), now shows that the arbitrary C*-norm a on 
A ® B is the restriction of ¥, and hence equals y and is unique. 

If A is already a C*-algebra, the last argument shows that the traditional 
definition of nuclearity implies our stronger definition. Oo 


We can draw one non-trivial consequence immediately by citing powerful 
results. A locally compact group has polynomial growth if the Haar measure 
of powers of any compact subset with a non-empty interior is bounded by a 
polynomial function of the exponent (Definition 12.5.7). A locally compact 
group G is called Boidol if L'(G) is *-regular (Definition 10.5.8). 


10.1.41 Corollary Let G be a locally compact group. Then L1(G) is 
nuclear if and only if L1(G) has a unique C*-norm. 
Hence L'(G) is nuclear for any polynomial growth or Boidol group G. 


Proof L'(G) is a reduced Banach *-algebra for all locally compact groups 
(Theorem 12.5.4). If Z'(G) is nuclear, it has a unique C*-norm by defini- 
tion. Conversely, if L'(G) has a unique C*-norm, then G is amenable by 
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Theorem 12.5.14. (This follows from the fact that G is amenable if and 
only if the operator norm of the left regular representation on L?(G) agrees 
with the Gelfand—Naimark norm.) This rather easily implies that C*(G) is 
amenable (even strongly amenable, B. E. Johnson [1972a]). Alaine Connes 
[1978] and Haagerup [1990] show that a C*-algebra is amenable if and only 
if it is nuclear. 

Theorem 12.5.20 shows that locally compact groups with polynomial 
growth are Boidol and, hence, have unique C*-norms. O 


This whole subject will be discussed at greater length in Sections 10.5 
and 12.5, but we remark here that Joachim Boidol [1984] gives examples 
of exponential solvable Lie groups that do not have unique C*-norms and 
of others which have unique C*-norms but are not Boidol. There are also 
Boidol groups that are not polynomial growth (§12.1.21, §12.6.26, §12.6.30). 
Since C’*(G) is nuclear (= amenable) for all almost connected groups (Alan 
L. T. Paterson [1988]) and all Type I groups (e.g., SZ(2,R)) as well as all 
amenable groups, the above corollary is completely false if the nuclearity 
of C*(G) replaces the nuclearity of L'(G). 

The following result (with uniqueness of C*-norm instead of nuclearity) 
was announced as Corollary 3.5 in Hauenschild, Kaniuth and Voigt [1990]. 
They claimed that the condition was necessary as well as sufficient, but 
their proof was faulty. We have been unable to supply a convincing proof 
for the necessity. Cf. Corollaries 10.5.38 and 10.5.39 below. 


10.1.42 Corollary Let G and H be locally compact groups. Then 
L\(G x H) is nuclear if both L'(G) and L}(H) are nuclear. 


Proof If both L1(G) and L}(H) are nuclear, then L'(G) @ L1(H) has a 
unique C*-norm. Corollary 1.10.14 shows that L'(G x H) can be identified 
with the projective tensor product L!(G)®@L!(H). Any C*-norm on L!(Gx 
H) ~ L'(G)®L'/(H) would be continuous with respect to the projective 
tensor norm. Since the algebraic tensor product L1(G) ® L!(H) is already 
dense in L'!(G)®L1(H) with respect to the projective norm, the C*-norm 
would be determined by its value on L!(G)@ L'(H). Hence L1(G x H) has 
a unique C*-norm. It is nuclear by the last corollary. 0 


We now prove nuclearity for the most important classes of reduced 
BG*-algebras and use this to show that all C*-norms on tensor products 
of reduced BG*-algebras with unique C*-norms lie between the spatial and 
Gelfand—Naimark norms. Recall that a BG*-algebra A is Type ] if and only 
if its enveloping C*-algebra C*(A) is Type I. Recall that Theorem 9.7.35(c) 
shows that a finite-dimensional, reduced *-algebra has the form @7~, Mn,, 
where each matrix algebra has its usual conjugate transpose involution. 


10.1.43 Theorem Finite-dimensional, reduced *-algebras; completely reg- 
ular, commutative, reduced BG*-algebras and Type I, reduced BG'*-algebras 
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with unique C*-norms are nuclear. 

(a) If A is a finite-dimensional reduced *-algebra and B is a C*-algebra, 
then A ® B is already complete with respect to its unique C*-norm, 
which thus equals both o and +. In particular, M, ® B can be 
identified with M,(B). 

(b) If A and B are commutative C*-algebras, then A® B has a unique 
C*-norm which thus equals both 0 and y. Its completion is naturally 
isometrically *-isomorphic to Co(T, x Tp). 

If A and B are C*-algebras with A commutative, then A @® B has 
a unique C'*-norm (which thus equals both o and), and its 
completion is naturally isometrically *-isomorphic to the C*-algebra 
Co(f4;B) of all continuous functions from T, to B that vanish 

at infinity. (This *-algebra has pointwise *-algebra structure, and 
its C*-norm is the supremum norm ||f|| = sup{||f(y)||: 7 € Ca} 
for all f € Co(T 4; B).) 


(c 


wee’ 


Proof (a): As noted before the statement of the theorem, a finite-dimension- 
al reduced *-algebra is a direct sum of finitely many full matrix algebras 
with their usual involution. Hence, it is enough to consider the case A = 
M,,. For A = (\i;)nxn € My, and b € B, denote the matrix in M,(B) 
with ij entry 4;;b by A @b. It is easy to check that M,(8) satisfies the 
definition of the algebraic *-algebra, tensor product with this definition 
of the tensor map. Let U be the usual *-representation of M, on the n- 
dimensional Hilbert space C” (with its usual inner product). If T is any 
faithful *-representation of B as a closed *-subalgebra of B(H), then U @T 
corresponds to the isometric *-isomorphism of M,,(B) onto B(#"). Hence 
M,,(B) is a C*-algebra and thus has a unique C*-norm by Theorem 9.2.16. 

Now suppose that B is merely a reduced BG*-algebra with a unique C*- 
norm. Any C*-norm on M,,@B induces a C*-norm on B ~ CI@B C M,@B 
that must equal its unique C*-norm (i.e. the norm of b € B is just the 
norm of the diagonal matrix with all entries 6). Clearly, M, @ B is dense 
in C*(M, ® B) ~ M,(C*(B)). Hence, any C*-norm on M,, ® B is just the 
restriction of the (unique) complete C*-norm on M,,(C*(B)). 

(b): Let A and B be commutative C*-algebras. Theorem 3.2.12 shows 
that the Gelfand homomorphism is an isometric *-isomorphism of ( A / B ) 
onto ( Co([4) / Co(Ts) ). Let a be any C*-norm on A@® B and let C = 
A ®,, B be the completion in this norm. This is a commutative C*-algebra, 
so Theorem 3.2.12 shows that the Gelfand homomorphism is an isometric 
*_isomorphism of C onto Co(['¢). Any y € [¢ is a *-representation of C 
in C ~ B(C). Theorem 10.1.31(d) shows that there are *-representations 
1:A— C and 72:B > C satisfying 


y(a @ b) = y (a)-y2(b) VaceA; bEB. 
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a(c) = sup{|y(c)|: 7 € Tc}. 
Note also 
ly(e)| = (y(c*)y(e))"? = y(e*e)'?_— Ve EC. 


Finally, recall Al, =Ty, Bi, = Ig and cl = I¢. Combining these three 
results and (22) from Theorem 10.1.36, we see that the arbitrary C*-norm 
a@ equals the spatial C*-norm o. 

(c): Let A and B be C*-algebras with A commutative. Let a be any 
C*-norm on A@B, and let A®, B be the completion in this norm. Let t be 
an arbitrary element of this C*-algebra. Then a(t) = a(t*t)!/2. However, 
the closed *-subalgebra C generated by t*t is a commutative C*-algebra. 
The proof in the last paragraph shows that alc is just 0. Since t € A@, B 
was arbitrary, A ® B has a unique C*-norm. For any a € A and 0 € B, 
denote the function 7 +> a(7)b from Ty to B by a@b. Relative to this 
map, the linear span of such functions in Co([y; B) is the algebraic tensor 
product A ®B. By (22), the unique C*-norm on this tensor product is the 
supremum norm on Co(Ty4; B). 

Suppose that A is a completely regular, commutative, reduced BG*- 
algebra. Since A is permanently spectral (Theorem 3.5.17(c)), Theorem 
10.4.28 shows that A has a unique C*-norm. We have just shown that 
commutative C*-algebras such as C*(A) are nuclear, so Proposition 10.1.40 
completes the proof. 

Suppose that A is Type I. Theorem 10.1.33(e) shows that any factorial 
(a fortiori any irreducible) *-representation of A @ B is a tensor product 
of *-representations. Proposition 10.1.2 shows that y,z@z is the supremum 
of the norms of such *-representations. Hence y4gs = 0A@B. Theorem 
10.1.45 completes the proof that A ® B has a unique C*-norm. oO 


The next result substantially strengthens Barnes [1983], Theorem 5.5(a). 
Closely related results appear near the end of Section 10.5. (Type I 
*_algebras were defined in §9.3.26.) 


10.1.44 Corollary Let A and B be BG*-algebras. 

(a) The natural *-homomorphism 6: A®B > (A/Apr)®(B/Br) satisfies 
(A @ B)rp = ker(0) = (Ar © B)+(A@Br). Hence 6 induces a 
*-isomorphism of (A ® B)/(A ® B)r onto (A/ArR) @ (B/Br). 

(b) If A@B has a unique C*-norm, then A and B have unique 
C*-norms. 

(c) If A and B have unique C*-norms and at least one is Type I, then 
A ® B has a unique C*-norm. 

(d) If both A and B are Type I with unique C*-norms, then A® B is 
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Type I with a unique C*-norm. 


Proof (a): The map (a,b) +» (a+ Ar) ® (6+ B)R is bilinear and thus 
defines the natural *-homomorphism 6: A@B > (A/Ar)®(B/Br). Clearly 
(Ar ® B) + (A ®@ Bp) is included in the kernel of 96. Theorem 10.1.31(d) 
shows that any *-representation T of A ® B can be written as T = ROS 
for suitable *-representations R and S of A and B, respectively. Hence 
(Ar @ B) + (A® Ba) is included in (A ® B)p. 

Theorem 10.1.33(c) shows that (A/Ar) ® (B/Br) has a faithful 
*_representation, say IT. Then T o @ induces a faithful *-representation 
on (A ® B)/ker(@), so (A @ B)p is included in ker(6). 

Suppose that t = )>;_, ag ® by belongs to ker(#). This means that the 
image 5>,_, (ak + Ar) © (bk + Br) is zero. Omitting those a, in Ar, we 
may arrange for the remaining set {a; + Agn,a2 + Ap,...,Q@n + Ap} to be 
linearly independent. This forces all of the b, + Br to be zero. Thus we 
have shown ker(@) C (Ar ® B) + (A ® Br), completing the proof of (a). 

(b): Suppose that A/Ag has two distinct C*-norms. Theorem 9.5.4 
shows that there are two *-representations T and T of A giving rise to 
these C*-norms. (In Section 10.5 we will say that a not-necessarily reduced 
*_algebra has a unique C*-norm if the Gelfand—Naimark semi-norm is the 
only semi-norm that has the reducing ideal as its vanishing set. We give 
the rest of this proof in that more general setting.) Then both T and T 
will have Ap as kernel. Let S be a *-representation of B with Br as kernel. 
Then T @ S and T ® S induce distinct C*-norms on (A ® B)/(A® B)pr. 

(c): This follows from Theorem 10.1.43. 

(d): This needs Theorems 10.1.33(e) and 10.1.43. O 


10.1.45 Theorem Let A and B be reduced BG*-algebras with unique 
C*-norms. Every C*-norm a on A® B 1s reasonable and satisfies 


oAgB(t) < a(t) <yaes(t) VtEA@B. (25) 


The first inequality is equivalent to the fact that for any C*-norm a on 
A® B, anyw € Ab and any r € Bb, the product w @ Tr is a-continuous. 


Proof The second inequality is an immediate consequence of the definition 
of the Gelfand—Naimark norm 7 ,gp. 

The equivalence mentioned in the last sentence follows from formula 
(23) for 0. Thus it is enough to prove that for any C*-norm a on A @ B, 
any w € At and any 7 € Bi, the product w ® 7 is a-continuous. Any 
C*-norm a on A ® B comes from a *-representation (Theorem 9.5.4), so 
Theorem 10.1.31(d) shows that we can write a(t) = || >°,_, Ra, © So, |l, 
where t = )>,_, 2k ® bk € A@B is arbitrary. Extending R and S to A!. 
and B’ shows that a can be extended to A! @ B!. Since w and 7 are also 
extensible, we may assume that .4 and B are unital. 
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Theorem 10.1.31(b) shows that a can be extended to C*(A) @ C*(B). 
Theorem 10.1.12(b) shows that the set of states on A and B are naturally 
identified with the sets of states on C'*(A) and C*(B), respectively. Thus 
we may assume that A and B are C*-algebras. 

Given a state w, define 


Q., = {re BL: w@r(t) < a(t) for alte A@B}. 


We will use the Hahn—Banach separation theorem to show that this convex 
weak* compact subset is all of B; whenever w is pure. If not, we can 
find h € By such that |{{h|| < sup{|r(h)| : 7 € Q,}. Since the unital 
C*-subalgebra C of B generated by h is commutative, there is some y € Te = 
ct satisfying ||h|| = |y(h)|. Theorem 10.1.38 shows that the restriction 
of a to A®C equals o. Hence (22) shows that w ® 7¥ is continuous on 
A ®qaC =A®oC. However, A ®, C is a closed *-subalgebra of A @, C, so 
Theorem 10.4.19(c) shows that w ® y can be extended to a pure state 7 on 
this larger C*-algebra. Define 7: B - C by 7(b) = 7(1@ b). We claim that 
T belongs to 2,,. 

This will follow if we show that w ®7 equals 7 on A®B. Letae A 
and p € B with 0 < p < 1 be arbitrary. Then the purity of w and the 
equation w(a) = wp(a) + w1-p(a), where wp(a) = m(a @ p) and w,_,(a) = 
m(a @ 1 — p), shows that wp, is a constant multiple of w. If wp = qw, we 
conclude g = w,(1) = 7(1@ p) = T(p), so 


1(a @ p) = wp(a) = qu(a) = w(a)r(p) VacéA. 


Any 6 € B is a linear combination of four element like p, so the display 
above proves w @ T = 7, as we wished to show. Hence ||h|| = 7(h) shows 
2, = Bi. 

For any T € Bt define 


QO ={weAt:w ® 7 is a-continuous }. 
Ss 


Again 97 is a convex, weak* compact subset of Al. Since we have just 
shown that it contains Ab, Proposition 9.6.5 and the Krein-Milman theo- 
rem show 27 = Al. This concludes the proof that w @ 7 is a-continuous. 
Since every product state is continuous with respect to any C*-norm a 
on A ® B, Theorem 9.5.20 shows that every tensor product of continuous 
linear functionals is a-continuous. Hence any C*-norm is reasonable. O 


10.1.46 A *-Algebra that Is not a G*-Algebra Let P be the algebra 
of all functions f: R — C that are polynomials with pointwise multiplication 
and complex conjugation as the involution. For any compact subset K of R, 
let. L?(K) be defined by Lebesgue measure. Let T* be the *-representation 
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of P on L?(K) defined by pointwise multiplication. Clearly, the resulting 
C*-semi-norm is just o*(p) = sup{|p(t)| : t € Ky}, and this is a norm 
unless K is finite. It is also clear that y(p) is infinite for all non-constant 
polynomials. 

There are many cases (like this one) of *-algebras A for which the 
*-subalgebra A) on which 7 is finite is itself a G*-algebra, but we do not 
know whether this is always true since A(,) might have *-representations 
that do not extend to all of A. We also see that P is a reduced *-algebra 
and hence semisimple. It is obviously not spectral, since it is unital and no 
non-constant element has an inverse. 


10.1.47 A G*-Algebra that Is Neither a BG*-Algebra nor a Spec- 
tral *-Algebra The *-algebra A of Example 9.7.27 is the set of N x N- 
matrices with only finitely many non-zero entries in each row and each col- 
umn. It is a *-algebra under matrix multiplication and the conjugate trans- 
pose involution. In the cited example, it is shown that A has no non-zero 
*_representation on any Hilbert space. Hence A is a G*-algebra satisfy- 
ing y = 0 and A = Ag. Since a faithful pre-*-representation of A on 
a pre-Hilbert space is exhibited, A is not a BG*-algebra. The element 
diag(1, 2,3,---) has spectrum equal to N, so that A is not a spectral alge- 
bra. It is not hermitian, as shown in §9.8.14. 


10.2 T*-Algebras, S*-Algebras, and Sq*-Algebras 


In this brief section we will introduce the types of *-algebras described 
in the title and show that they satisfy the following implications: 


Banach *-algebra 
functional *-algebra 
Sq*-algebra 
U*-algebra 
S*-algebra T*-algebra 
BG*-algebra 


G*-algebra 
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Recall that, according to Definition 9.1.1, a Banach *-algebra is simply a 
Banach algebra that is also a *-algebra—no connection (such as continuity) 
between the involution and the norm is required. Similarly, a functional 
*-algebra is simply a functional algebra (Definition 3.3.11) that is also a 
*-algebra. U*-algebras are the subject of the next section, but are in- 
cluded in the present diagram for completeness. An S*-algebra is merely a 
*_algebra that is also a spectral algebra, while an Sq*-algebra is an 
S*-algebra that satisfies an axiom derived from James W. M. Ford’s square 
root lemma. A T*-algebra is a *-algebra A such that each hermitian ele- 
ment Ah € Ay can be translated by some real number t so thatt+hisa 
positive element of the unitization A! of A. 

This section is transitional. We have no desire to pursue the theory of 
the classes of *-algebras introduced here beyond their role in showing that 
Banach *-algebras are BG*-algebras. Nevertheless, we believe that these 
classes do clarify the logic of this proof. All of the results in this section 
date from the early 1970’s but are published here for the first time. 


T*- Algebras 


10.2.1 Definition A *-algebra A is called a T*-algebra if for each h € Ay 
there is some ¢ € R satisfying 


t+he A}. 


Note that A is a T*-algebra if and only if its unitization A! is also. 
(One only needs to recognize that each hermitian element in A! has the 
form s+h for s € Rand h € Ay.) Any *-algebra A satisfying A; = Ag is 
obviously a T*-algebra, but such examples lack interest since they do not 
have non-zero pre-*-representations. 

The following elementary result is fundamental. It will be improved in 
Theorem 10.2.4. 


10.2.2 Proposition Any T*-algebra A is a BG*-algebra that satisfies 
y(a) < inf{te R, :t? -a*ae€ A\} VaceA. 


Proof Let T:A — B(4#) be some pre-*-representation on a pre-Hilbert 
space. If A is not unital, T may be extended to A! by defining T),,(z) = 
Az +Tax for all A€ C, a € A, x € XY. Suppose t? —a*a € A} holds for 
some a € Aandt € R,. Then (Tj2_q+,2,z) > 0 holds for all c € XY. This 
implies 
\[Tox|| = (Toraz,2)'/? <tllz|| Vaoe x. 

Lemma 10.1.18 shows that A is a BG*-algebra satisfying the inequality of 
this proposition. 0 


We wish to replace the inequality of this elementary proposition by an 
equality. In order to do so we need to prove a technical lemma. This result 
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was first obtained for unital Banach *-algebras with an isometric involution 
by John L. Kelley and Robert L. Vaught [1953]. We will obtain another 
generalization of their result in the next section. 


10.2.3 Lemma Any element a in a unital T*-algebra A satisfies 
inf{t € Ry, :t-—a*a € A,} = sup{w(a*a) :w e€ Al; w(1)=1}. (1) 


Proof Suppose that t — a*a belongs to A;,. Then all w € Al, satisfy 
w(t — a*a) > 0. If w also has the value 1 at 1, we get w(a*a) < w(t) < t. 
This proves that the supremum is less than or equal to the infimum. It 
completes the proof if the infimum is zero. 

Assume that the infimum is positive and denote it by tp. Then there is 
some s € R, satisfying s—a*a ¢ A. We will use this to show R, = A,NR. 
Clearly A, MR includes R,. The hypothesis asserts that there is some 
t € R, satisfying t — a*a € A,. Suppose that there is a negative real 
number in A,;. Then every real number belongs to A,. However, s — ¢ is 
not a member of Aj, since s—a*a ¢ A, and t—a*a € A, both hold. We 
conclude R, = A, NR. 

Define @: Ra*a + R > R by &(r(a*a) + s) = rtp + 8 and check: 

First: rat*a+s € A; andr =0 imply &(ra*a+s)=se€ R,. 

Second: ra*a+s € A, andr <0 imply —r—'s — a*a € A, and hence 
to < -r—!s, which implies G(ra*a+s) =rto +s € R,. 

Third: For any e > 0, ra*a+s€ A; andr >0 imply 


rio+s+re=(ra*at+s)+r(to te—a’a) EAL OR 


Thus this case also gives W(ra*a+s)=rtp+s€ R,. 

Therefore @ maps (Ra*a+ R) NA, into R,. 

By Zorn’s lemma there is a real linear subspace S of Ay and a real 
linear map w:S — R maximal under inclusion among those subspaces of 
Ay that contain Ra*a-+ R and those real linear maps which extend w and 
send elements of A, into R,. Suppose that S is not all of Ay. Choose 
he Ay \S. For any ki, ko € S satisfying k; —-h € Ay and —kp the Aj, 
we have w(k,) > w(k2) since w(k, — k2) belongs to R,. Thus we see 


inf{w(k):kES; k-he Ay} > sup{w(k):k ES; —k+he Ay}. 


Hence, there is some real number ¢, between the infimum and the supre- 
mum. Define @:S + Rh — R by O(k + rh) = w(k) + rt; for all k € S and 
r€R. Then @ extends w (and hence ) and maps elements of A, into R,. 
This contradicts the maximality of S. We conclude S = Ay. Extend w to 
all of A by complex linearity. Then it satisfies w € Al, and w(a*a) = t).0 


10.2.4 Theorem Any T*-algebra A is a BG*-algebra satisfying 
y(a) = inf{t € Ry :t? —a*a€ Al} VaeéA. (2) 
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Proof As noted after the definition, we may assume that A is unital. 
Proposition 10.2.2 shows that it is a BG*-algebra, so Ais = Abi by 
Theorem 10.1.20(c). Hence, the right side of equation (1) is the square of 
the Gelfand—Naimark semi-norm of a by Proposition 10.1.2. This gives (2). 
If A was not originally unital, we must also note that the Gelfand—Naimark 
semi-norm 7 on A is the restriction of y on A! by Proposition 10.1.21. (Al- 
though we have quoted a number of results, the reader should check that 
the only non-trivial argument is in Lemma 10.2.3.) Oo 


S*-Algebras, Sq*-Algebras and the Raikov-Ptdk Functional 


10.2.5 Definition (a) For any a in any *-algebra A, define: 
r(a) = p(a*a)'/?. 


If 7 is finite-valued, it is called the Raikov—Ptdk functional. 
(b) A *-algebra that is also a spectral algebra is called an S*-algebra. 
(c) A *-subalgebra that is also a spectral subalgebra is called an 
S*-subalgebra. 
(d) An S*-algebra A that satisfies the following square root axiom is 
called an Sq*-algebra: 


For any h € Ag satisfying p(h) < 1, there is an 
element k € Ay {h}” satisfying kok = h. 


The concept of Sq*-algebras is derived from James W. M. Ford’s gen- 
eral square root lemma (Proposition 11.1.6 below), which he proved in his 
doctoral dissertation [1966], [1967]. We have chosen the weakest reasonable 
definition. One might also require that k belong to hAN Ah. This change 
would not affect the truth of Theorem 10.2.8 below, which gives all of our 
examples of Sq*-algebras. It would have the virtue of making a *-ideal 
of an Sq*-algebra into an Sq*-algebra. This would make Theorem 11.1.17 
true for Sq*-algebras as well as for Banach *-algebras. (The result could 
then be included in Theorem 10.4.17.) We have omitted this requirement 
from the definition, since all of our other (more fundamental) results about 
Sq*-algebras are true without it. 

The Raikov—Ptak functional will be discussed further in Section 10.4, 
where the name will be explained. Since every element of a spectral algebra 
has bounded spectrum, the Raikov—Ptak functional is finite-valued in any 
S*-algebra. We enlarge on this observation. 


10.2.6 Proposition For any *-algebra A, (a)>(b)=>(c). 
(a) A is an S*-algebra. 
(b) p(c) is finite for all normal elements c € An, so 


¥y(c) < r(c) < p(c) < co VceE An. (3) 
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(c) T(a) ts finite for eacha€ A, so A is a G*-algebra satisfying: 
y(a) < t(a) < co VaceA. (4) 


Proof (a)=>(b): In a spectral algebra, every element has finite spectral 
radius. 

(b)=>(c): If p(c) is finite for all c € An, then r(a) = p(a*a)'/? is finite 
for alla € A. 

Next we prove (4) starting from the hypothesis of (c). Suppose that 
T:A > B(H) is a *-representation. Proposition 9.5.2, Theorem 9.1.20(f) 
and Proposition 2.2.1(c) imply 


\Za|| = eal = pTing) < p(a*a)'/? = T(a) Vaca. 


Hence A is a G*-algebra satisfying (4). 
Finally, starting from the hypotheses of (b), Theorem 2.4.3(b) and 
Proposition 9.1.2 show 


y(c) < r(c) = plete)? < (p(e*)p(c))"/? = pec) ~VeEeAn. 0 


Since the Gelfand theory is available, a little more can be said about 
commutative S*-algebras than Proposition 10.1.14 stated about commuta- 
tive G*-algebras. A commutative diagram after Proposition 10.5.9, where 
the results are needed, summarizes the additional information. 


10.2.7 Theorem Any Sq*-algebra is a T*-algebra and hence a BG?- 
algebra satisfying (2), (3) and (4). Furthermore, the Gelfand—-Naimark 
semi-norm is continuous with respect to any spectral semi-norm in which 
the involution 1s continuous. 


Proof For any a € A, choose t € R, strictly larger than r(a). Then 
p(t~2a*a) < 1 implies that there is some k € Ay satisfying kok = t~?a*a 
or, equivalently, 


t? -a*a = t?(1—t-%a*a) = t?(1—k)? € Al. 
Hence A is a T*-algebra. Since t > 7(a) was arbitrary, we find 
y(a) = inf{t € Ry : t? —a*a € Al} < 7(a). 


(Of course this also follows from (3).) Let o be a spectral semi-norm satis- 
fying a(a*) < Bo(a) for all a € A. Then we find 


(a)? < r(a)? = plata) < o(a"a) < o(a*)o(a) < Bola)? VaeA 


Hence 7¥ is continuous with respect to o. (Of course, 7 is also continuous at’ 
zero with respect to o, but unless 7 is known to be subadditive we cannot 
conclude that 7 is continuous except at zero.) oO 
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The next result is the culmination of the work in this section. It shows 
that Banach *-algebras satisfy all of the results in this and the last section. 
The arguments used will be expanded and refined in the next chapter. 


10.2.8 Theorem The following are Sq*-algebras and hence T*-algebras 
and BG*-algebras. 

(a) Any Banach *-algebra. 

(b) Any *-ideal in any Banach *-algebra. 

(c) Any functional *-algebra. 

(d) Any pseudo-Banach *-algebra. 
Furthermore, the Gelfand—Naimark semi-norm is continuous with respect 
to the complete norm in cases (a) and (b) and with respect to any spectral 
semi-norm in which the involution is continuous in all cases. 


Proof Obviously (b) implies (a). Theorem 3.3.12 shows that (c) implies 
(d), so we will prove only (b) and (c). 

(b): Corollary 2.2.8, Proposition 2.5.3(a) and Theorem 2.2.14(b) show 
that any *-ideal of a Banach *-algebra is an S*-algebra. Suppose that A is 
a *-ideal in a Banach *-algebra 8B. Let h belong to Ay and satisfy p(h) < 1. 
Apply Theorem 3.4.5 to h in order to find a unique element k € hABNBh C A 
satisfying p(k) < 1 and kok =)h. Since k* satisfies the same condition as 
k, uniqueness shows k = k*. Thus k € Ay satisfies the desired condition, 
so A is an Sq*-algebra. 

Corollary 2.2.8 and Theorem 2.2.14(b) and (f) show that the quotient 
norm on B/By, defines a spectral semi-norm on A. Theorem 6.6.1 shows 
that this semi-norm is equivalent to a +> ||a* + B,||. Hence the involution 
is continuous in this semi-norm. Thus we find 


y(a) < r(a) < |la*a + By? < BY? lla + By] < BY \lal] VaeA 


(where B is a constant satisfying ||a* + By|| < B\la + By|| for all a € A). 
(c): If h € Ay satisfies p(h) < 1, then k = f(h) is defined where 
f(A) = 14+V1-—A for all A € C. Furthermore, k satisfies kok = h and 
p(k) = max{|f(A)| : A € Sp(h)} < 1. Hence the uniqueness of k gives 
k = k*, as before. The argument on continuity is also similar, except 
that without completeness we must substitute a continuity hypothesis for 
Johnson’s uniqueness of norm theorem. ml 


To complement the above result, we will give three more simple results 
on $*-algebras. These results will find applications in Section 10.4. The first 
results are merely restatements of Proposition 2.5.3 and Corollary 2.5.10 
in the present context. Since the proof is exactly the same as before, it is 
omitted. Corollary 2.5.10 shows that a closed subalgebra B of a Banach 
algebra A satisfies 


pp(b) = ||bl/~ =pa(b) VbEB. 
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10.2.9 Proposition The following are S*-subalgebras of a *-algebra A: 
(a) A*-ideal of A and LN L*, where CL is a one-sided ideal of A. 
(b) The commutant of any *-subset of A. 
(c) A maximal commutative *-subalgebra of A. 
(d) The intersection of any family of S*-subalgebras. 
(e) An S*-subalgebra of an S*-subalgebra. 
(f) The corner subalgebra eAe where e is a projection. (A projection is 
just a hermitian idempotent in A.) 


10.2.10 Proposition Let A be an S*-algebra and let B be a *-subalgebra 
of A satisfying p.4(b) = pp(b) for allb € B. In particular, these hypotheses 
are fulfilled if A is a Banach *-algebra and B is a closed *-subalgebra or 
if A is an S*-algebra and B is an S*-subalgebra. Then B is an S*-algebra 
satisfying: 

Spa(b) U {0} C Spp(b)U {0} VbEB (5) 


OSp4(b) D OSpz(b) VoOEB. (6) 


In the next proposition some conditions are formally stronger (e.g., (b)) 
and some are formally weaker (e.g., (c) and (e)) than the definition of an 
S*-algebra. Others merely record useful information. 


10.2.11 Proposition The following are equivalent for a *-algebra A. 
(a) A is an S*-algebra. 
(b) There is a spectral semi-norm on A in which the involution is an 
isometry. (In fact, if o is any spectral semi-norm on A, then 
o':A— R, defined by 


o’(a) = max{a(a),a(a*)} VaeA 


is a spectral semi-norm in which the involution is an isometry.) 
(c) There is an algebra semi-norm o on A and a constant C satisfying 


p(h) < Co(h) VhE Aux. 


(If the involution is continuous with respect to 0, then o is itself a 


spectral semi-norm.) 
(d) A/A, is a dense *-subalgebra of a semisimple Banach *-algebra B 
with an tsometric involution satisfying 


pa(a+ Az) = pa(a) VaceEA. 


(e) There ts an algebra semi-norm on A such that its restriction to each - 
mazimal commutative *-subalgebra is a spectral semi-norm. 
(f) Each S*-subalgebra is an S*-algebra. 
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(g) For each *-ideal Z, A/Z is an S*-algebra. 
(h) A/Ajz is an S*-algebra. 
(i) A?! is an S*-algebra. 


Proof (a)=(b): The parenthetical remark is an immediate consequence of 
the definition of a spectral semi-norm and establishes this implication. 

(b)=>(c): This is again immediate from the definition. The parenthetical 
remark is proved as part of the next step. 

(c)=>(a): If the involution is not continuous, replace a by the semi- 
norm o”’ defined in (b). If the involution is continuous, then there is a 
constant B satisfying o(a*) < Bo/(a) for all a € A. Hence the inequality 
a(a) < (1+C+2BC)~' implies 


p(a* oa) = p(a* +a—a‘*a) < Co(a* +a-—a*a) <1 


and, similarly, p(aoa*) < 1. Therefore, a has both a left and a right quasi- 
inverse. Thus 0 is in the g-interior of Ayg. Theorem 2.2.5(d) shows that a 
is a spectral semi-norm. 

(b)=(d): Apply the construction used to prove Theorem 4.6.4(b) to the 
spectral semi-norm o’ of (b). 

(d)=>(a): Obvious (or see the proof of (b)=>(a) in Theorem 4.6.4). 

(a)=(e): Proposition 10.2.10. 

(e)=(c): Proposition 9.1.3 shows that each hermitian element h belongs 
to some maximal commutative *-subalgebra C that also satisfies p4(h) = 
pc(h). Hence, an algebra semi-norm satisfying (e) satisfies (c). 

(f), (g), (h) and (i): Theorem 2.2.14 establishes these. oO 


We will conclude this section with several characterizations of the re- 
ducing ideal in T*-algebras. They all depend directly on the formula for 
the Gelfand—Naimark semi-norm obtained in Theorem 10.2.4. They extend 
and improve results of Kelley and Vaught [1953] and Bertram Yood [1960]. 


10.2.12 Corollary Any T*-algebra A satisfies 


Ar = {a€A:e-a*a€ A} for alle > 0} 
ArNAn = {h€ An:ethe A}, for alle > 0}. 
Proof Again, we may assume that A is unital. Equation (2) above shows 


that the first formula is simply a restatement of y(a) = 0. Suppose h € 
Ar Ay. Then every € > 0 satisfies e? — h? € A,. This implies 


eth = ((271e)}/? + (2e)-1/7h)? + (2e) 1 (e? ~ h?) € Ay. 


Conversely, suppose that h € Ay satisfies e+he€ Ax for alle > 0. Let T 
be a *-representation of A on H, and let z be an element of #H. Then for 
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all e > 0, we get e||ar||? > |(T,z,z)|. Theorem 9.1.20(f) then shows T;, = 0. 
Hence h belongs to Ap. oO 


10.2.13 Corollary Let A be a T*-algebra. Then A is reduced if and only 
if tt is semiproper and satisfies 


{a*a:a€ A; e-a*a€ A}, for all e > 0} = {0}. (7) 


Proof Suppose that A satisfies these conditions and a € A satisfies e—a*a € 
A}. for all e > 0. Then a*a is zero, and Lemma 9.7.20(a) shows that aa* 
is also zero. (In some other context, it might be interesting to note that 
a*a = 0 and e > 0 give « — aa* = (e1/2 — 2-!¢—1/2qq*)? € A,. Hence (7) 
gives aa* = 0.) Define h,k € Ay by a = h+ik. Since a*a = 0 = aa* 


implies h? = —k?, (7) gives h? = k? = 0. Since A is semiprime, we see 
h =k =0 and hence a = 0. Hence Arg = 0 by the last corollary. Theorem 
9.7.21 gives the converse. O 


We wish to obtain a similar result without explicit reference to A!. To 
do so, we use an argument of Yood [1960], which he applied to obtain a 
similar result for regular Banach *-algebras. Note that the set A, of the 
following theorem is included in the closure of Ax with respect to any semi- 
norm on A. The present theorem is a slight improvement on results of Yood 
[1960], which in turn improved results of Kelley and Vaught [1953]. 


10.2.14 Theorem Let A be a T*-algebra. Then A is reduced if and only 
if A is semiproper and satisfies 


A,M(—A+) = {0} where (8) 
A, = {hé€ Ay :th+(1—t)p€ Ax for some p€ A, and allt € (0, 1)}. 


Proof Suppose that A is reduced. Then it is semiproper. Suppose that h 
belongs to A; N(—A,), T is a faithful *-representation of A on H, and x 
is an element of H. Then h € A, implies (J,z,z) < 0. However, if p is the 
element used in defining h € A, then (Thx, x) = limy-+1(Tin4(1-t)p¥, 2) > 
0 also holds, proving (8). 

Now suppose that A is semiproper and A,M(—A,) = {0}. Suppose first 
A is unital. Then A is reduced since it satisfies the criterion of Corollary 
10.2.13. 

Therefore, we may assume that A is not unital. It is enough to show 
that A’ satisfies Corollary 10.2.13. Suppose that a € A}, t € Ry and 
p € A satisfy a*a = t+ p and e — a*ae€ (A!), for all ¢ > 0. Then for any 
b € A, we get eb*b — b*a*ab = b*(c — a*a)b € A, for all ec > 0. Hence, | 
b*a*ab = tb*b + b*pb belongs to A, M(—A,) and so we get 


b*(a*a)b =0 VbEA. (9) 
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Let h; and he be arbitrary elements of Ay. Replacing b in (9) by various 
linear combinations of h; and he, we get 


hia*ahg = 47"[(hi + he)a*a(hi + he) — (hy — he)a*a(hy — he) 
—i(h; + the)*a(hy + ih2) + (hy = the)a*a(hy a ih2)| 
= 20; 


Since h,, ho € Ay were arbitrary, this gives A(t + p)A = A(a*a)A = {0}. 
Theorem 9.7.21 shows that A is semiprime, so we conclude (t+ p)A = 
A(t+p) = {0}. Since we assumed that A was non-unital, —t~!p cannot be 
an identity element, so t + p = a*a must be zero. Corollary 9.2.13 shows 
that A is reduced. oO 


It does not seem to be true that the unitization of a non-unital 
Sq*-algebra is necessarily an Sq*-algebra. The discussion before Theo- 
rem 3.4.5 shows that the hypothesis, p(h) < 1, in the square root axiom 
is unnecessarily restrictive and hence not really natural. Nevertheless, the 
form of the axiom given here seems to be the best choice for our present 
purposes. For later use, we reformulate the condition in a unital *-algebra. 


10.2.15 Proposition A unital S*-algebra is an Sq*-algebra if and only 
if each hermitian element that has its spectrum included in the open right 
half-plane has a hermitian square root in its double commutant. 


Proof Suppose that A is a unital Sq*-algebra. Recall that Sp(h) = 
Sp(h*) = Sp(h)* is compact and invariant under complex conjugation. 
Hence, if Sp(h) is included in the open right half-plane, it is included in 
some disc centered at a positive real number s that is strictly larger than 
the radius of the disc. Thus 1—s~'h satisfies p(1—s~1h) < 1. Hence there 
is a hermitian element k € {h}” satisfying kok = 1—s~'h and consequently 
(s!/2(1 — k))? =h. 

Conversely, suppose that A is unital and satisfies the half-plane condi- 
tion. Then p(h) < 1 implies that Sp(1 — h) is included in the open right 
half-plane. Hence for some hermitian k € {h}", we have k? = 1 — h and 
hence (1 — k) o (1 —k) = Ah, as desired. O. 


10.3. U*-Algebras 


Next we turn to the definition and study of U*-algebras. This class of 
*-algebras is somewhat artificial in certain respects. In particular, it seems 
hopeless to find a natural characterization of the class of U*-algebras in 
terms of concepts much different from those used in the definition. (Of 
course, this could also be said about the class of Banach *-algebras.) How- 
ever, the justification for studying U*-algebras is that it is easier both tech- 
nically and conceptually to prove certain important properties of Banach 
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*-algebras for U*-algebras, and then to prove that Banach *-algebras are 
U*-algebras. Furthermore, there are some useful examples of U*-algebras 
besides the Banach *-algebras. We will mention some at the end of this 
section. U*-algebras were first defined and studied by the author [1971al, 
[1971b], [1972a]. Many of the properties of BG*-algebras presented in Sec- 
tion 10.1 were first proved for U*-algebras. 
Recall that 
Ay = {ue A: u*u=uu* = 1} (1) 


is the set of unitary elements in a unital *-algebra A. It is obviously a 
group under multiplication, and the involution agrees with the inverse map 
on this group. 


10.3.1 Definition A *-algebra A is called a U*-algebra if A! is the linear 
span of its unitary group (A!)y. In a U*-algebra A, define v: A > R, by 


v(a) = inf{—|5| : a= Aju; ; néEN; A;EC us; E(A')u} VaEd. 


gl j=l 


We call v = vy the unitary semi-norm on A. 
Let A, be the set {a € A: u(a) = 0}. 


Note that v is the restriction to A of the Minkowski functional of the 
(balanced) convex hull of the unitary group in A}. The terminology is 
justified by the next proposition. (N.B. This use of the Greek letter upsilon 
(v) should not be confused with the use of the Greek letter nu (v) by Rickart 
[1960] to designate the spectral radius. Our typeface makes v (upsilon) very 
slightly broader than v (lower case italic “vee”).) 


10.3.2 Proposition Let A be a U*-algebra. Then v is an algebra semi- 
norm satisfying v(a*) = v(a) for alla € A. Thus A, is an v-closed 
*_ideal. 


Proof It is immediately clear from the definition that v is a semi-norm. 
Since the unitary elements form a group under multiplication, v is submul- 
tiplicative. Since the unitary group is a *-subset, v(a*) = v(a) holds for all 
aé€A. Thus A, is an v-closed *-ideal. oO 


It is useful to express uv in terms of another set. 
10.3.3 Definition For any *-algebra A, the set 
Agu ={we A: ww = wu* =w+w"*} (2) 


is called the set (or quasi-group) of quasi-unitary elements in A. This set | 
is considered as a group (with 0 for identity) under quasi-multiplication. 
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It is immediate from the definition that A,y is closed under quasi- 
multiplication. Hence, it is a group in which w” is the inverse of w for 
any w € A,y. In any unital *-algebra, the involutive map a > 1-—a 
induces inverse bijections of Ay onto Agy and of A,y onto Ay. These are 
group isomorphisms between Ay under ordinary multiplication and A,y 
under quasi-multiplication. In any *-algebra, each element in (A!)y can 
be written in the form ¢(1 — w) with ¢ € T = Cy and w € Ay. This 
expression is unique if A is non-unital. 


10.3.4 Proposition A *-algebra A is a U*-algebra if and only if A is the 
linear span of Ayu. For an element a of a U*-algebra A, we have 


v(a) = inf{S>|Aj| : @= So A,w;; O= SAGs NEN AVEC w; € Au} 


j=l j=l j=l 


VaeEA. (3) 


Proof Clearly A’ is the span of (A!)y if and only if A is the span of Agy. 
The equations a = S0;_, Ajw; and 0 = 0%_, A; for Aj € C and w, € Agu 
imply a = )05_, (—Aj)(1-w;) with 1—w; € Aj. Consequently, v(a) is less 
than or equal to the infimum stated in this lemma. Conversely, suppose 
that we have a = S07, Ajuj with a € A,A; € C and u; € (A')u. If Ais 
unital, this implies 


a= > (-A,/2)(1 — uy) + S70 /2)(1 — (—u,)). 


j=l j=l 


If A is not unital, it implies uj = ¢;(1 — w;) with w; € Agu and ¢; € Cy. 
Since a belongs to A rather than to A’, we conclude }7;_, Aj¢; = 0 and 
Soja (—AjGj)w; = a. Thus, in either case this establishes the opposite 
inequality and proves the lemma. a) 


The next simple result is based on the fact that A,jy is a group under 
quasi-multiplication. 


10.3.5 Proposition Let A be a *-algebra. 

(a) The linear span Agpgu of Agu 1s a *-subalgebra of A and a 
U*-algebra. Furthermore, Aspgu contains every *-subalgebra of A 
that is a U*-algebra. 

(b) If Z is a one- or two-sided ideal of A, then the linear span Tspqu of 
IN Agu is a *-subalgebra of A. 


Proof (a): Any a, b € Aspqu satisfy 


n m 
a= djwj; b= D_ peze 
j=!1 k=1 
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with w;, z € Agu. We may assume 


since zero belongs to A,y. Thus 


1) 


m m™m 
Ajb — ys [pa = S- > Aj URW; OZ E Agpgu 
k=1 


Tr 
ab = ab — 


— 


j=l 
must hold. 

(b): If Z is a left ideal then w € TM Agu implies w* = w*w — w € T. 
Similarly, if Z is a right ideal, w* = ww* —w € TI. Thus Zepgu is a 
*_-subalgebra in either case. Oo 


The next three related results explain the usefulness of U*-algebras. 


10.3.6 Theorem Let A be a U*-algebra and let B be a *-algebra. Then 
the image of any *-homomorphism ~: A > B is a U*-algebra and, if C is 
any U*-algebra satisfying p(A) CC C B, then it satisfies 


uc(~(a)) < vyca)(o(a)) < va(a). (4) 


Proof Since wy takes quasi-unitary elements into quasi-unitary elements, 
~p(A) is a U*-algebra by Proposition 10.3.4. Thus for any a € A the infimum 
that defines v,.4)(y(a@)) is taken over a larger set than that which defines 
va(a). The set for ve(y(a)) is still larger. oO 


A semi-norm v is said to majorize a semi-norm o on A if there is some 
constant C' satisfying o(a) < Cv(a) for alla € A. 


10.3.7 Proposition Let A be a U*-algebra and let o be a semi-norm on 
A. Then v majorizes a if and only if Agu is bounded with respect too. If 
A is unital, then o(u) < C for all u € Ay implies a(a) < Cv(a) for all 
a€A. Finally, any C*-semi-norm o satisfies o(a) < v(a) for allae A. 


Proof Any w € Agu satisfies 1 — w € (A')y and hence vu(w) < 2. This 
shows that Aju is o bounded when v majorizes o. Conversely, if Agu is 
o-bounded by C, then a = }0%_, A;w; for 4; € C and w; € Agu imply 
a(a) < ae |A;|C. Taking the infimum described in Proposition 10.3.4 
shows a(a) < Cvu(a). 

Similarly, if A is unital, then o(u) < C for all u € Ay implies o(a) < 
Cv(a) for alla € A. If o is a C*-semi-norm, we can assume that A is 
unital and that o satisfies o(1) = 1 by Proposition 9.5.3. Then o(u) = 
o(u*u)/? = 1 holds for any unitary element u in A, so the previous situa- 
tion holds with C' = 1. Oo 


10.3.8 U*-Algebras 1087 
10.3.8 Proposition Jf A is a U*-algebra and T is a pre-*-representation 
of A on a pre-Hilbert space X, then T is normed and satisfies 

[Tal] <v(a)  VaeEAd. (5) 


Proof Suppose a = S7¥_, A3w;,0 = 04 Ay, Ay € C, and wj € Agu. Then 
for each w;, J — Ty, is unitary. Hence all x € 4¥ satisfy 


n n 
Zaz] = I>) A¥ (Tw; — Dall < D0 sl llell- 
j=l j=l 


Taking the infimum, we see ||T,|| < u(a). oO 
10.3.9 Corollary A U*-algebra A is a BG*-algebra satisfying 
y(a) < v@(a*a)'/27 < v(a) = Va EA. (6) 


Proof The proposition shows immediately that A is a BG*-algebra that 
satisfies y(a) < u(a) for all a € A. Hence Proposition 1.5.3 implies 


y(a)? = y(a*a) = y(a*a) < v™(a*a) 


< v(a*a) < v(a*)u(a) = v(a)* VaeéA. O 


The next theorem provides most of the interesting examples of 
U*-algebras and hence much of the reason for studying them. In combina- 
tion with Corollary 10.3.9, this gives an independent proof for the assertion 
of Theorem 10.2.7 that Sq*-algebras are BG*-algebras. The main conse- 
quence for applications is the result (already obtained in Theorem 10.2.8) 
that Banach *-algebras are BG*-algebras. The conclusion of this theorem 
will be strengthened and its proof thoroughly analyzed in the next chapter. 


10.3.10 Theorem Any Sq*-algebra A is a U*-algebra satisfying 
y(h) < u(h) < pth) = =VhE Az. 


Furthermore, v (and hence y) are continuous with respect to any spectral 
semi-norm in which the tnvolution ts continuous. 

Any Banach *-algebra or *-ideal of a Banach *-algebra is a U*-algebra 
in which the unitary semi-norm ts continuous with respect to the complete 
norm. Any functional *-algebra and any pseudo-Banach *-algebra ts also a 
U*-algebra. 


Proof Let A be an Sq*-algebra and let h be an arbitrary hermitian element 
of A. Let ¢ be a real number satisfying t > p(h). The square root axiom 
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gives an element k € Ay satisfying kok = t~*h?. Define w by w = k+it~!h 
so that it satisfies 


ww = ww* =k? +t-7h? = 2k =w+w* 


and is thus a quasi-unitary element in A. Then A satisfies h = (t/22)w — 
(t/2i)w*, and consequently satisfies v(h) < t. Since h € Ay and t > p(h) 
were arbitrary, we conclude u(h) < p(h) for all h € Ay. If o is a spectral 
semi-norm on A satisfying o(a*) < Bo(a) for all a € A and some fixed B, 
then any a = h+ik in A satisfies 


vu(a) < u(h) + u(k) < p(h) + p(k) < o(h) + o(k) < (1+ B)o(a). 


Suppose that A is a *-ideal in a Banach *-algebra A. Then A is an 
Sq*-algebra by Theorem 10.2.8. As noted in the proof of Theorem 10.2.8, 
A, is a closed *-ideal of A so that A/A, is a semisimple Banach *-algebra 
and the induced involution is continuous with respect to its quotient norm 


o(a)=|la+Az|| Vaed. 


However, o is a spectral semi-norm on A in which the involution is continu- 
ous. Hence, v is continuous with respect to o and hence with respect to the 
complete norm on A. Theorem 10.2.8 also shows that functional *-algebras 
and pseudo-Banach *-algebras are U*-algebras. oO 


The next lemma (due to the author [1971]) will be used in Theorem 
11.2.6 to prove the equality of the Gelfand—Naimark semi-norm and the 
unitary semi-norm on Banach *-algebras. It is curious that this lemma 
has been proved for the Jacobson radical, but the analogous result for the 
reducing ideal (which is more closely related to the *-algebra structure), 
remains open. Theorem 11.2.6 below will show that at least the analogue 
of equation (7) holds for the reducing ideal. Recall that A, is the set on 
which v vanishes. 


10.3.11 Lemma Let A be an Sq*-algebra and let ¥:A + A/As be 
the natural map. Then WV is a group homomorphism of Agu (with quast- 
multiplication) onto (A/Ajz)qu. This implies Ay C Ay and 


vajA,(U(a)) =vala) VaeEd. (7) 
If A is unital, then © is a group homomorphism of Ay onto (A/Ajz)u.- 


Proof Suppose that A is unital. Clearly WY is a group homomorphism 
mapping Ay into (A/Az)u. Consider an element w € A with V(w) € 
(A/Ayz)u. Theorem 4.3.6 shows that w is invertible since w + A, is. We 
also have w*w = 1—h for some he AzyNAy. Then h! exists and belongs to 
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Aj Ap also. Since Sp(h‘) is the singleton {0}, we can find k € Ay N An 
satisfying kok = h’. Define u to be w(1 — k) so it is unitary, 


usu = (1-—k)w*u(1-—k) =(1-k)\(1-A)L-k) = 1 

uuX = w(l—k)?w* =w(l1—h)!w*ww 7! =ww ! = 1, 
and satisfies V(u) = V(w)W(1 — k) = V(w). Therefore, ¥ maps Ay onto 
(A/Ayz)u. Even in the non-unital case, what we have just established, 
together with the equations Ajy = {w € A:1-—w € (A')y} and (A'); = 
Aj, shows that W is a group homomorchisti mapping A,y onto (A/Az)qu-. 

For any a € Aj andn€N, Y(na) = 0 belongs to (A/Az)gu, so we can 
find w € Agu satisfying na = w. This gives a = n7'1-—n71(1 —w), which 
implies v(a) < 2/n. Since n € N was arbitrary, this gives v(a) = 0, proving 
Ay C Ay. 

Theorem 10.3.6 shows v,4;4,(W(a)) < va(a) for alae A. Lete > 0 
be arbitrary. Proposition 10.3.4 shows that we can find n € N, A; € 
C and w; € (A/Az)qu satisfying Via) = So, Aywy, O = Dy, Ay and 
Soja yl < vaya, (¥(@)) + €. By what we have already proved, each “ 
may be replaced by a Y(wj,) with w} in Agu. Then W(a) = vy 1) Aj; 
shows v4(a) = u()0j-1 Ajwj) S Vj-y |Aj|- Since e > 0 was conaey a 
shows v,(a) < vasa, (¥(a)), completing the proof. Oo 


Theorem 10.3.6 by no means used the full force of the hypothesis that 
y be a *-homomorphism. If y is any linear map from a U*-algebra A into 
a *-algebra B satisfying y(Agu) C Bau, then the same proof would work. 
The next result makes use of this fact. 


10.3.12 Proposition Let A and B be *-algebras with B semiproper. Let 
y: A > B be a Jordan *-homomorphism. Then yp maps Aqu into Bu. If 
A is a U*-algebra, then ~p satisfies 


uc (y(a)) < va(a), (8) 
where C is any U*-algebra satisfying p(A) CC CB. 


Proof Let h+ik be quasi-unitary with h,k € Ay, so that hk = kh 
and h? + k? = 2h hold. Proposition 9.9.16 shows y(h)y(k) = y(k)yp(h). 
The definition of a Jordan *-homomorphism shows that y(h) and y(k) are 
hermitian elements satisfying y(h)? + p(k)? = 2y(h). Hence y(h + ik) is 
quasi-unitary. The rest of the proof is the same as that of Theorem 10.3.6. 
(N.B. p(A) is not obviously a subalgebra of B.) Oo 


In the following corollary, we relax the hypotheses of this proposition 
and still obtain the useful part of its conclusion. 
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10.3.13 Corollary Let A be a U*-algebra, B a *-algebra, and y: A > B 
a surjective Jordan *-homomorphism. Then B is a BG*-algebra satisfying 


ye(y(a))< va(a) Vac. (9) 


Proof Let T be a pre-*-representation of B on a pre-Hilbert space 4’. Then 
T oy satisfies Proposition 10.3.12 since £.(4) is semiproper by Theorem 
9.7.21. Hence, T,() is included in £.(%)spqu C B.(4X). In the latter 
*-algebra, we have ||Tya)|| < v(Zya)) < v(a) for all a € A. Thus B is a 
BG*-algebra and (9) is satisfied. O 


Next we characterize Jordan *-homomorphisms on U*-algebras. 


10.3.14 Theorem The following are equivalent for a hermitian linear 
map p:A — B if A is a U*-algebra and B is a very proper *-algebra. 

(a) y is a Jordan *-homomorphism. 

(b) » satisfies 


p(Aq) CB and oh)? < yh?) VAC Ay. — (10) 


Proof (a)=>(b): A very proper *-algebra is semiproper by Theorem 9.7.21. 
Hence Proposition 10.3.12 shows y(Aju) C Byy. The inequality in (9) 
follows from y(h)? = y(h?) for all h € Ay. 

(b)=(a): Since A is a U*-algebra, every element of A is the linear 
span of hermitian elements h and k where h +7k is quasi-unitary. This is 
equivalent to h? + k? = 2h and y(h)? + p(k)” = 2y(h). Thus we have 


y(h)* < p(h?) = p(2h — k?) < 2y(h) — v(k)? = p(h)? 


and 

p(k)” < p(k’) = p(2h — h?) < 2p(h) — v(h)? = v(k)?. 
Therefore, h and k belong to the set S = {h € Ay : y(h)” = y(h”)}. Any 
h, k € S satisfy 


p((h + k)*) — y(h?) — p(k?) 
(p(h + k))* — p(h)? — p(k)? 
+(y(h) p(k) + p(k) p(h)). 


Since the very proper *-algebra B is ordered by Theorem 9.7.21, we conclude 
p(hk + kh) = p(h)y(k) + p(k)p(h). Hence p((h + k)*) = (y(h + k))’. 
Therefore, S is closed under addition. Since it is obviously closed under 
multiplication by real numbers, it is a real vector subspace of Ay. However 
by the earlier part of this proof, Ay is spanned by elements of S. Therefore, 
y is a Jordan *-homomorphism by Proposition 9.9.15. 0 


+y(hk + kh) 


Il IV 
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If A and B are C*-algebras, then it is not necessary to assume that 
is hermitian in the last theorem. In this case, the inequality in condition 
(9) can also be replaced by several weaker conditions. For instance, this 
inequality implies that ~ is positive under these hypotheses, and Corollary 
9.9.12 shows that if A is also unital, then some multiple of any positive map 
satisfies the inequality. If A,B and y are unital, then the inclusion in (10) 
implies y(Ayv) C By. We will explore these conditions again in Chapter 
11. We now give a similar characterization of *-homomorphisms. 


10.3.15 Corollary Let A be a U*-algebra and let B be a reduced *-algebra. 
Then a map vy: A > B is a *-homomorphism if and only if it is a hermitian 
Schwarz map satisfying 

y( Agu) C Bu. 


Proof If y is a *-homomorphism, the other conditions are obvious. Con- 
versely, if y satisfies the other conditions, Theorem 10.3.14 shows that it 
is a Jordan *-homomorphism. Hence it is a *-homomorphism by Theorem 
9.9.17. oO 


We will now obtain a formula for the Gelfand—Naimark semi-norm in 
terms of the unitary semi-norm. 


10.3.16 Theorem Let A be a U*-algebra. Then A is a T*-algebra and 
each a € A satisfies 


inf{t € Ry :t? —a*a€ Al} (11) 
inf{v(a*a + p)'/? : pe Ai}. 


7(a) 


Proof The Gelfand—Naimark semi-norm and the unitary semi-norm on A 
are just the restrictions of the corresponding semi-norms on A!. Hence we 
may replace A by A! and assume that A is unital. Let h be an arbitrary 
element in Ay. Then it satisfies h = }0%_, t;uj, where each u; is unitary 
and we may suppose that each t; is non-negative. Define h;, kj € Ay by 
u; = h; + tkj. Then we have h = }7"_, t;hy and 


ire = 1 
ae tj)th= tills + hj)? + k2] € Ay. 
j=l j=l 


Thus A is a T*-algebra, so the first equality holds by Theorem 10.2.4. 
Let p be an arbitrary element of Al and let T be an arbitrary 
*_representation of A! on H. Then for each z € H, we have 


|To2||? = (Torat,t) < (Tararpt, £) < v(a*a + p)|lall”. 


We conclude y(a) < inf{v(a*a +p): p € Al}. Also t? —a*a € AL 
implies t? = u(t?) = v(a*a + [t? — a*a]). Thus the first equation gives 
y(a) > inf{v(a*a + p)'/? :p € Al}. This proves the second equation. O 
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Theorem 11.2.6 will show that the Gelfand—Naimark semi-norm equals 
the unitary semi-norm on a Banach *-algebra. This result is quite deep. 
It makes the equality of the first and third expressions of Theorem 10.3.16 
obvious for Banach *-algebras. However, there are natural examples of 
U*-algebras for which these semi-norms do not agree. 


10.3.17 A U*-Algebra that Is not an S*-Algebra Let A be the 
algebraic group algebra C(Z) of Z. Thus A is the collection of functions 
a:Z — C that have finite support, made into an algebra by convolution 
multiplication 


1. @) 


a* B(n) = S- a(m)B(n — m) VneZ 


m=—oo 
and provided with the involution 
a(n) = a(—n)* VneZ. 
For each n € Z, let 6,,:Z — C be the function 
6n(m) = dam (the Kronecker delta) Vme Z. 


Then én * dm = dn+m holds for all n,m € N, so that each 6, is a unitary 
element. Hence C(Z) is a U*-algebra. (The same argument works for the 
algebraic group algebra of any (discrete) group.) It is easy to see that all 
of the unitary elements have the form {¢6, : ¢ € T; n € Z}, so the unitary 
semi-norm is exactly the ¢'-norm, 


oo 


v(a) = lal], = S—> la(n)l. 


n=— oo 


It is natural to think of A as embedded in its v-completion ¢'(Z). In this 
algebra, the generating element 6, has spectrum 


Sp(d;) a | 


since db; ' = 6_; and 6, satisfies 


CO 
yy NOx |A| <1. 


Since none of the above quasi-inverses belongs to A, we find Sp,(6,) = 
C \ {0} in A. Thus A is not an S*-algebra and hence is neither an 
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Sq*-algebra nor a yS*-algebra (Definition 10.4.1). Clearly A is not her- 
mitian. (To see this, consider the hermitian element h = 6; + 6_,. For any 
non-zero complex number A with |A| > 2, — 0°, A7" (61 +6_1)” converges 
to (A~-'h)? in é'(Z) but does not belong to A.) 

Since A is a U*-algebra, the Gelfand—Naimark semi-norm is defined. In 
order to calculate it, we consider the inverse Fourier transform 


&(t) = > a(nje"™" ae Aora€ “(Z). 


n=—0o 


This is a *-isomorphism of either A or @!(Z) into the *-algebra (under 
pointwise operations) of continuous 27-periodic functions on R which is 
*-isomorphic to C(T). Hence 


[o @) 
ar |léllo =sup{| D> a(njel"|:¢ € R} 


n=— Co 


is a C*-norm on A and on £1(Z). On £1(Z), it is easy to see that this norm 
equals a }+ p(a *a)'/? and hence is the Gelfand-Naimark norm. To draw 
the same conclusion for A is harder. The set of inverse Fourier transforms 
of A is just the set of trigonometric polynomials. Hence, Theorem 10.3.16 
and Exercise 11 on page 12 of Edwards [1967] show 7(a) = ||a||°°. 


10.3.18 A U*-Algebra and yS*-Algebra that Is not an Sq*-Algebra 
(See Definition 10.4.1 for - S*-algebras.) Let A be the *-algebra of func- 
tions f:R — C that are rational and bounded. The algebra operations 
are pointwise, and complex conjugation of values (on R) is the involution. 
Hence the elements of A are the functions f:R — C that can be written 
as p/q where p and q are polynomials with deg(p) <deg(q), p and q rela- 
tively prime, and the roots of g non-real. They can be written even more 
explicitly as 


It_,(2-a, n<m; 
p= Tee 01, 0, By € C; Im(By) # 0 for k = 1,2,...,m; 
k=1 az k {a1,Q2,---,A@n}N{Pi, Bo,.--, Bm} = @. 


Note that f will be hermitian if it satisfies 
n m 
(z — a5) [f(z - Br). 


1 k=1 


n m 
a [[ — a;) NEG — B,) =a" 
j=1 k=1 j 
Since no #f occurs among the a¥’s, we conclude that the denominator of 


f can be rewritten as Te", (2 — Br)(z — Bf), where m' = m/2 (and some 
re-numbering of the roots may be needed). Similarly, a@ is real and each 
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non-real a; must be matched by an aj: = a}. These conditions specify the 
elements of Ay precisely, as can easily be checked. 

If f € A, then f is positive-valued. However, this occurs for f = p/q 
exactly when p and q are products of factors of the form (z — aj;)(z — a5). 
Hence, A, is exactly the set of positive-valued functions in A. 

Each f € A satisfies Sp(f) = {f(t) :t € R}~ since, for any X not in the 
latter set, \ — f = (Aq — p)/q has the inverse g/(Aq — p) in A. (One may 
either note directly that this inverse is bounded, or note that the limit as 
|A| approaches infinity insures that this inverse satisfies the restriction on 


degrees.) Thus the supremum norm satisfies 


Af=llfll, VWFEA 


In the next section we will see that this implies that A is a yS*-algebra satis- 
fying y = p= ||-||,,. Here we can conclude this equation from Proposition 


10.2.6 and the simple calculation 7(f) < 7(f) = || |)? [0 = IIflloo < 7(f), 
in which the last inequality stems from the fact that || - ||.. is a C*-norm, 
and + is the largest C*-semi-norm. 

It is easy to see that z/(z? +1), which has spectral radius $, has no 
quasi square root in A since (2? — z+ 1)/z? + 1 is not a perfect square in 
A. Hence A is not an Sq*-algebra. 

Finally, we show that A is a U*-algebra. It is enough to show that each 
hermitian element is a linear combination of unitary elements. But each 
hermitian element can be written as a product of factors of the form 


az? +bz+c 
(z — B)(z — B*) 


The non-constant unitary elements of A are easily seen to have the form 
p* /p where p is some polynomial without real roots and (we may as well 
assume) without any factors of the form (z — a)(z — a*) for any a € C. In 
particular, the linear system 


a,b,cERPEC\R 


az?+bzt+c _ gee 
(2—Bz—- By) "z= 


can be solved for a, y,6 since its determinant is —8(ImG)*i 4 0. Thus A 
is a U*-algebra. 


10.4 Hermitian S*-Algebras and yS*-Algebras 
In this section we present a generalization of the theory of hermitian 
Banach *-algebras that is based on the following definition. 


10.4.1 Definition A G*-algebra in which the Gelfand—Naimark semi- 
norm 7¥ is a spectral semi-norm is called a yS*-algebra. 
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This theory is due to the author. It was announced in {1972b] and de- 
veloped at that time, but is first fully published here. The Raikov—Ptak 
functional 7 (Definition 10.2.5: (a) = p(a*a)'/* for a € A) was considered 
implicitly by Dmitrif Abramovié Raikov [1946] and explicitly by Vlastimil 
Ptak [1970]. The first of these papers introduced the concept of symmetry 
and showed that the equality y = 7 is equivalent to symmetry for unital 
Banach *-algebras. The second used 7 in an elegant proof that hermitian 
Banach *-algebras are symmetric. Charles E. Rickart [1946] introduced 
hermitian Banach *-algebras but called them “algebras with a real involu- 
tion”. 

The theory of yS*-algebras is a natural generalization of the theory 
of hermitian Banach *-algebras. Essentially all theorems about hermitian 
Banach *-algebras extend to the wider class of yS*-algebras. Their proofs 
become easier and more conceptual. We believe that the theory of yS*- 
algebras captures the essence of the theory of hermitian Banach *-algebras. 

The definitions show immediately that S*-algebras are S*-algebras. 
Furthermore, the Raikov—Ptak functional is obviously defined and finite for 
any S*-algebra. Proposition 10.2.6 gave the easy proof that all *-algebras 
A satisfy the inequality 


y(a) < r(a) VaceA, 


which implies that all S*-algebras are G*-algebras. Another consequence 
of this inequality is the fact that -y and 7 coincide on S*-algebras. In fact, 
Proposition 9.5.3(h) showed that any *-algebra that has a C*-semi-norm 
that is also a spectral semi-norm has only one such semi-norm. Proposition 
10.4.7 will show that such a semi-norm equals both + and 7. 

Proposition 10.4.2 shows that any yS*-algebra is completely symmetric 
and hence is a hermitian S*-algebra. Theorems 10.4.11 and 10.4.17 show 
that a Banach *-algebra is a yS*-algebra if and only if it is completely sym- 
metric and also if and only if it is hermitian. An important consequence, 
first proved by different methods by Satish Shirali and James W. M. Ford 
[1970], is the fact that hermitian Banach *-algebras are completely sym- 
metric. (For any *-algebra, the converse is obvious, as noted in Section 9.8.) 
This result is particularly important since it is frequently easy to prove that 
a given Banach *-algebra is hermitian, but most theorems about hermitian 
Banach *-algebras actually rely on one of the formally stronger conditions 
such as symmetry, complete symmetry or the yS*-property. 

The theory of hermitian S*-algebras is very sparse. The only real results 
are due to Rickart [1947] and Irving Kaplansky [1949a]. Each hermitian 
S*-algebra A is the disjoint union of its set A,g of quasi-regular elements 
and the set A,z of topological quasi-divisors of zero defined relative to 
any spectral norm in which the involution is continuous. Consequently, 
*-subalgebras on which the spectral radius equals the restriction of the 
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spectral radius on the larger algebra are actually spectral *-subalgebras 
enjoying various interesting properties. 

The class of yS*-algebras is very natural. Roughly speaking, it is the 
largest class of *-algebras for which the spectral properties (which are de- 
fined without reference to the involution) are intimately connected to the 
involution. One example of this connection is the equality of 7 and 7. 
Another striking example consists of the inclusions 


Sp(c) C {w(e) :w € At} C co(Sp(c)) Vce An, 


which hold in any unital yS*-algebra. Still another example is the equality 
of the Jacobson radical and the reducing ideal in a yS*-algebra. 

In this section, many diverse conditions are shown to be equivalent to 
a *-algebra being a yS*-algebra. Some are fairly easy to check in concrete 
cases and others indicate the rich theory of yS*-algebras. For instance, a 
*_algebra A is a yS*-algebra if and only if it satisfies: 

(a) There is a constant C satisfying 


p(a*a) < Cy(a*a) < co Vaca. 


(b) A is an S*-algebra and 7 is subadditive. 
(c) Each maximal commutative *-subalgebra C is hermitian and satisfies 


ye(c)= yale) Weec. 


If A is unital, the most profound characterization of yS*-algebras is the 
following: A G*-algebra A is a yS*-algebra if and only if Ag equals Ay 
and A/Ar is a spectral *-subalgebra of the enveloping C*-algebra of A. 
Most of the results on yS*-algebras follow from this characterization, since 
various well-known properties of C*-algebras are preserved when moving to 
spectral *-subalgebras. Since results are often easier to prove (or even to 
state) for C*-algebras, this is an advantage. 

We have already noted that a *-subalgebra of a hermitian S*-algebra is a 
spectral *-subalgebra if and only if its spectral radius is the restriction of the 
spectral radius on the larger *-algebra. Hence, every closed *-subalgebra of 
a hermitian Banach *-algebra is a spectral *-subalgebra. If B is a spectral 
*_-subalgebra of a -yS*-algebra A, then B is a yS*-algebra that satisfies 
Ye = yYa\p and By = BR = Ay NB= ARN B. Similarly, Bhy is the set 
of restrictions to B of the elements of Apa Also, every maximal modular 
ideal of B is the intersection with B of a maximal modular ideal of A. 
Naimark [1948] (Section 12, Theorem 1) shows the important fact that any 
*_representation of B can be extended to a *-representation of A (on a 
possibly larger Hilbert space). 

A number of the results in this section will be further elaborated for 
Banach *-algebras in the next chapter. It will be shown there that the 
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symmetric radical Az; and completely symmetric radical A,., agree for 
any Banach *-algebra A. (This follows immediately from Corollary 9.8.8 
and Theorem 10.4.17.) Furthermore, Theorem 11.1.14 shows that any Ba- 
nach *-algebra A satisfies Ay = ARN A, = AppN At = ARN Aer. It 
seems likely that A.g M Ar = Ay holds for a much more general class of 
*-algebras, perhaps even for all S*-algebras. However, we have not suc- 
ceeded in proving this under any reasonable hypothesis weaker than the 
existence of a complete norm. 

We begin our formal discussion by noting that S*-algebras are com- 
pletely symmetric and have other interesting properties. Curiously, this 
seems to require showing that if A is a yS*-algebra, then A! is also. 


10.4.2 Proposition Let A be a yS*-algebra. Then A is a completely 
symmetric (hence, hermitian) G*-algebra that satisfies 


T(a) = ¥(a) VaceA (1) 
p(c)=t(c)=7(c) VWeedAn. (2) 


Proof Proposition 10.2.6 shows that A is a G*-algebra that satisfies y(a) < 
T(a) for all a € A. Since + is a spectral semi-norm it satisfies 


7(a) = p(a*a)'/? < y(a*a)'/? = (a), 


which proves (1). If c is normal, the spectral radius is submultiplicative on 
c and c* by Theorem 2.4.3(b), so Proposition 9.1.2 gives 


p(c) < (ce) = r(e) = p(e*e)'”? < (p(c*)p(c))'/? = ple), 


which proves (2). 

Next we establish that A is hermitian. In the contrary case, Theorem 
9.8.2 gives anh € Ay with i in its spectrum. Let m, n € N satisfy (1+2n) > 
p(h)*. Define cm by (h +ni)™h so that (1+n)"i™t! belongs to Sp(em). 
Proposition 9.5.3(b) and Theorems 2.2.5(f) and 2.4.3(b) show 


(l+n)°" <  plem)? <V(Cm)* = Y(Ciy¢m) 
= 1° (Cin €m) = P(CmCm) = p((h? + n?)™h?) 


nS (77) mem NPA) < (p(h)? + n2)™ oC? 
k=0 


] 


Taking the m‘" root and then letting m approach infinity, we get the con- 
tradiction (1 +n)? < p(h)? +n? <1+2n+n?. Thus J is hermitian. 

We now show that if A is a non-unital yS*-algebra, then A! is also a 
yS*-algebra. This together with Theorem 9.8.4(h) allows us to assume that 
A is unital in the last stage of the proof that A is completely symmetric. 
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(The proof given above that A is hermitian could have been slightly sim- 
plified if it had been carried out for a unital algebra, but the simple proof 
that we will give below to establish that A is completely symmetric is en- 
tirely dependent on the assumption that A is unital.) For a non-unital 
7S*-algebra A, Proposition 2.2.1(e) and Theorem 10.1.7(j) give 


p(A +a) < Al + pla) < JA] + yal@) < 37,41(A + @). 


Thus Theorem 2.2.5(e) shows that y,:is a spectral semi-norm on A! that 
is thus a yS*-algebra, as we wished to show. 

To establish complete symmetry, let p be an arbitrary element of A. 
Then formulas (2) of Proposition 10.4.2 and (4) of Proposition 10.1.2 give 


p(e(p) — p) = y(y(p) — p) = sup{7(p) — w(p) : w € AR} < y(p) = pp). 


Since A is hermitian, this inequality proves Sp(p) < R,. Hence, A is 
completely symmetric. 0 


This proposition shows that -yS*-algebras are, in particular, hermitian 
S*-algebras. Before continuing the discussion of yS*-algebras, we will 
briefly investigate hermitian S*-algebras. Their theory is rather sparse. Al- 
though we do not know any example of a hermitian S*-algebra that is not a 
yS*-algebra, we conjecture that such examples exist in profusion. However, 
in the commutative case we have the following simple result. The power- 
ful inclusions stated in (e) will later (Corollary 10.4.21) be extended, in a 
slightly weaker form, to all normal elements in yS*-algebras. 


10.4.3 Theorem The following are equivalent for a commutative *-algebra A. 
(a) A is a hermitian S*-algebra. 
(b) A is a yS*-algebra. 
(c) A is a completely symmetric S*-algebra. 
(d) A is an S*-algebra satisfying T 4 = A‘. 
(e) The spectrum of each element a € A satisfies 


{w(a) : w € AL} C Spa(a) C {w(a): w € AL} U {0} 


with equality on the ( left / right ) if A is ( unital / non-unital ). 
(f) A is a G*-algebra on which p equals y. 
(g) The spectral radius p is a C*-semi-norm. 
Proof (a)=>(d): Theorem 9.8.12(a) establishes this. 
(d)=(e): Theorem 3.1.5(h). 
(e)=>(f): Propositions 10.1.2 and 10.2.6 give 


p(a) = sup{|A|: A € Sp(a)} = sup{w(a) : w € AL} 
< sup{w(a*a)/? : w € Ab} = 7(a) < r(a) < pla). 
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(f)=>(g): Obvious. 

(g)=>(b): Since + is the largest C*-semi-norm, p < 7 holds and hence y 
is a spectral semi-norm. 

(b)=>(c): Proposition 10.4.2. 

(c)=>(a): Obvious. O 


10.4.4 Theorem The following are equivalent for any *-algebra A. 

(a) A is a hermitian S*-algebra. 

(b) A is an S*-algebra satisfying p(c) < r(c) (or, alternatively, 
p(c) = 7(c)) for allc € An. 

(c) Each maximal commutative *-subalgebra is a hermitian S*-algebra 
and hence a yS*-algebra. 

(d) Each S*-subalgebra is a hermitian S*-algebra. 

(e) A/T is a hermitian S*-algebra for each *-ideal T. 

(f) A/Ajz is a hermitian S*-algebra. 

(g) A! is a hermitian S*-algebra. 


Proof Theorem 9.8.2 and Proposition 10.2.11 show the equivalence of (a), 
(c), (d), (e), (f) and (g). 

(c)=>(b): Proposition 9.1.5 shows that each c € An belongs to some 
maximal commutative *-subalgebra. Apply Proposition 10.4.2 and Theo- 
rem 10.4.3 to this commutative S*-subalgebra. The alternative formulation 
comes from noting that any normal element c in any S*-algebra satisfies 
t(c)* = p(c*c) < p(c*)p(c) = p(c)?. 

(b)=>(c): Let C be a maximal commutative *-subalgebra. Then each 
c € C is normal so that pc(c) = pa(c) < pa(c*c)!/? < pa(c) holds. Thus 
pc is a C*¥-semi-norm, and hence C is hermitian by Theorem 10.4.3. oO 


The next two results were obtained by Rickart [1947] for invertible ele- 
ments and topological divisors of zero in unital Banach *-algebras and by 
Kaplansky [1949a] for quasi-invertible elements and quasi-divisors of zero 
in arbitrary Banach *-algebras. Their results, corresponding to Proposi- 
tion 10.4.6, dealt with closed *-subalgebras. The set A,z of topological 
quasi-divisors of zero was introduced in Definition 2.5.5. 


10.4.5 Theorem Let A be a hermitian *-algebra and let o be a spectral 
semi-norm on A relative to which the involution is continuous. Then A is 
the disjoint union of Ayg and Aqz (defined relative to oc). 


Proof Clearly Agz and Ajgg are disjoint. Suppose that a is quasi-singular. 
Then a is either left or right quasi-singular. Hence, either ao a* or a* oa 
is quasi-singular. Since A is hermitian and these elements are hermitian, 
they lie on the boundary of the set of quasi-invertible elements if (and only 
if) they are quasi-singular. Hence, Theorem 2.5.7 shows that at least one 
of ao a* and a* oa is a joint topological quasi-divisor of zero. Hence, 
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either a or a* is a topological quasi-divisor of zero. However, since * is 
a homeomorphism relative to 0, a is a topological quasi-divisor of zero in 
either case. s) 


With our present hypotheses, we can strengthen Corollary 2.5.10. This 
result will be still further specialized in Theorem 10.4.19 below. 


10.4.6 Proposition Let A be a hermitian S*-algebra. 
(a) A *-subalgebra B is an S*-subalgebra if and only if it satisfies 


pp(b)= palo) VobeEB. (3) 


(Hence, any closed *-subalgebra of a hermitian Banach *-algebra is 
a spectral subalgebra.) 

(b) Leto be an algebra semi-norm on a *-algebra B, and let yp: A > B 
be a *-homomorphism such that 0° is a spectral semi-norm. Then 


~(Aga) = (P(A) aa = Baa N pA) (4) 
Spa(a) U {0} = Spg(y(a)) U{0} Vaed (5) 
pa(a) = pa(p(a)) VaeA. (6) 


Proof (a): For h € By, Spp(h) C Spa,t(h) C R follows from Corollary 
2.5.10 and Sp,(h) = OSpa(h). Hence B is hermitian. Any spectral semi- 
norm on J is still a spectral semi-norm when restricted to B. Thus if 6 
is quasi-singular in B, it is a topological quasi-divisor of zero relative to a 
suitable spectral semi-norm on A by Proposition 10.2.11(b) and Theorem 
10.4.5. Thus 6 is quasi-singular in A. Therefore B is an S*-subalgebra. 
(b): We may suppose that * is an isometry relative to o (replacing 
o by o’ if necessary, as in Proposition 10.2.11(b)). If a belongs to Ajc, 
then y(a) belongs to y(A)gg C Bgg. If a ¢ Ago, then Theorem 10.2.5. 
shows that there is a sequence {@n}nen C A with 0 0 y(an) = 1 and either 
g°p(aan — an) + 0 or coy(ana—a,) > 0. We conclude y(a) ¢ Bag. The 
other conclusions follow immediately. O 


We will now show that many fairly natural conditions on a *-algebra 
A are equivalent to its being a yS*-algebra. We give the following partial 
result separately to emphasize its elementary character. All of the results 
used in its proof are basic. Except for Theorem 9.5.4, which is merely used 
to show 0; < ¥ (and could be avoided altogether by specifying that a) arose 
from a *-representation), they all have easy elementary proofs. In many 
applications of this result, the C*-semi-norm 0; will actually be yy, so that 
Theorem 9.5.4 is not needed. The argument that shows 0; = a2 is due to 
Frank F. Bonsall [1954]. 
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10.4.7 Proposition Let A be a *-algebra. Let a, be a C*-semi-norm on 
A and let oz be a spectral semi-norm on A. Then the inequality 


o2(a) < o;(a) VaeA 
implies 
a\(a@) = o2(a) = T(a) = ¥(a) VacéA, 
so that A is a yS*-algebra. 


Proof Suppose that there is some ag € A such that o2(a9) < 01(a@o) holds. 
Then Proposition 9.5.3(b) and Theorem 2.2.2 give the contradiction 


02(a9a0) < 02(a9)02(@0) < o1(a9)o1(a0) = o1(aga0) 
= a7°(agao) < plagao) < 72 (A940). 


Hence 0, equals a2. Using Proposition 9.5.3(b) again, we get 
t(a)? = p(a*a) = 0% (a*a) = 0; (a*a) = 0; (a)” VaeéA. 


Proposition 10.2.6 shows y < 7, and then Theorem 9.5.4 shows T = 0; = ¥. 
Since 7 = 02 is a spectral semi-norm, A is a yS*-algebra. oO 


The next theorem gives a number of conditions on a *-algebra that are 
equivalent to its being a yS*-algebra. Conditions (b) and (f) are appar- 
ently much weaker than the definition of a yS*-algebra. The proof of the 
implication (f)=(a) depends on Sebestyén’s Theorem 9.5.14 and has not 
been noted previously. 


10.4.8 Theorem The following are equivalent for a *-algebra A. 
(a) A is a yS*-algebra. 
(b) There is a constant C satisfying 


p(a*a) < Cy(a*a) < co Vaca. 


(c) p(h) < y(h) < co for allh € Ax. 

(d) p(c) = y(c) = T(c) < co for allc € An. 

(e) There is a semi-norm on A that is both a C*-semi-norm and a 
spectral semi-norm. 

(f) A is an S*-algebra and the function 7 is subadditive. 

(g) (Raikov’s criterion) 


y(a) = T(a) < co VaceA. 


When any (hence all) of these conditions hold, y = Tr is the unique semi- 
norm on A that is both a spectral semi-norm and a C'*-semi-norm. 


Proof (a)=>(d): Proposition 10.4.2. 
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(d)=>(c)=(b): Obvious. 
(b)=>(a): For any h € Ay, we see 


p(h) = p(h)¥/? < (Cy(h?))? = C1? 9(h). 


The parenthetical remark in Proposition 10.2.11(c) shows that A is a yS*- 
algebra. 

(a)=>(e): Obvious. 

(e)=>(g): Proposition 10.4.7. 

(g)=>(f): Obvious. 

(f)=>(c): Sebestyén’s Theorem 9.5.14 and 


r(a*a) = (p((a*a)”))'/? = p(a*a) = r(a)? 


show that 7 is a C*-semi-norm. Hence p(h) = r(h) < 7(h) holds for all 
he Ap. 

Proposition 9.5.3(h) showed that there is at most one C*-semi-norm 
that is also a spectral semi-norm and it is given by the formula for 7. 
Proposition 10.4.7 shows that tr = y. This implies the final remark. O 


The equality of y and 7 in (g) is called Raikov’s criterion, since it is 
the fundamental criterion for the symmetry of a Banach *-algebra which 
appeared in Raikov [1946]. 

The next result, which was also obtained for Banach *-algebras by 
Raikov in [1946], shows that for yS*-algebras (and hence for hermitian 
Banach *-algebras) the “natural” radical is the same as the “natural” rad- 
ical for general rings. This is a remarkable fact that simplifies the theory 
of yS*-algebras. 


10.4.9 Corollary For a 7S*-algebra A, the Jacobson radical Ay and the 
reducing ideal An coincide and equal 


{ae A: p(a*a) = 0} = {h+ik:h, k € Ay; p(h) = p(k) = O}. 


Proof For any *-algebra, Theorem 9.7.11 shows Ay; C Ap. Since p < y 
holds on a yS*-algebra, Ar = {a € A: y(a) = 0} is a topologically nil ideal. 
Hence Ag is included in A, by Corollary 4.3.9. The equality 7 = y implies 
Ar = {ae A:r(a) = 0} = {a € A: p(a*a) = 0}. Since A, is a *-ideal, 
h+ik € Aj and h, k € Aq imply h, k € Az. Hence p(h) = p(k) = 0 holds 
in any *-algebra A. For a yS*-algebra A, h, k € Ay with p(h) = p(k) = 0 
implies y(h + 7k) < y(h) + y(k) = p(h) + p(k) = 0. Hence h + 7k belongs to 
AR. 0 


10.4.10 Corollary A yS*-algebra is reduced (and hence has a faithful’ 
*-representation on Hilbert space) if and only if it is semisimple. 
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There are reduced Banach *-algebras that are not hermitian. (See the 
example due to Joe W. Jenkins [1969] at the end of this section.) Therefore 
it is not true that A; = Apr implies that a Banach *-algebra is hermitian. 

We will now use Theorem 10.4.8(b) to show that a Banach *-algebra 
is a yS*-algebra if and only if it is completely symmetric. This result was 
obtained by the author in [1972b]. Later (Theorem 10.4.17) we will prove 
that a Banach *-algebra is a yS*-algebra if and only if it is hermitian. This 
will require the beautiful arguments due to Ptak [1970]. A consequence will 
be the important result of Shirali and Ford [1970] that hermitian Banach 
*_algebras are completely symmetric. Our results actually hold for more 
general *-algebras than Banach *-algebras. 


10.4.11 Theorem Let A be a T*-algebra that is also an S*-algebra. (In 
particular, A may be a Banach *-algebra, an Sq*-algebra, or an S*-algebra 
that is also a U*-algebra.) Then A is a yS*-algebra if and only if it is 
completely symmetric. 


Proof Theorems 10.2.7, 10.2.8, and 10.3.16 establish the parenthetical re- 
mark. Theorem 10.2.4 shows that A is a BG*-algebra satisfying 


y(a) =inf{t € Ry :t? —a*a € Al} VacA. 


If A (and hence A! by Theorem 9.8.3(h)) is completely symmetric, then 
for alla € A andt € R, t? —a*a € A}, implies 


t* — p(a*a) € Sp(t? —a*a) CR,, 


so t? > p(a*a). This implies y(a) > p(a*a)!/2 = r(a) for all a € A. Hence 
Theorem 10.4.8(b) shows that A is a yS*-algebra. The converse is just 
Proposition 10.4.2. 0 


10.4.12 Theorem The following are equivalent for a *-algebra A. 
(a) A is a yS*-algebra. 
(b) A is a hermitian S*-algebra and each S*-subalgebra B satisfies 


B(b) = 7ya(b) VOEB. 


(c) Each mazimal commutative *-subalgebra C is a hermitian S*-algebra 
and satisfies 


ye(c) = ya(c) Vee. 


(d) Each S*-subalgebra is a yS*-algebra. 

(e) A/T is a yS*-algebra for each *-ideal T. 
(f) A/Ays is a yS*-algebra. 

(g) A? is a yS*-algebra. 
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Proof (a)=>(b), (d): Proposition 10.4.2 shows that A is hermitian. Propo- 
sitions 10.4.6(a) and 10.2.6 show 7,4(b) = p,(b*b)!/2 = pp(b*b)}/? > 
yB(b) > +,4(b), where the last inequality follows from the fact that any 
*_representation of A is still a *-representation when restricted to B. Then 
Raikov’s criterion (Theorem 10.4.8(g)) shows that B is a yS*-algebra. 

(b)=>(c): Theorem 9.8.2(d) establishes this. 

(c)=>(a): The implication (d)>(a) in Theorem 10.4.8 and Theorem 
10.4.3 show this. 

(d)=>(a): Choose A. 

(a)=>(e): Theorem 10.1.7(k) shows that 74/z is the quotient semi-norm 
of 74. Theorem 2.2.14(d) shows that any quotient semi-norm of a spectral 
semi-norm is a spectral semi-norm. Hence 74/z is a spectral semi-norm. 

(e)=>(f): Obvious. (Choose Z = {0} to see (e)>(a) directly.) 

(f) <> (a): Since pasa,(a + Az) = pa(a) (Theorem 2.3.3(c)) and 
VA/A,;(@+ Az) = ya(a) (Theorem 9.7.11), this follows from Raikov’s cri- 
terion (Theorem 10.4.8(g)). 

(a)=(g): This was established in the proof of Proposition 10.4.2. 


(g)=>(a): Apply (d). 0 


The following proposition and lemma will be used several times. Our 
next two characterizations of yS*-algebras depend on them. The lemma 
is essentially due to Naimark and was first used in his early expository 
treatment [1948]. 


10.4.13 Proposition The following conditions on a maximal modular 
left ideal L are equivalent in any G*-algebra A. 

(a) L is y-closed. 

(b) L is the left kernel of some state on A. 

(c) L is the left kernel of some pure state on A. 

(d) L ts included in the kernel or left kernel of some state on A. 


Proof (a)=>(d): Theorem 9.7.9 shows this. 

(d)>(b): If £ is included in ker(w), then b € L implies b*b € CL and 
hence w(b*b) = 0. Hence C is included in A,, for some state w in either 
case. Thus CL is a left kernel by maximality. 

(b)=(c): Let 2 be the set of w € Alea satisfying A, = £L. Then 2 


is a closed convex subset of Ab and is, therefore, a compact convex set 
by Theorem 10.1.7(f). Hence we may apply the Krein—Milman theorem 
to 2 to obtain a non-zero extreme point w of 2. Clearly, w is a state. 
Suppose w = tw, + (1 — t)we for w1, wo € Als and 0 < t < 1. Proposition 
9.4.22(e) shows w1, wo € At. Clearly, we have LC A,,, and £ C A,,,. 
However, since £ was maximal modular, this implies w,, we € 2. We 
conclude w; = wz = w. Proposition 9.6.5 shows that w is a pure state. 
(c)=>(a): Obvious since states are y-continuous. a) 
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10.4.14 Lemma Let A be a unital symmetric S*-algebra. 
(a) A linear functional w on A is a state if it satisfies: 
(a,) w(h) € R for allh € Ay, and 
(a2) w(1) = 1 and |w(h)| < p(h) for allh Ee Ax. 
(b) Let S be a real linear subspace of Ay with 1 ES. Leta:S +R 
be a real linear functional on S satisfying ©(1) = 1 and wh) < p(h) 
for allh eS. If the spectral radius is subadditive on Ay, then 
there is a representable positive linear functional w on A satisfying 
wis = and |lw||y = (1). 


Proof (a): Suppose that w is a linear functional on A satisfying (a,) and 
(a2). Then for any a € A, the symmetric nature of A gives 


lp(a*a) — w(a*a)| = |w(p(a*a) — a*a)| 
< p(p(a*a) — a*a) < p(a*a). 


Hence w(a*a) is non-negative so w is positive. Theorem 10.2.11 shows 
that we may choose a spectral semi-norm o for which the involution is 
an isometry. The inequalities |w(a)|? < w(ata) < p(a*a) < o(a)? and 
Proposition 9.4.12 show that w is admissible. Thus w is a state since A is 
unital and w(1) equals 1. 

(b): When p is subadditive on Ay, the Hahn-Banach theorem shows 
that w can be extended to a real linear map w on Ay that still satisfies 
(a2). Extend w to A by complex linearity. Then w satisfies (a,) and (ag), 
so w is a state on A. oO 


The next theorem is essentially due to the author [1972b]. Condition 
(c) was first explicitly noted by Horst Leptin [1976b]. 


10.4.15 Theorem The following conditions are equivalent for a 
G*-algebra A. 

(a) A is a yS*-algebra. 

(b) Every mazimal modular left ideal is y-closed and thus satisfies the 
equivalent conditions of Proposition 10.4.13. 

(c) LfT:A— LX) ts any algebraically irreducible representation, then 
there is an inner product for X relative to which T 1s a normed 
pre-*-representation. 

When these conditions hold, every primitive ideal has the form ker(T”) 
for some pure state w. Using the notation of (c), we can identify X with 


AY = A/A, and T with T’: A > L(A”). 


Proof (a)=>>(b): If A is a yS*-algebra, Theorem 2.4.7 gives (a) of Propo- 
sition 10.4.13. We will also use Lemma 10.4.14 to give a direct proof that 
(b) of Proposition 10.4.13 holds in a yS*-algebra. Suppose that A is a yS*- 
algebra and £ is a maximal modular left ideal. If A is non-unital, choose a 
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right relative identity e for £ and consider L’ = {A+a—Ae:rAEC,a EL} 
in A!. Clearly this is a maximal modular ideal that satisfies C'N A = CL. 
If L’ is (A')z for @ € (AY)L, then £ is A,,, where w = @|,. Hence we 
may (and do) assume that A is unital. We now construct a state w on A 
satisfying A, = C. Define w:R+(L£N Az) > R by setting a(t + h) = t. 
Then @ is linear and satisfies |@(t + h)| = |t| < p(é+h) = y(t +h) (since 
0 € Sp(h)). Lemma 10.4.14(b) now gives the desired state w, since p is 
subadditive on Ay by Theorem 10.4.8(d). 

(b)=>(a): We prove the contrapositive. Corollary 2.4.8 shows that there 
is some maximal modular one-sided ideal M that is not 7-closed if y is not 
spectral. If M is a right ideal, then M* is a left ideal that is not y-closed. 
Hence we may assume that M is a maximal modular left ideal, and this 
contradicts (b). 

(b)=>(c): We use (c) of Proposition 10.4.13. Choose a non-zero z € ¥ 
so that L = {a € A: Taz = 0} is a maximal modular left ideal of A (ef. 
Proposition 4.1.2 and Theorem 4.1.3). Let w be a pure state satisfying 
£L=A,,. Then (Tz, Tz) = w(b*a) defines an inner product on 4 relative 
to which T is a normed pre-*-representation. 

(c)=>(b): We use (b) of Proposition 10.4.13 this time. If £ is a maximal 
modular left ideal, then the representation L4/£: A + £L(A/L) defined by 

a (6+ L) = ab+ CL is algebraically irreducible by Theorem 4.1.3. Let e 
be a right relative identity for £ and define w: A > C by 


w(a) = (LA/“£(e+ Lie +L) =(at+Lliet+L) 


in terms of an inner product for which L“/* is a normed pre-*-representation. 
Then the equation 


w(ata) = (L2/“(a+ L),e+ L) =(at+LiatL) 


shows that w is a representable positive linear functional satisfying £ = A,,. 
Then ||w||;,; w is a state. Oo 


It seems likely that the next theorem remains true without assuming 
that A is unital, but we have been unable to prove this. The need for the 
identity element arises solely from an inability to demonstrate, without it, 
that in a hermitian *-algebra the spectral radius is subadditive on (A!) y 
when it is subadditive on Ay, or is subadditive on Ay when the set of 
hermitian elements with non-negative spectrum is closed under addition. 
Since we know of no example of a hermitian *-algebra in which the spec- 
tral radius is not subadditive on Ay, this seems to be a rather technical 
difficulty. 


10.4.16 Theorem The following are equivalent for a unital *-algebra A. 
(a) A is a yS*-algebra. 
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(b) p(a) < Tr(a) < co for alla€e A. 
(c) A is hermitian, and some algebra semi-norm o on A satisfies 


a(h) = p(h) VRE Ap. 


(d) A is a symmetric S*-algebra, and p is subadditive on Ay. 
(e) A is an S*-algebra, and the set P = {p€ An: Sp(p) CR, } is a 
cone that contains a*a for alla € A. 


Proof (a)=>(b): Raikov’s criterion (Theorem 10.4.8(g)) proves this. 
(b)=(c): Theorem 10.4.4(b) shows that A is hermitian. The rest of the 
proof is modeled on Ptak [1970]. 
Let h and k be elements of Ay. Proposition 2.2.1(b) shows 


p(hk) < r(hk) = p(kh?k)'/? = p(h?k?)'/?. 


Repetition of the argument gives p(hk) < p(h?' k?")?"” for alln € N. If 
o is a spectral semi-norm on A, then p(hk) < o(h?’ )? “o(k?" )? ” follows. 
Taking the limit as n increases, we get p(hk) < p(h)p(k) for all h,k € Ay. 
This result and Proposition 2.2.1(b) give 


t(ab) = p(b*a*ab)'/? = p(a*abb*)}/”” 
< p(a*a)'/? p(b*b)!/? = r(a)r(b) = Va, DE A, 


so that 7 is submultiplicative. 

Note that the set P = {p € Ay : Sp(p) C R,} can also be described 
by {p € Ay : —tp € Aga for all t € R,}. Thus in order to show that P 
is closed under addition, it is enough to show that —p, —q € P implies 
p+qé€ Aga. If —p, -—q € An have non-negative spectrum, then p and q 
have quasi-inverses in Ay. The spectral mapping theorem (2.1.10) shows 
p(p’) < 1 and p(q’) < 1. Submultiplicativity gives p(p%q?) < 1. Therefore, 
p+q= (p— pq?) oq = po (p%q’) og is quasi-invertible. Hence P is closed 
under addition. 

We now make the only argument in this proof that depends on having 
an identity element. If p, g € Ay, then p(p) + p and p(q) + q belong to P. 
Hence p(p) + p(q) + (p+ q) belongs to P for either choice of sign. However, 
this implies p(p + q) < p(p) + p(q). Thus p is subadditive on Ay. 

Since p and 7 agree on Ay, we can cite Theorem 10.4.8(f) to complete 
the proof of this implication. However, we prefer to continue with the 
elementary argument due to Ptak [1970] (cf. Sebestyén [1979]). 

Let a € A satisfy a = h+ik with h, k € Ay. Since p(h? + k*) —h? — k? 
and k* belong to P, p(h? +k?) —h? also belongs to P. We conclude p(h)? = 
p(h?) < p(h? + k?). Several previous conclusions now combine to give 


2p(h) < 2p(h? + k?)!/? = (2p(a*a + aa*))'/? 
(2(p(a*a) + p(aa*)))*/? = (2(7r(a)? is r(a)*))}/? = 27 (a) 


p(a +a") 


lA 
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for all a € A. We have already shown that 7 is submultiplicative. The 
inequality above and submultiplicativity give the penultimate step in the 
following proof of subadditivity: 


t(a+ 6)? 


p(a*a + a*b + b*a + b*d) 
T(a)? + 7(b)? + p(a*b + b*a) Va,beA 
T(a)* + 7(b)? + 27(a)r(b) = (r(a) + 7(b)). 


IA IA 


We have shown that 7 is an algebra semi-norm on A. It obviously 
satisfies r(h) = p(h) for h € Ay. (In fact, 7 is also obviously a spectral 
C*-semi-norm, proving (a) directly.) 

(c)>(a): Proposition 9.2.11(c) shows that A is an S*-algebra. Next we 
show that 7 is submultiplicative. For a, b € A, we get 


T(ab)? p(b*a*ab) = p((b*a*ab)")'/" = o((b*a*ab)”)'/" 
[o(b*a*a)o(b)]!/"[o((bb*a*a)"-")}'/" 
[o(b*a*a)o(b)]!/"o(bb*)!-/"a(ata)t- 1, 


Substituting 7(a)? = p(a*a) = o(a*a) and r(b)? = p(b*b) = p(bb*) = a(bb*) 
and taking the limit as n increases, we get submultiplicativity. 

Any p,q € P satisfy p(p(p) — p) < p(p) and p(p(q) — g) < p(q). The 
subadditivity of p = o gives p(p(p) + p(q) — (p+ 9)) < p(p) + p(q). This 
implies that p+q is in P. The argument of the sixth paragraph of the proof 
of the last implication now shows p(a + a*) < 27(a) for all a € A. Thus 
we can prove that subadditivity of 7 by the argument of the penultimate 
paragraph of the proof of the last implication. Hence 7 is an algebra semi- 
norm, so either the argument above or Theorem 10.4.8(f) shows that A is 
a yS*-algebra. 

(a)=>(d): Proposition 10.4.2 gives more than this implication. 

(d)=(e): The fourth and fifth paragraphs in the proof of the implication 
(b)=>(c) above show this. 

(e)>(a): Obviously, (e) implies that A is symmetric. Hence we may 
apply Lemma 10.4.3. Let b € A be arbitrary and let m = 7(b)? be the 
largest number in Sp(b*b). Define @: Rb*b+ R > R by w(tb*b+s) =tm+s. 
Then |@(tb*b + s)| = |tm+s| < p(tb*b + s) holds since tm + s belongs to 
Sp(tb*b + s). By Lemma 10.4.14(b), we may extend & to a state w on A. 
This gives 


lI 


IN JA 


7(b) = sup{w(b*b)!/? : w is a state on A} > m)/? = p(b*b)!/2 = 7(b) > 7(). 
Since b was arbitrary, this proves that A is a yS*-algebra by Raikov’s cri- 
terion (Theorem 10.4.8(g)). 0 


The next theorem, which is essentially due to the author [1972b], ex- 
tends Theorem 10.4.11 in several important ways. The equivalence of (b;) 
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and (be) is the important Shirali-Ford theorem [1970]. The proofs of both 
this theorem and the last theorem use arguments from Ptak [1970]. 


10.4.17 Theorem The following are equivalent for any Sq*-algebra or 
any Banach *-algebra. 
(a) A is a yS*-algebra and hence satisfies 


y(a) = v(a*a)/2 = ra) -y(h) = v(h) = T(h) =p(h) Vae A; he Ag. 


(b) A is hermitian. 
(c) A is symmetric. 
(d) A is completely symmetric. 


Proof Theorem 10.2.9 shows that any Banach *-algebra is an Sq*-algebra. 

(a)=>(d): Proposition 10.4.2 shows this implication and also the equa- 
tion y(k) = p(h) = 7r(h) for all h € Ay. Theorem 10.3.10 then shows 
v(h) = y(h) for all h € Aq. The equations for a € A follow. 

(d)=(c)=>(b): Immediate from the definitions. 

(b)=>(a): Theorem 9.8.2 shows that A! is hermitian. Suppose 
that a € A! satisfies r(a) < 1. Then the square root axiom gives an element 
k € Al, satisfying kok = a*a. Let h be 1—k so that h is invertible since 
its spectrum satisfies Sp(h)? C [1 — r(a),1+7(a)]. Note the identity 


(1+a*)(l—a) =14+a*-a-a*a=h?+a* —a=h(1+h '(a* —a)h")h. 


Since h~!(a* — a)h7' is skew-hermitian and A is hermitian, the displayed 
expressions are invertible. Hence 1 — a is left-invertible. Since t(a*) = 
p(aa*)'/2 = r(a) < 1 holds, the same argument shows that 1 — a” is left- 
invertible. Thus 1 — a is invertible. 

We have shown that 7r(a) < 1 implies that 1 does not belong to the 
spectrum of a. Since |A| > 1 implies 7(A~!a) < 1, Sp(a) is included in the 
open disk. Hence p(a) < r(a) holds for all a € A!. Theorem 10.4.16 now 
shows that A! (and hence A) is a yS*-algebra. oO 


The following theorem is a *-algebra version of Theorem 4.6.4. However, 


it is a far more important result than Theorem 4.6.4 itself. 


10.4.18 Theorem The following are equivalent for a *-algebra A. 
(a) A is a yS*-algebra. 
(b) A is a G*-algebra, Ay = Ar, and A/ Ap is an S*-subalgebra of the 
enveloping C'*-algebra of A. 


Proof Denote the enveloping C*-algebra of A by (B, || - ||). 
(a)=>(b): Corollary 10.4.9 shows Ay = Ar. Hence 


PA/An(@+ Ar) = p(a) = ¥°(a) = [la + Ar||~ = pp(at+ Ar) 
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holds for alla + Ar € A/Apg. Since B is certainly a hermitian *-algebra, 
Theorem 10.4.6(a) shows that A/Ap is an S*-subalgebra. 

(b)=(a): Since y is a complete norm on B, B is a yS*-algebra. Thus 
this follows from Theorem 10.4.12(d). oO 


Essentially all of the results on yS*-algebras and hermitian Banach 
*_algebras follow easily from this characterization. The procedure is to 
prove a result for C*-algebras (for which it may be almost obvious), and 
then note that it holds for S*-subalgebras. In this work we do not follow 
this procedure, but it is a good way to remember many results. 

Theorems 10.4.19 and 10.4.22 show the many properties of a yS*-algebra 
that are inherited by its S*-subalgebras. For ease of statement, the next 
theorem speaks primarily of restriction. However, it implies important 
results on the possibility of extensions from *-subalgebras. This theorem 
generalizes Theorems 2.6 and 4.6 of Rickart [1946] and [1947], respectively. 


10.4.19 Theorem Let A be a yS*-algebra, and let B be a *-subalgebra 
of A satisfying pg(b) = pa(b) for allb € B. (These hypotheses are satisfied 
if B is a closed *-subalgebra of a hermitian Banach *-algebra A or any 
*-ideal in a yS*-algebra.) Then B is an S*-subalgebra and a yS*-algebra. 
Furthermore, it satisfies: 


(a) ye(b) = ya(b) for all be B. 

(b) By =Br=ArNB= ANB. 

(c) Restriction to B maps: At, onto Bh; Ain onto Beas Al, onto a 
set that includes B'; and A\, onto a set that includes BL. IfB 
is also a unital subalgebra of A, then restriction to B maps Al, 
onto Bi. 

(d) Letwe Bi be such that B; is modular, and let e be a right relative 
identity for Bz. Then there is an extension w € Al, of w with A,, 
modular and with e as a right relative identity for A,,. 

(e) Every mazimal modular left ideal of B has the form LOB, where L 
is some mazimal modular left tdeal of A. 

(f) The sets of right quasi-invertible and left quast-invertible elements 
satisfy Bragg = BN Argg and Bigg = BN Aga: 


Proof Proposition 10.4.6 shows that B is an $*-subalgebra. 

(a) and (b): Theorem 10.4.12 shows that B is a yS*-algebra satisfying 
g(b) = y4(b) for all b € B, and hence Bp = {bE B: y4(b) = 0} = ARNB. 
The rest of (b) then follows from Corollary 10.4.9. 

(c): Theorem 9.4.15(e) shows that the restriction @ to B of an element 
w of Al, is an element of Bi. satisfying ||@|]z < ||w||# since it satisfies 


(b) = (T#2n,20) WEB. 
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Hence each set is mapped by restriction into its appropriate set. We will 
use Lemma 10.4.14(b) to show that restriction of the linear functionals to B 
maps onto the sets claimed in the first three cases. The case of pure states 
will require an additional argument. 

Let w be a non-zero positive linear functional on B. If A is not a unital 
algebra, we can replace it with A! since Theorem 10.4.12(g) shows that it is 
still a yS*-algebra. If B does not contain the multiplicative identity 1, of A, 
replace it by Cl, +B and replace w by the map Al4+6 + A\|O||y +(b) for 
all 4 € C and b € B. This map is a representable positive linear functional 
with the same Hilbert bound as w by Proposition 9.4.23. (It is easy to check 
that even if B were already a unital algebra (but not a unital subalgebra), 
the proofs of Proposition 9.4.23 and 9.4.7 (on which 9.4.23 is based) are still 
valid.) We will continue to use B and w for these enlarged and extended 
objects so B is a unital subalgebra of A. Moreover, the restriction of w to 
S = By C Ag satisfies the hypotheses of Lemma 10.4.14. Hence w is the 
restriction of some w € Ar with the same Hilbert bound. This shows that 
restriction does map onto the sets claimed in the first three cases. 

Suppose in the construction just given that @ had been a pure state. It 
would have remained pure when B was enlarged to be a unital subalgebra 
of A. Thus we may continue to work in this context and assume that 
q@ is an extreme point of the compact convex set Bi. Let 2 be the set 
of w € Al that restrict to w. This is a non-empty, closed convex set by 
previous results. An extreme point of this set is (by the argument given in 
the proof that (b)=(c) in Proposition 10.4.13) an extreme point of Al, and 
hence a pure state. Thus restriction maps A‘ onto a set including Bh. 

When B is a unital subalgebra of A to begin with, the equations ||w||77 = 
w(1) = w(1) = ||w||y show that restriction maps Al, onto Bi. 

(d): Let e € B be a right relative identity for Bz. Proposition 9.4.10(c) 
shows w(b) = w(e*be) for all b € B. Extend & to w’ € Al, by (c). Define w 
by w(a) = w’(e*ae). Then 


w(b) = w'(e*be) = (e*be) = &(b) VboeEB, 
so that w extends w. The assumptions on w and e show 


w((ae — a)*(ae — a)) = w'(e*(ae — a)*a(e? — e)) 
w'(e*(ae — a)*aa* (ae — a)e)'/*((e? — e)* (e? — e))!/? = 0. 


0 


IA IA 


Hence, A,, is modular with e as right relative identity by Proposition 9.4.10. 

(e): Let £ be a maximal modular left ideal in B. Theorem 10.4.15 
shows that there is some w € At, satisfying £ = B;. Conclusion (d) gives 
w € AL, so that A, is modular with a right relative identity e in B and 
satisfies 4,,9 6B = Bz = L. Let M be a maximal modular left ideal in A 
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that includes A,, and has e as right relative identity. Then e ¢ MNBDCL 
implies MM B= CL by the maximality of CL. 

(f): Obviously, B,gg is a subset of BN Argg. If b € B has no right 
quasi-inverse in B, then {cb —c: a € B} is a proper modular left ideal and 
hence is contained in. MMB, where M is a maximal modular left ideal of 
A. Hence b has no left quasi-inverse in A. The involution changes left to 
right. 0 


10.4.20 Corollary Let A be ayS*-algebra. Then the natural map ©: A > 
C*(A) of A into its enveloping C*-algebra satisfies 
(a) B(Aiygc) = ®(A)igg =C*(A)iga NBA). 
B(Angg) = B(A)rgg = C*(A)rqa N B(A). 
$(A,c) ®(A)gg = C*(A)aa N B(A). 


(b) Spa(a) © Spo-(4)(P(a)) C Spa(a) U {0} for alla ce A. 

(c) pala) = po(ay(¥(a)) for alla € A. 

(d) Every mazimal modular left ideal of A has the form ®—!(MN&(A)) 
for some mazimal modular left ideal M of C*(A). 


Note that Theorem 10.4.8(d) actually gives a stronger result than (c) in 
the following result. However, (c) was proved for unital, hermitian Banach 
*-algebras by Joe W. Jenkins in [1971], independent of our general theory. 


10.4.21 Corollary Letc be a normal element in a yS*-algebra A. 
(a) If A is unital, then c satisfies 


Sp(c) € {w(e) :w € AL} C co(Sp(c)) = {w(c): w € Ab}. 
(b) Jf A ts not unital, then c satisfies 
Sp(c) C {w(c): we Ab U {0}} C co(Sp(c)) = {w(e):wé€ Abs}. 


(c) In either case, the spectral radius p is subadditive on the set An of 
normal elements. 


Proof Let C be a maximal commutative *-subalgebra of A containing c. 
Propositions 10.2.9 and 2.5.2 show Spa(c) = Spc(c) if A is unital, and 
Spa(c) = Spc(c) U {0} otherwise. Theorem 10.4.3 shows Spc(c) = {w(c) : 
w Ee ch} if A is unital, and Spe(c) = {w(c) : w € ch U {0}} otherwise. 
Theorems 9.6.6 and 10.4.19(c) show 


{w(c): we Ch} C {w(c): we Al} C CO{w(c): we At} 
{w(c):w € AL} = {w(c) :we ch} 
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if A is unital. If A is not unital, we get 
{w(c):wECLU{O}} C {w(e): we Al, U {0}} 
C to{w(c): we ALU {0}} 
{w(c):w € Ah} = {w(c):w €Ch i}. 


The corollary follows easily. oO 


The next theorem extends an important result due to Naimark [1948], 
Section 12, Theorem 1. As with Theorem 10.4.19, the hypotheses are satis- 
fied if B is a closed *-subalgebra of a hermitian Banach *-algebra A or any 
*-ideal in a yS*-algebra. 


10.4.22 Theorem Let A be a yS*-algebra and let B be a *-subalgebra of 
A satisfying pp(b) = pa(b) for allb € B. Let T be a *-representation of B 
on a Hilbert space H. Then there is a (non-unique) *-representation S of 
A on a Hilbert space K satisfying: 

(a) H is a closed subspace of K. 

(b) Spx = Thx for allbe€ B andx cH. 

(c) (TaH)* = Npyeg ker(Ts) equals (S4K)~ = (\ac4 ker(Sa), where the 

first orthogonal complement is taken in H and the second in K. 

(d) (TgH)+ + SAH is dense in K. 
When these conditions hold, S is essential if T is, and any topologically 
cyclic vector for T is a topologically cyclic vector for S. 

If T is topologically irreducible, S can be chosen topologically irreducible. 


Proof Let H = H°@H! be the decomposition of H into trivial and essential 
T-invariant subspaces guaranteed by Proposition 9.2.7. Let T = 7° @ T! 
be the corresponding decomposition of T'. In the next paragraph, we will 
extend T! to an essential *-representation S' on K! satisfying the theorem 
relative to T! and H!. When this has been done, we set K = H®° @K! and 
S = S°@ S', where S° = 0 for all a € A. It is easy to check that S and 
K then satisfy the theorem (relative to T and H) with H® = (TgH)* = 
Ne ker(Ts) = (SakK)* = (oe ker(S.). The theorem calls for H to be an 
actual subset of K. In order to avoid set-theoretic messiness, we will actually 
construct K disjoint from H and give a unitary equivalence U:H — K of T 
with a sub-*-representation of S. 

The *-representation T is essential. Proposition 9.4.17 shows that there 
is a family {ws : 6 € A} C BL and a unitary equivalence U': H! > H' = 
BscaH”® of T! onto T’ = @scaT”*. Theorem 10.4.19(c) shows that each 
ws may be extended to an Hs € Al, satisfying ||@sl|z = ||wa|la. Let K! be 
@scaH”* and let S' be @scaT”*. Define U":H' > K} as the isometric 
extension of the map @scab5* > Bscaby! , where {bs}sea is an arbitrary 
indexed family in B satisfying 75. ws(b3bs) < oo. Then 


SpU" (Bscab§*) = Osea (bbs)? = U"Ty(@seahs*) (7) 
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holds for all b € B and all scabs? in the subspace @scq Bs. Thus U" isa 
unitary equivalence between T’ and the restriction of S! to U"H'. Finally, 
let U = Ino @ (U" 0U'):H® 6H! 3 H® OK}. 

In order to check the conditions of the theorem, we think of H as identi- 
fied with UH. Clearly, VH is a closed subspace of K so (a) holds. We check 
(b) next. For every z € H, let x = y @ z, the decomposition corresponding 
toH = H° @H!'. For bE B, we get Ty(x) = 0 @ T} (z). Using (7), we get 


S,U (x) = 0@S,U" oU'(z) = O@U" TU (z) = 0@U" 0U' (Ti (z)) = UT; (2), 


which proves (b) because of the identification of H with U(H) in K. We 
have already noted that H®° equals the common value of the two sets in (c). 

In order to prove (d), it is enough to show that S,U(H) is dense in K?. 
This will be true if the canonical vector zz, belongs to the closure of the 
former set for each 6 € A. For each 6 € A, let za, = 23 © zg be the direct 


sum decomposition corresponding to K = UH @ (UH)+. The set 
i — {@seabs* : bs € B and bs = 0 except for finitely many 6 € A} 
is dense in H’'. For arbitrary @scabs* € H", the calculation 


(U" (2ug),U" (Bseabs*)) = (Zug, B5eabs*) = we(bZ) = Wa(bZ) 
(259, Bseads*) = (26,U" (Bseab}*)), 


shows U"(z,,,) = 23. However, this gives 


— 2 2 2 2 2 
alle = llzagll” = llzgll” + lleell” = lawl” + Ileal 


2 aa 2 
wally + llzall” = llOelly + llzall’, 


| 


which implies z5, = z3 = U"'z,,,. This shows that z;, lies in UH for each 
B€ A. It follows that S,UH is dense in K!, as we wished to show. 

Now suppose T, S, H and K satisfy (a), (b), (c) and (d). Result (c) 
shows that T is essential if and only if S is. If z is a topologically cyclic 
vector for T,, then S4z D S,Tpz is dense in K by (d). 

If T is topologically irreducible, we may write it (up to unitary equiva- 
lence) as T’ for some pure state w on B. Let S be T” where @ is a pure 
state on A (from Theorem 10.4.21) that restricts to w on B. oO 


We can use this result to extend Theorem 10.1.21 to yS*-algebras. We 
do not know whether yS*-algebras are always BG*-algebras (and we con- 
jecture that they are not), so the original proof will not work. 


10.4.23 Corollary Let A be a yS*-algebra. Let T be a *-representation | 
of a *-ideal I of A on a Hilbert space H. Then there is a *-representation S 
of A on H that extends T. If T ts essential, then S is uniquely determined 
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and essential, and the set of topologically cyclic vectors for T is the set of 
topologically cyclic vectors for S. 


Proof Since a *-ideal is an S*-subalgebra, the last theorem applies to give 
an S:A — B(K) extending T. For x € H, choose y and z satisfying 
e=y+z,y € (TrH)* and z € (TzH)~. Result (c) of the theorem shows 
Sa(y) = 0 for all a € A. Theorem 10.2.7(c) shows z = lim7},z for a 
suitable sequence {bn}nen C Z. Thus any a € A satisfies Sgr = Sz = 
lim SgTp, z = lim Sap, z = lim Tg, z € (TzH)~. Hence (d) shows that K 
is included in, and hence equal to, H. We have already shown in the last 
theorem that S is essential when T is essential, and the uniqueness of S 
follows since S,7, = Tab = Tap holds for any a € A and b € I. We have 
also shown that a topologically cyclic vector for T is topologically cyclic for 
S. The converse follows since 7z7z~ is an S-invariant subspace that includes 
z (since S vanishes on (Tzz)*+). oO 


10.4.24 Corollary Let Z be a *-ideal in a yS*-algebra A. Then the 
reducing ideal of TZ satisfies Tp = ARNT. 


Proof Proposition 9.7.4 gives the inclusion Zp C Ag NT, and the last 
corollary gives the opposite inclusion. Oo 


The following result is an adaptation of a proof by L. Terrell Gardner 
[1984]. The result will be established for all Banach *-algebras in Section 
11.2 below, but the proof is considerably more difficult. We use Aye to 
denote the connected component (relative to the Gelfand—Naimark semi- 
norm) of the identity element in the unitary group. 


10.4.25 Theorem A unital hermitian Sq*-algebra A is a yS*-algebra and 
a U*-algebra that satisfies: 


y(a) = v(a) VaceéA; and 
{ae A: y(a) <1} Cco(Aue) C {a € A: y(a) < I}. 


Proof Theorems 10.3.10 and 10.4.17 show that A is a U*-algebra and a 
7yS*-algebra. 
First, we show that any a € A satisfying y(a) < 1 and u € Aue Satisfies 


a E co(Aue). 


For any t € [0,1], y(tau~!) = ty(a) < 1 implies that b: = (tau~! + 1)/2 
is invertible since -y is a spectral semi-norm. Hence Sp(bfb;) is included 
in the open interval (0,1) since A is symmetric and & satisfies p(bjb:) < 
y(bsb:) < 1. The square root lemma for unital *-algebras (Proposition 
10.2.15) now gives (necessarily invertible) hermitian elements h, and k; 
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with positive spectrum satisfying h? = bfb:, k? = 1— byfb;, and hiky = kehy 
for all t € [0,1]. Hence we may write (a + u)/2 = z,((wi + wj)/2)u, where 
we = hy tik; and % = hy ! are unitary for all t € (0, 1] and thus belong to 
Ave. Since we claim that z; and w; are y-continuous functions of t, (a+) /2 
belongs to Ay,.. Consider the square roots used in the construction of 2; 
and w; as lying in the enveloping C*-algebra of A. We only used square 
roots of invertible elements, so they may be regarded as defined by the 
analytic functional calculus in C*(A). Then Theorem 3.3.7(i) shows their 
continuity. 

Second, we show that any a € A satisfying y(a) < 1 and v € co(Ay,) 
satisfy 


— E co(Aye). 


Let v equal D707, tjuj with t; > 0, D0'_)t; = 1 and uj € Aue. Then 
(at+v)/2= ae t;(a + u;)/2 belongs to co(Au.e) by the first step above. 

For any a € A with y(a) < 1, choose u € Aye, arbitrarily (e.g., 
u = 1). Then choose N € N so large that a’ = (1 — 2-%)—!(a — 2-Nu) 
also satisfies y(a’) < 1. Define agp to be u and inductively define an; = 
(a’ + a,)/2. From the second step, we find an, € co(Ay-) for all n and 
by induction a, equals (1 — 2~”)a’ + 2~"u for all n. Hence, in particular, 
a= (1—2-%)a’ +2-Nu = an belongs to co(Ay,), as we wished to show. 
Since co(Aye) € {a: y(a) < 1} is obvious, this proves the inclusions. The 
equality of the Gelfand—Naimark and unitary semi-norms now follows from 
their absolute homogeneity. 0 


Note that the above argument shows that an element a with y(a) < 1 
can be written as a convex combination of 4/(1 — y(a@)) or fewer unitary 
elements. To see this, note that each a, in the construction is written 
as a convex combination of 2” unitary elements. However, any N € N 
satisfying N > log.(2/(1—-y(a))) can be chosen since this inequality implies 
1—2-" > y(a)+2-% > y(a+2-Nu). Hence, in particular, we may choose 
N < 1+ log,(2/(1 — y(a))), which gives the above estimate. The theorem 
also shows to(Ay,) = {a € A: y(a) < 1}, where the closure is relative to 
yay, 

The following example and proposition acquire added interest in the 
next section. 


10.4.26 Example Consider the disc algebra A(D) as a *-algebra with 
the involution 


FOA)= fOr)" WV fe AD); A€D 
Let A be the *-ideal 
A= {f € A(D) : f(i) = f(-i) = 0}. 
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The Gelfand—Naimark semi-norm on A(D) is given by 


v(f) = sup{lf(@)|:te[-1,1} Vv fe A(D). 


The restriction of this semi-norm to A is also the Gelfand—Naimark semi- 
norm on A. Hence, C*(A) ~ C({—1,1]) is unital even though A is non- 
unital. This cannot happen for yS*-algebras, but we know no general cri- 
terion. 


10.4.27 Proposition Jf A is a non-unital yS*-algebra, then C*(A) is 
also non-unital. 


Proof If C*(A) had an identity element 1, then there would be an element 
a in A satisfying y(1 — a) < 1. Since ¥ is spectral, a would be invertible 
and A would have to be unital. oO 


The following sufficient condition for a *-algebra to be a yS*-algebra 
follows easily from previous results and is closely related to the subject of 
the next section. Permanently spectral algebras were defined before Propo- 
sition 2.5.16 and are also discussed in Theorem 6.1.5(g). Theorem 3.5.17(c) 
shows that a semisimple, completely regular, commutative, spectral alge- 
bra is permanently spectral and Theorem 8.4.12 gives the same result for 
modular annihilator algebras. Theorem 2.5.17 gives still another sufficient 
condition for an algebra to be permanently spectral. 


10.4.28 Theorem A permanently spectral, reduced *-algebra is a yS*- 
algebra with a unique C*-norm. 


Proof An algebra is permanently spectral if every algebra norm on it is 
spectral. Since reduced *-algebras have C*-norms, these norms are spectral 
C*-norms, which are unique by Proposition 9.2.15. O 


10.5 *-Regularity 


In this section we investigate the ideal theory of *-algebras. This theory 
is much easier in the case of C*-algebras. In order to include all Banach 
*-algebras, we will concentrate on G*-algebras and will study the relation- 
ship of their ideal theory to that of their enveloping C*-algebras. Because of 
the superior functorial properties of BG*-algebras, we eventually specialize 
further to that setting, which still includes all Banach *-algebras. 

For general Banach algebras, the primitive ideals play a fundamental 
role. When considering *-algebras we naturally wish to study *-ideals. 
Primitive ideals are sometimes, but not always, *-ideals. Theorem 9.8.2 
records Kaplansky’s elegant proof that, in a hermitian *-algebra, every 
primitive ideal is a *-ideal. Primitive ideals are closed in any spectral semi- 
norm, so the primitive ideals in a yS*-algebra are y-closed. Theorem 10.1.3 
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shows that 7-closed ideals are always *-ideals, giving an alternate proof 
of Kaplansky’s result in this case. Before introducing the class of ideals 
that will be the basic building blocks of our ideal theory for arbitrary *- 
algebras, we recall formally some more results on ideals in G*-algebras and 
C*-algebras that we obtained earlier in greater generality. 


10.5.1 Theorem Let A be a G*-algebra. 
(a) A left ideal L of A is y-closed if and only if it has the form 


b=) As; 


weEQ 


where Q = {w € AL: LC ker(w)}. Hence, an element b€ A 
belongs to a y-closed left ideal L if and only if b*b belongs to L. 
(b) An ideal T of A is y-closed if and only if it has the form 


he () ker(T”), 
we 


where 2 = {w € AL: I C ker(w)}. Hence, y-closed ideals are 
*_ideals. 

(c) If A is a yS*-algebra, every maximal modular left ideal is the left 
kernel A,, of some pure state w and every primitive ideal is the 
kernel of some topologically irreducible *-representation and, hence, 
has the form ker(T”) for some pure state w. 


Proof (a) and (b): Theorem 10.1.3(b) shows that the *-representation 
topology on a G*-algebra is just the semi-norm topology defined by the 
Gelfand—Naimark semi-norm yy. Hence ( (a) / (b) ) follows from Theorem 
( 9.7.9 / 9.7.10 ). 

(c): Theorem 10.4.15 shows that, in any yS* algebra A, every maximal 
modular left ideal is the left kernel A,, of some pure state w, and every 
primitive ideal has the form ker(7J™) for some pure state w. D 


10.5.2 Theorem Let A be a C*-algebra. 

(a) A left ideal of A is maximal modular if and only if tt has the form 
A., for some pure state w on A. 

(b) A left ideal is closed if and only if it is the intersection of maximal 
modular left ideals. 

(c) An ideal of A is primitive if and only if it has the form ker(T”) for 
some pure state w on A. Hence, primitive ideals are *-ideals. 

(d) An ideal of A is closed if and only tf it is the intersection of primitive 
ideals. Hence, closed ideals are *-ideals. 

(e) A closed *-ideal J of a closed *-ideal TZ of A is also a closed *-ideal 
of A. 
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Proof (a): Since y is a complete norm on a C*-algebra, C*-algebras are 
yS*-algebras, so we may apply Theorem 10.5.1(c) to see that maximal 
modular ideals have the desired form. If w is a pure state of a C*-algebra 
A, Theorems 9.6.4 and 9.6.2 show that T” is algebraically irreducible, so 
that its representation space H” must equal AY = A/A,,. Hence, the left 
kernel A,, is a maximal modular ideal. 

(b): This follows from Theorems 10.5.1(a) and 10.5.2(a). 

(c): Kadison’s theorem (Theorem 9.6.2) and Theorem 9.6.4 show that 
ker(T“ ) is primitive for every pure state w on a C*-algebra. 

In any algebra, Theorem 4.1.8 shows that a primitive ideal P has the 
form L:A for some maximal modular left ideal £. Part (a) above shows 
that, in a C*-algebra, £ is the left kernel of some pure state. Call it w. 
Theorem 9.6.2 shows that T” is algebraically irreducible, so z,, is a cyclic 
vector. Hence HY = AY” = A/L shows that P is the kernel of the irreducible 
*_-representation T™”. 

(d): Part (c) and Theorem 10.5.1(b) give this. 

(e): Corollary 10.1.25 gives this. oO 


Definitions 7.1.1 and 7.1.4 introduced the hull-kernel topology (or Ja- 
cobson topology) for any family P of prime ideals of an algebra A. The 
basic properties of this topology were derived in the surrounding results, 
and we will review them below. Recall that IIL, is the topological space 
consisting of the set of primitive ideals of an algebra A endowed with its 
hull-kernel topology. It is called the structure space of A. 

We now introduce the most important class of *-ideals in arbitrary 
*_algebras. Because of the hull-kernel topology, we prefer to work with 
*-ideals that are at least prime ideals. We also want the ideals in our class 
to be y-closed. Proposition 4.2.5(a) shows that the kernel of any topolog- 
ically irreducible representation is a prime ideal. Hence, we consider the 
following family of prime *-ideals for *-algebras. (Some of these concepts 
were introduced in §9.6.13 in a more general context.) 


10.5.3 Definition Let A be a *-algebra. Denote the set of kernels of 
topologically irreducible *-representations of A by II*,. When II*, is en- 
dowed with its hull—kernel topology, it is called the *-structure space of A. 


In a G*-algebra A, each ideal P in the *-structure space is -y-closed since 
any *-representation T of A satisfies ||T,|| < y(a) for all a € A. Theorem 
9.6.4 shows that II*, is the set {ker(T”) : w € AL}, where AL is the set 
of pure states of A. (The map w + ker(T“”) is usually far from injective.) 
For a general G*-algebra A, neither II% nor II, need be included in the 
other. However, Theorem 10.5.1(c) shows that II, is a subset of II*, if A 
is a yS*-algebra. In C*-algebras the situation is even better. 


10.5.4 Corollary If A is a C'*-algebra, then its *-structure space II*, 
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coincides with its structure space II. 


Proof Theorem 10.5.2(c) asserts that an ideal is primitive if and only if it 
has the form ker(T”) for some pure state w. Theorem 9.6.4 shows that an 
ideal belongs to II*, if and only if it has this same form. Oo 


If A is a C*-algebra, we usually write II, instead of II*. 

We briefly review the hull-kernel topology in the setting of the 
*-structure space. Let A be a G*-algebra. For each subset S of A, the 
hull of S relative to II%, is the set 


h*(S)={P ey: SCP}. 


A subset of II*, that has the form h*(S) for some S C A is called a hull, and 
these are the closed sets in the hull-kernel topology on II*,. This topology 
always satisfies the To separation axiom. For each subset B of II%, the 
kernel of B is the set 


k(B) =(\{P: P € B}. 


Obviously, k(B) is always a y-closed *-ideal, since each P € II*% is. The 
maps h* and k reverse inclusions and together form a Galois correspondence 
between the subsets of II%, and the subsets of A. Notice that all kernels 
include the reducing ideal, so we get 


K(1I,) = Ap. (1) 
An analogue of Theorem 7.1.7 holds in the present setting. 


10.5.5 Theorem Let Z be a *-ideal of a G*-algebra A. 

(a) The map P + P/T defines a homeomorphism of h*(L) in II% onto 
yr: If p: A — A/T is the natural map, denote the inverse of 
this homeomorphism by ~ and note p(ker(S)) = ker(S oy) for all 
topologically irreducible *-representations of A/T. 

(b) Jf A is a BG*-algebra, then the map P > PNT defines a homeo- 
morphism of II*, \ h*(Z) onto Iz. 


Proof (a): For any P € h*(Z) there is a topologically irreducible 
*-representation T of A satisfying Z C ker(T). Then Taiz = Ty» is well 
defined for all a+ Z € A/Z, and T is obviously a topologically irreducible 
*_representation of A/Z. Thus P = ker(T) + ker(T) = P/Z maps h*(Z) 
into II”, ,7- Conversely, for any Q € II", 7 there is a topologically irreducible 
*_representation S of A/Z with Q = ker(S). If y: A > A/T is the natural 
map, then Q = ker(S) + ker(S o y) is the inverse map, proving that both 
maps are bijections. We denote this latter map by ¢: IT*, ju h*(Z). To see 
that Y, and hence its inverse, are homeomorphisms, let S be an arbitrary 
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subset of II%, 7. Then h* (k(p(S))) = g(h*(k(S))) shows that closures have 
the corresponding meaning, so ~ is a homeomorphism. 

(b): Theorem 10.1.21 shows that any essential *-representation T of 
T has a unique extension T to a *-representation of A, and if either are 
topologically irreducible, then both are. Hence the map ker(T) + ker(T) 
sends II} into II*, \h*(Z). Clearly P ++ PMT is the inverse of this map, so 
both maps are bijections. The same argument as in the proof of (a) shows 
that these maps are homeomorphisms. O 


We can weaken the hypotheses of (a) in Theorem 10.5.5. Consider a 
*-homomorphism y: A — B between G*-algebras. If y is surjective, it is 
obvious that T oy is a topologically irreducible *-representation of A when- 
ever T is a topologically irreducible *-representation of B, as noted in the 
last proof. Thus ker(T) +> ker(T'ow) defines a map ¢ of IIZ, into [II*,, which 
is obviously continuous by the definition of the hull—kernel topology. This 
continuous map depends functorially on » by its definition. To establish 
the next theorem, we give the easy argument that this still holds true if 
we merely assume that y(A) is dense in B relative to the Gelfand—Naimark 
semi-norm ‘yz. 


10.5.6 Theorem Let y:A -— B be a *-homomorphism between 
G*-algebras. If (A) is dense in (B, yp), then 


g:TR 7 1%, defined by ~(P) = y* (P) VPeETIx (2) 


is a continuous map into h*(ker(~)) C II*, that satisfies p(ker(T)) = ker(To 
y) for all topologically irreducible *-representations T of B. 
The map p++ ¢& ts functorial. 


Proof It only remains to show that when (A) is dense in (8B, yg) and T 
is a topologically irreducible *-representation of B on H, then Toy is a 
topologically irreducible *-representation of A. Since y(A) is dense in B 
and T is continuous with respect to the Gelfand-Naimark semi-norm yz, 
any closed T o » invariant subspace of H must be T-invariant also. Hence 
it is either {0} or H, so To y is topologically irreducible. ) 


Enveloping C*-Algebras 


We use the last result to relate the *-structure space of a G*-algebra A to 
the structure space of its enveloping C*-algebra. We apply the construction 
to the canonical embedding ® : A — C*(A) of a G*-algebra A into its 
enveloping C*-algebra C*(A). Since C*(A) is just the completion of A 
with respect to its Gelfand—Naimark semi-norm yg, ® is the composition 
of the quotient map A > A/Ar (where Ap = {a € A: (a) = O} is 
the reducing ideal) with the injection of the quotient A/Ar into C*(A) 
as a dense subset. If J' is any irreducible *-representation of C*(A), then 
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T o ® is a topologically irreducible *-representation of A. We denote the 
map T +» T 0® by $!. In this case it is clear that @t is surjective onto 
the set of all topologically irreducible *-representations of A, since any such 
*_representation S is continuous with respect to 7 and thus has an extension 
S to the y-completion C*(A) of A. This extension is a topologically (and 
hence, by Kadison’s theorem (Theorem 9.6.2), algebraically) irreducible 
*-representation of C*(A) and satisfies S = So = 1(5). We record 
these results formally. 


10.5.7 Corollary Let A be a G*-algebra. If 6 : A - C*(A) is the 
C'*-enveloping algebra of A, then 


®:Mo-(4) 2 1% defined by O(P)=O°(P) VWPETe 4) (3) 


is a continuous surjection of Uc-(4) = TG.; ay onto Il%. Furthermore, 


if T is any irreducible *-representation of C*(A), then ®(ker(T)) equals 
ker(T 0 ®). 


When A is a reduced G*-algebra, we frequently think of it as a dense 
subset of C*(A), suppressing all mention of the map ®. In this case we can 
write 


Sometimes this notation is even used when A is not known to be reduced. 
Now we are ready to give the rather technical definition of *-regularity. 
We introduce a simpler, but closely related, idea at the same time. 


10.5.8 Definition Let A be a G*-algebra. 
(a) A is said to have a unique C'*-norm if the Gelfand—Naimark norm 
YA/An is the only C*-norm that can be defined on A/Ap. 
(b) A is said to be *-regular if the continuous surjection 


®:To-() =? IT", 


is a homeomorphism. 
(c) A locally compact group G is called Boidol if L'(G) is *-regular. 


After explaining this terminology, we will show that the two notions 
just defined are closely related. First, note that the terminology of the 
first definition is slightly misleading. Unless A is reduced, it doesn’t have 
any C*-norm at all. Thus, as the definition asserts, it is really A/Ar that 
has the unique C*-norm. This is equivalent to requiring that the Gelfand- 
Naimark semi-norm y, be the unique C*-semi-norm o on A satisfying 
{a:o(a) = 0} = Ap. 

Suppose that A is commutative and hermitian in addition to being a 
G*-algebra. Theorem 10.4.3 shows that it is a yS*-algebra so that it is, in 
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particular, a commutative spectral algebra and has a full Gelfand theory 
by Theorem 3.1.5. Then C*(A) can be naturally identified with Co(T,). 
Under this identification, 6: A + C*(A) becomes the Gelfand homomor- 
phism “: A > Co(I4). Theorem 3.2.10 asserts that A is completely regular 
if and only if the Gelfand topology and the Jacobson topology on I, agree. 
However, the Gelfand topology on Ty is just the Jacobson topology on 
Poor,) transferred to I'4, with which it is identified as a set. Hence we 
see that (in the case of a commutative hermitian *-algebra) A is *-regular 
according to our present definition if and only if it is completely regular. 
This observation motivated the term “*-regular”. We record it formally, 
noting its close relationship to Theorem 10.4.3. 


10.5.9 Proposition Let A be a commutative hermitian G*-algebra. Then 
A is *-regular as a G*-algebra exactly when it is completely regular as a 
commutative spectral algebra. 

A completely regular, commutative, reduced *-algebra is a *-regular yS*- 
algebra. 


Proof The second sentence follows from Theorem 10.4.28 and from the first 
sentence (which was established above). O 


The situation is more complicated when A is a commutative but non- 
hermitian S*-algebra. Then the set A‘ of *-homomorphisms from A onto 
C is a proper subset of the Gelfand space I.4. Since all topologically irre- 
ducible *-representations of A are one-dimensional (Theorem 9.6.10), A‘ 
can be identified with II*,. At risk of belaboring the obvious, we give a com- 
mutative, exact diagram (where p is the map restricting functions from I, 
to Ab) subsuming the results of Theorem 9.7.12 and Proposition 10.1.14. 


{0} 


k(Ab) x Co(Ta \ Ab) 
{0} 
th = RAL 
ee Seen 


Aj Co(AL) ~ C*(A). 


{0} 


(4) 


(On the left, k(Ab) is calculated relative to A and on the right, relative 
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to Co(I'4).) If A is completely regular, then the Jacobson topology on [, 
is the same whether it is regarded as the Gelfand space of A or Co(T',). 
Thus, the Jacobson topology on the subset A‘, is the same in either case. 
In the first case, Ai. is naturally identified with II*, and in the second, 
with IIc¢-(4). Thus complete regularity implies *-regularity even for a non- 
hermitian, commutative, spectral G*-algebra. We presume the converse 
need not be true in the non-hermitian case. 

The following is about the simplest example to help the reader see what 
the rather abstract theory we are presenting describes. 


10.5.10 Example (Cf. Example 10.4.26 and §1.5.2.) The disc algebra 
A(D) is a *-algebra under the involution f*(A) = f(A*)* for all f € A(D) 
and A € D. For each A € D define y,: A(D) > C by yy(f) = f(A). Then 
the Gelfand space of A(D) is 


Lacy = {yr : A € D} 


and the map A +> 9) is a homeomorphism of D onto ['4(p) with its Gelfand 
topology. Since every primitive ideal of the disc algebra has the form 
ker(y,), as a set, D is also naturally identified with the structure space 
II 4. However, since every infinite subset of D has a limit point and ev- 
ery analytic function that vanishes on a set with a limit point is zero, the 
closed proper subsets of II, in the Jacobson topology of II, are exactly the 
finite subsets. Jacobson-open sets are complements of finite subsets. The 
*-structure space of A(D) is 


The Gelfand—Naimark semi-norm on A(D) is 


Vf) = sup{|f(é)|:te[-1,1]} Vf e A(D). 


Hence C*(A(D)) can be identified with C({—1,1]) and ® with restriction 
of a function to [—1, 1]. Thus ® is a bijection but not open since To-(A()) 
has the usual topology of [—1, 1]. 

If H is any infinite, closed, proper subset of [—1, 1], then 


ou(f)=sup{lf(t)|:t€ H} f € A(D) 


is a C*-norm on A(D) and all of the C*-norms on A(D) arise in this way. 
Thus there is a pathologically large collection of C*-norms. 
History of *-Regularity 


The concept of *-regularity grew out of Horst Leptin’s work on the ideal 
theory of L'-group algebras in the 1970s. It was formally introduced in 
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[1978] by Joachim Boidol, Leptin, J. Schirman and D. Vahle as a property 
of locally compact groups: G was called a *-regular group (now a Boidol 
group) if and only if L'(G) was a *-regular *-algebra. That paper showed 
that all polynomial growth groups are Boidol and all Boidol groups are 
amenable. It also showed that all solvable connected and simply connected 
Lie groups of real dimension four or less were Boidol with the possible ex- 
ception of the Poguntke group, P (cf. 12.6.27). Following a suggestion of 
Detlev Poguntke, Boidol proved that P is not Boidol [1980a]. It was already 
known that this was the only solvable connected and simply connected Lie 
group of real dimension four or less that is non-hermitian. Boidol’s thesis 
[1979] (cf. [1980b]) defined *-regularity for Banach *-algebras, but all of 
his results dealt with L'(G). He characterized Boidol groups among ex- 
ponential Lie groups and showed (using related results of Poguntke [1979]) 
that solvable connected and simply connected Lie groups of real dimension 
six or less are symmetric if and only if they are Boidol. In [1982a] Boidol 
extended his characterization of Boidol groups to all connected locally com- 
pact groups. In {1982b] he showed that every semidirect product of locally 
compact abelian groups is Boidol. This shows that the non-symmetric, 
compactly generated group in Jenkins [1969] is Boidol. With this example 
in mind, he conjectured: 


(B1): Every hermitian group is Boidol. 
(B2): Every almost connected Boidol group is hermitian. 


In [1980a], with a small but crucial improvement in [1982b], Poguntke es- 
tablished (B1) at least for exponential Lie groups and (B2) at least for 
ad-algebraic exponential Lie groups. 

Andrzej Hulanicki proved in [1966a] that a locally compact group G 
is amenable if and only if every continuous, unitary representation of G 
is weakly contained in the regular representation. This is equivalent to 
saying that the norm on L'(G) induced by the regular representation of 
G on L?(G) is the Gelfand—Naimark norm. Hence, if L'(G) has a unique 
C*-norm, then G must be amenable. The converse might seem plausible 
and did attract some interest. In [1983] Boidol gave examples of amenable, 
exponential solvable Lie groups for which Z!(G) does not have a unique 
C*-norm and others for which L!(G) has a unique C*-norm even though it 
is not Boidol. See Section §12.5 for these examples. 

Up to this historical point, *-regularity had been studied only in the 
context of L'-group algebras. Bruce A. Barnes [1983a] began the study of 
*_regularity in the context of BG*-algebras. His results on tensor products 
were improved by Wilfried Hauenschild, Eberhard Kaniuth and Andreas 
Voigt [1990]. Most of the results in this section are from Barnes [1983a]. 


10.5.11 Lemma Let A be a G*-algebra. Every C*-semi-norm on A has 


1126 10: Special *-Algebras 10.5.12 


the form 
on (a) = sup{||®(a) + P|]: P € A} Vac A, 


where H is some hull in Wc« 4) and ||®(a) + P|| is the quotient norm in 
C*(A)/P. (Uf H is empty, we define on = y4.) Conversely, the displayed 
formula is a C'*-semi-norm on A for any subset H of Wo+:,). 


Proof The converse statement is immediately obvious. 

Every C*-semi-norm o on A is dominated by the Gelfand—Naimark 
semi-norm 7 and hence can be extended by continuity to a semi-norm @ 
defined on C*(A) by 


a(c) =limo(a,) where c=lim ®(a,) Ve € C*(A). 


Define H to be the hull of C*(A)s = {a € C*(A) : (a) = 0}. Then both a 
and oy induce C*-norms on C*(A)/C*(A)s that must, therefore, be equal 
by, e.g., Theorem 9.5.12(c). Oo 


Notice that oy induces a norm on A/Ap if and only if ||®(a) + P|| = 0 
for all P € H implies (a) = 0. 

Every H satisfying the above conditions fails the test in (a) in the next 
theorem and hence the more stringent test in (b). Failure of the test in 
(a) means that such an H defines a C*-norm on A(D), which is different 
from the Gelfand—Naimark norm 7¥. Failure of the test in (b) means that 
such an H is dense in II%p). Explicitly, let H = {0} U {1/n: n € N}. 
Then k(H) = {f € A(D) : f(1/n) = 0 for all n € N} = {0} implies that 
the closure of H in II% gy is h*(k(H)) = h*({0}) = Iq. Thus @ is the 
continuous bijection of [—1, 1] with its usual topology onto [—1, 1] with this 
weird topology in which H = {0}U {1/n : n € N} and similar sets are 
dense. 

Consider the *-ideal A = {f € A(D) : f(i) = f(—7) = 0} of A(D) 
introduced in Example 10.4.26. We already noted that A is non-unital but 
C*(A) is unital. The unitization A! of A may be taken as the *-algebra 
of functions f:D — C that are continuous on D, analytic on its interior, 
and satisfy f(i) = f(—i). Hence each oy above is a C*-norm on A! as well 
as on A. However, for each H, there is another, strictly larger, C*-norm 
on A! defined by o},(f) = sup{|f(2)|,|f()| : t € H} for f € A’. These 
examples illustrate the next several results. 


10.5.12 Theorem Let A be a G*-algebra. 
(a) A has a unique C*-norm if and only if it satisfies: 
For each hull H that is a proper subset of Wc ,) 
there is some a€ A\ Apr satisfying ®(a) € k(H) 
(where k(H) = (\gcx Q is the kernel of H). 
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(b) A is *-regular if and only if it satisfies: 
For each hull H in Wo+ 4) and each P € Ig-(y \ H, 
there is some a € A\ ®(P) satisfying ®(a) € k(H). 
(c) Hence, if A is *-regular, then it has a unique C*-norm. 


Proof (a): Lemma 10.5.11 and the remark preceding the present proposition 
establish this. 

(b): Since II¢+ 4) is To, this condition implies that ® is injective. Fur- 
thermore, this is precisely the condition that the image under the map ® of 
a closed set in IIc¢-(4) be closed in II%,. Since @ is always continuous and 
surjective, this is a criterion for it to be a homeomorphism. 

(c): This is an immediate consequence of (a) and (b). oO 


10.5.13 Example _  Boidol [1984] lists three exponential Lie groups of 
dimension 5 and one parameterized family of such groups for which L}(G) 
has a unique C*-norm but is not *-regular. There are no other exam- 
ples of dimension 5 or less. Indeed, there are only two other exponential 
Lie groups of dimension 5 and one of dimension 4 for which L}(G) is not 
*_regular. These additional examples do not have unique C*-norms. All of 
the groups are solvable, so that L1(G) is amenable and in all cases L'(G) 
is not hermitian. We give more information in Chapter 12. 


10.5.14 Proposition Let A be a G*-algebra and let Z be a closed ideal 
of C*(A). If A/®* (LZ) has a unique C*-norm, then T is the closure of 
®(A) NZ. 


Proof Recall that Theorem 10.1.7(k) shows that A/®* (Z) is a G*-algebra. 
Let 7 be the closure of ®(A) NZ C Z. Consider the two natural maps 


@:A/®*(Z) 9 C*(A)/I and wp: A/O* (LZ) 9 C*(A)/T 
given by 

yp(a+ ®* (Z)) = (a) + Z and w(a+ ®* (Z)) = G(a) + J. 
Both of these maps are injective *-homomorphisms, so 


ar yoray/T(plat+®*(Z))) and Yor aysz(¥(at ®* (Z))) 


are C*-norms on A/®* (TZ). Thus Yo*(Ay/z(P(a) +T) = Yo+aysg (f(a) +7) 
holds for all a € A. If there were an element b € Z \ 7, then we could 
choose a sequence {b,}nen C A satisfying b = lim 6(b,). This would lead 
to the contradiction yo+(4)/z(®(bn) +Z) — 0 while yo-(4)/7(P(bn) +7) 
Yo" A) /7 (B(d) + J) #0. Hence we conclude J = Z. QO 


Theorem 10.1.22 shows that a *-ideal ZJ in a BG*-algebra A is again a 
BG*-algebra that satisfies yz = y,|z. It also shows that the construction of 
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the enveloping C*-algebra respects short exact sequences in the category of 
BG*-algebras. We need these results for the second and third conclusions 
of the next theorem, but the first conclusion holds even for G*-algebras. 


10.5.15 Theorem Let Z be a *-ideal in a G*-algebra A. 
(a) If A is *-regular, then A/T is *-regular. 
If A is also a BG*-algebra, then it also satisfies: 
(b) If A has a unique C*-norm, then Z has a unique C*-norm. 
(c) If A is *-regular, then T is *-regular. 
(d) IfZ and A/T are both *-regular, then A is *-regular. 


Proof (a): If p: A A/T is the natural map, then Proposition 10.1.4 and 
Theorem 10.1.11(c) give a commutative diagram: 
oA 
SO) 
| " C*(y) 
p@A/T 
A/T ————. C* ( A/T) 


with C*(y) surjective. Theorem 10.5.6 gives the commutative diagram: 


HA 
Il", oe IIo. (A) 
te lorwr 
: @A/Z 
77 ~——$§@§— lle (4/7) 
4 is a homeomorphism and C*(y)” is injective since C*(y) was surjec- 
tive. (Notice that ~ is injective by a similar observation, although we 
do not need this fact.) First note that 4/7 is injective since C*(y)” 
and 4 both are. Now suppose that H is a hull in IIg+;,4/z). Then 
C*(p)(H) = h*(C*(p)* (K(A))) shows that C"(y)(H) is closed. Thus 
oA/ T (#1) is closed since it equals * (@4(C*(y)"(H))). The continuity of 
@4/Z shows that its inverse sends closed sets to closed sets, so that ®4/7 
is a homeomorphism as we wished to show. 
(b) and (c): The following commutative diagram, in which we give no 
name to the embedding maps, covers the present situation. 
of 


fo C*(Z) 
j—— or). 


(Theorem 10.1.22 guarantees that the map of C*(Z) into C*(A) really is 
injective.) Theorem 10.5.5(b) and Corollary 10.5.7 then give: 


wher 
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pz 


I5 ——_—_—_C_— IIo. (Z) 


IT", \ iO Io«¢4) \ A*(C*(Z)) 


where the vertical maps are homeomorphisms. For (c) we merely have to 
note that ®2 is a homeomorphism if 64 is. 

For (b) we will use Theorem 10.5.12(a). Let H be a hull in Ice. z) 
that is a proper subset. Theorem 10.5.5(b) shows that H Uh*(C*(Z)) is 
a hull in II%,, so there is ana € A\ Ag with ®(a) € k(H UA*(C*(Z))) = 
k(H) k(h*(C*(Z))). Theorem 10.5.2(d) shows that k(h*(C*(Z))) is just 
the closure of ®,(/). Hence a actually belongs to the 7,4-closure of Z in A. 
Since a is not in Ag, we may assume y,(a) = 1. Choose b € T satisfying 
ya(b —a*) < 1. Then &(ab) belongs to TN k(H) and ya(ab) # O since 
ya(aa*) = 1 and ya(ab — aa*) < 1. This verifies Theorem 10.5.12(a). 

(d): Applying the constructions of Theorem 10.5.5 and Corollary 10.5.7 
to the diagram of Theorem 10.1.22, we get the commutative diagram: 


[ENE eye 
gz pA GA/I 


Ho+(z) ——— (Tex) \ h* (C* (Z))) U A*(C* (L)) ———>  Tle+ (4/7) 


where the horizontal arrows are homeomorphisms from the portions of the 
central spaces indicated. Under our hypotheses, the outer vertical arrows 
are homeomorphisms. Since the map represented by the central vertical 
arrow (which is always a continuous surjection) preserves the division of the 
central spaces into their two indicated parts, it must be a homeomorphism. 
0 


10.5.16 Example Following Barnes [1983a] we give an example of a com- 
mutative, unital, hermitian (hence symmetric), reduced Banach *-algebra 
A that does not have a unique C*-norm and, hence, is not *-regular. We 
shall only prove the latter fact explicitly. We begin with a construction first 
introduced in Gelfand, Raikov and Silov [1946]. 

Let {wn = e’*}nez be the doubly infinite sequence of positive real 
numbers where v,, is defined by 

|n| 


= 1 ———— Z, : 
vo = 1, v = age dal) ne Vn € Z\ {0} 


This sequence satisfies 


1< Wnam < WnWm Vn, me Z. 
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Let B be the Banach space of all complex sequences {bn}nez satisfying 
lBllw = donez|on|wn < co. The previous inequality shows that this is 
a commutative Banach algebra under convolution multiplication and the 
above norm. The equation limj,)_,. wi! In| — 1 shows that Ig can be 
identified with T C C (in an obvious way) according to §19.4 of the previous 
reference. Clearly B is hermitian. Theorem 2.11 of Domar [1956] shows that 
B is not completely regular since 5— log(wn)/n? is infinite. It is easy to see 
that b +> b* where (b*),, = b*,, for all n € Z is an involution on B that 
makes it a hermitian Banach *-algebra. Hence Proposition 10.5.9 shows 
that B is not *-regular. Barnes [1983a] Theorem 6.3 now shows that B also 
does not have a unique C*-norm. This theorem asserts that a commutative, 
hermitian Banach *-algebra B with 3 homeomorphic to T has a unique 
C*-norm if and only if it is *-regular. 


10.5.17 Example Following Barnes [1983a] again, we use the last ex- 
ample to produce another commutative, unital, hermitian, reduced Banach 
*-algebra A. This time A has a unique C*-norm but there is a norm- and 
y-closed *-ideal Z of A such that A/T does not have a unique C*-norm. 
This shows that the analogue of Theorem 10.5.15(a) fails when uniqueness 
of C*-norm replaces *-regularity. Furthermore, the same result shows that 
A is not *-regular even though it has a unique C*-norm. 

Let (B,||-||g) be any commutative, unital, hermitian, reduced Banach/ 
*_algebra that does not have a unique C*-norm such as the last exam- 
ple. Let A be the *-algebra under pointwise operations of all continuous 
complex-valued functions f on the compact space [ = Ig x [0, 1] such that 
n +> f(n,0) for all 7 € Ig belongs to B. It is immediate that A is a 
commutative, unital, hermitian *-algebra with Gelfand—Naimark norm 


ya(f) = sup{|f(n,t)|:7 €Ta;t€ [0,1)}} VFEA. 


It is a Banach *-algebra under the complete norm 


fll=va(f)+ |lOlls where 6=f(-,0) VfEA. 


Clearly the Gelfand space [, of A is just F. Let Z be the norm- and 
-4-Closed *-ideal 


T={f¢€A: f(7,0) =0 for all y € Tg}. 


Thus A/TZ is naturally identified with B and hence lacks a unique C*-norm. 

We will use the criterion of Theorem 10.5.12(a) to show that A has 
a unique C*-norm. Let H be a hull that is a proper subset of [. Then 
H cannot include the dense set I'3x]0,1]. Thus any non-zero, continuous 
complex-valued function f supported on (I'gx]0, 1]) \ H belongs to A and 
satisfies ®(f) € k(H), establishing the desired criterion. (Note that © is 
just the inclusion of A into C(T) ~ C*(A).) 
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Example 10.5.29 below will show that part (d) of the last theorem also 
fails when uniqueness of the C*-norm replaces *-regularity. 


10.5.18 Theorem A G*-algebra A is *-regular if and only if A/Z has a 
unique C*-norm for each y-closed ideal T of A. 


Proof If A is *-regular, then Theorem 10.5.15(a) shows that A/T is 
*-regular for each *-ideal J. Hence A/Z has a unique C*-norm by The- 
orem 10.5.12(c). 

Conversely, assume that A/Z has a unique C*-norm for each 7-closed 
ideal Z of A. Let @:A -+ C*(A) be the enveloping C*-algebra of A. Thus 
we must show that the inverse of the continuous surjection ®: IIc¢+(.4) 


II*, is continuous. It is enough to show that @(H) is closed for any hull 
H € Ic« ay. The *-ideal ®* (k(H)) is y closed in A, so A/®* (k(H)) has 
a unique C*-norm. Proposition 10.5.14 shows that k(H) is the closure of 
k(H) M ®(A). Hence @(H) = h*(@*(k(H))) is closed, as we wished to 
show. oO 


10.5.19 Proposition Let A be a BG*-algebra with enveloping C*-algebra 
®: A C*(A). 
(a) A has a unique C*-norm if and only if ®(A) NZ is non-zero for 
each non-zero closed *-ideal I of C*(A). 
(b) A is *-regular if and only if 6(A) MTZ is dense in I for each closed 
*-ideal I of C*(A). 


Proof (a): Let Z be a closed *-ideal of C*(.A). Suppose That ®(A) TZ is 
{0}. Then 


o(a+ Apr) = inf{y(®(a)—b):bE€Z} VatARpeA/Ar 


defines a C*-norm on A/Ar that differs from that induced by y. Hence if 
A has a unique C*-norm, (A) Z is non-zero for each closed *-ideal Z of 
C*(A). 

Conversely, assume that o is a C*-semi-norm on A different from (hence 
less than) y but with kernel Ap. Let & be the extension of o to C*(A) by 
continuity and let J = {b € C*(A) : o(b) = 0}. Then Z is closed and 
non-zero, but ®(A) NZ is {0}. 

(b): Assume that A is *-regular. If Z is a closed ideal of C*(A), then 
Theorem 10.5.18 shows that A/®* (Z) has a unique C*-norm, so Proposi- 
tion 10.5.14 shows that ®(.A) MZ is dense in Z. 

Conversely, suppose that A satisfies the density criterion. We shall use 
Theorem 10.5.12(b). Let H be a hull in Ig+(4) and let P € Io+:4) \ H be 
arbitrary. Then ®(.A)NZ is dense in J = k(H). There is some b € k(A) with 
inf{y(b — c): c € P} = 1. Choose a € ©* (Z) satisfying y(®(a) — b) < 
Then ®(a) € k(#) \ P, as required by Theorem 10.5.12(b). 
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10.5.20 Proposition Let A be a G*-algebra and let B be a *-subalgebra 
that is dense in (A,7,4) and is a G*-algebra in its own right. 

(a) If B has a unique C*-norm, then A does also. 

(b) Jf B is *-regular, then A is also. 


Proof (a): Let o be a C*-semi-norm on A vanishing exactly on Ar. Propo- 
sition 9.7.4 shows Bk = BM Ap. For any a € A, choose a sequence {b,} 
in B satisfying limp. ya(a — bn) = 0. If B has a unique C*-norm, then 
a(bn) = ya(bn) for all n, proving o(a) = y,4(a). Thus A has a unique 
C*-norm. 

(b): We will apply Theorem 10.5.18. Let Z be an arbitrary y,4-closed *- 
ideal in A. Theorem 10.5.12(c) shows that B has a unique C*-norm. Using 
Proposition 9.7.4 again as above, this uniqueness implies -y,4|z = yg. Thus 
BNT is yg-closed in B. Theorem 10.5.18 shows that B/(BNT) has a unique 
C*-norm. However, the map 


b+(ANT)» 6042 VbEB 


is an injective *-homomorphism of B/(BM TZ) onto a dense *-subalgebra of 
A/T, so that part (a) of the present proof shows that A/Z has a unique 
C*-norm. This shows that A is *-regular by Theorem 10.5.18. Oo 


10.5.21 Definition Let A be a BG*-algebra. 
(a) Let Ayn be the sum of all of the *-ideals of A that have a unique 
C*-norm. We call Ayn the uniqueness ideal of A. 
(b) Let Ag, be the sum of all of the *-ideals of A that are *-regular 
as *-algebras. We call Ag, the Barnes radical of A. 


The Barnes radical is named in honor of Bruce A. Barnes because of 
his paper [1983a]. Corollary 10.5.24 below asserts that it defines a radical 
subcategory in the semi-abelian category of BG*-algebras (cf. Definition 
4.7.5 in Volume I). Despite its similarity to the Barnes radical, the unique- 
ness ideal is not a radical because of Example 10.5.17. The reader will note 
many similarities between the Barnes radical and the Leptin radical, but we 
have not been able to formulate and prove a theorem encompassing these 
similarities. 


10.5.22 Lemma LetZ and J be *-ideals in a BG*-algebra A. If they 
both ( have unique C*-norms / are *-regular ), thenZI+ 7 ( has a unique 
C*-norm / is *-regular ). 


Proof Theorem 10.1.22 shows that we may assume A = T+ J. We use 
Theorem 10.5.12 and will only give the proof for *-regularity explicitly 
since the other case is similar. Let H be a hull in Ic-,4), and let P in 
IIc+(4) \ H be arbitrary. By symmetry, we may assume P ¢ h*(®7(Z)). 
Using Theorem 10.1.22 again, we may regard C*(Z) as a closed *-subalgebra 
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of C’*(A) and P as an element of IIc¢-(z) \ H. Since Z is *-regular, there 
is some a € Z C A satisfying @7(a) € k(H \ h*(Z)) and 67(a) ¢ P. Since 
Theorem 10.1.22 shows that we can identify 67 with the restriction to Z of 
$4 J is *-regular by the criterion of Theorem 10.5.12(b). 0 


10.5.23 Theorem Let A be a BG*-algebra. 

(a) The Barnes radical Ag, is a y-closed *-ideal that is *-regular as 
a *-algebra and includes the reducing ideal and hence the Jacobson 
radical. 

(b) Any *-ideal Z of A that is included in Apa satisfies 
(A/T) Ba = ABa/Z, which implies (A/Apa)Ba = {0}. 

(c) Any *-ideal T of A satisfies Tp, = IN Apa, which implies 
(ABa)Ba = ABa.- 

(d) For any *-ideal I of A, (A/T) Ba = {0} implies Ipq = ABa. 


Proof (a): The lemma shows that the sum of all *-regular *-ideals is also the 
union of all *-regular ideals. The proof that Ag, is *-regular is basically 
the same as the proof of the lemma. For this part of the proof we may 
replace Aga by A. Let A be a hull in Ie. 4), and let P in Ig. 4) \ H be 
arbitrary. There is some *-regular ideal Z such that P is not in h*(®7(Z)). 
Now follow the proof of the lemma to show that Ag, is *-regular. 

Consider the y,-closure of Ag, in A. Proposition 10.5.20 shows that 
this closure is a *-regular *-ideal, so Aga is closed. 

(b): Theorem 10.5.15(a) shows that Ag,/T is *-regular. This gives the 
inclusion Aga/Z C (A/TZ)ga. In order to prove the opposite inclusion, let 
J be the preimage of (A/Z)gq in A. Theorem 10.5.5(a) and Theorem 
10.1.22 show that the obvious maps of h*(7) C Ili, /T)p_ Onto II, and 
of h*(C*(7)) © Uce-((4/z)g,) Onto IIc¢+(z) are homeomorphisms. Since 
the map of I¢-((.4/2),,) onto I A/T) pe is a homeomorphism, the map of 
IIc.) onto II*, is also a homeomorphism. Hence 7 is a *-regular *-ideal 
of A and must be a subset of (A/Z)pa. The last sentence of (b) is an 
immediate consequence. 

(c): Theorem 10.5.15(c) shows that Ag, MZ is *-regular so it is included 
in Zp,. Conversely, Corollary 10.1.25 shows that Zz, is a *-regular *-ideal of 
A, so it is included in Ag, MZ. Again, the consequence noted is immediate. 

(d): Theorem 10.5.15(a) shows that Aga/(ABa NZ) ~ (Apa + T)/T is 
*_regular. If (A/Z) ga is {0}, this implies A4g,+Z = ZI and hence Zp, = Apa 
by (c). O 


10.5.24 Corollary The Barnes radical Ap, defines a radical subcategory 
of the semi-abelian category of BG*-algebras. 


Proof We verify Definition 4.7.5. The full subcategory consists of all 
*_regular BG*-algebras. Theorem 10.5.14(a) and (c) show that this sub- 
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category contains images and kernels. Theorem 10.5.23 gives (c) of the 
definition. O 


The next theorem is a pale copy of Theorem 10.5.23 above. 


10.5.25 Theorem Let A be a BG*-algebra. 

(a) The uniqueness ideal Ay, is a y-closed *-ideal with a unique 
C'*-norm that includes the Barnes radical, the reducing ideal and 
the Jacobson radical. 

(b) Any *-ideal I of A satisfies Zyn =ZIN Aun, which implies 
(Aun)un = Aun. 


Proof The proofs of (a) and (c) in Theorem 10.5.23 are easily modified to 
give these results. Oo 

Theorem 10.5.15(d) shows that the unitization of a non-unital *-regular 
BG*-algebra is again *-regular. It is disappointing to discover that the 
unitization of a non-unital BG*-algebra with a unique C*-norm may have 
more than one C*-norm. This proves that Theorem 10.5.15(d) cannot be 
extended to cover uniqueness of the C*-norm. We will give an example of 
a commutative, non-unital Banach *-algebra that exhibits this flaw below. 
Here is a general criterion which is not always easy to apply. 


10.5.26 Theorem Let A be a non-unital G*-algebra with a unique 
C*-norm. Its unitization A! has a unique C*-norm if and only if C*(A) is 
non-unital. 


Proof ‘Theorem 10.1.7(f) shows that the Gelfand—Naimark semi-norm ‘+ on 
A! is equivalent to A+a+> |A|+7,(a) for all \+a€ A!. Thus as a linear 
space, C*(A!') can be identified with C @ C*(A). 

Suppose that C*(A) has an identity element e. Then 1 — e € C*(A’) 
is an idempotent so C(1 — e) @ C*(A) is a direct sum decomposition of 
C*(A?) as a *-algebra. Thus o(A + a) = sup{y4(Ab + ab) : 7.4(b) < 1} and 
(A + a) = max{o(A + a), |A|} are two distinct C*-norms on A+ a € A!. 
These two C*-norms arise because of the closed *-ideal C(1 — e) of C*(A’) 
according to Proposition 10.5.19(a). 

Conversely, if A! does not have a unique C*-norm, Proposition 10.5.19(a) 
shows that there is a non-zero closed ideal Z in C*(A!) with ®(A!)NTZ zero. 
This implies 6(4A) MZ = {0}. Applying the same proposition to A we see 
TNC*(A) = {0}. Since Z is non-zero, TC*(A) C TN C*(A) = {0} implies 
that 

J = {be C*(A') : bC*(A) = {0} } 


is non-zero. However, this gives a non-trivial direct sum decomposition 
of the *-algebra C*(A!) = 7 @ C*(A). Under this decomposition we get 
1 = 6+e, where e must be a multiplicative identity for C* (A). oO 
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10.5.27 Corollary The unitization A’ of a non-unital yS*-algebra A has 
a unique C*-norm if and only if A does. 


Proof This is an immediate consequence of Theorem 10.5.26 and Proposi- 
tion 10.4.27. oO 


10.5.28 Corollary Let G be a non-discrete locally compact group. The 
unitization L}(G)! of L'(G) has a unique C*-norm if and only if L1(G) 
does. 


Proof It is well known that C*(G) = C*(L}(G)) is non-unital for non- 
discrete locally compact groups, so Theorem 10.5.26 applies. oO 


10.5.29 Example We follow Barnes [1983a] in constructing a non-unital, 
commutative, reduced Banach *-algebra A with a unique C*-norm such 
that A! does not have a unique C*-norm. It is a variation on Example 
10.4.26, doctored to have a unique C*-norm. Let I be the subset DUR 
of C x R, where D is the disc D x {0} and R is the rectangle {(t,s):t € 
[-—1,1] C D; s € (0, 1]}. Thus D and R are joined along their common line 
[—1,1] x {0}. Let B be the pointwise algebra of continuous functions on [ 
that are analytic on the interior of D = Dx {0}. This is a *-algebra with the 
involution f*(A,s) = f(A*, s)* for all f € B and (A,s) € [. Clearly, [ can 
be identified with the Gelfand space of B, and C*(B) can be identified with 
C(R). The map ® simply restricts a function in B from [ to R. After we 
identify R with IIc» pg), Proposition 10.5.19(a) shows that B has a unique 
C*-norm. 

Let A be the *-ideal {f € B: f(z,0) = f(—7,0) = 0} of B. Clearly (or 
by Theorem 10.5.14(b)), A has a unique C*-norm. It is also a non-unital, 
commutative, reduced Banach *-algebra. Finally, C*(A) can be identified 
with the unital algebra C(R). Theorem 10.5.26 shows that A! does not 
have a unique C*-norm. 


*.Regularity and Tensor Products 


Our discussion is based on Wilfried Hauenschild, Eberhard Kaniuth 
and Andreas Voigt [1990]. They extend §5 of Barnes [1983a], which only 
applied to Type I *-algebras. In order to avoid the Type I hypothesis, we 
are forced to consider the factorial structure space ®, (Definition 9.6.14) 
instead of the *-structure space II*,, as we have done up to now in this 
section. Recall that the *-structure space may be regarded as a subset of 
the factorial structure space. It has the relative topology as a subset of 
® 4, since both carry the Jacobson topology. We begin by translating the 
criteria of Theorem 10.5.12 from the structure space Hco+,4) to ®cx(,). 
Notice that the analogue ©’: ®o+(4) > Py of @ is a continuous surjection 
of ®c+(4) onto ®, for the same reason that ® is a continuous surjection of 
IIco~() onto It*,. 
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Corollary 10.1.44 above strengthens some results from Barnes [1983a] on 
Type I BG*-algebras and also shows that there is a natural *-isomorphism 
of (A @ B)/(A® B)r onto (A/Ar) ® (B/Br). This natural *-isomorphism 
allows us to use freely the results from Section 10.1 where, for simplicity, 
we assumed that *-algebras with a unique C*-norm were always reduced. 


10.5.30 Lemma Let A be a BG*-algebra. 

(a) A has a unique C*-norm if and only if it satisfies: 
For each hull H that is a proper subset of ®c+( 4), 
there is somea€ A\ Ap satisfying ®(a) € k(H) 
(where k(H) =(\gcey Q is the kernel of H). 

(b) A is *-regular if and only tf it satisfies: 
For each hull H in ®c-(4) and each P € Ice) \ A, 
there is some a € A \ '(P) satisfying ®(a) € k(H). 


Proof Theorem 10.5.2(d) shows that each ideal Q in the factorial structure 
space is the intersection of those primitive ideals that include it. This shows 
that each hull H in ®c-(,) is the closure of HM Ic¢-(4). Thus this result 
is an immediate translation of Theorem 10.5.12. Oo 


10.5.31 Ideals in Completed Tensor Products We need information 
on the factorial structure spaces of the completions of the algebraic tensor 
product of two BG*-algebras under various C*-norms. Let A and B be 
reduced BG*-algebras with unique C*-norms, and let a be a C*-norm on 
their algebraic tensor product A @ B. Theorem 10.1.45 shows that a is 
reasonable and satisfies 


a(t) = ones(t) < a(t) < y(t) = Yen(t) Vite ASB, 


where 0 = 0.4@p and y = 7.A4@B are the spatial norm and Gelfand—Naimark 
norm, respectively. This shows that there are surjective, necessarily con- 
tractive, *-homomorphisms 


6% : C*(A@ B) ~ C*(A) @= C*(B) ~ A®, B> A@,B 


and 
Uw" :A@,B3A®,B. 


Let S:A — B(H) and T:B — B(K) be *-representations and define 
S®T:A®B-— B(H®K) as in Theorem 10.1.33. Since S@T is continuous 
with respect to the spatial norm, for each such C*-norm a there is an 
extension S @®. T:A ®, B > B(H @®K). The last remark in Theorem 
10.1.38 shows that if S and T are both factorial or both irreducible, then 
S @q T is factorial or irreducible, respectively. This construction defines 
maps 


f%4 -O, x Og > Byg.B and fot 1%, x TS > Mae. 
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given by (ker(S), ker(T’)) + ker(S ® T). 


Now suppose that T is a *-representation of 4@,8 on H. Then Theorem 
10.1.31(d) shows that T|,g@, can be written as R© S for *-representations 
R:A — B(H) and S:B — B(H). The decomposition extends to T on 
A ®q B. Theorem 10.1.38 again shows that R and S are factorial if T is. 
This construction defines a continuous map 


g* : Bag. B > Py, X Og given by ker(7') +> (ker(R), ker(S)). 


To see the continuity, let ( H / K ) beahullin(®, /@g). Then(H/K) 
consists of the factorial *-representations that vanish on ( k(H) / k(K) ). 
Thus (g%)~!((®@4\H) x(®g\K)) is the open set of factorial *-representations 
which do not vanish on k(H) @B+ A@k(K). 

Clearly, ( g% o f% / g* o f% ) is the identity map on ( 4 x Og / 
II*, x If, ). Hence ( f®! / fT ) is an open and closed bijection of ( ®4 x ®g / 
II*, x IZ ) onto its image ( ®4x.3,9 / Wax.e,e ) in ( ®4x.B / Waxes )- 
It appears to be unknown whether f°! is continuous and hence a home- 
omorphism onto its image, but we will show that it is a homeomorphism 
when a is the spatial C*-norm o and f7} is surjective onto 64,,3. The 
image of f7t is always dense in Il4x,5. To see this, recall from Theorem 
10.1.33(f) that T’ @ T7 is unitarily equivalent to T’®7. The equality of 
the two formulas in equation (10.1.23) shows that the image of f°! defines 
the norm and hence separates points in A x, B. Thus the image is dense. 

Furthermore, f7' is always a homeomorphism onto its dense range, as 
shown by the following commutative diagram. 


ee eee anne aT SM 


kxk ‘2 


‘es 
I’, x 13 ————_—_——— I 49. 8 
The other maps in the diagram were defined in 89.6.13, where it was shown 
that they are continuous and open. 


10.5.32 Lemma Let A and B be C*-algebras and let T: A@, B > B(H) be 
a factorial *-representation with restrictions R and S. Then ker(T|,gp) = 
ker(R @ S) and ker(T) C ker(R @, S). 


Proof Theorem 10.1.33(a) notes that the map Tyg, +> Rg © Sp is a *- 
isomorphism of T'4gzB onto Ry, ® Sg. Thus the equality is clear. Tyg. gB 
is the operator norm closure of T'4g, so the above *-isomorphism can be 
extended to be a *-homomorphism of T4g,5 onto R4 ®o Sg. This gives 
the inclusion. a) 
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There are many properties equivalent to equality in the last inclusion. 
Some were first studied by Jun Tomiyama in [1967], where he introduced 
the following property. 


10.5.33 Definition The spatial tensor product A@,B of two C*-algebras 
A and B is said to satisfy Tomiyama’s property (F) if the set of tensor 
products w @ 7 of pure states w € AL and 7 € Bl, separates its closed 
ideals. 


We shall omit the next two proofs, referring the reader to Hauenschild, 
Kaniuth and Voigt [1990] 2.2-2.5. Definition 10.1.39, Theorem 10.1.43 and 
associated results describe nuclear BG*-algebras and C*-algebras. 


10.5.34 Theorem The following conditions are equivalent for the spatial 
tensor product A ®, B of two C*-algebras A and B. They all hold if either 
A or B is nuclear. 

(a) A@,B has Tomiyama’s property (F). 

(b) For any *-representations S of A andT of B, 


ker(S @, T) = ker S ®, B+ A ®, ker(T). 
(b’) For any factorial *-representations S of A andT of B, 
ker(S @, T) = kerS 8, B+ A @jq ker(T). 


(c) For any factorial *-representations T of A®, B with restrictions R 
and S, 
ker(T) = ker(R @, S). 


(c’) For any irreducible *-representations T of A®, B with restrictions 
R and S, 
ker(T) = ker(R @, S). 


(d) The map f??: ®, x Og > O4g_p is surjective. 


10.5.35 Theorem [f the spatial tensor product A®, B of two C*-algebras 
A and B has Tomiyama’s property (F), then 


f%t: O,4 x Og 9 Oyg_p 


is a surjective homeomorphism and any closed ideals I of A and J of B 
satisfy 


I ®o B+ A®s J =({P @o B+ AB, Q: PENT); QE A(T). 


10.5.36 Theorem Let A and B be C*-algebras. Then the algebraic tensor 
product A® B is *-regular if and only if it has a unique C*-norm and the 
spatial tensor product A ®, B has Tomtyama’s property (F). 


10.5.37 *_Regularity 1139 
In particular, if A or B is nuclear, then A@ B is *-regular. 


Proof If A@B is *-regular, it has a unique C*-norm, so A®@, B = A®,B = 
C*(A ® B). Let T:A@, B > B(H) be a factorial *-representation with 
restrictions R: A > B(H) and S:B + B(H). By Theorem 10.5.34, it is 
enough to show ker(7') = ker(R @, S). Lemma 10.5.32 shows ker(T) C 
ker(R ©, S). Suppose that the inclusion were proper. Theorem 10.5.12(b) 
would give an element t € A ®B satisfying T; 4 0 and (RO, S); = 0, 
contradicting the other result of Lemma 10.5.32. 

The opposite implication follows from Theorem 10.5.37(a) below. 

Finally, if A is nuclear, then A ® B has a unique C*-norm and A @, B 
has Tomiyama’s property (/F) for all C*-algebras B. O 


Example 2.8 of Hauenschild, Kaniuth and Voigt [1990] points out that 
property (F’) by itself does not imply C*-uniqueness since C'* (Fo) @¢ C* (Fo) 
is simple and hence satisfies property (F) but C*(F2) @ C*(F») does not 
have a unique C*-norm. 


10.5.37 Theorem Let A and B be BG*-algebras. 
(a) A@B is *-regular if and only if A, B and C*(A) @ C*(B) are 
*-regular. This occurs tf and only if A, B are *-regular and 
C*(A) @ C*(B) has a unique C*-norm and Tomiyama’s 
property (F). 
(b) A@B has a unique C*-norm if and only if A, B and C*(A) @C*(B) 


have unique C*-norms. 


Proof (a): Suppose first that A, B and C*(A) @ C*(B) are *-regular. 
Theorem 10.5.36 shows that C*(A) @ C*(B) has a unique C*-norm and 
its completion C*(A) ®, C*(B) = C*(A ®@ B) satisfies property (F'). We 
want to apply Lemma 10.5.30(b), so let the hull H in $¢-(,4gg) and 
P € Ic-(Agpy \ H be arbitrary. We must find some t € A@ B \ ©! (P) 
satisfying @4©5(t) € k(H). Theorem 10.5.35 shows that 


f7 ; ®o-(A) xX ® c+(B) —> Po+(AQB) 


is a surjective homeomorphism with inverse g’. Let Z € ®c+ 4) and 
J € ®c+(gy satisfy f?!(Z,7) = P and choose neighborhoods U C ®c+ (a) 
of J and V C ®c-(g) of J so that U x V is disjoint from g’(H). Since A 
and B are *-regular, we can find a € A \ @'(Z) and b € B \ ©'(7) satisfy- 
ing ®4(a) € Bc+4) \U and $%(a) € $c-(p) \V. Hence a @ b ¢ P and 
425 (4 @ b) € k(H). 

Conversely, assume that A ® B is *-regular. Proposition 10.5.20(b) 
shows that C*(A) © C*(B) is *-regular, which implies C*(A) @, C*(B) = 
C*(A @®B). Theorem 10.5.36 shows that C*(A) @, C*(B) has property 
(F), so Theorem 10.5.35 states that f*} : Do. (A) * ®c-(B) — ®C-+(A@B) is 
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a homeomorphism. We will use Lemma 10.5.30(b) again to show that A 
is *-regular. Let the hull H in ¢-(4) and P € Sc-(4) \ H be arbitrary. 
Then the subset H’ = f°!(H x ®c+(gy) is closed in c+, 4gp) and R = 
f°#(P, Q) is not in this set for any Q € ®c-+(g). Hence by assumption 


and Lemma 10.5.30(b), there is some t = )>7_, ax @ by ¢ ®'(R) satisfying 
@495(+) € k(H'). Assume that {bi,b2,...,bn} is linearly independent. 
Choose m so that dm @bm ¢ ©'(R). This implies a,, ¢ ®'(P). We 
must still show a,, € k(H). Since *-regularity is not changed by dividing 
out the reducing ideal, we will assume that A and B are reduced. We 
know )-,_, Sa, ® Ts, = 0 for all factorial *-representations S of A with 
ker(S) € H and all factorial *-representations T of B. This can be restated 
as 


S_(Saet,y) ® (To, 2,w) = 0, 
k=1 


where z,y € H® and z,w € H’ are also arbitrary. Since there are enough 
factorial *-representations (indeed enough irreducible *-representations by 
Theorem 9.7.2) to separate the points of B, and since {b;,b2,...,b,} was 
chosen linearly independent, the displayed equation can only hold if each 
Sa, is zero for all S with ker(S) € H. In particular, a, belongs to k(#), 
as we wished to show. 

(b): Corollary 10.1.44(c) shows that A and B have unique C*-norms if 
A ® B does. Since A @ B is dense in C*(A) ® C*(B) with respect to its 
Gelfand—-Naimark norm by Theorem 10.1.20(b), Lemma 10.5.30(a) shows 
that the latter *-algebra has a unique C*-norm. 

Now suppose that A, B and C*(A) @ C*(B) all have unique C*-norms. 
Using Corollary 10.1.44(a), we may assume that all of the *-algebras are 
reduced. This time we can use Theorem 10.5.12(a). Let H be an arbitrary 
hull that is a proper subset of Ic¢+(4gg). We must find some t € A®B 
with 6425 (¢) in the kernel k(H). We know C*(A) @, C*(B) = C*(A@B). 
As pointed out in §10.5.31, f7? : IL, x Ig > Tyg, is a homeomorphism 
onto a dense subset with g’ as inverse. Hence g’(H) is a proper closed 
subset of Il, x I[g. Therefore, there are non-empty open subsets U and V 
of Il, and Ig, respectively, satisfying f?'(U x V) NH = 9. Since A and B 
have unique C*-norms, Theorem 10.5.12(a) shows that there are non-zero 
elements a € AN k(Ig-(4) \U) and b € BN k(II c+ py \ V). 

We will show that a @ b belongs to k(H), completing the proof. It is 
enough to show that 7.) = 0 for any irreducible *-representation T with 
ker(T) € H. Let R and S be the restrictions of T to C*(A) and C*(B), 
respectively. If Tag, = 0 is false, we can choose irreducible *-representations 
R and S weakly contained in R and S, respectively, satisfying R, 4 0 and 
Sp 4 0. Lemma 10.5.32 shows ker(T) C ker(R @, S) C ker(R @, S), which 
implies ker(R@,S) € H. However, the choices of a and b imply ker(R) € U 
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and ker(S) € V, which, in turn, imply ker(R®,S) ¢ H. This contradiction 
completes the proof. oO 


A special case of the next result is due to Barnes [1983a], Theorem 5.8. 


10.5.38 Corollary Let A and B be Banach *-algebras. 
(a) Then A®B is *-regular if A, B and C*(A) @ C*(B) are *-regular. 
(b) Then A®B has a unique C*-norm if A, B and C*(A)®C*(B) have 


unique C*-norms. 


Proof Theorem 10.2.8 shows that Banach *-algebras are BG*-algebras 
and that their Gelfand—Naimark semi-norms are continuous with respect 
to their complete norms. Hence equation (20) of Theorem 10.1.31 shows 
that y,@s is continuous with respect to the projective tensor norm. Thus 
YA@B can be extended to the projective tensor product by continuity and 
A ® B is ysgp-dense in A®B. Proposition 10.5.20 now shows that A®B 
( is *-regular / has a unique C*-norm ) if A@B ( is *-regular / has a unique 
C*-norm ). The last theorem completes the argument. O 


For a locally compact group G, recall that Corollary 10.1.41 shows that 
L(G) is nuclear if and only if it has a unique C*-norm and Corollary 
10.1.42 shows that L!(G x H) is nuclear if L'(G) and L'(A) are. (We 
could have used the last corollary in the proof of Corollary 10.1.42.) We 
do not know whether this sufficient condition is also necessary, but for 
*_regularity the result is necessary and sufficient. A locally compact group 
G is called Boidol (Definition 12.5.19) if L'(G) is *-regular. 


10.5.39 Corollary For locally compact groups G and H, G x H is Boidol 
if and only if G and H are Boidol. 


Proof The natural projections of G x H onto G and H are continuous 
open group homomorphisms, so the theorem in §1.9.12 shows that L1(G) 
and L'(H) are quotients of L'(G x H). (The maps in this theorem are 
obviously *-homomorphisms, although this was not pointed out in Volume 
I.) Hence Theorem 10.5.15(a) shows that £1(G) and L1(#) are *-regular if 
L'(G x HB) is. 

Corollary 1.10.14 explains L}(G)@L'(H) ~ L'(G @ H) as an isometric 
isomorphism. The isomorphism is obviously a *-isomorphism. If L1(G) and 
L'(H) are *-regular, then they are nuclear by Corollary 10.1.41. Hence 
C*(G) and C*(#) are nuclear by Proposition 10.1.40. Theorem 10.5.36 
shows that C*(G) @ C*(#) is *-regular. Hence Corollary 10.5.38 shows 
that L}(G)®L'(H) ~ L}(G @ BH) is *-regular. Oo 


Hauenschild, Kaniuth and Voigt [1990] give extensions of some of these 
results to infinite tensor products. 

We remark again that Barnes [1983a] has a number of examples of 
BG*-algebras that are *-regular or have unique C*-norms. 


1142 10: Special *-Algebras 10.6.1 
10.6 *-Algebras with Minimal Ideals 


Chapter 8 in Volume I deals with algebras and Banach algebras that 
have enough minimal ideals to allow structural analysis using them. Here 
we specialize these results to *-algebras, some of which satisfy conditions 
introduced in previous sections of this chapter. In Chapter 8 many results 
depend on assuming that the algebra is semiprime. Here we usually assume 
that the *-algebra A is proper (Definition 9.7.18). This means that for any 
ace A, 

aa=0 => a=0. 


Theorem 9.7.21 shows that A is semiprime if it is proper. 

In a *-algebra, a projection is a hermitian idempotent. We call a projec- 
tion p in a *-algebra A minimal if pAp is a division algebra. This is just a 
special case of Definition 8.2.1 in Volume I. The set of minimal projections 
in A is denoted by Ayp. The discussion after Definition 8.2.1 shows that 
a projection that is minimal in this sense is also minimal in the order of 
projections (where g < p means pq = gp = q). The next proposition is just 
an adaptation of Proposition 8.2.2 to *-algebras. 


10.6.1 Proposition Let A be a proper *-algebra. 

(a) Every minimal ( left / right ) ideal of A has the form ( Ap /pA ) 
for a unique projection p in A. The projection p is a minimal 
projection. 

(b) Conversely, if p is a minimal projection in A, then ( Ap / pA ) is 
a minimal { left / right ) ideal of A. 

(c) The socle Ar of A is the *-ideal AAypA = AAup = AmpaA. 


Proof (a): Let £ be a minimal left ideal and let @ be a non-zero element 
of £L. Denote a*a by h, so h is a non-zero hermitian element of £. Since 
L is minimal and h? is non-zero, £ = Ah. If b (hence b*b) were a non-zero 
element of £ satisfying bh = 0, we would get the contradiction £ = Lh C 
Abh = {0}. Hence any element of £ that is in the left annihilator of h must 
be zero. Since £ = Lh, there is some e € CL satisfying eh = h. This gives 
(e? — e)h = eh — eh = 0, proving e? = e. Minimality of CL shows L = Le. 
We conclude h = he and hence h = h* = (he)* = e*h. Define p to be 
e*e, which gives p € L, ph = h and (p* — p)h = O. Thus pis a projection 
satisfying £ = Ap = Lp. 

If g were another projection satisfying £ = Aq, then p,q € £ = Aq = Ap 
implies gq = ap = app = gp and p = bq = bqq = pq for some a,b € A. The 
involution shows g = gp = (pq)* = p, proving uniqueness. Furthermore, 
p is a multiplicative identity for pAp and pap € pAp \ {0} implies ppap € 
Apap C L. Minimality of £ then gives £ = Apap, so there is ab e€ A 
satisfying bpap = p. But this shows that pap is invertible in pAp since 
p = pbppap. Hence p is a minimal idempotent. 
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(b): No change needs to be made in the proof of this portion of Propo- 
sition 8.2.2. 
(c): Since A is semiprime, (a) and Proposition 8.2.8 give this result. 0 


10.6.2 Theorem Let p be a minimal projection in a proper *-algebra A 
that is either normed or spectral. 

(a) Then pAp equals Cp. 

(b) For any a € A, pa*ap is a positive multiple of p unless ap = 0. 

(c) The map wp: A — C defined by 


Wp(a) = A where pap = Ap 
is a positive linear functional. Its left kernel satisfies 
Ay, = {ae A:w,(a"a) = 0} = {ae A: ap=0} =A(l —p). 


Hence Ap = A/A., = A’? is a pre-Hilbert space under this module 
isomorphism and the inner product 


(ap, bp)» = wp(b*a) = A where pb* ap = Ap 


with corresponding norm || -||p. In order to simplify notation, we 
denote the Gelfand—Naimark pre-*-representation induced by wp 
on Ap by L?. It is algebraically irreducible with kernel 1 4(Ap) 
= raA(pA). 

(d) Ifa: A— R, ts either a norm or a spectral semi-norm, then wp is 
continuous with respect to o, satisfying |wp(a)| < o(p)o(a) for all 
a€ A. This implies 


llapllp <o™(a*a)/? and [LE] <o™M(a"a)'/? Va A. 


Hence the pre-*-representation L? induces a topologically irreducible 
*.representation T? of A on the Hilbert space completion H? of 
(Ap, (-,-)p) with the same kernel as L?. 

(e) The Raikou-Ptak functional T satisfies 


llapllp << r(a@) sands [|T7|| s ya) < 7a) VaEd. 


Proof (a): Under either hypothesis, pAp is a normed division algebra. 
Hence Theorem 2.2.3 (Gelfand—Mazur) shows that pAp is isomorphic to C 
under the map a+> X, where X is the unique element in Sp(a). Since p is 
the identity element of pAp, pAp = Cp. 

(b): Define A and p in C by pa*ap = Ap and pap = pp. Assume 
ap # 0. Since A is proper, A is non-zero. Define ¢ by uw = ¢l|yu| (whether 
or not |u| = 0). Since p is a projection, we find Sp(pa*ap) C {A,0} and 
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Sp(pap) C {u,0}. Hence Proposition 9.1.2 shows that A is real and pa*p = 
u*p. It is enough to show A # —?? for any real non-zero t. Otherwise, the 
proper nature of A and the calculation 


(ap — iCtp)*(ap — iCtp) = —t*p + it|u|p — it|y|p + t?p = 0 


would show ap = iCtp and hence pa*ap = +t?p. 

(c): The notation L? (without any involutive structure) was introduced 
after Proposition 8.2.4 for the restriction of the left regular representa- 
tion of A to Ap and used throughout Chapter 8 in Volume I. This is why 
we are using L? for this same representation considered as the Gelfand- 
Naimark pre-*-representation induced by wy. In the present theorem, T? 
is an extension (to the completion of Ap in its Hilbert space norm) of the 
representation L? of Proposition 8.4.4. 

For any a € A, (b) and the equation pa*ap = (ap)*(ap) = Ap = 
W,(a*a)p show that w, is a positive linear functional. The first equation in 
the first display is just the definition of the left kernel. An element a € A 
satisfies w,(a*a) = 0 if and only if pa*ap = Ap = 0. The proper nature of A 
implies ap = 0. The last equation is then obvious and immediately implies 
the module isomorphism Ap ~ A/A,,, = A”?. The second display is just 
the interpretation of the Gelfand—Naimark construction in terms of this 
module isomorphism. The algebraic irreducibility of Z? and its kernel are 
given by Proposition 8.4.4. The equality of ,4(Ap) and p4(pA) depends on 
the fact that each is a *-ideal, which can be checked by calculating adjoints. 

(d): In either case, o(p) > 1 since pis a non-quasi-invertible idempotent. 
Hence any a € A satisfies 


o(Ap) _ o(pap) 
Wp(a) aa [Al = a(p) mas a(p) < a(a)o(p), 

where J is defined by pap = Ap. Proposition 9.4.12 gives the two displayed 
inequalities and the second shows that L? is bounded. Hence L? induces 
a *-representation T? on the completion of Ap in the Hilbert space norm 
l|-||p. This is topologically irreducible since L? is algebraically irreducible. 
The kernels of L? and T? are the same since T? is just the extension of L? 
by continuity for each a € A. 

(e): Theorem 2.2.2 (d) and the definition of 7 show this. Oo 


It seems worthwhile to interpret this result in a particularly transparent 
case. Theorem 10.6.10 below also applies to this example. Let A be the 
*_algebra Br(H) described in §9.1.14. For any unit vector z € H the rank- 
one operator z © z* is a minimal projection and each minimal projection 
has this form. Let p in the theorem be z @ z*. Fora =z @y* € A we get 


pap = (z @z*)(z @y*)(z @ z*) = (az, z)(z, y)(z @ z*) = wy(a)p. 
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The left ideal Ap thus equals {x®z* : x € H} with norm and inner product 


Ic @2"|[p=|[zl] (e@2",y@z")p=(z,y) Vxr@z",y@z2" € Ap. 
Hence, in this case, Ap is already complete in its norm, giving L? = T? and 


Trew: (£2 ® 2") = (2, w)y ® 2" Vy@w* €A,x@2* € Ap. 
Thus the unitary operator W: Ap — H defined by W(az ® z*) = 2 for all 
zt @z* € Ap (with inverse W~'(x) = x ® z* for all z € H) gives a unitary 
equivalence between T? and the identity representation: 


WTP 


yaw WV" (z) = (z,w)y = (y@w")(z) Vy@w* EA rEH. 


Notice that {apb: a,b € A} is just the set of rank-one operators (no matter 
what choice of a minimal projection p we make). Since Br(H) is an ideal 
in its completion under its many useful cross norms (e.g., the operator 
norm, the Hilbert-Schmidt norm, the trace norm, or any of the C? norms), 
they are all spectral when restricted to A and thus satisfy (as one may 
easily check directly) result (c) in the theorem. If A is chosen to be the 
completion of Br(H) in one of these norms, nothing essential changes in 
the above analysis. Recall that under our agreement on notation, ApA is 
the linear span of {apb: a,b € A}. Thus it is easy to see that, in every one 
of these completions and for any minimal projection p, Ap A is the socle of 
A. 

As in the last theorem, when p is a minimal projection in a proper 
*_algebra A, the *-representation that is the restriction of the left regu- 
lar representation to the minimal left ideal Ap is denoted by L? and its 
extension to the resulting Hilbert space is denoted by T?. 


10.6.3 Theorem Let A be a *-algebra that is either normed or spectral. 
Let the left annthilator of the socle Ar be zero. Then A is reduced if and 
only if it is proper. When these properties hold, ®peAypl” is a faithful, 
essential Hilbert sum of the topologically irreducible *-representations T?. 


Proof Theorem 9.7.21 shows that a reduced *-algebra is proper and a proper 
*_algebra is semiprime. Conversely, suppose that A is a proper *-algebra 
that is either normed or spectral. The last theorem shows that T? is defined 
and topologically irreducible. The displayed inequality in (d) of the last 
theorem shows that the Hilbert sum is defined. When the left annihilator 
of Ap is {0}, it is certainly faithful according to the identification of the 
kernel of JT’? in (b) and (c) of the last theorem. O 


The following result was obtained in Theorem 9.7.22 based on the enu- 
meration of finite-dimensional *-simple, *-algebras in Theorem 9.1.46. The 
present proof is independent of that enumeration. 
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10.6.4 Corollary A finite-dimensional *-algebra is reduced if and only if 
it ts proper. 


Proof Theorem 9.7.21 shows that a reduced *-algebra is proper and a 
proper *-algebra is semiprime. 

Suppose that A is a proper finite-dimensional *-algebra. The above 
remark and Theorem 8.1.1 shows that it is semisimple. Hence Theorem 
8.7.11 shows that A has a dense socle. 

A finite-dimensional algebra such as A is both normed and spectral since 
||a|| is a Banach algebra norm when defined as the operator norm ||L1]| of 
the extended left regular representation L+ of a relative to an arbitrary 
linear space norm for the finite-dimensional linear space A!. Hence the 
previous theorem applies to show that A is reduced. oO 


10.6.5 Theorem Let A be a proper *-algebra. Then the socle of A is 
included in the Leptin radical of A: 


Ar C At. 
Proof Theorem 9.8.6(b) asserts 


A= (|) PnP*. 
PES(A) 


Since Proposition 10.6.1(c) shows that the socle is a *-ideal, it is enough 
to show Ar C P for each P € S(A). The definition of S(A) in Theorem 
9.8.6 shows that for any P € S(A) there is a maximal left ideal £ and an 
element a € A satisfying 


PACL and A(1+a*a) CCL. 


Writing Ar as AAywp by Theorem 10.6.1(c), we see that it is enough to 
show 
pe A(1+a‘*a) Vpe€ Amp; aca. 


For any such p and a, write t = (1+w,(a*a))~' and z = (1 — p)a*ap, and 
observe 


z*z = pa*a(1 — p)a*ap = (w,((a*a)”) — wp((a*a))”)p = 0 


since the numerical coefficient of p is non-negative by (b) and non-positive 
by (5) of Lemma 9.4.3. Hence z = 0 since A is proper. From this we derive 


tp(1 + a*a) = tp(1+a*a)p+ tpa*a(l —p) =p+tz" =p, 


which is what we wished to conclude. oO 
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10.6.6 Corollary Any proper *-algebra with its socle dense in some 
spectral norm is symmetric. 


Proof Corollary 9.8.8 shows that the symmetric radical is closed in any spec- 
tral norm. The definition of the symmetric radical shows that a *-algebra 
is symmetric if and only if it equals its symmetric radical. O 


Corollary 11.1.18 below uses the last corollary to show that the following 
are equivalent for a finite-dimensional *-algebra A: 


A is proper. = A is reduced. = A is semiprime and symmetric. 
& A is a C*-algebra. 


As noted above, these results were already proved in a different way in 
Theorem 9.7.35. 


10.6.7 Theorem A G*-algebra that is a modular annthilator algebra is 
a yS*-algebra if and only if its Jacobson radical equals its reducing ideal. 


Proof Theorem 8.4.12 shows that the Gelfand—Naimark semi-norm +¥ of a 
modular annihilator G*-algebra A is spectral if and only if the Jacobson 
radical of A is y-closed. Since Theorem 9.7.11 shows Ay C Ap = {aE A: 
(a) = O}, this is true if and only if Ay = Ap. oO 


10.6.8 Corollary Any reduced G*-algebra that is a modular annihilator 
algebra is a yS*-algebra and hence completely symmetric. 


10.6.9 Corollary Any reduced, spectral normed *-algebra that is a dual 
algebra, an annihilator algebra, a left annthilator algebra, a completely con- 
tinuous algebra, a left completely continuous algebra or has a dense socle is 
a yS*-algebra. 


Proof Proposition 10.2.6 shows that the *-algebra is a G*-algebra. Theo- 
rem 8.7.11 shows that each of these conditions implies that the algebra is 
a modular annihilator algebra. Since reduced *-algebras are always semi- 
simple and semiprime, some of these conditions simplify or coalesce. oO 


In the next theorem, recall that under our agreement on notation, ApA 
is the linear span of {apb: a,b € A}. 


10.6.10 Theorem Let A be a proper *-algebra that has a minimal pro- 
jection p. Assume also that A is either topologically simple and spectral 
or prime and either normed or spectral. Then A is a primitive, reduced 
*-algebra; L? = T? is a faithful, algebraically irreducible pre- *-representation; 
and T? is a faithful, topologically irreducible *-representation of A. Fur- 
thermore, T? satisfies 

Tepe = ap @ (bp)* Va,beE A, 


a 
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so that Thy a 18 @ collection of finite-rank operators under which H? has no 
non-trivial closed invariant subspace. 


Proof Under the hypothesis of topological simplicity, A must be Jacobson 
semisimple (since it has a non-zero idempotent) and therefore primitive. 
Under the the hypothesis that A is prime, Proposition 8.2.6 shows that L? 
is faithful. Theorem 10.6.2 gives the inner product on Ap and shows that T? 
exists as a faithful, topologically irreducible *-representation. The tensor 
product notation for one-dimensional operators was defined in §9.1.14. The 
definition of L? gives the formula 


Tre (cp) = L4,,.(cp) = ap(pb*ep) 
= (cp,bp),ap = (ap® (bp)*)(cp) = Va,b,ce€ A. 


Hence the image of ApA = span{apb: a,b € A} under T? is a topologically 
irreducible collection of finite-rank operators. a 


When J is a Banach *-algebra, Proposition 11.6.5 in the next chapter 
gives a necessary and sufficient condition for (Ap, || -||,) to be complete, so 
that T%, 4 is the whole *-ideal Br (H?) of all finite-rank operators on H?. 

The next theorem asserts that @p»epApA is a normed direct sum. This 
means that, for any p € P, the intersection of ApA with the norm closure 
of Bgep\{p} AGA is {0}. Irving Kaplansky [1951] first proved (e) for dual 
C*-algebras. 


10.6.11 Theorem Let A be a spectral normed, proper *-algebra with 
dense socle and continuous involution. All of the topological conditions 
below remain true whether interpreted in terms of the spectral norm or the 
intrinsically defined Gelfand—Naimark norm. 

(a) A is a modular annihilator algebra and a reduced yS*-algebra. 

(b) There is a subset P of Aup such that p++ ApA is a bijection of P 
onto the set of all topologically simple closed ideals of A. Each of 
these ideals is a *-ideal. 

(c) A is the normed direct sum @pcepApA of the closed *-ideals ApA 
forpe P. 

(d) For each p€ P, T? is a *-representation of A that, when restricted 
to ApA, is faithful, topologically irreducible and maps into 
Bx (Ap) and vanishes when restricted to the closure of Bgep\{p} AGA. 

(e) BpepT? is a continuous, faithful, essential *-representation that 
sends A into the compact operators on the Hilbert space @pePpH?. 


Proof (a): Let o be the hypothesized spectral norm. Theorem 10.6.3 shows 
that A is reduced and hence semisimple. Theorem 8.7.11 shows that A is 
a modular annihilator algebra. Proposition 10.2.6 shows that it is a G*- 
algebra, so Corollary 10.6.8 asserts that it is a yS*-algebra satisfying y = T. 
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The inequalities y(a)? = Tr(a)? = p(a*a) < a(a*a) < o(a*)ao(a) < Bo(a)? 
(where B is the norm of the involution relative to 7) and Theorem 10.6.2(e) 
show that the *-representations T? are continuous with respect to 0. Thus 
both o and the Gelfand—Naimark norm 7 satisfy the same conditions and 
either may be used in the rest of the proof. 

(b) and (c): Proposition 8.7.3 (with some help from Proposition 10.6.1) 
shows that A = @,epApA is the normed direct sum of its topologically 
simple ideals ApA for p in some subset P of Ayp. Since the involution is 
continuous (automatic for y), these are *-ideals. 

(d) and (e): Theorem 10.6.3 shows that @pe4,,-1° is faithful. For p,q € 
P,p#q is equivalent to ApA # AgA. Since A = @pepApA is a normed 
direct sum, this implies that 7’ vanishes on the closure of @BgeP\{p} APA. 
Since Theorem 10.6.10 shows that T? maps ApA into the compact operators 
on H?, we conclude that @pepT? is a faithful *-representation of A into 
the compact operators on the Hilbert sum A = @pepH?. oO 


In [1967a] Barnes gives a characterization of spectral normed proper 
*_algebras with dense socle. He defines the spectral expansion property for 
a reduced *-algebra A as follows: 


the non-zero spectrum of each normal element c € A is either 
finite or countable and for each A € Sp(c) \ {0} there exists 
a non-zero projection p, in Ag such that c satisfies 


C= > AP» 
AE Sp(A)\ {0} 


where convergence is relative to the Gelfand—Naimark norm 


on A if Sp(c) \ {0} is infinite. 


10.6.12 Theorem The following are equivalent for a *-algebra A. 

(a) A is proper and its socle Ar is dense in some spectral norm. 

(b) A is a proper, semisimple, modular annihilator algebra with a norm. 

(c) A is a yS*-algebra and a semisimple, modular annihilator algebra 
with @ norm. 

(d) A is a reduced modular annthilator algebra. 

(e) A is reduced and there is a faithful *-representation T: A — B(H) 
such that its range T, is a *-subalgebra of Bx (H) with the spectral 
expansion property. 

({) A is proper and has the spectral expansion property. 


Before giving the proof of the theorem, we need a preliminary result. 


10.6.13 Proposition Let A be a spectral or normed, semisimple, modular 
annihilator, proper *-algebra. Let c be normal in A. If X € Sp(c) \ {0}, 
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then there is a minimal projection p in Ayp satisfying cp = Ap. If p is an 
arbitrary minimal projection in A, then the following are equivalent: 

(a) c commutes with p. 

(b) There is aX € Sp(c) satisfying cp = Ap. 
Finally, if cp = Ap, cq = 1g, p,9 © Amp and AF p, then pq = gp = 0. 


Proof If Ais normed, Theorem 8.4.12 shows that the norm is spectral. If A 
is spectral, any spectral semi-norm must be a norm by the same theorem. 
So A has a spectral norm under either hypothesis. 

For any A € Sp(c) \ {0}, either (A — c)A or A(X — c) is a proper one- 
sided ideal. We assume the latter and note that A(A —c) is included in a 
maximal modular left ideal £ by Theorem 2.4.6(d). Proposition 8.4.3 and 
Theorem 8.4.5 show that £ can be written as A(1 —e) for some minimal 
idempotent. The last argument in the proof of Proposition 10.6.1(a) shows 
that e may be chosen as the minimal projection p = e*e. This implies 
p(A — c)*(A — c)p = 0, so the fact that the involution is proper implies 
cp = Ap, as we wished to show. 

(a)=>(b): Since p is minimal, there is a A € C satisfying Ap = pcp = 
cpp = cp. Clearly is in Sp(c). 

(b)=>(a): The equation cp = Ap implies (pe — Ap)(pe — Ap)* = pec*p — 
Ape*p— d*pep—|A|?p = pe*cp— Ape*p— A*pep—|A|*?p = (cp—Ap)* (cp— Ap) = 
0. Since the involution is proper, this gives cp = Ap = pe. 

Finally, our hypotheses give (A — )pg = (Ap)q — p(uq) = cpg — pcq = 0 
by (a). This implies pg = 0 and gp = (pq)* = 0. oO 


Proof of Theorem 10.6.12 (a)=>(b): Theorem 9.7.21 shows that A is 
semiprime, so Proposition 8.7.6 establishes this implication. (A spectral 
semi-norm on A is a norm since A is semisimple.) 

(b)=(c): Theorem 8.4.5(g) shows that the left annihilator of the socle 
of A is zero. Hence Theorem 10.6.3 shows that A is reduced. Theorem 
10.6.7 now asserts that A is a yS*-algebra. 

(c)=>(d): Theorem 10.6.7 shows that A is reduced. 

(d)=>(e): We assume that A is a reduced modular annihilator algebra 
and apply Theorem 10.6.11(e). To simplify notation, instead of speaking of 
a faithful *-representation of A on a Hilbert space H, we will consider A to 
be a *-subalgebra of Bx (7) and will denote its closure by A. Of course A 
is a C*-algebra, and we will denote its C*-norm by ||-||. Since the Gelfand- 
Naimark norm on A is spectral by Theorem 8.4.12, A is a dense, spectral 

*-subalgebra of A. If pis a minimal projection in A, then pAp = Cp implies 
pAp = Cp, which implies that p is a minimal projection in A. Since the 
socle Ar of A equals AAmp, it is included in the socle Ar of A. Let Z 
be the closure of Ar in A. Let y:.A — A/T be the natural map between 
these C*-algebras. Theorem 8.4.5(c) shows that A/AFf is a radical algebra. 
Any hermitian element h of A is the norm limit of a sequence {hn}n of 
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hermitian elements in A. The spectral radius of each y(hn) is zero. In a 
C*-algebra, this implies y(h,,) = 0. Hence Ap is dense in A. 

Let S € A C Bx(H) be normal. Apply the spectral theorem for com- 
pact, normal operators (Corollary 9.3.38) to write 


S= D> AP, 


AESp(S) 


where each P) is a finite-rank projection operator in {S}"NBx (H). Clearly, 
this is the spectral expansion for S as an element of the modular annihilator 
*-algebra B(H). However, the spectrum of S is the same whether considered 
in A or B(H), so Proposition 10.6.13 shows that it is the spectral expansion 
of Sin A. 

(e)=>(f): Immediate. 

(f)=>(a): Any hermitian element h € A has a spectral expansion 


h= So dp 
AESp(h)\{O} 


with convergence in the Gelfand—Naimark norm if this is an infinite sum. 
With the help of the last proposition, we see that any A € Sp(h) \ {0} 
satisfies 

[Al {lpall = IApall < {All Ileal. 


This shows p(h) < ||h|| for any h € Ay. Theorem 10.4.8 now shows that 
A is a yS*-algebra, so y is a spectral norm. Hence the spectral expansion 
shows that the socle Ag is dense in A relative to 7. Oo 
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Banach *-Algebras 


We have already obtained the main results on Banach *-algebras in 
Chapter 10. That chapter is devoted to the study of *-algebras that satisfy 
essentially algebraic hypotheses which imply properties similar to those 
enjoyed by Banach *-algebras. Theorems 10.2.8 and 10.3.10 show that 
Banach *-algebras are Sq*-algebras and hence T*-algebras, BG*-algebras, 
G*-algebras, U*-algebras and S*-algebras. Since Banach *-algebras sat- 
isfy all of the hypotheses investigated in Sections 10.1 through 10.3, all 
of the results from those sections are available for our present investiga- 
tions. Sections 10.4, 10.5 and 10.6 are devoted to hypotheses that hold 
for hermitian Banach *-algebras, *-regular Banach *-algebras and Banach 
*_algebras with a large supply of minimal ideals, respectively. We will re- 
state and sometimes even re-derive some of the most basic consequences of 
these assertions. 

A reader who wishes to begin the book with this chapter should peruse 
Section 9.1, which gives the basic terminology of *-algebras along with many 
important examples of Banach *-algebras. For instance, a *-homomorphism 
y: A > B between *-algebras A and B is an algebra homomorphism satis- 
fying y(a*) = y(a)* for all a € A. Volume I contains all of the results on 
Banach algebras that we will need. Much of this material is standard, but 
for material on spectral semi-norms, spectral algebras and spectral subal- 
gebras, Volume I is essentially the only source, particularly Chapter 2. In 
general, such a reader should carefully check the references to earlier chap- 
ters that we give here; even when we repeat a definition we seldom repeat 
comments and explanations that have already appeared. 


11.1 Fundamental Results on *-Representations 


This section concisely summarizes the most basic results on Banach 
*-algebras and their representations from the previous chapters, adding a 
few further details that arise in the present context. According to Definition 
9.1.1,a Banach *-algebra A is an algebra (over the complex field C) together 
with an involution *: A > A and a submultiplicative norm || - ||: A > Ry 
relative to which the algebra is complete. Thus a Banach *-algebra is really 
a triple (A, *, ||- ||). From now on we will call the map * the involution 
of A and the algebra norm |] - || the complete norm of A. No connection 
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between the involution and norm is specified as part of the definition, so 
the involution may be discontinuous. Proposition 9.1.2 recorded the simple, 
but important, relationship 


Spa(a") = Spa(a)" = {A":A€ Spa(a)} VaEAd (1) 


(For the spectrum Sp(a) of a € A, see Definition 2.1.5.) The complez field 
C is a one-dimensional *-algebra, so we always write the compler conjugate 
of A € Cas A*. 

Chapter 1 explained several methods of obtaining new Banach algebras 
from old ones. All of these are available for Banach *-algebras, sometimes 
with minor restrictions. If A is a normed *-algebra in which the involution 
is continuous, then its completion is a Banach *-algebra in an obvious sense. 
Closed *-subalgebras of Banach *-algebras and quotients modulo a closed 
*_ideal of a Banach *-algebra are also Banach *-algebras (cf. Proposition 
9.1.3). The unitization A! (Definition 1.1.11) of a Banach *-algebra J is a 
*_algebra under the obvious involution: 


(A +a)* = A* +a* VAEGaEA. (2) 
It is a Banach *-algebra under various norms, such as 
|A + a|| = |A] + |lal| VAEC aceA (3) 


(cf. Proposition 1.1.13). The double centralizer algebra D(A) (Definition 
1.2.2) of a Banach *-algebra A is a *-algebra under the involution 


(L, R)* = (R*, L*) V (L, R) € D(A), (4) 
where L* and R* are defined by 
T* (a) = (T(a*))* VTE L(A). (5) 


If either one-sided annihilator ideal Ar4 = {a € A: ab = 0 for all b € A} 
or Ara = {a € A: ba = 0 for all 6b € A} is zero, Theorem 1.2.4 shows 
that D(A) is a Banach *-algebra under the norm given there. (In this case, 
the involution forces the other one-sided annihilator ideal to vanish also, 
giving the hypothesis of that theorem.) Finite direct sums and products of 
Banach *-algebras do not differ in any essential way from the case without 
an involution. However, for infinite direct products and direct sums (Def- 
initions 1.3.1 and 1.3.2), we must restrict to the case in which the norms 
of the involutions (as real linear maps) remain bounded. Similar restric- 
tions apply to the other constructions in Section 1.3. We will mention them 
when needed. Finally, §9.1.40 explains why the Arens product construction 
is only available for an Arens regular Banach *-algebra (or an Arens regular 
normed algebra with a continuous involution). 
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For the next several pages we assume that A is a Banach *-algebra. 
Corollary 2.2.8 states that a complete algebra norm is spectral (Definition 
2.2.4). This implies Gelfand’s spectral radius formula 


p(a) = lim |la"|I'/" < all Vaca, (6) 
where p (or py if confusion is possible) is the spectral radius 
p(a) = max{|A| : A € Sp(a)} VaeA. (7) 


For any Hilbert space H, the algebra B(H) of all bounded linear op- 
erators from H to H is a Banach *-algebra. The involution is defined by 
the Hilbert space adjoint and the complete norm is just the usual operator 
norm. Sections 9.1 and 9.3 give many details about B(H). 


*. Representations and Pre-*-Representations 


A *-representation of a Banach *-algebra is a *-algebra homomorphism 
T:A — B(H), where H is some Hilbert space. This means that T is a 
linear ring homomorphism satisfying 


To = (T,)* Vv ace A 


(cf. Definitions 9.1.1 and 9.2.1). (This definition is more restrictive than 
that in Bonsall and Duncan [1973], Definition 36.7.) The purely *-algebraic 
notion of a *-representation T: A — B(H) on a Hilbert space H gives rise 
to a semi-norm a on A defined by 


o(a)=||Tol| Vaed. (8) 


The natural notion of isomorphism between two *-representations is called 
unitary equivalence (Definition 9.2.1). The correct notion of the direct sum 
of a family of *-representations on the same *-algebra is called a Hilbert 
sum (Definition 9.2.11). 

If ¥ is a pre-Hilbert space (i.e., a linear space with an inner product), 
then £,(4) denotes the *-algebra of all linear maps of 4% into itself that 
have an adjoint (Definition 9.1.10). A pre-*-representation is a *-algebra 
homomorphism T: A > £,(4’) (Definition 9.2.1). The operators in £L,(%) 
need not be bounded. However, if 4 is complete (and hence a Hilbert 
space), then £,(4’) equals B(4), as we show in Proposition 9.1.11. A pre- 
*_representation T: A — L,(4) is said to be normed if each representing 
operator T, is bounded. Obviously, each T, can be extended by continuity 
to an operator T, on the Hilbert space completion ¥ of ¥ if and only if T 
is normed. In this case T is a *-representation of A on the Hilbert space 
2X. The intersection of the kernels of all *-representations of a *-algebra A 
is called the reducing ideal Ap of A (Definition 9.7.1). If Ar is the zero 
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ideal, then A is said to be reduced. If Ar equals A, then A is said to be 
*_radical. It is easy to see that A/Ap is reduced. 
The Raikov-Ptdk functional t = 7,4 on A is defined by 


(a) = p(a*a)'/? VaceA. (9) 


Basic properties of the spectrum and operator norm on B(H) (Propositions 
2.1.8 and 9.5.3) show that any *-representation T of a Banach *-algebra A 
satisfies 


{|Z = [aera le = p(n) (Tara)'/? < p(a*a)\/? = T(a). (10) 


The first equality is just the C*-condition for the operator norm on B(H); 
the second uses this as well as Gelfand’s formula (6); the inequality comes 
directly from the definition of the spectrum. (If \~!a*a has a quasi-inverse 
bin A, then Ty is surely a quasi-inverse for \~'T,+ in B(H).) 

A C*-semi-norm on a Banach *-algebra A is an algebra semi-norm o 
satisfying the C*-condition (Definition 9.1.12): 


o(a*a) = a(a)? VaceA. (11) 


Proposition 9.1.11 shows that the operator norm on B(%) satisfies this 
condition. Hence if T: A — B(H) is a *-representation of A, then the 
semi-norm o defined by (8) above is a C*-semi-norm. Theorem 9.5.4 shows 
that every C*-semi-norm arises in this way from some (highly non-unique) 
*_representation. Theorem 9.5.14 shows that any linear space semi-norm 
satisfying (11) is automatically submultiplicative. 

The Gelfand—Naimark semi-norm on A denoted by y (or y, if there is 
any possibility of confusion) is defined by 


(a) = sup{||T,|| : T is a *-representation of A} VaceA (12) 


(cf. Definition 10.1.1 and Proposition 10.1.2). Inequality (10) (cf. Propo- 
sition 10.2.6) shows 


y(a) <r(a) <|la*al|'/? Va A, (13) 


so that the Gelfand-Naimark semi-norm is finite-valued when A is any 
Banach *-algebra. Since is obviously a C*-semi-norm, it may be described 
as the largest C*-semi-norm on A. 


The Modulus of Continuity and *-Bound 


We wish to show that the Gelfand—Naimark semi-norm on any Banach 
*_algebra is continuous with respect to the complete algebra norm. In- 
equality (13) makes this clear in case the involution is continuous, but the 
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general case depends on a simple consequence of Johnson’s uniqueness of 
norm theorem (Corollary 2.3.10 or Theorem 6.1.1). 


11.1.1 Theorem The involution in a semisimple or reduced Banach 
*.algebra is continuous. 


Proof Theorem 9.7.11 shows that A is semisimple if it is reduced. 

Let || - || be the complete norm of a semisimple Banach *-algebra A. 
Then ||| - |||: A — Ry, defined by |||a||| = |Ja*|| for all a € A is another 
complete algebra norm. Hence Corollary 2.3.10 shows that || - || and ||| - ||| 
are equivalent norms. Thus the involution is continuous. O 


11.1.2 Corollary Jf A is a Banach *-algebra, then A/Ay is a Banach 
*-algebra and its involution is continuous with respect to its quotient norm. 


Proof Corollary 4.3.9 (or 2.3.4) and Proposition 9.1.4 assert that the Jacob- 
son radical is a norm-closed *-ideal. Hence A/Aj, is a semisimple Banach 
*_algebra relative to its complete quotient norm. oO 


This result shows that some problems that arise from possibly discon- 
tinuous involutions can be removed simply by dividing out the Jacobson 
radical. After a definition, we give examples of this phenomenon. 


11.1.3 Definition Let (A, ||- ||) be a Banach *-algebra. Define the 
modulus of continuity m(A) to be 


m(A) = sup{7(a)/|lal| = a € A \ {0} }. 


Define the *-bound b(A) of A to be the norm of the bounded real linear 
map *: A/A; — A/Ajy with respect to the quotient norm on A/Aj,: 


= la* + Au] } 
6(A) = sup | la + Ay :aEA\As>. 


If A is Jacobson-radical, let b(.A) be 1. 


11.1.4 Theorem Let A be a Banach *-algebra. 
(a) The modulus of continuity is finite and non-negative. It satisfies 
m(A) < b(A)}/2. In a unital *-algebra, it is non-zero. 
(b) The Gelfand—Naimark semi-norm y is continuous with respect to 
the complete norm || -|| of A and satisfies: 


ya) S7(a) <m(A)|lel| VaEd 


(c) The modulus of continuity is zero if and only if the *-algebra A 
is equal to both its reducing ideal Ap and its Jacobson radical A,, 
and y =T = p— ts identically zero. 
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(d) The modulus of continuity is less than or equal to 1 if A (or A/Az) 
is either commutative or has an isometric involution. 

(e) If A is unital, the modulus of continuity satisfies m(A) > ||1||7?. 

(f) The *-bound is finite and satisfies max{1,m(A)*} < b(A). 


Proof (f): Corollary 11.1.2 shows that b(A) is finite when A is not Jacobson- 

radical. The inequality |]a + Az|| < b(A)||a* + Ay|| < b(A)?||a + Az|| for 

all a € A shows 1 < b(A). See the next paragraph for the other inequality. 
(a): Theorem 4.3.6 shows 


7(a)? 


pa(a*a) = pasa, (a*at Az) < |la*a + Ay|| 
la* + Az|| [la + Asl| < b(A)|la + Aull? 
b(A)||a||? Vaca. 


IAN IA 


Thus the modulus of continuity is less than or equal to b(A)!/?, and hence 
finite. By definition, it is non-negative. Both (c) and (e) show that m(A) 
is non-zero in a unital *-algebra. 

(b): The first inequality is (13) above. The second follows immediately 
from the definition of the modulus of continuity. 

(c): If A= Aj, then r = 0 so m(A) is zero. Conversely, if the modulus 
of continuity is zero, then the Raikov—Ptak functional is identically zero. 
This shows that the spectral radius vanishes on all hermitian elements h, 
since p(h) = p(h*h)!/2 = r(h). Thus, for any element a € A, the spec- 
tral radius vanishes on both aa* and a*a. Since both of these elements are 
quasi-invertible, so is a. Thus A is Jacobson-radical since all of its elements 
are quasi-invertible. Theorem 9.7.11 shows that the reducing ideal always 
includes the Jacobson radical, so we conclude A = Ay = Ap. (Alterna- 
tively, the inequality in (b) shows that the Gelfand—Naimark semi-norm is 
identically zero.) 

(d): If A has an isometric involution, the same is true of A/A ;. Hence 
the *-bound 6(.A) is 1, and thus (f) shows that the modulus of continuity 
is bounded above by 1. If either A or A/Aj, is abelian, then the spectral 
radius in A/Aj, is submultiplicative (Theorem 3.1.5), so we get 


t(a) = paya,(a*at Ay)!” < p(at Az)? p(a* + Az)'/? = (a) < |Ial|. 


(e): This is immediate from the definition since 7(1) = p(1) = 1. oO 


We will now restate these results more concretely and in terms that will 
be more familiar to some readers. The previous two chapters contain a 
plethora of related results and further details. 


11.1.5 Theorem Let A be a Banach *-algebra. Every *-representation 
T of A is continuous. Moreover, when the Gelfand—Naimark semi-norm 
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y and Raikov-Pték functional r are defined by (12) and (9), then y is the 
largest C*-semi-norm on A and they satisfy 


\|Tall < y(a) < T(a) < M(A)|lal| VaEA. 


Therefore, y ts continuous with respect to the complete norm on A. Also, 
an arbitrary family of *-representations of A has a Hilbert sum. 


Proof The displayed inequality follows from (b) of the previous theorem 
and gives the first two sentences and the continuity of y. Hilbert sums are 
explained in Proposition 9.2.10 and Definition 9.2.11. Theorem 10.1.7 gives 
the last result. oO 


We quote another result not directly related to *-representations. It 
was proved as Proposition 10.2.10. 


11.1.6 Proposition A Banach *-algebra A and a closed *-subalgebra B 


satisfy 
Spa(b) U {0} C Spg(b)U {0} VbEB (14) 


OSp4(b) D> OSpp(b) Woe B. (15) 


The Square Root Lemma 


At several places in the development of the theory of Banach *-algebras, 
a hermitian square root for a hermitian element with positive spectrum is 
needed. Prior to 1966, it was thought necessary to postulate the conti- 
nuity of the involution (or at least the local continutty of the involution, 
which simply means continuity of the involution in every commutative 
*_-subalgebra) in order to prove the existence of the needed square root 
(cf. Rickart [1960], p. 183). In 1966 James W. M. Ford proved a general 
square root lemma in his doctoral dissertation [1966], [1967] and used it to 
remove the requirement of local continuity from all of the results proved 
in Rickart’s Chapter IV. Almost simultaneously, L. Terrell Gardner [1966] 
obtained a result on the uniqueness of square roots in unital Banach al- 
gebras which immediately implies Ford’s square root lemma. In a note 
added in proof, Gardner mentions that his result is implicit in a theorem 
of Einar Hille published in [1958]. Thus this elementary but useful result 
was overlooked for nearly a decade. Theorem 10.2.8 in the last chapter 
established the square root lemma, but for convenience we will state it and 
outline its proof again. Both proofs depend on Theorem 3.4.5 and deal 
with quasi-square roots. Recall that quasi-multiplication is defined so that 
aob=c is equivalent to (1 — a)(1 — b) = 1 —c in the unitization A’ of A 
(cf. Definitions 1.1.11 and 2.1.1). 
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11.1.7 Proposition Let A be a Banach *-algebra, and let h be a hermi- 
tian element with spectral radius strictly less than one. Then the series 


(car 


n=1 


converges unconditionally to a hermitian element k € Ay satisfying 

(a) kKok=h. 

(b) p(k) <1. 

(c) k belongs to any closed subalgebra containing h, and to any 
one-sided ideal containing h. In particular, an element of A 
commutes with k tf and only if it commutes with h. 

Furthermore, k is already uniquely determined by properties (a) and (b). 


Proof Theorem 3.4.5 shows that the series converges unconditionally to 
the unique element k € A satisfying conditions (a) and (b) above. Since k* 
satisfies these same conditions, it must equal k by uniqueness. Therefore, 
k is hermitian. Condition (c) was also noted in Theorem 3.4.5. Oo 


It will be convenient to have a version of Proposition 11.1.7 that applies 
to actual square roots rather than quasi-square roots even though it will be 
used less. It would be possible to prove this as a slight variation on the last 
proof or derive it from Proposition 11.1.7, but for variety we use Gardner’s 
original argument instead, which gives a result stronger than we will need. 


11.1.8 Proposition Let A be a unital Banach *-algebra, and let h be a 
hermitian element that has spectrum disjoint from the non-positive real azis. 
Then there is a unique hermitian element k satisfying k7 = h with spectrum 
in the open right half-plane. In particular, if h has positive spectrum, then 
so does k. Furthermore, an element of A commutes with h if and only if it 
commutes with k. 


Proof Since the square root function is analytic in a neighborhood of the 
spectrum of h, the functional calculus (Theorem 3.3.7) supplies an element 
k satisfying k? = h, the commutativity result and the spectral properties. 
Now suppose that k’ is another element satisfying the two basic properties. 
Let C be a maximal commutative unital subalgebra containing k’. Then 
C contains h and k also. Denote k — k’ by r and apply Theorem 3.1.5 to 
C. The Gelfand transform of r is identically zero since any 7 € Ic satisfies 
4(k)? = ¥(h) = ¥(k')? and both ¥(k) and 4(k’) are in the open right half- 
plane. By squaring the equation k — r = k’, we find r? = 2kr. Using this 
equation repeatedly gives 

2" 92"-1,2"-1 


Tr r VneEN. 
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Squaring and simplifying, we find 
perth _ 92? th —1 72" p-1, VneNn. 


Since we have just seen that r is topologically nilpotent, we conclude that 
|h2"k-Jr||2-""" approaches zero. Taking the 2th root of the inequality 
[|k-27r]| < [|ho4 ||?" ||h2"k-* rl], we find that k~!r is zero since the right 
side approaches zero. Multiplying by k, we conclude that r is zero, as we 
wished to show. Hence k is unique under the two basic conditions. Since 
k* satisfies these conditions, k is hermitian. O 


U*-Algebras and Boundedness of Pre-*-Representations 


Let us call any result about *-representations of Banach *-algebras “clas- 
sical” if it is contained in at least one of the following sources: Rickart 
[1960], the second English language edition [1972] of Naimark, or Bonsall 
and Duncan [1973]. Theorem 11.1.5 gives the basis behind essentially all 
classical results. The rest are simple consequences of Propositions 11.1.7 
or 11.1.8. We now consider some post-classical results involving pre-*- 
representations rather than just *-representations. We shall derive them in 
detail, even though we could just quote results from Chapters 9 and 10. 
These considerations give independent proofs for some of Theorem 11.1.5. 

We call a *-algebra A a U*-algebra if the unitization A! of A is the linear 
span of its unitary group (A!')y. The restriction to A of the Minkowski 
functional of the convex hull of (A')y in A! is called the unitary semi-norm 
on A and is denoted by v (upsilon: Definition 10.3.1). Explicitly: 


i) n 
v(a) =inf{}— |r; : @= do Ajujy; NEN; AVEC uj Ee (A')u} VaEA. 
j=1 j=1 
It is obvious from this expression that vu is an algebra semi-norm on A in 
which the involution is an isometry. Proposition 10.3.4 shows that A is a 


U*-algebra if and only if it is the linear span of the group (under quasi- 
multiplication) Agu of quasi-unitary elements where 


Aw ={weA:w'w=ww* =wtw }={weA:1—we Ap}. 


For any a € A, Proposition 10.3.4 also shows 


v(a) = inf{>~|Aj| Mas err 0= er néN; A; € Cw; € Agu}. 


j=1 j=l j=1 


11.1.9 Theorem Any Banach *-algebra A is a U*-algebra and the 
unitary semi-norm v is continuous with respect to the complete norm. 
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Any pre-*-representation T of a Banach *-algebra A on a pre-Hilbert 
space X is normed and satisfies 


Tall < ya) < v(a) < (1+ O(A))Ilal] = VaeA. (16) 


Let X be the completion of X wn its norm. For eacha€ A, let T, € B(X) 
be the extension of T, to X by continuity. Then T is a *-representation of 
A with the same kernel as T. 

These results also hold if A is just assumed to be a functional *-algebra 
or a (not-necessarily closed) *-ideal of a Banach *-algebra. 


Proof Let A be a Banach *-algebra. In order to show that A is a U*-algebra, 
it is enough to show that every hermitian element is a linear combination of 
quasi-unitary elements. Let h be an arbitrary hermitian element of A. Let 
t be a real number satisfying t > p(h). Proposition 11.1.7 gives an element 
k € Ay satisfying kok =t~7h*. Define w by w =k + it'h so that it is a 
quasi-unitary element satisfying 


ww = ww =k? +t-*h? = 2k = wu. 


Furthermore, h satisfies h = (t/2i)w — (t/21)w*. Thus A is a U*-algebra. 
The last equation also gives u(h) < t. Since h € Ay and t > p(h) 
were arbitrary, we conclude u(h) < p(h) for all h € Ag. Consider the 
spectral semi-norm o on A defined by o(a) = ||la + A,|||, where ||| - ||| is 
the quotient norm on A/Aj,. Corollary 11.1.2 and Definition 11.1.3 show 
that the *-bound 6(.A) satisfies o(a*) < b(A)o(a) for alla € A. Theorem 
4.3.6(d) shows that any a = h+ik in A (with h and k in Ay) satisfies 


v(a) < v(h)+v(k) < p(h) + p(k) < o(h) + o(k) 
= @ (* “ ) +o (*5*) < (14+ b(A))a(a) 
(1+ B(A))| [la + Aal|l < (1 + b(A))Ilal]- 


Let T be a pre-*-representation of A on a pre-Hilbert space 7. Suppose 
a= we Ajw;,0= ae Aj,Aj; € C and w; € Agu. For each w;, I —- Ty, 
is unitary so we find 


nm n 
IToxl| = || S>As(Tw; — Dall < So rliiall Vee 2%. 
j=l j=l 


Taking the infimum over all such expressions for a, we see ||T,2|| < u(a)||z||- 
This implies that T, is a bounded linear operator satisfying ||T,|| < u(a) 
for alla € A. Hence a + ||J,|| is a C*-semi-norm. This implies 
\|Ta|| < y(a) for all a € A. Since y(a) is defined as a supremum of ||T,|| 
over all *-representations J’ and we have just shown that vu(a) is an upper 
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bound of ||7,|| for all pre-*-representations T, inequality (16) is established. 
The remarks on extending to 7 are now straightforward. 

Finally, suppose that A is just a *-ideal in a Banach *-algebra B. Propo- 
sition 11.1.7(c) shows that the element k € B belongs to A, so the rest of the 
proof needs no modification. Similarly, If A is just a functional *-algebra 
(Definition 3.3.10 with A a *-subalgebra of its completion A which, is a 
Banach *-algebra), apply Proposition 11.1.7 to A to get k in A. Oo 


Further Results on *-Representations 


We now restate a few of the most basic results on the relationship be- 
tween *-representations and positive linear functionals. Let T: A — B(H) 
be a *-representation. A subspace 4 of H is T-invariant if it satisfies 
Ta(¥) C & for all a € A. An element z € H is called topologically cyclic if 
Tax = {Tx : a € A} is dense in H. The *-representation T is called 

(a) trivial if T, = 0 for alla € A. 

(b) essential if TAH = {Tar :a€ A;x € H} is dense in H. 

(c) topologically cyclic if it has a topologically cyclic vector. 

(d) topologically irreducible if {0} and H are its only closed T-invariant 

subspaces and it is not trivial. 
These are from Definitions 4.1.1, 9.2.5 and 4.2.1. Theorem 9.2.6 shows 
that T is essential if and only if T,2 = 0 for all a € A implies x = 0. 
A *-representation T is topologically irreducible if and only if H is not 
zero-dimensional and every non-zero vector in H is topologically cyclic, 
since T(r) = {Ta(z) : a € A} and {x € H: Ty(z) = {0} } are clearly 
T-invariant (Theorem 9.6.1). 

An element in a *-algebra A is positive (Definition 9.1.1) if it is a finite 
sum of elements of the form a*a with a € A. Hence, a linear functional w on 
A is called positive (Definition 9.4.2) if it satisfies w(a*a) > 0 for all a € A. 
Lemma 9.4.3 gives the simple proof that any positive linear functional w 
on any *-algebra A satisfies 


w(a*b) = w(b*a)* \w(a*b)|? < w(a*a)w(b*b) Va,bEA. (17) 


A positive linear functional w on A is Hilbert bounded (Definition 9.4.2) if 
there is some finite constant B satisfying 


|w(a)|? < Bw(a*a) Vac A. 


The smallest such constant is denoted by ||w||4 and called the Hilbert bound 
of w. The inequality in (17) shows that every positive linear functional 
w on a unital *-algebra is Hilbert bounded with Hilbert bound w(1). If 
T:A — B(H) is a *-representation of a *-algebra A on a Hilbert space H 
and z is a vector in H, then the linear functional w defined by 


w(a) = (Tz, z) VaeEA (18) 
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is easily seen to be positive and Hilbert bounded by ||z||? (Theorems 9.4.15 
and 10.1.20). If z in (18) is a topologically cyclic vector for T, then w 
is called a representable positive linear functional on A and is said to be 
represented by T (Definition 9.4.14). 

The Gelfand—Naimark construction produces a topologically irreducible 
*_representation 7” from a Hilbert bounded positive linear functional w on 
a Banach *-algebra. Much more detail is given in Section 9.4, particularly 
§9.4.4. First, define A,, and A” by 


A, = {a€é A: w(a*a) = 0} and AY = A/A,. 


For each a € A, denote a+ A, € AY” by a”. Then A” is a pre-Hilbert space 
under the inner product (-,-): A” x AY” > C defined by 


(a”, b”).,, = w(b*a) Va,bEe A. 


Since A,, is a left ideal in A by (17), A operates on A” by the ordinary left 
module action induced by multiplication. Denote this module action as the 
representation T’: A + L(A”) defined by 


Tb” = (ab)” Va,be A. 


Then T” is a pre-*-representation on A”. §9.4.4 has simple, direct proofs 
of all of these facts in much greater generality. 

Let #” be the Hilbert space completion of the normed linear space A” 
with inner product (-,-),. When A is a Banach *-algebra (or satisfies the 
alternate hypotheses of Theorem 11.1.9), Theorem 11.1.9 shows that the 
pre-*-representation T’ is normed and thus can be extended by continuity 
to be a *-representation T“” of A on H”. Furthermore, Lemma 9.4.5 and 
Theorem 9.4.15 show that there is an intrinsically defined topologically 
cyclic vector z,, € H” called the canonical topologically cyclic vector for w 
satisfying not only 


wa) = (Tr 2, Zu )w VaeA (19) 


but also 
a S12) VaceA. (20) 


Equation (20) determines z,, uniquely. Hence, we have shown that a posi- 
tive linear functional w on a Banach *-algebra is representable if and only if 
it is Hilbert bounded. In this case it is represented by T” using the canoni- 
cal vector z,,. (In this chapter, we wish to minimize the use of terminology 
not needed for Banach *-algebras. Nevertheless, we should mention that a 
positive linear functional on a *-algebra JA is called admissible when T“ is 
bounded. Thus Theorem 11.1.9 shows that every positive linear functional 
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on a *-ideal of a Banach *-algebra is admissible. It is important to re- 
member this in reading Chapters 9 and 10. However, the result shows that 
we will have no further use for the concept of admissibility in the present 
chapter.) 

A representable positive linear functional w is called pure if it is non-zero 
and any representable positive linear functional w’ satisfying w’ < w is a real 
multiple of w (Definition 9.6.3). A representable positive linear functional 
is called a state if it has Hilbert bound 1. A state is pure if and only if 
it is a non-zero extreme point of the set of representable positive linear 
functionals with Hilbert bound less than or equal to 1 (Proposition 9.6.5). 
(Since this set is compact in the weak* topology on A*, the Krein—Milman 
theorem guarantees plenty of pure states.) 


11.1.10 Theorem Let A be a Banach *-algebra. 

(a) Any *-representation is uniquely the direct sum of a trivial 
*_representation and an essential *-representation. 

(b) Any essential *-representation is the direct sum of a (highly 
non-unique) family of topologically cyclic *-representations. 

(c) Let T be a topologically cyclic *-representation of A with 
topologically cyclic vector z. Define a linear functional w by (17) 
so T represents w. Another *-representation S of A is unitarily 
equivalent to T if and only if it also represents w. (This means 
that S has a topologically cyclic vector w satisfying 


(Taz, z) = (Saw, w) VaceEA.) 


In particular, T is unitarily equivalent to the *-representation T” 
given by the Gelfand—Naimark construction. 

(d) Let w be a positive linear functional on A. Then w is admissible. 
Hence, it is representable tf and only if it is Hilbert bounded. This 
occurs if and only if it can be extended to be positive on A’. 

(e) If T and w are related as described in (c), then T is topologically 
irreducible if and only if w ts pure. 


Proof (a) and (b): Theorem 9.2.8. (c) and (d): Theorems 9.4.1 and 9.4.15. 
(e): Theorem 9.6.4. 0 


This important theorem shows that *-representations can be understood 
in terms of topologically cyclic *-representations and these in turn (up to 
unitary equivalence) are determined by, and can be constructed from, the 
positive linear functionals that they represent. Furthermore, there is an 
easy test for whether a topologically cyclic *-representation is topologically 
irreducible in terms of the positive linear functional it represents. 

The intersection of the kernels of all *-representations of a *-algebra A is 
called the reducing ideal Ap of A (Definition 9.7.1). The results we have just 


1166 11: Banach *-Algebras 11.1.11 


reviewed show that it can also be described as the intersection of the kernels 
of all topologically cyclic *-representations, of all topologically irreducible 
*_representations, of all representable positive linear functionals and of all 
pure states (Theorem 9.7.2). For a Banach *-algebra A, it is also the set 
on which the Gelfand—Naimark semi-norm ¥y vanishes. Hence 7 induces a 
C*-norm on A/Ar. The completion of A/Ar in this norm is denoted by 
C’*(.A) and called the enveloping C'*-algebra of A (Definition 10.1.10). The 
natural map of A into C*(A) is denoted by @ or 64. Theorem 11.1.5 shows 
that the Hilbert sum of 7“ for all representable positive linear functionals 
w on a *-algebra JA is defined. It is called the universal *-representation of 
A (Definition 10.1.5) for reasons explained in (d) of the next theorem. 


11.1.11 Theorem Let A be a Banach *-algebra. 

(a) The canonical map ®: A + C*(A) is a continuous *-homomorphism 
with kernel AR = {a € A: y(a) = 0}. This construction is functor- 
tal with respect to A and is the solution of a universal mapping 
problem. 

(b) Every *-representation of A has a unique extension by continuity 
to C*(A). This extension process preserves the properties of being 
trivial, essential, topological cyclic, topological irreducible, and 
unitarily equivalent. 

(c) The universal *-representation Y is defined and satisfies 


Yall =a) VaeA. 


Hence its extension to C*(A) is an isometry onto a norm closed 
*-subalgebra of B(H"). 

(d) Any essential *-representation of A is a sub-*-representation of a 
multiple of T. 


Proof (c): The last sentence of Theorem 11.1.5 shows that YT is defined. 
Proposition 10.1.6 shows ||Ya|| = y(a) for all a € A. The last sentence is 
now obvious. 

(a): The equation above and Theorem 11.1.5 show that YT is continuous. 
Theorem 10.1.11 gives the rest. 

(b): The definition of the Gelfand~Naimark semi-norm 7 gives the in- 
equality ||T.|| < y(a). This shows that extension by continuity is possible. 
Furthermore, there is a natural extension of any *-representation from A to 
C’*(A) that respects all important properties of *-representations (Theorem 
10.1.12). O 


The ability to extend pre-*-representations to *-representations was 
used repeatedly in the last chapter and is fundamental to the present chap- 
ter. For instance, it means that the results of §9.2.4 to §9.2.10 are available 
even when we must begin with a pre-*-representation of a Banach *-algebra. 
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It was used in Theorem 10.1.21 to obtain the following fundamentally im- 
portant result. 


11.1.12 Theorem [fA is a Banach *-algebra and T is a *-representation 
of a (not-necessarily closed) *-ideal T of A on a Hilbert space H, then there 
is a *-representation T of A on 'H which extends T. If T is essential, then: 
(a) T is unique. 
(b) T is essential. 
(c) A vector z € H is topologically cyclic for T if and only if tt is 
topologically cyclic for T. 
(d) A closed subspace of H is T-invariant if and only if it is T-invariant. 
(e) A one- or two-sided ideal J of A satisfying J NZ C ker(T) also 
satisfies J C ker(T). 
Thus T is topologically cyclic or topologically irreducible if and only if T 
has the corresponding property. 


Proof Outline (For details see the proof of Theorem 10.1.21.) Theorem 
11.1.10(a) shows that we only need to consider the essential case. Let 
T:ZI + B(H) be an essential *-representation of a *-ideal Z in a Banach *- 
algebra A. Denote by 4 the (not-necessarily closed) subspace span(T7H) 
with typical element 5>,_, To,2% with n € N, bg € Z and zy € H for 
k = 1,2,...,n. If T is any extension of T to A, then any a € A satisfies: 


nr 
T; yes = Tol, r= Tan te = Yo Tan 


Since Tz7H is dense by assumption, and T is normed by Theorem 11.1.9, 
this shows that J is unique if, in fact, any such extension exists. 

Suppose that )7;_, Th,x; is zero. Using the same notation as above, we 
have 


nr n n n n 
SS Tao, 28 ll? S~ So (Tab, Fes Ta;j) = >, > (Tos araby Tk, 25) 
k=1 


k=197=1 k=} 9=1 
nr nr 

Di (Pacabceee Tose) = 0 

k=1 4=1 


Thus, T,, is well defined on 4 by the last displayed equation. It is easily 
seen that J is a pre-*-representation of A on 4. Hence, it is normed 
by Theorem 11.1.9. Therefore, there is a unique extension by continuity 
T, of each T, so that T, is an operator on H. The resulting map T is a 

*_representation of A, which extends T. Thus, we have proved the existence 
and uniqueness of T. Oo 


Recall that a *-algebra is said to be ( reduced / pre-reduced ) if there 
are enough ({ *-representations / pre-*-representations ) to separate points. 
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Theorem 11.1.9 shows that the two notions coincide for Banach *-algebras. 
Reduced Banach *-algebras have been called A *-algebras (cf. Rickart [1960}), 
but we shall not use this term again. In any *-algebra A the *-ideal 


Ar =N{ker(T) : T is a *-representation of A}, 


is called the reducing ideal, since A/Apr is reduced. The next result is a 
corollary of Theorem 11.1.12, along with 9.7.3, 9.7.11, 11.1.1, and 11.1.4(b). 


11.1.13 Corollary Jn a Banach *-algebra the reducing ideal is the norm- 
closed set Ap = {a € A: y(a) = 0} which includes the Jacobson radical. 
Neither it nor any of its *-ideals has any non-zero *-representation. The 
Banach *-algebra A/Ar is reduced. Reduced Banach *-algebras and all of 
their non-zero *-subalgebras have faithful *-representations and continuous 
involutions. 


There are two categories of Banach *-algebras in common use. Since 
confusion between them sometimes occurs, it is worthwhile to point out 
the distinction as we did in Chapter 1 for Banach algebras that are not 
necessarily *-algebras. 

In the more common and important category, the morphisms are con- 
tinuous *-homomorphisms. That is, y: A — B is a morphism if it is a 
*-homomorphism and there is some real number & satisfying ||y(a)|| < 
k||a|| for all a € A. The isomorphisms are homeomorphic *-isomorphisms. 
Thus the objects are not really Banach *-algebras but rather topological 
*_algebras with a topology defined by some complete algebra norm. The 
objects may also be identified with equivalence classes of Banach *-algebras, 
where two Banach *-algebras are equivalent if they are *-isomorphic and 
the *-algebra isomorphism is a homeomorphism. We follow the usual cus- 
tom in such cases of denoting an equivalence class of Banach *-algebras by 
any example in the equivalence class. This is called the topological category 
of Banach *-algebras. We use this category unless we specifically specify 
the next one. 

The second category has contractive *-homomorphisms as its morphisms 
(i.e., *-homomorphisms y: A > B satisfying ||y(a)|| < |la|] for all a € A). 
Thus, categorical isomorphisms are isometric *-algebra isomorphisms. In 
this category, a *-algebra with two unequal but equivalent algebra norms 
corresponds to two non-isomorphic objects. A finite-dimensional *-algebra, 
which is a single object in the topological category, is the underlying space 
of infinitely many non-isomorphic objects in this second category. We will 
call this the geometric category of Banach *-algebras. The terms “dom- 
inate” and “majorize” for comparing two norms correspond to these two 
categories. Any *-homomorphism between C*-algebras is in this category, 
so it is sometimes useful when C*-algebras are involved, but the construc- 
tion of the enveloping C*-algebra is impossible in this category. 
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Neither of these categories is very well behaved. The fundamental 
problem is that the set-theoretic image under a continuous or contractive 
*- homomorphism need not be a closed *-subalgebra of the target Banach 
*-algebra. It turns out that, by enlarging these categories, we can get 
a very well-behaved category. We enlarge both the class of objects and 
the class of morphisms. The objects are *-algebras for which every pre-*- 
representation is a *-representation. These are called BG*-algebras (Defi- 
nition 10.1.17). They have no a priori norm or topology. The morphisms 
are all *-homomorphisms. This gives the category of BG*-algebras. 

Theorem 11.1.12 is true in this category. The reader should examine 
Theorem 10.1.22 to see the remarkably well-behaved properties of the cate- 
gory of BG*-algebras. That theorem gives a commutative diagram involv- 
ing the enveloping C*-algebra based on the extension of *-representations 
from *-ideals. Since all Banach *-algebras are BG*-algebras, the freedom in 
this larger category can be used to prove properties of Banach *-algebras. 

Theorem 10.2.4 and Corollary 10.2.12 give another attractive formula 
for the Gelfand—Naimark semi-norm on a Banach *-algebra, which was 
originally due to John L. Kelley and Robert L. Vaught [1953]. 


11.1.14 Proposition Any Banach *-algebra A satisfies 
y(a) = inf{t € R, : t? —a*a€ A} VaceA. 


Semisimple Quotients of Banach *-Algebras 


We now prove versions of Proposition 4.3.12(d) and (e) adapted to 

*_algebras by using Proposition 11.1.7, the square root lemma. They give 

*_-algebra version of Feldman’s theorem (Theorem 8.1.4). Recall that a 
projection in a *-algebra is a hermitian idempotent. 


11.1.15 Proposition Let A be a Banach *-algebra with Jacobson radical 
Ay and natural map ®: A > A/Aj,. 

(a) Any projection in A/Aj can be written in the form ®(e), where e 
is a projection in A. 

(b) Any finite or countable set of orthogonal projections in A/Aj can 
be written in the form {®(e) :e € E}, where E ts a set of orthogonal 
projections in A. 

(c) If {fi, fe..-., fn} is a finite set of orthogonal projections in A/ As 
and e is a projection in A satisfying B(e) = >0._, fj, then 
projections {€1,€2....,€n} in A can be found satisfying both 


e= ee _,e; and ®(e;) = f; for each j. 


Proof (a): For any projection ®(a) in the quotient, Theorem 4.3.12(d) 
gives an idempotent f in {a}” satisfying ®(f) = (a). Since ® is a 
*-homomorphism, we see that f* = (f*)? satisfies 6(f*) = (f)* = ®(f). 
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Now define g = (f+ f*)/2=g* andj =(ff*+f*f—f-f*)/4= J". Easy 
calculations give jg = (ff*f+f* ff*-—f—f*)/8 = gj, and j = g°-g € Ay. 
Define b = b* € Ay N{7}" and c € Ay N {j}" (both depending only on j) 
as in the proof of Theorem 4.3.12(d). Proposition 11.1.8 shows c* = c. 
The same calculation as in the proof of Theorem 4.3.12(d) shows that 
e =g + 2gc — c satisfies e? = e = e* and &(e) = B(a). 

(b): Let {fn :n—-—1< N} for N = 1,2,...,00 be a finite or countably 
infinite set of projections in A/A,. Result (a) gives a basis for induction, 
sO we may assume that there is a set {e, : n < k} of orthogonal projections 
in A satisfying ®(e,) = f, for alln <k. Lete =1—- yn €,. Then eAe 
is a *-subalgebra of A satisfying (eAe)s = eAze by Proposition 4.3.12(b). 
Thus the natural map ®:eAe > eAe/(eAe), is just a restriction to eAe of 
®: A A/As. Use (a) again to find e,,, € eAe satisfying ®(e,.1) = fri. 
The equation e441; = ee,41e shows that {en : n < k +1} is a set of 
orthogonal projections in A. Induction concludes the proof. 

(c): Let f be }0'_, fj. Since @ maps eAe onto f(A/Ays)f, which con- 
tains each f;, we may replace A by eAe. Using (b), find {e), e2....,en-1} 


and then use e — Bay e; for en. D 


Before stating the involutive version of Feldman’s theorem we need 
to review the structure of finite-dimensional semisimple *-algebras. Let 
A be a *-algebra with Q = A/ Aj, finite-dimensional. As usual, denote 
the natural map of A onto Q by ®. Since Aj, is a *-ideal (Proposition 
9.1.4), ® is a *-homomorphism. We call a *-algebra *-simple if it has 
no non-trivial *-ideals. A finite-dimensional, semisimple *-algebra such as 
Q is *-isomorphic to a direct sum of a finite number, say m, of *-simple 
*_algebras: Q = Q; ® Q2 @:-- ® Qm. Denote the identity element of the 
direct summand Q, by f, for kK = 1,2,...,m. Then F = {fi, fo,...,fm} 
is a family of orthogonal projections in the center Qz of Q. In fact, F is 
the set of all minimal projections in Qz and the sum )-;_, fr is lg. 

Proposition 11.1.15 shows that we can find a family {e1,e2,...,em} 
of orthogonal projections in A satisfying ®(e,) = f, for k = 1,2,...,m. 
Replace A by A = €1Ae) D e2.Ae2 @--- PemAem. Proposition 4.3.12(b) 
shows A; = AN.A;, which implies that the natural map ® of A onto A/A, 
is just the restriction of ® to A. Replacing A by e,Ae, for k = 1,2,...,m, 
we see that it is enough to prove the next theorem in the case in which 
A/A¥, is finite-dimensional and *-simple, A is unital, and ® is a unital 
*_homomorphism. 


11.1.16 Theorem Let A be a Banach *-algebra such that A/Aj, is finite- 
dimensional. Let ®: A — A/A,z be the natural map. Then there ts a closed 
*_subalgebra B C A satisfying: 

(a) B+AJ=A. 

(b) BNA; = {0}. 
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(c) ® induces a homeomorphic *-isomorphism of B onto A/ Aj. 


Proof As noted before the statement of the theorem, we may assume that 
OQ = A/ Aj, is not only finite-dimensional but also *-simple, A is unital, and 
® is a unital *-homomorphism. We will modify the proof of Theorem 8.1.4 
to give the present theorem. In order to simplify the proof, we identify Q 
with its matrix algebra model. According to Theorems 9.1.44 and 9.1.45, 
there are three cases. 

Case 1: Q is a full matrix algebra (M,, *) with the usual involution. 

Case 2: Q is a full matrix algebra (M,,, #) with an exotic involution 


a® = ha*h7! VaeQ, 


where h = h* = h* is an invertible hermitian matrix in M,. 
Case 3: Q is the *-algebra S(2n”) for some n € N. 


First. we will consider case 1. As in the proof of Theorem 8.1.4, we 
let {a;; : i,j = 1,2,...,n} denote the standard set of matrix units in M, 
with a;; = a;;. Using Proposition 11.1.15, choose projections e;; satisfying 
(e;;) = aij. Modify the proof of Theorem 8.1.4 to choose 6;; = bj,;. Then 
cj; and its quasi-inverse d; are automatically hermitian for each 7. Now 
use the square root lemma (Proposition 11.1.7) to find a hermitian quasi- 
square root g; of d;. Since c;, d; and hence gj; are in e,;Ae;, we see 
(e11 — 95)” = €1, —d;. Now modify the definition of the matrix units as 
follows: 

€41 = bi (E11 — gi) €1j = (e11 — gj )bi;. 
The commutativity properties of d; and g; ensure that the rest of the compu- 
tations are unchanged and ® is a homeomorphic *-isomorphism of the closed 
(since finite-dimensional) *-subalgebra B = span{e;; : i,j = 1,2,...,n} 
onto Q. 
Next consider case 2. For some invertible element h = h* = h* € M,, 


we have 
@(a*) = &(a)* = h®(a)*h“! VaecéA. 


Choose k = k* € A satisfying 6(k) = h. Then k is invertible since h is. 
Hence the map a+ a? defined by 


a =k atk VWaeA 
is an involution on A. Now we apply case 1 again to the *-homomorphism 
®:(B,b) > (Mp, *) 
to find matrix units {e;; : i,j = 1,2,...,n} in A satisfying e. =e; 


and ®(e,;) = a,; for all ¢ and j, where {a;; : i,j = 1,2,...,n} is the 
standard set of matrix units in M,, satisfying aj, = aj; for allt and j. Let 
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B =span{ei; :7,j =1,2,...,n}. Then © is a *-isomorphism of (B,>) onto 
(M,,,*), so there is a unique k € B satisfying ®(k) = h. It also satisfies 
k’ = k* =k. Clearly, the involution b is also given by a’ = k~a*k for all 
a € B. Hence &(k~ ek) = b(e%,) B(ex;)* = (e,;;) implies ket .k = C33 
for all i and j since @ is an isomorphism. This shows that B* = span{ej, : 
i,j = 1,2,...,n} = kspan{e;; : i,j = 1,2,...,n}k7! = kBk- = B since k 
belongs to (and is invertible in) B. This shows that B is a *-subalgebra of A 
as well as a b-subalgebra. Clearly ®:(B, *) — (M,,#) is a homeomorphic 
*_isomorphism, establishing case 2. 

Finally, we consider case 3, where Q is S(2n”). We will give a separate 
proof for n = 1 when Q is just S(2). We use the basis {1 = (1,1),k = 
(i, -7)} for S(2). We may assume that A and © are both unital. Thus we 
need to find an element in g € A satisfying ®(g) = k, g? = —1 and g* =g. 
Then ®:B — S(2) will be a homeomorphic *-isomorphism where B = 
span{1,g}. Since ® is a *-homomorphism, we may find f = f* satisfying 
$(f) = k. Then f? = —1+ for some, necessarily hermitian, element 
j € Ay. Hence the square root lemma (Proposition 11.1.7) gives a hermitian 
element h in Ay M {j}" satisfying (1 — h)? = 1—j. Then g = f(1—h)7! 
satisfies all of our properties. 

Now consider case 3 for n > 1. There is a *-subalgebra M of S(2n?) 
*_isomorphic to M, with its usual involution. By case 1, we choose a 
*-subalgebra M of A so that the restriction of ® to M is a *-isomorphism 
onto M,. As above, we also choose a hermitian element g* = g € A 
satisfying g? = —1 and @(g) = K = (iJ,-iI) € S(2). If we knew that g 
was in the commutant of M, we would be done; but there is no reason to 
believe that this is true, so we need to modify g. 

Consider the inner derivation 6,: A — A. (See Section 6.4 of Volume 
I for definitions and basic facts on derivations.) For any a € M, ®(6,(a)) 
is zero. Hence the restriction 5 of 5, to M maps into Ay. Hence 6 is 
a bimodule derivation of M ~ M, into the M bimodule A;. However, 
every bimodule derivation of M,, is inner, so there is some element 7 in 
Aj, satisfying 6 = 6;|j4. Since g was hermitian, j* and thus (j + j*)/2 
satisfy the same condition as 7. Thus we may assume j* = 7. Then g — j 
is a hermitian element in M’' C A satisfying ®(g — j) = K. Furthermore, 
(9 — j)* equals —1 — jg —9j +77. Use the square root lemma again to find 
a hermitian element h in M’ satisfying (1 — h)? =1+j9+9j —j7*. Then 
k = (g—j)(1—h)~! belongs to M’ and satisfies k* = k, k? = —1 and 
@(k) = K. Thus the *-subalgebra B of A generated by M and k has the 
desired properties. oO 


The next result depends on nothing from this chapter except James 
W. M. Ford’s general square root lemma (Proposition 11.1.7). It shows 
the relationships between the Jacobson radical Aj, the reducing ideal Ap, 
the pre-reducing ideal Apr, the Leptin (=symmetric)-radical Az and the 
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completely symmetric radical A,, for a Banach *-algebra A. As noted after 
Definition 10.2.5, a slight change in that definition would make this result 
true for Sq*-algebras. 


11.1.17 Theorem Any Banach *-algebra A satisfies 
Ay =ArRNAzt = ApRN AL = ARN Aex.- 


Proof Theorems 9.7.11 and 9.8.7(a) show Ay C Apr C Ap and Ay C 
Act © Az, respectively. Since Az is a *-ideal, it is a spectral *-subalgebra 
of A, and both a BG*-algebra and an Sq*-algebra by Theorem 10.2.8. 
Thus Ag = Apr by Proposition 10.1.19(c). It is symmetric by 9.8.6(a). 
Hence, Theorem 10.4.17 shows that Az is a yS*-algebra that is completely 
symmetric, so Ay = A,,. Corollary 10.4.9 then shows (AL)R = (AL)s. 
Theorem 4.3.2(a) shows (Ar)y = ALN Ay = Az. Theorem 10.1.22 shows 
(AL)r = ALN Ar. Oo 


11.1.18 Corollary The following are equivalent for a finite-dimensional 
*_algebra A. 

(a) A is proper. 

(b) A is reduced. 

(c) A is semiprime and hermitian. 

(d) A is semiprime and symmetric. 

(e) A is a C*-algebra. 


Proof Corollary 10.6.4 proves the equivalence of (a) and (b). 

(a) or (b)=>(d): Theorem 9.7.21 shows that any proper *-algebra is 
semiprime. Theorem 8.1.1 then shows that a finite-dimensional semiprime 
algebra is semisimple. (Alternatively, reduced *-algebras are semisimple by 
Theorem 9.7.11.) Theorem 8.7.11 then shows that A has a dense socle in 
any of its (necessarily equivalent) complete norms. Thus, Corollary 10.6.6 
shows that it is symmetric. 

(c) < (d): Theorem 10.4.17 establishes this. (It also shows that A is 
completely symmetric. ) 

(d)=+(e): Since A is semiprime, it semisimple by Theorem 8.1.1, 1.e., 
Aj = {0}. Since it is symmetric, A, = A. Hence the last theorem implies 
Ar = {0}, i.e, A is reduced. Thus the Gelfand—Naimark semi-norm is a 
norm. Since A is finite-dimensional, this C*-norm is complete. Thus A is 
a C*-algebra. 

(e)=>(b): Obvious. O 


11.2. Unitary Structure of Banach *-Algebras 


In this section we will study the relationship between various convex, 
balanced subsets of Banach *-algebras that resemble unit balls. The expo- 
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nential function 


nr 
are?% = > — VaceA 
n=0 

in a unital Banach algebra A, which was introduced in Theorem 2.1.12, is 
used repeatedly. In a unital Banach *-algebra with a continuous involution, 
it is easy to see that e*” is a unitary element for each h € Ay, but exam- 
ples are known in which this fails when the involution is discontinuous Dales 
[1976]. (This paper shows that the property holds in any Banach *-algebra 
with a unique functional calculus, even without continuity of the involu- 
tion.) Theorem 2.1.12 introduced the notation exp(A) = {e* : a € A} for 
the set of all exponentials and noted that the norm-connected component 
Age of the identity in the group Ag of invertible elements in A is the group 
generated by exp(.A): 


Age = {e*1e%? ---e°" :n € Nia, @2,-...,Gn € A}. 


Both Ag and Ag, are open in A and the latter is path connected. It is 
easy to see that the connected component of the identity in any topological 
group (such as Age in Ag) is anormal subgroup. Theorem 2.1.12 also notes 
that in a commutative Banach algebra A, exp(A) itself is the connected 
component and Ag/exp(A) is torsion free, so that this quotient group is 
either trivial or infinite. See the theorem for additional remarks. For any 
subset S of A, we use C0(S) to represent the norm-closed convex hull of S. 
We need still more notation for the next theorem. 


11.2.1 Definition For a unital Banach *-algebra A define 


exp(i:Ay) = {e":he An}; 
Ave = {u€é Av: wis in the connected component of 1} 
Apr = {a€ A: p(a) <1 and r(a) < 1}; 
Ae = {a€A: p(a) <1 and 7(a) < 1}. 


For any a € Ap, and any ¢ € T, define 


Wa(¢) (a—¢)(1 —¢a*)7! 
ua(C) = (1—aa")“/u9(6)(1 - ata)? 


We call ug:T > A the Mébius—Potapov—Harris transformation of a € A. 


The proof of the next theorem shows that w.(C) and u,(C) are defined 
for alla € A,; and ¢ € T. This Mébius—Potapov—Harris transformation was 
first used by V. P. Potapov [1960] in another context. It was introduced into 
Banach *-algebra theory by Lawrence A. Harris in his thesis [1969], [1972] 
in which his interest was more general results on holomorphic functions. 
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11.2.2 Theorem Any unital Banach *-algebra A satisfies 
(a) Ua(C) belongs to Aye for alla € A,r and ¢ € T. 
(b) wa(C) = ua(¢) belongs to Ave for allac Az, NAn and Ce T. 
(c) If the involution is continuous, then for alla € Ap-NAwn and¢ € T, 
Wa(C) = Ua(C) belongs to exp(iAy). 
(d) Any element a € A with p(a) <1 belongs to Co{wa(C) :¢ € T}. 
(e) Any element a € A,, belongs to CO{ua(¢) : ¢ € T}. 


Proof : The inverse in the definition of w,(¢) exists for any a € A satisfying 
p(a) < 1. Similarly, the inequality 7(a) < 1 and Proposition 11.1.8 show 
that the square roots in the definition of ug(¢) exist and are invertible for 
any a € A,,. (Recall that Proposition 2.2.1(b) shows 7(a) = p(a*a)!/? = 
p(aa*)/? = r(a*) for all a € A.) 
(b): Any a € A,, and ¢ € T satisfy 
(wa(¢)~*)* (a* — ¢*)~*(1 — ¢*a) (1) 
(¢* —a*)~"(¢*a — 1) = (1— Ca") "(a — ¢). 
If a is also normal, this equals wa(C) and ug(¢), which are therefore unitary 
and equal. For ¢ € [0,1], we see that wz_(¢) is defined and unitary. Since 
wo(C) equals —C€ and wia(C) depends continuously on t, wz_(¢) is in the 
connected component of the identity for a € A,; MN An and ¢ € T. 
(a): For any a € A,, and ¢ € T, equation (1) gives 
(wa(¢)~*)* = (1 — aa*)!/?(1 — Ca*)~* (a — ¢)(1 — a*a)-1 
= (1 —aa*)~'/?(1 — aa*)(1 — Ca*)~!(a — O)(1 — a*a) 71 (1 — ata)! ””. 


The following calculation completes the proof that u,(C) is unitary: 


(1 ~ aa*)(1 — Ca*) "(a — ¢) 

[¢*a(1 — Ca*) — C*(a — (1 — Ga") "(a - ¢) 
= Crala—¢)—¢*(a—¢)(1 —Ga*)* (a ¢) 
= (a-—¢)(1 —¢a*)“*[(1 — Ca*)¢*a — C*(a — ¢)] 

(a — ¢)(1 — Ca*)“*(1 — a*a). 
We use wuz, as in the proof of (b) to see that ua(¢) belongs to Aye. 
(c): To simplify notation, let w represent —C~!w,(C). Since a belongs 
to A,,, we know p(a) < 1. Suppose that ¢ belongs to the half-line 
H = {te R:t < (1—p(a))/(1+ p(a))}, 
which implies (t + 1)p(a) < 1—t and t < 1. The expression 
t-w = t(1—Ga")(1- Ga") + C4'(@- O(a") 
(t —tc€a* + C-*a—1)(1 —Ca*)7} 
[(¢ — 1) — (t€a* — ¢~'a)](1 — Ca*)7! 
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is invertible if the bracketed portion is invertible. Since a and a* commute, 
we get 

p(tca* — Ca) < p(ta*) + p(a) = (|t| + 1)p(a). 
Hence the bracketed portion above is invertible if |é—1] = 1—t > (|t|+1)p(a) 
holds. For non-negative t € H, we have already noted this inequality. 
Negative t € A satisfy 1 —¢ = |t| + 1, so the inequality follows from 
p(a) < 1. Thus the spectrum of w does not intersect H. 

Choose a contour [ that surrounds Sp(w), does not intersect H, and is 
invariant (except for reversal of direction) under complex conjugation. Let 
Log be the principal branch of the logarithm function and let h be defined 
by 

1 Log(A) 
Qni Jr (A—w) 
The functional calculus (Theorem 3.7.7) shows w = e*”. We want to show 
that his hermitian. If Log(A) is expanded around A = 1, we see Log(A*)* = 
Log(A) for \ in a neighborhood of 1. Analytic continuation shows Log(A) = 
Log(A*)* for all \ in the domain of Log. The continuity of the involution 
and the invariance of [ under conjugation give 


dx. 


th = Log(w) = 


Sak 4 —1 f Log(\)* .,. 
ih* = (th)* = i ae 
7 =i Log(A —_ atl Log(A) , D 
272 Jr A* — w* Qni rv w* w* 
= Log(w*) = Log(w™") = Angele ie 
Hence hf is hermitian and therefore ug(C) = wa({¢) = cal belongs to 


exp(zAy). 

(d): Let ¢ be a primitive nth-root of unity (e.g., C = exp(27i/n)). Then 
any j € N with 1 < j < n—1 satisfies )>7_, ¢*7 = 0. Also, any p € C 
satisfies [];_,(1 —¢*u) =1—p”. Finally, if u does not equal ¢~*, then it 


satisfies 
ele 
Combining these identities and einai pt by a*, we get 
Cea $ _(@y 1 aan 
1 — (a*)” =i 1—(at*)" n = 
n 


_it a kj (*)3 
7 naw oS (a*) (2) 


ie ck 
= eee 


k=1 
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for any a € A with p(a) < 1. We also have 


wa(¢*) = (a-¢*)(1-¢*a*)7? 
[a(1 — CayaCad= aa*)|(1 — CFa*)} (3) 
ck 


= ar- PGE) pene 


for any (* € T and any a € A with p(a) < 1. Together, (2) and (3) give 


De (ce) = a (I~ 00") 3 5 
n : 7 n —1-Cka* 
ae —l 
= a-—(l-aa 
ae aan — (a*)” 
for any a € A with p(a) < 1. The inequality p(a u < 1 and Gelfand’s 


spectral radius formula show that the sequence { i "\ JEN converges to 
zero in norm. Hence as n increases, + >, Wa(¢*) € co{wa(¢) : ¢ € T} 
approaches a. This proves (d). 

(e) For a € A,,, (d) and the equations 


(1 — aa*)~*/?to{wa(C) : ¢ € T}(1—a*a)'/? = tOf{ua(¢) :¢ ET} 


and (1 — aa*)~1/a(1 — a*a)!/? = a give (e). The last equation can be 
verified by shifting from a(a*a)” to (aa*)"a in the series expansion for 
a(1 — a*a)'/? given in Proposition 11.1.8. 0 


The next theorem gives a remarkable amount of information on vari- 
ous convex balanced subsets of a Banach *-algebra. The first result of this 
general nature was due to Bernard Russo and Henry A. Dye [1966]. They 
proved that the closed unit ball in a C*-algebra is the closed convex hull of 
the unitary elements. The present author [1968a] showed that the closed 
unit ball was even the closed convex hull of the set of exponentials of skew 
hermitian elements. Later he showed [1971] that in any Banach *-algebra 
the closed convex hull of the unitary elements equals the closed unit ball 
of the Gelfand—Naimark semi-norm. This will be proved below in Theorem 
11.2.6. Allan M. Sinclair (personal communication) first noted the pos- 
sibility of using the thesis results of Lawrence A. Harris (Cornell, 1969), 
similar to Theorem 11.2.2 above, to prove the kind of inclusions in the next 
theorem. Some of the following results have been obtained independently 
by Harris [1972], Vlastimil Ptak (1972], and others. 


11.2.3 Theorem Let A be a unital Banach *-algebra. Denote the positive 
number min{1,m(A)~1} by r. 
(a) Then A satisfies 


rA, C Aj, C (Ave) C G(Ay) = {a € A: v(a) < 1}. 
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(b) If the involution is continuous, A satisfies 
co{c € An : plc) < 1} C colexp(iAy)) C CO(Ave). 
(c) If A is hermitian, it satisfies 
co(exp(tAy)) C to{c € An : p(c) < 1} = Ap, = C0(Ave) = C0(Av) 
={ae€A:r(a) <1} ={aeA: ya) <1} ={ae€ A: v(a) < 1}. 


(d) If A is hermitian and its involution is continuous, then all of the 
sets in conclusion (c) are equal. 

(e) If the complete norm of A ts a C'*-norm, then all of the sets 
in conclusion (c) are equal to the closed unit ball A,. 


Proof (a): Ifa belongs to rA;, then p(a) < ||a|| < 1 and (a) < m(A)]|la|| < 
1 imply a € A,,. Any a € A,, has : € A,r for 0 < t < 1. Theorem 
11.2.2(a) and (e) show ta € €0(Ay-). Since ta approaches a as ¢t approaches 
1 from below, a belongs to Co( Aue) C Co(Ayu) = {a € A: v(a) < 1}. The 
last equality depends on the continuity of uv established in Theorem 11.1.9. 
Explicitly, if @ equals lim a, for a, € co(Ay) C {a € A: v(a) < 1}, then 
v(a) = lim v(an) < 1. Conversely, v(a) < 1 implies u(ta) < 1 and hence 
ta € co(Ay) for any 0<t <1. Hence a = lim;_,,- ta C @0(Ay). 

(b): Submultiplicativity of the spectral radius (Corollary 2.2.8 or The- 
orem 3.1.5) shows that any c € An satisfies r(c) < p(c), so that {c € An : 
p(c) < 1} equals An nN ve For c€ Ann ae and 0 < ¢ < 1, Theorem 
1152. 2(c) and (e) (or (d)) applied to tc give the first inclusion. The second 
is immediate since e*” is unitary for0 <t<landheé Ay. 

(c): For h € Ay, the element e*” is normal since it belongs to any 
maximal commutative *-subalgebra containing h. Many results in Sec- 
tion 10.4 now show Sp(e*") C T, proving the first inclusion. However, we 
note a particularly simple proof of this first inclusion. Theorem 10.4.4(b) 
and the continuity of the involution in A/Aj give p(e*")? = p,((e**)*e**) 
= paya,((e* + Ay)*(e™ + Az)) = paya, (1 + Az) = 1. In the proof of (b) 
we just showed {c € Ay : p(c) <1} C Moe The inclusions and equations 
of (a) also hold. Theorems 11.1.4(b) and 11.1.9 show y < 7 and y < v, 
respectively. In a hermitian Banach *-algebra Corollary 10.4.21 shows that 
any unitary element belongs to {c € Ay : p(c) < 1}, almost proving (c). 
However the actual proof depends on deeper results from Section 10.4. 

If A is hermitian, it is a yS*-algebra by Theorem 10.4.17. Theorems 
10.4.8(g) and 10.4.25 show p(a) < r(a) = (a) = v(a) for all a € A. Then 
Theorem 10.4.4(b) gives p(c) = r(c) = y(c) = v(c) for allc € An. This 
shows that p is subadditive on An, proving 


cof{c € Ay : p(c) <1} = {c€ Aw: p(c) <1} C A;,. 
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The inclusion Ay C {c € An : p(c) < 1}, noted above, completes the proof. 

(d): This follows from (b) and (c). 

(e): A *-algebra with a complete C*-norm is hermitian (first step in the 
proof of Theorem 9.5.4) with an isometric involution (trivial and Theorem 
9.5.3(a)). Corollary 9.5.5(c) shows that the complete C*-norm equals both 
the Raikov-Ptak functional 7 and the Gelfand—-Naimark semi-norm -y. © 


It seems possible that (d) above may hold without the assumption that 
the involution is continuous. 

We now give “open” versions for the “closed” geometric results we have 
just proved. The last sentence of the next theorem was obtained by the 
author [1970a] answering a question of Russo and Dye [1966]. 


11.2.4 Theorem Let A be a unital Banach *-algebra. Use r and Aj to 
denote min{1,m(A)~'} and the open unit ball in (A,||-||), respectively. 
(a) Then A satisfies 


rAj C Ap, C {a € A: (a) < 1} Cco(Ay) C {a € A: v(a) < 1}. 
(b) Jf the involution is continuous, then A satisfies 
co{c € An : p(c) < 1} C co(exp(tAg)) C co(Aue). 
(c) If A is hermitian, it satisfies 
m(A)~" A? © Apr = {a € A: v(a) < 1} C co(Ave) € co(Av). 
(d) Jf A is hermitian and its involution 1s continuous, then it satisfies 


Apr = {a€ A: (a) < 1} = {aE A: v(a) < 1} 
co(exp(iAy)) = co(Aye) = co(Ay), 


lf 


co{c € Ayn : p(c) < 1} 


‘a 


where v is defined in the same way as v, but relative to exp(iAy) 
(or Ay.) instead of Ay. 
(e) If the norm of A is a C*-norm, then the open unit ball Aj satisfies 


Ay © co(exp(tAy)) C Ai. 


Proof (a): The first inclusion follows as in the (trivial) first part of the 
proof of (a) in the last theorem. The last inclusion is obvious. Suppose that 
b € A satisfies v(b) < s. Then there are t; € Ry and u; € Ay satisfying 
b = S0;_, tjuj and dojai tj < 8. Define tn41 = tna = (8 — D5_, t;)/2. 
Then the equation b = ean tju; with un41 = 1 and uny2 = —1 shows 
b € sco(Ay). This proves the penultimate inclusion and will be used again 
in the next argument. 
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Theorem 11.1.7 shows that there is a finite constant B satisfying u(b) < 
B\|b|| for all b € A. For a € A,,, let t = max{p(a),7(a)} < 1. Theorem 
11.2.3(a) shows a € tt0(Ay). Hence we can find b € A satisfying a — b € 
tco(Ay) and ||d|| < (1 -—+t)/B. This shows v(b) < B\|b|| < 1—t. We 
conclude a = (a— b) +6 € tco(Au) + (1 — t) co(Ay) C co(Ay), completing 
the proof of (a). 

(b): If a belongs to the first set, Theorem 11.2.2(b) shows that we 
can use the notation of the last paragraph with a — b € tco(exp(iAq)). 
However, this time we let B represent the sum of 1 and the norm of the 
involution *:.4 + A as a real-linear map. Let (1 — t)~!2b = h+ik with h 
and k hermitian. Then ||hj| and ||k|| are both strictly less than 1. Hence 
the usual power series for the inverse sine function (discussed before Lemma 
2.6.6 in Volume I) converges at both h and k to give hermitian elements 
h' and k', respectively. (We just used continuity of the involution again.) 
The functional calculus shows (1 — t)~!2b = sin(h’) + isin(k’). But this 
shows 6 € (1 — t)co(exp(iAy)). Hence, as in the last proof, a belongs to 
co(exp(iAj,,)). The final inclusion is immediate for a continuous involution. 

(c): In the proof of Theorem 11.2.3(c) we noted p(a) < r(a) = y(a) = 
v(a) for all a € A and p(c) = r(c) = y(c) = v(c) for all c € Ay. The first 
inclusion is immediate from Definition 11.1.3. These results are more than 
enough to prove the equality. Theorem 10.4.25 established the penultimate . 
inclusion, and the final inclusion is obvious. 

(d): Since A is hermitian, Ay is a subset of co{c € Aw : p(c) < 1}. 
Thus the first paragraph of the proof of (a) above gives the inclusion 


{aE A: v(a) <1} Cco{c € An: p(c) < 1}. 


Since p and v coincide on the set of normal elements, (b) and (c) show the 
equality of the first, second and fourth sets. Clearly v defined relative to 
exp(7.A;,) is at least as large as © defined relative to Aye, which is in turn 
at least as large as v. However, the argument in the proof of (a), applied to 
the equations just obtained, shows the equality of the two extremes. Thus 
the third set in the display equals the fourth. The rest is easy. 

(e): This follows since a C*-algebra satisfies the hypotheses of (d) and 
uv = 7 is the complete norm. O 


C'*- Algebras 


Recall that we define a C*-algebra of operators to be an operator-norm- 
closed *-subalgebra of B(H) for some Hilbert space H and a C’*-algebra to be 
a *-algebra (no norm assumed a priori) that is *-isomorphic to a C*-algebra 
of operators (Definition 9.2.14). This definition implies immediately that 
a C*-algebra has a complete C*-norm, namely, the operator-norm of the 
C*-algebra transferred back through the *-isomorphism. Gelfand’s spectral 
radius formula shows easily (Proposition 9.2.15) that any spectral C*-semi- 
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norm (a fortiori any complete C*-norm || - ||) on a *-algebra A satisfies 
llal| = 7(a) = p(a*a)'/? Wa EA. 


Hence a C*-algebra has a unique complete C*-norm given by the above 
formula, which we consider a postiori to be part of its structure. Chapters 
9 and 10 have numerous results on C*-algebras. For instance, Theorems 
9.2.16 and 9.2.18 describe the order structure in a C*-algebra A and show 
that A has a natural and well-behaved approximate identity of norm 1. 
The Gelfand-Naimark theorem (Theorem 9.5.4) shows that any Banach 
*-algebra with a complete C*-norm is a C*-algebra. Theorem 9.5.9 gives a 
purely geometric description of which Banach spaces can support a unital 
C*-algebra structure. Theorem 9.6.2 asserts that any topologically irre- 
ducible *-representation of a C*-algebra is algebraically irreducible. Since 
C*-algebras are reduced by definition, Theorem 9.7.11 implies that they 
are Jacobson semisimple. (Thus Theorem 11.1.1 implies that the involution 
on a C*-algebra is continuous with respect to any Banach algebra norm. 
However, it is trivial to check that the involution is an isometry with re- 
spect to any C*-norm, and continuity with respect to the intrinsic complete 
C*-norm defined above is usually of most interest.) It is convenient to tie 
some of these results to the unitary structure of Banach *-algebras inves- 
tigated in this section. In the present proof we will use numerical range 
results from Section 2.6 and Theorem 9.5.9 instead of the classical proof of 
the Gelfand—Naimark theorem. (However, the reader should recall that one 
argument in the proof of Theorem 9.5.9 depends on an independent result 
in Theorem 11.2.3.) Thus this result is independent of Theorem 9.5.4 ex- 
cept for the implication (f)=>(c), which is not used in the rest of the proof. 
We made the proof of Theorem 11.2.3 above slightly longer than necessary 
in order to avoid dependence on Theorem 9.5.4. Recall the definitions and 
results (cf. Theorem 11.1.10): 


A‘, = {we Al: |w(a)|? <w(a*a) for all a€ A} 
Aw = {we A*:w(1) =1= |foll}, 
As = {he A:uw(h) ER for all we Ap} 


= {he A:lle*"||=1 forall te R} 
from Theorems 2.6.7 and 9.5.9 and Definitions 2.6.1, 2.6.5 and 9.4.21. 


11.2.5 Theorem The following are equivalent for a unital Banach 


*-algebra (A, || - ||). 


(a) A is a C*-algebra and || - || is its C*-norm. 
(b) The norm ||- || ts a C*-norm. 
(c) Au C A). 


(d) exp(tAy) C At. 
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(e) Ay CAs. 
(f) AL = Ale: 


Proof (a)=(b): Obvious. 
(b)=(c): Any unitary element u satisfies ||u||? = ||w*u|| = |]1]| = 1. 
(c)=(d): Theorem 11.2.3(a) shows 


rA, € Co(Ay) = {a€ A: v(a) S 1} CA 


where r satisfies 0 < r < 1. Hence any a € A satisfies ||a*|| < u(a) < 
r~}||a]|. Therefore the involution is continuous on A. Hence e*” is unitary 
for all h € Ay, so we conclude exp(iAy) C A). 

(d)=(e): This is immediate from the definition of Ags. 

(e)=>(a) and (f): Theorem 9.5.9(d) gives this result since the given norm 
is “good” in the terminology of that theorem. 

This completes the cycle of implications except for showing that (f) 
implies one of the other conditions. We will use a weak consequence of 
Theorem 9.5.4 in order to have an easy proof of this. We simply assume 
that any C*-norm (such as || - ||) is bounded above by 7. 

(f)=>(c): The linear space norm || - ||w defined by ||a||w = sup{|w(a)} : 
w € Aj,} for all a € A is equivalent to the complete norm by Theorem 
2.6.4. Since any a € A and w € Al satisfy |w(a*)| = |w(a)*| = |w(a)|, the 
involution is continuous under hypothesis (f). Hence e*” is unitary for any 
h € Ay. For any w € Al and h € An, we get |w(e*)|? < w((ei)*e**) = 
w(1) = 1. This shows ||e*"|| < y(e*") < 1, which is just condition (c). 0 


The next theorem was first proved by the author [1971]. The equality 
it establishes greatly simplifies the theory of Banach *-algebras by con- 
necting a simple *-algebraic construction (v) with a concept y defined by 
*-representation theory. Example 10.3.17 shows that this result fails for 
many well-behaved U*-algebras. 


11.2.6 Theorem In any Banach *-algebra the Gelfand—Naimark semi- 
norm equals the unitary semi-norm. 


Proof Assume first that A is unital. Let ©:A— A/Ay be the natu- 
ral map. Theorem 9.7.11 shows that the Jacobson radical is included in 
the reducing ideal. Then the universal *-representation T of A induces a 
*-representation of A/Ajz. This implies y4/4,(W(a)) > ||Toll = ya(a). 
Proposition 10.1.4 gives the opposite inequality, so y,4/,4,(¥(a@)) equals 
ya(a). Similarly, Lemma 10.3.11 shows 


vajA,(U(a))=va(a) VaeA. 


Thus it is enough to prove the theorem for A/A,. Hence we assume that 
A is semisimple. 
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Theorem 11.1.1 shows that the involution is continuous. Therefore e*” 
is unitary for each h € Ay and satisfies u,(e*") < 1. Let (B,|{|- |||) be 
the completion of A/A, in the norm induced by vy. Then B is a Banach 
*-algebra with isometric involution. For any h € By, we will show ||{e*”||| < 
1. There is some sequence {@n}nen C A such that |||(an + Av) — All| 
converges to 0. Choose hyn = 27'(an + a*) and hi, = hn + Ay for each 
n€N so that {hi, }nen C By satisfies |||h}, — h||| — 0. For any n € N, we 
have 


fore) k 
z oz? 1 —4 > 
lle Ill < MexpGh'n)| + D7 DME (h — ha) An 
k=1 g=1 
oe) l k . 
< valexp(ihn)) + [Ih — Pall D2 aD MAU FIP 
k=1 °° j=l 
< 1+{[|h-A,|llexp(max ||[Al]], [I]2 — Pall) 
< 1+ ||[h—-A,|llexp({|[Alll + |llh - alll). 
(We mention a subtlety. The element exp(ihj{,) is defined to be the limit 
in the norm || - || of its series expansion. Since vu, is continuous with 
respect to ||-|| by Theorem 11.1.7, exp(th,,) is also the limit of its series 
expansion relative to uv This is why u(exp(thn)) = |||exp(zh7,)|||-) The 


above expression approaches 1 as n increases. Hence B satisfies Theorem 
11.2.5(c). Therefore B has an isometric *-representation. This induces a 
*_representation of A that is isometric with respect to u,. Hence v,(a) < 
ya(a) for all a € A. Since we easily established the opposite inequality in 
Theorem 11.1.9, the theorem is proved for unital *-algebras. 

Suppose that A is not unital. We have just shown v = 7 on A!. Theo- 
rem 10.1.7(j) shows that -y on A is the restriction of y on A’. The definition 
of vu, makes it clear that uv, is the restriction of v4: on A!. Hence uv, equals 


YA: O 
C*-Equivalent Banach *-Algebras 


There has been considerable interest in Banach *-algebras that have 
an equivalent complete C*-norm. They are called C*-equivalent Banach 
*-algebras. From the viewpoint taken in this book, they are simply 
C*-algebras with the “wrong” complete norm. In [1972a] and [1973] Bruce 
A. Barnes introduced the concept of locally C*-equivalent Banach *-algebras, 
established their basic properties, asked whether they were necessarily 
C*-equivalent, and answered the question affirmatively in several interest- 
ing special cases. In [1976] Joachim Cuntz gave an ingenious but rather 
indirect proof of the equivalence in general. We are not aware of any sim- 
plifications of the original argument, so we will include the result below, 
but merely direct the reader to Cuntz’ published proof. 
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11.2.7 Definition A Banach *-algebra is called C*-equivalent if its 
Gelfand—Naimark semi-norm is equivalent to its complete norm. 

A Banach *-algebra A is called locally C*-equivalent if, for each hermi- 
tian element h € Aj, the closed subalgebra generated by h is C*-equivalent. 


An equivalent way to describe local C*-equivalence is to say that for 
each hermitian element h the closed subalgebra it generates is isomorphic 
to the algebra of all continuous functions on the spectrum of h. This is the 
fundamental assumption in algebraic models of quantum mechanics. 


11.2.8 Theorem The following are equivalent for a Banach *-algebra 
(A, || - [[)- 

(a) A is C*-equivalent. 

(b) Its Gelfand-Naimark semi-norm y, is a complete norm. 

(c) A is a C*-algebra (with its C*-norm not-necessarily equal to its 

complete norm). 
(d) Aju is bounded in the complete norm || - || of A. 
(e) There exists a constant B satisfying 


lal? < Bllatal| Vac. 


(f) A is locally C'*-equivalent. 
A Banach *-algebra satisfying these conditions is semisimple, hermitian, 
has a continuous involution and has y, as its unique C*-norm. 


Proof (a)=(b): If the Gelfand—Naimark semi-norm is equivalent to the 
complete algebra norm, it must be a complete norm. 

(b)=(c): Corollary 9.5.6. 

(c)=>(a): If A is a C*-algebra, its Gelfand—Naimark norm is complete. 
Theorem 11.1.5 shows the inequality y(a) < m(A)||a|| for all a € A. Hence 
the identity map is an invertible, contractive linear map of the Banach 
space (A,|| - ||) onto the Banach space (A,7). The inverse boundedness 
theorem shows that these norms are equivalent on A. 

(a)=>(d): Corollary 10.3.9 shows 7 < v in any Banach *-algebra. Since 
any quasi-unitary element w satisfies w = lw + (—1)0, Proposition 10.3.4 
shows u(w) < 2. Hence y(w) < 2. Since y is equivalent to the complete 
norm ||: ||, Agu is bounded. 

(d)=(a): Theorem 11.1.5 shows the inequality y(a) < m(A)||a|| for all 
a € A. Theorem 11.2.6 shows that ~y = v. Suppose that B is an upper 
bound for Aju. For any a € A, Proposition 10.3.4 shows that we can find 
néN, Aj € Cand w; € Agu for j = 1,2,...,n satisfying a = 7) Ajwy;, 
0 = D771 Ay and SOF_, |Aj| < 2v(a). The first of these equations shows 
lal] < SOF IAgL Ileesl] < SOF, |As|B < 2Bu(a). Hence the complete norm 
|| - || is equivalent to v = y. 

(a)=>(e) and (f): Obvious. 
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(e)=(a): The inequality implies 


on+l * “yn on ra ‘ n—1 
llal|’ " < (B |la*al|)?” < B® (B ||(a*a)*||)? <... 


< B?” B?”’...B |\(a*a)?"|| Vae€ A neNn 


Raising this inequality to the 2~"~! power and taking the limit as n in- 
creases, we conclude 


\{a|| < Br(a) VaeéA. (4) 


(If a belongs to the Jacobson radical of A, then a*a does also, so r(a) = 0. 
Hence A is semisimple and thus has a continuous involution by Theorem 
11.1.1. Submultiplicativity gives the continuity of the involution more di- 
rectly. ) 

Specializing this inequality to a normal element c € An, we get 


lle" ||? < Br(c")’ = Bp((c")*c") = Bp((c*c)") = Bp(c*c)” = Br(c)””. 
Taking the 2nth root and letting n increase gives 
p(c) < r(c) Vc€ Ac. 


Theorem 10.4.4 now shows that A is hermitian and hence a yS*-algebra 
satisfying 
y(a) = r(a) VaeA 


by Theorem 10.4.17. Theorem 11.1.4(b) and inequality (4) above now give 
yA(a) < m(A)|lal| < Bm(A)ya(a) = Va EA, 


establishing the equivalence of the Gelfand—Naimark semi-norm and the 
complete norm. 

(f)=>(a): As noted above, Joachim Cuntz [1976] contains an indirect 
six-page proof. No one seems to have improved the original proof, so we 
will simply provide this reference. An easier, more direct proof would be of 
considerable interest. 

The properties of C*-equivalent Banach *-algebras are all easily estab- 
lished using Theorem 9.2.16 for the last property. 0 


11.3. Automatic Continuity for Banach *-Algebras 


We shall discuss the continuity of positive linear functionals before turn- 
ing to the continuity of homomorphisms and other maps. 

Considerable attention has been devoted to finding conditions on a Ba- 
nach *-algebra that force all of its positive linear functionals to be continu- 
ous. Note that some condition on a Banach *-algebra is necessary before all 
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of the positive linear functionals are continuous. If A? = span{ab: a,b € A} 
is not closed, or is closed but not of finite codimension, then we can use 
a Hamel basis in A to construct a discontinuous linear functional w that 
vanishes on A?. Since A, is included in A’, w will be positive. Hence 
a necessary condition for the continuity of all positive linear functionals 
on a Banach *-algebra A is that A* be closed with finite codimension in 
A. For separable commutative Banach *-algebras we will show (following 
Richard J. Loy {1976]) that this is also a sufficient condition and that, in 
fact, one need only require A? to have at most countable codimension in 
A. However, for nonseparable commutative Banach *-algebras A, the best 
result known seems to be the theorem of Ian S. Murphy [1969], which as- 
serts that all positive linear functionals are continuous if A® is closed with 
finite codimension in A. Both of the above results can be extended to 
the non-commutative case by considering the center Az of the algebra A. 
Thus, if A is either a Banach *-algebra in which Az A? is closed with finite 
codimension or a separable Banach *-algebra in which Az A has at most 
countable co-dimension, then all positive linear functionals on A are con- 
tinuous. These results, which are due to Sinclair [1976] and to Loy [1976], 
respectively, will be presented as Theorem 11.3.9 below. 

Recall that a *-representation T is said to represent a positive linear 
functional w if there is a topologically cyclic vector z for T satisfying 


w(a) = (T,z, z) VaeéA. 


A positive linear functional is said to be representable if there is some 
*_representation that represents it (Definition 9.4.14). A positive linear 
functional is said to be Hilbert bounded if 


llw||z = sup{|w(a)|/w(a*a)'? :a€ A\ Au} 


is finite. The value ||w||4 of this supremum is called the Hilbert bound of w 
(Definition 9.4.2). Theorem 10.1.3(c) shows that a positive linear functional 
on a Banach *-algebra is representable if and only if it is continuous with 
respect to the Gelfand—Naimark semi-norm. This implies continuity with 
respect to the norm of the Banach *-algebra by Theorem 11.1.9. Hence, 
it is more fundamental to ask for conditions on a Banach *-algebra that 
force all of its positive linear functionals to be representable. Unital Banach 
*_-algebras certainly have this more stringent property (Corollary 11.3.5). 
Theorem 11.3.7 below reproduces a theorem of Satish Shirali [1971b] which 
asserts that each positive linear functional is representable (and hence con- 
tinuous) on any Banach *-algebra with a bounded left approximate identity. 

Another type of automatic continuity result for positive linear function- 
als on A arises if we assume that A, = {)°y_, agag :n € N; ag € A} is 
closed. This hypothesis is rarely verified, but it does hold for C*-algebras. 
When it is true, a simple argument (Lemma 11.3.1) shows that all positive 
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linear functionals are at least continuous on A. We will use this to estab- 
lish in Theorem 11.3.3 that all positive linear functionals on a C*-algebra 
are representable and therefore continuous. We also use Lemma 11.3.1 to 
prove other criteria for the continuity of positive linear functionals. 


C'*- Algebras 


We begin our detailed discussion by proving the representability of pos- 
itive linear functionals on C*-algebras. We put this result first in order 
to give another proof in Theorem 11.3.4 that representability is equivalent 
to continuity in the Gelfand—Naimark semi-norm. It is convenient to state 
two lemmas since each of their results must be used twice. The earliest 
reference we have found for the next three results is Rickart’s book [1960]. 
Most early authors assumed their algebras to be unital, which made these 
results unnecessary. 


11.3.1 Lemma Let A be a Banach *-algebra. Any linear functional on 
A that is non-negative on the norm-closure A+ of the positive cone Ax is 
continuous on Ax. 

In particular, if A+ is closed, then every positive linear functional on A 
is continuous on A,. 


Proof Suppose that w is a linear functional on A that is non-negative on 
A,. (In particular, w could be any positive linear functional if A, is closed.) 
If w is not continuous on A;, we may choose a sequence {pr}nen € Ax 
satisfying ||p,|| << 2~" and w(p,) > 1. However, this gives the contradiction 


w(S opr) =4( D> pe) + Dw) >n VneNn 
k=] k=1 


k=n+1 


Hence w must be continuous on A,. oO 


The next lemma will be subsumed in the much stronger Theorem 11.3.7 
below. Notice that the hypotheses require more than simple boundedness 
for the approximate identity unless it is included in Ay or the involution 
is continuous. However, Theorem 11.3.7 will show that the hypothesis of 
boundedness is actually enough. 


11.3.2 Lemma Let A be a Banach *-algebra and let {eg}gcp be a 
left approximate identity for A for which there is a bound M satisfying 
llegeg|| < M for all B € B. Then any continuous, positive, linear functional 
w on A is representable and its Hilbert bound satisfies ||w||y < M||w]|, 
where ||w|| is the norm of w as a linear functional on (A, || - ||). 


Proof For any a € A, Lemma 9.4.3 gives 


|w(a)|? = lim |w(ega)|* < liminf w(egeZ)w(a*a) < ||w||Mw(a*a). 
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Theorem 11.1.10 and Theorem 9.4.15 show that w is representable. oO 


11.3.3 Theorem Every positive linear functional w on a C*-algebra is 
representable and continuous and satisfies ||w||4 = |\w]]|. 


Proof Let A be a C*-algebra. Theorem 9.2.16(b) shows that A, is closed, so 
Lemma 11.3.1 gives a constant M satisfying |w(p) < M||p|| for all p€ Ax. 
Theorem 9.2.16(d) shows that any a € A (with a = h+ik, where h,k € Ay) 
satisfies 


Jw(a)| |w(h)| + |w(k)| = lw(hy) — w(h_-)| + Jw(ke) — w(k_)| 
2M max{\[h+|l,|[h—[], [k+l], AI} 


2M max{|{hI|, ||k]|} = 2M|lal]. 


IA IA 


Hence w is continuous. Theorem 9.2.18 allows us to apply Lemma 11.3.2 
with M = 1 to conclude ||w||y < ||w||. Since the norm on a C*-algebra is 
the Gelfand—Naimark semi-norm y, Proposition 10.1.2 gives the opposite 
inequality. oO 


Representable Positive Linear Functionals 


We restate part of Theorem 9.4.15 in the present setting. This theorem 
improves similar classical results in a number of ways. (The proof of Theo- 
rem 11 in §37 of Bonsall and Duncan [1973] is defective since A* f (a)+Af (a*) 
is not shown to be real.) 


11.3.4 Theorem The following are equivalent for a Banach *-algebra A 
and a positive linear functional w on A. 

(a) w is representable. 

(b) w is Hilbert bounded. 

(c) w is the restriction of a positive linear functional on A’. 

(d) There is some *-representation T and some vector z in the 

representation space of T satisfying w(a) = (Tqz,z) for alla € A. 

(e) T*: A B(H”) represents w. 

(f) w is continuous with respect to y. 
When these conditions hold, w is hermitian and continuous with respect to 
the complete norm of A. The Hilbert bound ||w||x equals the norm of w as 
a linear functional on (A, y), and the norm of w as a linear functional on 


(A, || - |) satisfies |||] < |lw||a m(A) and 
|w(a)| < |lw|fary(a) < |lolla7(@) < |lell m(ADllal] Vae A (1) 


Furthermore, there ts a unique topologically cyclic vector z, € H” sat- 
: 3 2 
isfying ||z.||, = llwllx, 


Te zu = a” and w(a) = (@%,2)u = (Te Zea; Bias Vac A. 
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Proof Theorem 11.1.10, which states that all positive linear functionals 
on a Banach *-algebra are admissible, reduces the present statement to 
Theorem 9.4.15. Oo 


11.3.5 Corollary Every positive linear functional w on a unital Banach 
*_algebra is representable, continuous and satisfies 


Iw |] < w(1)m(A). 


Proof A positive linear functional w on a unital *-algebra obviously satisfies 
(c) of the theorem. Lemma 9.4.3 shows ||w||47 = w(1). O 


11.3.6 Corollary Let A be a Banach *-algebra and let w be a positive 

linear functional on A. For any b,c € A, define linear functionals w° and 
b,c 

Ww?” by 


w°(a) =w(b*ab) and w(a) = w(b*ac) Vaca. 


Then w® is a representable, positive, linear functional on A, and both w® 
and w*** are continuous. In particular, they satisfy 


Jw*(a)] <_ w(b")7(a) < w(O*b)m(A)|lal]| VaeA (2) 
JCal] <_ w2(b"d)!?wx(c*e)'/?y(a) 


S 
< w(b*b)/2w(c*e)!/*m(A)|lal] Vae A. (3) 


Proof Proposition 9.4.8 shows that w® is Hilbert bounded and satisfies 
[\w?}|z7 < w(b*b). Lemma 9.4.3 shows 


\w**(a)|? = w(b*ac) < w(b*b)w(c*a*ac) = w(b*b)w°(a*a). 


The inequalities now follow from inequality (1). oO 


We remark that the continuity of w’* can also be derived from the 
continuity of functionals of the form w® by applying the polarization identity 


3 
a= Do kb + i*c)*a(b + i*c) Va,b,ceé A. 


Although we have cited more specific references, the reader should be aware 
that both corollaries above are almost trivial consequences of the elemen- 
tary Lemma 9.4.3 (the Cauchy—-Schwarz inequality). 

The next theorem is due to Shirali {1971b] and is an improvement of a 
theorem of Nicholas Theodore Varopoulos (1964b]. If we assumed the invo- 
lution continuous, or assumed a two-sided bounded approximate identity, 
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then the first argument would be unnecessary and the theorem would re- 
duce to the original result of Varopoulos. This weaker original form already 
applies to C*-algebras. 


11.3.7 Theorem All positive linear functionals on a Banach *-algebra 
with a bounded left approximate identity are representable and continuous. 
If w is a positive linear functional on the Banach *-algebra A, M is a 
bound for the image of a left approximate identity in the reduced algebra 
A/Ar, and B is a bound for the involution in A/Apr, then w satisfies 


loll < M*Bi|w|| and ||w|] < m(A)|lwllx- 


Proof Let w be a positive linear functional on a *-algebra A satisfying the 
hypotheses. First we will show that w vanishes on the reducing ideal Ap. 
Let 6 be an arbitrary element of Ar, and apply Corollary 5.2.5 (the Cohen 
factorization theorem) to b in order to write 6 = a*c with c € Ab C Ap. 
Apply the same result to c* € Ag in order to write b = a*de with d € 
(Ac*)* C Ar. Now Corollary 11.3.6 gives 


|w(b)|? = |w(a*de)|? = |w*(d)|? < w(a*a)w(e*e)y(d)* = 0. 


Since w vanishes on Ap, we may assume that A is reduced (1.e., we write 
A for A/Apr). Then A has a continuous involution by Theorem 11.1.1. 
Therefore A now has a two-sided bounded approximate identity, since we 
may apply Theorem 5.1.2 to the original approximate identity and its image 
under the involution. 

Next we will use the sequential form of the factorization theorem to 
show that a positive linear functional is continuous. Let {ba}nen C A 
be an arbitrary sequence with limit zero. Corollary 5.2.4 (applied first to 
A and then to the reverse algebra A”) asserts the existence of elements 
a,c € Aand a sequence {d,}nen C A with limit zero satisfying b, = a*dyc 
for alln € N. Let w be a positive linear functional on A again. Just as 
before, Corollary 11.3.6 shows 


[wr(bn)|? = |w(a*dne)|? = |w™(dn)|? < w(a*a)w(c*e)m(A)?||dn||?. 


Hence {w(b,)}nen converges to zero. Therefore w is continuous. Now 
Lemma 11.3.2 and Theorem 11.3.4 conclude the proof since |leZe,|| < 
B\|e? ||? < M?B holds for all 8 € B. Oo 


Let us give the special case of this theorem that is of most interest. 


11.3.8 Corollary Let (A,||-||) be a Banach *-algebra with an isometric 
involution and an approximate identity bounded by 1. Every positive linear 
functional w on A is representable and continuous. Its Hilbert bound ||w\|y 
equals its bound as a linear functional on both (A, || -||) and (A,~yz). 
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Next we take up various results where the continuity of all positive linear 
functionals on a Banach *-algebra depends upon hypotheses concerning 
the subspaces A”, A?, AzA or AzA?. An expression like AzA? denotes 
span{cab:c € Az; a,b € A}. The first such results were due to Varopoulos 
[1964a] for commutative algebras, and these results were simplified and 
extended by Murphy [1969]. Sinclair [1976] extended these results to non- 
commutative Banach *-algebras A by considering their centers Az. For 
separable Banach *-algebras, the results were much improved by Loy [1976] 
using methods introduced in this context by Jens Peter Reus Christensen 
[1976]. The following theorem improves Theorem 13.7 of Sinclair [1976] 
and includes Theorem 2.1 of Loy [1976]. Our proof is simpler than those 
offered previously. See also Peter G. Dixon [1981]. 


11.3.9 Theorem Every positive linear functional is continuous on a 
Banach *-algebra A that satisfies one of the following hypotheses. 
(a) AzA equals A. 
(b) A is separable and Az has at most countable codimension in A. 
(c) AzA? is closed and of finite codimension in A. 


Proof This whole proof is based on the elementary fact that, if a linear 
functional w on a Banach space A is continuous on a closed linear subspace 
X of finite codimension, then it is continuous on A. (To see this, note 
that we can find a continuous linear projection P of A onto ¥ with J -— P 
finite-dimensional. Suppose that {an}nen is a Sequence converging to zero. 
Then the equation w(a,) = wo P(a,) + wo (I — P)(a,) shows that w(ap) 
converges to zero since both of the sequences on the right do.) 

Clearly (a) implies AzA? = A, which implies (c). Similarly, Corollary 
5.3.8 shows that hypothesis (b) also implies (c). Hence we assume (c). 

Let w be an arbitrary positive linear functional on A. If w vanishes on 
AzA?, it is continuous. If it does not vanish on AzA?, we can find a,b € A 
and c € Az satisfying 0 # |w(a*be)|? < w(a*a)w(c*b*bc) = w(a*a)w*(b*d). 
Hence w* is non-zero on A? and is continuous by Corollary 11.3.6. Clearly 
we may suppose ||c*c|| < 1 so that Proposition 11.1.7 allows us to write 
c*c = hoh for some h € (Az). This gives 


(w — w°)(b*b) = w(b*(1 — e*c)b) = w(b*(1—A*)(1—h)bF)>0 VbEA. 


We have shown that, if there were a discontinuous positive linear functional 
w on A, it would dominate a continuous positive linear functional w° that 
is non-zero on A?. 

Next we will show that the last result implies that all positive linear 
functionals on A are continuous. In fact, we show that if there were a 
discontinuous positive linear functional wo on A, then there would be a 
discontinuous positive linear functional w on A that does not satisfy w > w’ 
for any continuous positive linear functional w’ that is non-zero on A”. To 
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see this, let NM be the set of all continuous positive linear functionals w’ 
satisfying wo > w’ that are non-zero on A?. If 2 is empty we are done. If 
not, choose a linearly ordered increasing net {wg}gegp in 2. Then for each 
a € A, lim wg(a*a) < wo(a*a) exists. Proposition 9.1.6 shows that A? is 
the linear span of A, for any *-algebra A. More explicitly, the equation 
a*b= 4-15 _, i-*(a+i*b)*(a+i*b) shows that each c € A? can be written 
as )0"_, Ajasa;. Hence limgeg wa(c) exists for each c € A? and defines a 
linear functional © on A®. Furthermore, |wg(c)| < 4 |A;|wo(a*a;) holds 
for each such c € A? and @ € B. Since Az A? C A? is closed and of finite 
codimension, the uniform boundedness principle shows that w is continuous 
on AzA?. Since A? has finite codimension in A, we can extend w from A? 
to be a linear functional @ on A. By the first paragraph of this proof, w 
is continuous on A. It is also bounded above by wo since this is true on 
A? = spanA,. Hence @ is an upper bound for 2. Therefore we may apply 
Zorn’s lemma to find a maximal element w, € 9. Clearly w = wo — w; 
satisfies the requirements stated at the beginning of this paragraph. D 


11.3.10 Corollary For any commutative Banach *-algebra A, each of 
the following conditions implies its successor. If A is separable, all but (a) 
are equivalent. 

(a) A? equals A. 

(b) A” is closed and has finite codimension in A for all n > 2. 

(c) A® is closed and has finite codimension in A. 

(d) Every positive linear functional on A is continuous. 

(e) A? is closed and has finite codimension in A. 

(f) A” has at most countable codimension in A for some n > 2. 


Proof (a)=>(b)=>>(c), (e)=>(f): Trivial. (c)=(d): Theorem 11.3.9. (d)=>(e): 
Noted at the beginning of this section. (f)=>(a) when A is separable: The- 
orem 5.3.7. O 


The next result is essentially due to Tsuyoshi And6 [1962]. See the 
corollaries below and Theorems 13.9 in Sinclair [1976] and 2.3 in Loy [1976]. 


11.3.11 Proposition Let A be a Banach *-algebra in which A? is closed. 
If either A is separable and the involution is continuous or A is closed, 
then there is a constant M such that for each a € A® there are elements 


Po, P1,P2,p3 € Ay satisfying 


3 
a= \_ikp, and ||pz|| < M|lal| for k = 0,1, 2,3. (4) 
k=0 


Hence the involution is continuous in either case. 


Proof Under the second hypothesis, A; is a complete metric space and 
under the first it is an analytic space (see the remarks preceding Theorem 
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5.3.5). Let P be the product space [];_. A, and define a function Q from 
P to A? by Q(po, P1, P2523) = See i*p,. For each positive j, let P; be the 
subset of P in which each coordinate lies in the closed ball 7A; of radius 
j in A. Since A? equals Us , Q(P;), the Baire category theorem implies 
that the closure of some OUP, ) has non-empty interior. In the separable 
case Q(P;) is analytic, so we may apply the Pettis lemma (before Theorem 
5.3.5) to conclude that Q(P;) — Q(P,) = Q(Po2;) includes a closed ¢-ball 
about zero in A*. Hence we may choose M as 2j/e. In the non-separable 
case, it is not clear that Q(P;) satisfies the condition of Baire, so we argue 
as follows. Clearly Q(P2,) > Q(P;)-—Q(P;) has zero as an interior point, so 
that some M satisfies 26(A*); C (Q(Pys)) for all 6 > 0. For any a € A?, 
we choose a sequence {b,}nen C P by induction satisfying 


||QO(by +e-3+ bn) ad a]| < Dea and bn € Pm\jali2-"- 


Define Pkn and px for k = 0,1,2,3 by b, = (po, n> P1,n) P2,n) P3, n) oe 
Pk = >.>, Pk,n» Tespectively. These elements satisfy (4). 


The following results are similar to those in Sinclair [1976] and Loy 
[1976]. 


11.3.12 Corollary The following are equivalent for a Banach *-algebra 
A in which Ax is closed. 

(a) All positive linear functionals on A are continuous. 

(b) A? is closed in A. 

(c) A? is closed and has finite codimension in A. 
If A ts also separable, these are also equivalent to: 

(d) A” has at most countable codimension in A for some n > 2. 


Proof (b)=(a): Lemma 11.3.1 and Proposition 11.3.11 give this result. 
We have already noted all of the other implications. QO 


11.3.13 Corollary Let A be a separable Banach *-algebra with continuous 
involution and in which A? has at most countable codimension. Then the 
following are equivalent for a positive linear functional w on A. 

(a) w ts continuous. 

(b) w is continuous on Ax. 

(c) w is non-negative on the closure Ay of Ax. 


Proof Theorem 5.3.7 shows that A? is closed and of finite codimension. 
Hence Lemma 11.3.1 and Proposition 11.3.11 give the desired result. © 


George Maltese [1970] considered the question of when a pure state can 
be extended from a closed *-subalgebra to the whole Banach *-algebra, 
and his results were extended by Robert S. Doran and Wayne Tiller [1981]. 
They showed that if B is a closed *-subalgebra of a Banach *-algebra A 
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that contains a bounded approximate identity for A, then any pure state on 
B can be extended to be a pure state on A if and only if it can be extended 
to be positive. 


Continuity of Homomorphisms 


Our next result, which is due to Volker Runde [1996], gives a condition 
under which a Banach *-algebra is the domain of a discontinuous homo- 
morphism into another Banach algebra, at least if we are willing to assume 
the continuum hypothesis. In [1979a] H. Garth Dales showed that (assum- 
ing the continuum hypothesis) every commutative Banach algebra with an 
infinite Gelfand space is the domain of a discontinuous homomorphism into 
a Banach algebra. In [1983] Ernst Albrecht and Dales conjectured that a 
(not-necessarily commutative) C*-algebra A is the domain of discontinuous 
homomorphism into a Banach algebra if and only if there is some n € N 
such that A has infinitely many inequivalent, irreducible, n-dimensional 
*_-representations. They verified the sufficiency of this condition in gen- 
eral and the necessity in certain cases, including all closed ideals of AW*- 
algebras. The following theorem is a considerable extension of their suffi- 
ciency proof. The reader may wish to refer to Section 10.5 for facts about 
*-regularity and the *-structure space II*,. 


11.3.14 Theorem Assume the continuum hypothesis and let A be a 
*-regular Banach *-algebra. If there is some n € N such that A has infinitely 
many inequivalent, irreducible, n-dimensional *-representations, then A is 
the domain of a discontinuous homomorphism into a Banach algebra. 


Proof Let Z be the intersection of the kernels of all of the topologically 
irreducible *-representations of dimension n or less. Theorem 10.5.14(a) 
shows that the quotient algebra A/T is *-regular. Proposition 6.1.6 shows 
that we may assume J = {0}. Let B C II%, be the set of kernels of n- 
dimensional irreducible *-representations of A. The *-regularity of A means 
that II’, can be identified with IIc¢,4). Hence Dixmier [1977], Propositions 
3.6.3 and 3.6.4 show that B is an open subset of II*, and locally compact in 
its relativized topology. Since B is open and infinite, we can find a sequence 
{Ui }xen of mutually disjoint, non-empty, open (in II*,) subsets of B. For 
each k € N, choose Py € Ux and let yr: A > Mn ~ A/P, be the natural 
map. The definition of the Jacobson topology shows that for each k there 
is an element a, € k(II*, \ Ux) with yz, (ax) 4 0. Define b € A by 


ed * 
QA,ak 
b= kt 
2. 3jazaxl| 1) 
We shall also use b,,, to denote the mth partial sum by, = )°;_, Pa IESE 
Since :,(b)? is non-zero for all k € N and p € N°, we can define a homo- 
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morphism y: A + M,,(€°) by 


y(a) = (yi (a), p2(a),...,pe(a),...) WaeA 


such that M = {y(b)? : p € N°} C M,(€~) does not intersect the ideal 
J = M,(coo). By the Hausdorff maximality principle, there is a maximal 
ideal P including 7 but not intersecting M. Theorem 4.1.10(b) shows that 
P is a prime ideal of M,(€~). Proposition 1.6.10 shows that there is an ideal 
Q in £° so that P is the set of all of the matrices with entries from Q. We 
may identify 2° with the center of M,(€%) by sending an element c € 0 
onto the matrix with c’s down the main diagonal and zeroes elsewhere. 
Under this identification, OQ = PM £™ is clearly a prime ideal. Since we 
are assuming the continuum hypothesis, the general normability theory for 
complex algebras (Dales [1997], Chapter 5) shows that the commutative 
integral domain @°/Q has an algebra norm since it has the cardinality of 
the continuum. Let B be the completion of @°/Q in this norm and let 
6: €° —+ B be the induced map. (The general theory shows that @ is a 
discontinuous homomorphism that induces a discontinuous homomorphism 
0: M,(£°) — M,,(B), but we do not need these facts.) It is clear that P 
is the kernel of O. Furthermore, y(b,,) belongs to P for each m € N, but 
y(b) does not. Thus 0 o ¥(b,,) is zero while © o y(b) is non-zero. Since 
b= lim 6,,, O° is a discontinuous homomorphism into B. 0 


In [1997] Dales and Runde gave a simplified proof of a more general 
theorem. Since it does not involve an involution, we shall simply state 
their result. 


Theorem Assume the continuum hypothesis and let A be a Banach alge- 
bra. If there ts some n € N and an infinite family I of distinct mazimal 
modular ideals such that A/T is isomorphic to M,, for each T € I, then 
there 1s a discontinuous homomorphism of A into some Banach algebra. 


We assume the continuum hypothesis for the rest of this discussion. Of 
course the theorem shows that a C*-algebra with an infinite number of 
inequivalent n-dimensional, irreducible *-representations for some n € N 
is the domain of a discontinuous homomorphism into a Banach algebra. 
Similarly, if G is a Boidol group with an infinite number of inequivalent n- 
dimensional, topologically irreducible, continuous, unitary representations 
for some n € N, then L'(G) is the domain of a discontinuous homomorphism 
into a Banach algebra. 

However, the sufficient condition in the theorem for the existence of 
discontinuous homomorphisms is not necessary, as the next example (also 
from Runde [1996]) shows. This result does not depend on the continuum 
hypothesis, but rather on the fact that L*(G) * L?(G) has infinite codimen- 
sion in L?(G). Thus this example on L?(G) is unrelated to the existence 
of discontinuous homomorphisms with domain L(G). Recall that L?(G) 
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is closed under convolution multiplication when G is compact, so that its 
Haar measure is finite. 


11.3.15 Theorem Let G be a compact group. Then L?(G) is the domain 
of a discontinuous homomorphism into some Banach algebra if and only if 
G is infinite. 


Proof If G is finite, then L?(G) is finite-dimensional and thus is not the 
domain of any discontinuous linear map. Suppose that G is infinite. Then 
L?(G) * L?(G) is included in the set of continuous functions on G. Hence 
L?(G) *« L?(G) has infinite codimension in L?(G). (Runde [1996] gives a 
detailed argument, which we omit since the assertion is so plausible.) Thus 
there is a discontinuous linear functional 6: L?7(G) — C that vanishes on 
L?(G) * L?(G). Let B be L?(G) ®C with multiplication 


Then y: L?(G) > B defined by 


o(f)=(F,6(f)) We L(G) 
is a discontinuous homomorphism. oO 


Now consider the infinite compact group SU(2) of all unitary 2 x 2- 
matrices with determinant 1. Hewitt and Ross [1970], (29.13) to (29.28) 
show that for each n € N, SU(2) has exactly one n-dimensional, continu- 
ous, unitary, irreducible representation up to equivalence. Because L?(G) 
is an H*-algebra, it is *-regular. However, it is the domain of a discontinu- 
ous homomorphism into a Banach algebra even though it does not have an 
infinite number (it doesn’t even have 2) inequivalent n-dimensional, con- 
tinuous, unitary, irreducible representations for any n € N. 


11.4 Hermitian Banach *-Algebras 


Essentially all of our results on hermitian Banach *-algebras were proved 
in the last two chapters, particularly in Sections 9.8 and 10.4, under weaker 
hypotheses. The Banach algebra structure of a Banach *-algebra is closely 
related to its *-algebra structure exactly when it is hermitian. This fun- 
damental insight was discussed in the introduction to Section 9.8. We will 
restate previous results here, emphasizing the Banach *-algebra case. 

First we give various conditions equivalent to being a hermitian Banach 
*-algebra. Symmetry was the first of these conditions to be considered. 
Israel Moiseevié Gelfand and Mark Aronovié Naimark included symmetry . 
in their original [1943] axioms for C*-algebras, but conjectured (correctly) 
that it followed from their other axioms. Dmitrii Abramovié Raikov’s 
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brief but brilliant [1946] paper elucidated much of the theory of symmetric 
*_algebras without any published predecessors. In particular, he discovered 
Raikov’s criterion ((e) below): 


y(a) = p(a*a)'/? VaceA. 
Despite this strong hint, the importance of the function 
at+ T(a) = p(a*a)!/? VaeA 


was not fully comprehended until Vlastimil Ptak in another brilliant, but 
much longer, [1972] paper exhaustively studied it. For these reasons, we 
call + the Raikov—Ptak functional. Ptak’s paper led the present author 
[1972b] to formulate conditions (f), (g) and (h) below and was one of a 
series of discoveries that stimulated him to write the first version of the 
present work in the 1970’s. 

The condition that we call “hermitian” was introduced under the name 
“Banach algebra with a real involution” by Charles E. Rickart [1947]. Irving 
Kaplansky called a condition equivalent to hermitian under many circum- 
stances “C-symmetry” in [1949a]. He conjectured that a hermitian Banach 
*-algebra was symmetric. After 20 years, this conjecture was proved by 
Satish Shirali and James W. M. Ford [1970]. Complete symmetry was first 
explicitly defined and considered by Josef Wichmann [1976]. 


11.4.1 Theorem The following are equivalent for a Banach *-algebra A. 

(a) A is hermitian: Sp(h) C R for allh € Ay. 

(b) A is symmetric: Sp(a*a) C R, for alla€ A. 

(c) A is completely symmetric: Sp(p) C Ry, for all p € Ax. 

(d) There exists a constant C with p(a*a) < C'r(a*a) for alla € A. 
(e) Raikov’s criterion: y(a) = Tr(a) for alla €é A. 

(f) A is a yS*-algebra: y is a spectral semi-norm. 

(g) Az = Ar and A/Ap is a spectral *-subalgebra of its C*-enveloping 
algebra. 

(h) IfT:A— L(X) is any algebraically irreducible representation, then 
there ts an inner product for X relative to which T is a normed 
pre-*-representation. 

When these conditions hold, any primitive ideal is a closed *-ideal and the 
kernel of a continuous, topologically irreducible *-representation. 


Proof These results have been obtained in a number of different settings 
in Chapters 9 and 10. We will cite Theorem 10.4.17 for the equivalence of 
(a), (b), (c) and (f) and Theorem 10.4.8 for the equivalence of (d), (e) and 
(f). Theorems 10.4.18 and 10.4.15 give the equivalence of (f), (g) and (h) 
and the final remark. oO 


1198 11: Banach *-Algebras 11.4.2 


The property of being a hermitian Banach *-algebra is extremely stable. 
Particularly note that condition (b) below seems more than one should hope 
for. We state these as (rather trivial) equivalences. 


11.4.2 Theorem The following are equivalent for a Banach *-algebra A. 

(a) A is a hermitian Banach *-algebra. 

(b) Every closed *-subalgebra of A is a hermitian Banach *-algebra. 
(In this case, a closed *-subalgebra is also a spectral *-subalgebra.) 

(c) Every closed *-ideal of A is a hermitian Banach *-algebra. 

(d) A/Z is a hermitian Banach *-algebra for each closed *-ideal T. 

(e) There is some closed *-ideal T for which I and A/T are both 
hermitian Banach *-algebras. 

(f) A@B is a hermitian Banach *-algebra for each hermitian Banach 
*-algebra B. 

(g) A/Aj is a hermitian Banach *-algebra. 

(h) A/Ap is a hermitian Banach *-algebra. 

(i) Either A is Jacobson-radical or A/P is a hermitian Banach 
*-algebra for each primitive ideal P of A. 

(j) A? ts a hermitian Banach *-algebra. 

(k) A®M,, is a hermitian Banach *-algebra for some n € N. 

(1) A@®M,, is a hermitian Banach *-algebra for all n € N. 


Proof We again have a choice of previous results to cite, particularly taking 
the last theorem into account. Theorem 10.4.19 gives the equivalence of (a) 
and (b). The parenthetical remark in (b) is just Proposition 10.4.6(a). The 
equivalence of (c) is immediate. Theorem 9.8.2 shows that (d), (g), (h) 
(using Theorem 11.4.1(g)), (i) (using Proposition 4.2.6 from Volume I) and 
(j) are all equivalent to (a). The equivalence of (e) follows from Theorem 
9.8.3(e) and this implies the equivalence of (f). Finally, Theorem 9.8.4(i) 
takes care of (k) and (1). Oo 


If a Banach *-algebra is not hermitian, Horst Leptin discovered in [1977] 
that there is a neat splitting between the part of it that is hermitian and 
the part that is not hermitian. 


11.4.3 Theorem Let A be a Banach *-algebra. There is a closed *-ideal 
Az called the Leptin radical that is hermitian. Any closed *-subalgebra 
of Ay is hermitian while A/Az has no non-zero hermitian closed *-ideal. 
The Leptin radical also satisfies (A/Z), = A,/T for any closed *-ideal of 
A included in AL; Ir =I Ax for any closed *ideal of A; (A®Mn)zt = 
Ar ® Mn for any n € N and 


A, = ()(PNP*), 
S(A) 
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where S(A) is the set of all primitive ideals of the form L: A for a mazimal 
modular left ideal L with a right relative identity of the form —a*a for some 
aéA. The Jacobson radical Ay, reducing ideal An and Barnes radical Apg 
are related to the Leptin radical as follows: 


Ajj = ARN Az C Ar C Apa: 


Proof Theorems 9.8.6, 9.8.7(f), 10.5.23 and 11.1.17 and Corollary 9.8.8 
contain these results and more. Oo 


There is a far-reaching extension of Theorem 11.1.12 for hermitian 
Banach *-algebras. *-Representations can be extended from closed *-sub- 
algebras to the full algebra instead of only from closed *-ideals. Obviously, 
one has to pay the price of possibly enlarging the Hilbert space for this 
extension. We will not repeat all of the details. 


11.4.4 Theorem Any *-representation of a closed *-subalgebra B of a 
hermitian Banach *-algebra A can be extended to a *-representation of all 
of A on a possibly larger Hilbert space as described in Theorem 10.4.22. 


Proof Theorem 10.4.22 oO 


11.5 Ideal Structure 


Section 10.5 contains many deep results on the ideal structure of Ba- 
nach *-algebras. The hypotheses of nearly all of the propositions and the- 
orems in that section start out by requiring that the algebras in question 
be either G*-algebras or BG*-algebras. Since Banach *-algebras are both 
G*-algebras and BG*-algebras, all of these results are available here. We 
will informally repeat some of these results, restating only a few formally. 
The reader of this section needs to review Section 10.5. 

Theorem 10.5.2 describes some of the nice properties of ideals in 
C*-algebras. Definition 10.5.3 introduces the *-structure space II*%, of a 
*-algebra A. It is the space of all kernels of (necessarily continuous, by The- 
orem 11.1.5) topologically irreducible *-representations of A provided with 
the hull-kernel topology. Corollary 10.5.4 shows that, for a C*-algebra B, 
the *-structure space ITZ and structure space IIg = {primitive ideals of B} 
coincide. The final remark of Theorem 11.4.1 shows I, C I*, for any her- 
mitian Banach *-algebra A. Theorem 10.5.5 gives some of the basic results 
on hulls and kernels in the setting of the spaces II*, and II4. Theorem 10.5.6 
describes a contravariant functor y }» ¢ from *-homomorphisms between 
Banach *-algebras with image dense in the Gelfand—Naimark semi-norm of 
the target *-algebra to continuous maps between their *-structure spaces 
(in reverse order). We restate some of these results formally. 
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11.5.1 Theorem Let A be a Banach *-algebra. 

(a) The ( structure space II, / *-structure space II*, ) of A is a collection 
of closed, ( prime, *-ideals / primitive ideals ). 

(b) If A is hermitian, then these spaces satisfy Il, C II*,. 

(c) If A is a C*-algebra, then these spaces satisfy IL, = II*. 

(d) If Z is a closed *-ideal of A, then the map P +} P/T defines a 
homeomorphism of ( h*(Z) = {P € II: ZC P} onto II*, /L 
/ WL) ={P €l,:Z CP} onto Wyz ). Similarly, the map 
Pr> PNT defines a homeomorphism of { I1*, \ h*(Z) onto TF 
/ La \ h(Z) onto Iz ). 

(e) If 8: A C*(A) is the C*-enveloping algebra of A, then 


6: Tosa) => IT, defined by 6(P) = $* (P) VP € Io») 


is a continuous surjection of IIo+(4) = ING. A) onto IT*,. 
Furthermore, if T is any irreducible *-representation of C*(A), 
then ®(ker(T)) equals ker(T o ®). 


The ideal structure of C*-algebras is considerably easier than that of 
general Banach *-algebras. Furthermore, the *-ideals of a Banach *-algebra 
are related to the ideals of its enveloping C*-algebra, as described in (e) of 
the last theorem. Hence, it is obviously attractive to study the former in 
terms of the latter. The *-regular *-algebras introduced in Definition 10.5.8 
are those for which this strategy is particularly successful. By definition, 
a Banach *-algebra A is *-regular if and only if the map © of (e) is a 
homeomorphism. A Banach *-algebra is said to have a unique C*-norm 
if the Gelfand—Naimark norm on A/Ap is the only C*-norm that can be 
defined on this quotient. *-Regular Banach *-algebras always have a unique 
C*-norm (Theorem 10.5.12). The two conditions are closely related but not 
identical. 

Section 10.5 has many detailed results concerning *-regularity, all of 
which are available for Banach *-algebras. For instance, Theorem 10.5.15 
asserts that a Banach *-algebra A is *-regular if and only if there is some 
closed *-ideal Z with both Z and A/Z *-regular. Conversely, if A is *- 
regular, then Z and A/T are *-regular Banach *-algebras for any closed 
*_ideal Z. Both *-regularity and the unique C*-norm property are charac- 
terized in Proposition 10.5.19 in terms of the intersection of closed ideals 
of C*(A) with 6(A) C C*(A), and Theorem 10.5.18 shows that a Banach 
*_algebra is *-regular if and only if each of its y-closed ideals has a unique 
C*-norm. 

Definition 10.5.21 introduces the Barnes radical as the sum of all *-ideals 
that are *-regular as *-algebras. Its theory parallels that of the Leptin 
radical discussed in the last section. We state the next result formally since 
it contains a result not noted in the last chapter. 
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11.5.2 Theorem Let A be a Banach *-algebra. 

(a) The Barnes radical Ag, ts a closed *-ideal that is *-regular as a 
Banach *-algebra and includes the reducing ideal. 

(b) Any closed *-ideal ZT of A that is included in Apa satisfies 
(A/Z) Ba a Apa/T, which implies (A/ABa) Ba = {0}. 

(c) Any closed *-ideal ZT of A satisfies Ig, =I Apa, which implies 
(ABa)Ba = ABa.- 

(d) For any closed *-ideal I of A, (A/Z)pa = {0} implies Tga = Apa. 


Proof This is just a slight restatement of Theorem 10.5.23. In that theorem, 
(a) states that Ag, is y-closed, but this implies that it is also closed in the 
complete norm of A by Theorem 11.1.4(b). O 


We believe that the ideal theory of (non-commutative) Banach *-algebras 
is a fertile field for future investigation. Many results known for Banach 
algebras without an involution (cf. Chapter 7 of Volume J) have yet to 
find suitable generalizations to closed *-ideals in Banach *-algebras. The 
connection between the ideal theory and the *-ideal theory of Banach *- 
algebras is an area of great interest and many unanswered questions. We 
have already noted that hermitian Banach *-algebras are those for which 
this connection is particularly close. Presumably, conditions will eventually 
be found weaker than the hermitian property that imply a somewhat closer 
relationship. 

Most of the questions that have been addressed in this area arise from 
harmonic analysis on locally compact groups. The beautiful results known 
for locally compact abelian groups cry out for generalization to non-abelian 
groups. Frequently abelian results can be restated in more than one way in 
the non-commutative Banach *-algebra case. Then one may investigate the 
class of Banach *-algebras in which each of these possible generalizations 
hold. Many of the results obtained over the past few decades are due to 
Horst Leptin and his collaborators. In particular, the next theorem collects 
results with which he began [1976a]. Most are immediate consequences of 
general results already proved. 

The following definition is obviously inspired by Norbert Wiener’s clas- 
sical Tauberian theorem in [1932]. That theorem asserts that for each 
proper closed ideal Z of L'(R) there is a homomorphism y: L!(R) + C 
satisfying x(Z) = {0}. For Z1(R) all such homomorphisms are contractive 
*-homomorphisms. 


11.5.3 Definition A Banach *-algebra A is said to have the ( Wiener 
/ weakly Wiener ) property if each proper, closed ideal is included in the 
kernel of some ( topologically irreducible *-representation / irreducible rep- 
resentation ). 


11.5.4 Theorem Let A be a Banach *-algebra. 
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(a) A has the Wiener property if and only if each proper, closed ideal is 
included in the kernel of some non-trivial *-representation. 

(b) A has the ( Wiener / weakly Wiener ) property if and only if for 
each proper, closed ideal T there is some some ( P € II*, /P € Ty ) 
satisfying T C P. 

(c) A has the weakly Wiener property tf and only if it has no proper, 
closed ideal ZT with A/T radical. 

(d) If A is hermitian, the weakly Wiener property implies the Wiener 
property. 

(e) If A is a C*-algebra, it has both the weakly Wiener property and the 
Wiener property. 

(f) Let Z be a closed *-ideal of A. If both I and A/T have the { Wiener 
/ weakly Wiener ) property as *-algebras, then A has the ( Wiener 
/ weakly Wiener ) property. 

(g) Let W be a family of closed *-ideals of A each one of which has the 
( Wiener / weakly Wiener ) property as a *-algebra. If there is 
no proper closed ideal of A that includes all of the ideals in W, 
then A has the ( Wiener / weakly Wiener ) property. 


Proof (a): If each proper ideal is included in the kernel of some non-trivial 
*-representation, Theorem 9.2.8 shows that each proper ideal is included 
in the kernel of some topologically cyclic *-representation. The converse is 
obvious. 

(b): These results follow from the definitions of II*%, and II,. 

(c): Theorem 4.1.8(e) in Volume I shows that every proper ideal of A 
is annihilated by an irreducible representation if and only if there are no 
ideals Z of A with A/T radical. 

(d): Theorem 11.5.1(b). 

(e): Theorems 10.5.2(d) and 11.5.1(c). 

For both (f) and (g) we need an extension of Theorem 4.1.6(a) from 
Volume I. That theorem shows that if Z is an ideal of an algebra A and 
T:I — L(X) is an irreducible representation of Z on a linear space ¥, 
then there is a unique extension T:.A > L(4) of T to be an irreducible 
representation of A on ¥. We now show that if 7 is a one- or two-sided 
ideal of A satisfying J NZ C ker(T), then it also satisfies 7 C ker(T’). Let 
a€é J and b€ Z be arbitrary. If 7 is a right ideal, then T.7, = Ton = 0 
implies T, = 0 since Y = {Tx : b € Z} for any non-zero z € X& by 
Theorem 4.1.3(b). If 7 is a left ideal, then it satisfies TiT a = Tha = O. If 
T. #0, then there is some x € X with Taz 4 0. Theorem 4.1.3(b) gives a 
contradiction, implying T, = 0 again. 

Theorem 11.1.12, particularly (e), gives the same result for topologically 
irreducible *-representations of closed *-ideals in Banach *-algebras. 

(f): Using the results above, the argument is exactly the same for both 
cases. Let 7 be a proper ideal of A. If J NZ = TZ, then by (b) there is 
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an appropriate ideal P of A/Z that includes 7 /Z, so the first sentence of 
Theorem 11.5.1(d) completes the argument. If, on the other hand, J NZ 
does not equal Z, then there is an appropriate representation T of Z that 
includes 7 MTZ in its kernel so the argument above completes the proof. 
(g): Using the results before the proof of (f), we can again prove both 
cases at once. Let Z be a closed ideal of A. We have assumed that there 
is some ideal 7 in W with 7 not included in Z. Since 7 has the Wiener 
property, there is some appropriate representation T of 7 that vanishes on 
INJ. We can find an extension T of T that is an appropriate representation 
of A vanishing on Z. Hence, A has the desired property. oO 


11.6 Banach *-Algebras with Minimal Ideals and 
H*-Algebras 


Most of the results on Banach *-algebras with minimal ideals that we 
want to present have already been established under weaker hypotheses in 
Section 10.6. For convenience we restate them here for Banach *-algebras. 
Recall that a Banach *-algebra is said to be proper if a*a = 0 implies a = 0 
for all of its elements. Reduced Banach *-algebras are proper and proper 
Banach *-algebras are semiprime. 


11.6.1 Theorem Let (A,||- ||) be @ proper Banach *-algebra. 

(a) Every minimal left ideal of A has the form Ap for a unique minimal 
projection p € Ayp and hence is closed relative to the complete 
norm ||- ||. Conversely, Ap is a minimal left ideal and pAp = Cp 
for each p€ Amp. 

(b) The formula 


pb" ap = (ap, bp)» p Va,bEeA 


defines an inner product (-,-)p on Ap that is jointly continuous 
with respect to ||- ||. Denote the corresponding pre-Htlbert space 
norm on Ap by ||-||p and use the same notation for the operator 
norm induced by it on B( Ap). 

For any p € Amp, the norm ||-||p on Ap is continuous with respect 
to || -|| satisfying 


wee” 


(c 


|lap|lp < min{7(b) : bp = ap} < m(A) min{||d|| : bp = ap}. 


Furthermore, the restriction L? of the left regular representation of 
A to Ap is a||-||»-normed, algebraically irreducible pre-*-representa- 
tion that is || - ||p-bounded and hence can be extended by continuity 
to a topologically irreducible *-representation T? on the Hilbert 
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Te llp < a) < m(A)ilal| VaEed. 


Proof In (c) note that ap is a possible choice of b each time. See Proposition 
10.6.1 and Theorems 10.6.2, 11.1.4 and 11.1.5. oO 


We now formally state the special cases of §§10.6.3-10.6.8 for Banach 
*_algebras. 


11.6.2 Corollary Let A be a semiprime Banach *-algebra in which the 
left annihilator of the socle Ap is zero. Then A is reduced if and only 
if it is proper. In this case T* = @pcAypl” is a faithful Hilbert sum 
of topologically irreducible *-representations. Hence T* is isometric with 
respect to the Gelfand—Naimark norm y on A and the Hilbert space operator 
norm ||-||F on BpeAmp H?. 


Proof Theorem 10.6.3. oO 


11.6.3 Theorem A Banach *-algebra that is a modular annihilator alge- 
bra (and hence semiprime) is hermitian if and only if its Jacobson radical 
equals its reducing ideal. 

Hence a reduced Banach *-algebra A is hermitian if it is a dual algebra, 
an annihilator algebra, a left annihilator algebra, a completely continuous 
algebra, a left completely continuous algebra, a compact algebra, a modular 
annthilator algebra or has a dense socle. 


Proof The first sentence follows from Theorems 10.6.5 and 10.4.17. The 
conditions in the second sentence not listed in Corollary 10.6.7 come from 
Theorem 8.7.11. O 


11.6.4 Corollary Let A be a proper Banach *-algebra that has a min- 
imal projection p and is either prime or topologically simple. Then the 
*.representation T? of A on the Hilbert space completion H? of Ap is faith- 
ful, topologically irreducible and satisfies 

Tipe = ap ® (bp)* Va,beE A, 
so that Tis a 13 a collection of finite-rank operators under which H? has no 
closed T?-invariant subspace. 


Proof Theorem 10.6.10 shows the displayed equation. The rest follows 
easily. O 

It is obviously of interest to know when the pre-Hilbert space Ap in this 
theorem is actually a complete Hilbert space. In [1951] Charles E. Rickart 
discovered a useful answer. The corollary above was also proved in this 
paper. 
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11.6.5 Theorem Let A be a proper Banach *-algebra that has a minimal 
projection p and is either prime or topologically simple. The inner product 
on Ap induces a complete norm if and only if the norm of A restricted to 
Ap satisfies the inequality for C'*-equivalent Banach *-algebras: 


IBER, satisfying |lal\?< B\la*al| Vac Ap. 


When these equivalent conditions hold, L? = T? is a faithful, alge- 
braically irreducible *-representation on the Hilbert space H?, so H? equals 
Ap both as a module and an inner product space. Furthermore, ApA is the 
socle of A and Ti, , equals the *-ideal Br(H?) of all finite rank-operators 
on H?, which is the socle of B(H®). 


Proof Theorem 10.6.2 shows that any minimal projection p satisfies 


llap|isllpll = \lpa*ap|| < |I(ap)*|| llap|| < b(A)|lap||?_ Yap € Ap, 


where 0(.A) is the modulus of continuity. Since Ap is complete in the norm 
|| - || of A, this inequality and the inverse boundedness theorem show that 
it is complete in || - ||, if and only if the two norms are equivalent. If the 
displayed inequality holds, it implies 


\|ap||? < B\|pa*ap|| = Bllap||2||p|| Vv ap € Ap, 


proving the equivalence of the two norms. 
Conversely, if the two norms on Ap are equivalent, let C' satisfy ||ap|| < 
C||ap||p for all ap € Ap. This gives 


llap||? < C?|lap||2 = C?||p||-*||pa*ap|| Vv ap € Ap, 


which is the desired inequality with B = C?||p||~?. 

When this condition holds, the span of {ap ® (bp)* : a,b € A} is obvi- 
ously the collection of all finite-rank operators. Since 7? is an isomorphism, 
ApA must be the socle of A. oO 


The following result is due to Shizuo Kakutani and George W. Mackey 
[1946] but our proof (and the generalization) is from Rickart’s paper already 
cited. Johnson’s uniqueness of norm result allows another small improve- 
ment. Let V be a Banach space. A subalgebra B of B(%) is called strongly 
irreducible if it is (algebraically) irreducible and for some (hence for all) 
y € & there is a constant B, so that for each unit vector xz € 4 there is 
an operator T' € B satisfying Tz = y and ||T|| < B,. Notice that B(%) is 
strongly irreducible. 


11.6.6 Theorem Let (4, ||-||) be @ Banach space. If a proper involution 
* can be defined on B(X), then X is a Hilbert space under an equivalent 
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norm coming from an inner product relative to which * is the Hilbert space 
adjoint. 

More generally, let B be an irreducible subalgebra of B(X) that is a 
Banach algebra under its own norm |-| and has either a minimal left ideal 
or (equivalently) a minimal idempotent. If a proper involution * can be 
defined on B, then an inner product (-,-) can be defined on X so that the 
action of B on (X,(-,-)) ts a *-representation: 


(Tz,y)=(2,T*y) VayerR;, TEB. 


Use |||-||| to denote the pre-Hilbert space norm on X induced by (.,:). Every 
operator in B is bounded with respect to |||-|||. Denote the resulting operator 
norm. by ||| - |||. Then there are constants B, C and D satisfying: 


ITI < BIT] VTeEB; 


ITI] <scl7T] ves, 
Iz] < Dilz|| Veer. 


If B is strongly irreducible, then the norms ||-|| and ||| -||| are equivalent 
on X, so the latter is complete. 


Proof The first paragraph follows from the second by choosing B = B(%). 
Theorem 4.2.13 in Volume I shows that B is strictly dense. We need to 
return to the proofs of Proposition 8.3.3 and Theorem 8.3.4 in Volume I. 
The display in the middle of page 675 shows that there are several (but we 
choose one) bounded (relative to the norm || - ||) linear functionals w on ¥ 
such that 
Lr xrQ@w VreEer 


is a linear space isomorphism of 41 onto a minimal left ideal £ of B. Theorem 
11.6.1 shows that C£ = AP, where P = P* = z ®w is a one-dimensional 
projection for some z € & satisfying w(z) = 1. It also defines an inner 
product on £. We transfer the inner product to ¥ by the above linear 
isomorphism. Putting this together, the inner product is defined by 


(zx, y)z@w = (y@w)*(z @w) Va,yer. 


Since z ® w is self-adjoint, this gives (z,z) = w(x) for all c € 4, and 
therefore |||z||| = 1 and ||}z|||? = w(z) = 1. Thus w is the linear functional 
that is implemented in the Hilbert space by taking an inner product with z 
in the second position. In particular, we see |||w||| = 1. For any y € ¥ we 
define w, to be the linear functional on z € ¥ defined by w,(z) = (z,y), 
so w = wz and |{|wy||| = ||Iy|||. Next we calculate (y @ w)* for any y € XY. 
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Taking arbitrary z,w € 4% also, we get 


((y@w)"(z),w) = (2,(y @w)(w)) = (2, w(w)y) = (w(w))*(z,y) 
= (w,z)"(z,y) = (z,w)(a,y) = ((,y)z, w) 
= (wy(z)z,w) = ((z @ wy)(z), wv), 


proving 
(y@w)* =z @uy, VyEeX. 


Because (y ® w)* belongs to B C B(X), for any y € 4, wy is not only 
continuous with respect to the Hilbert space norm ||| - ||| but also with 
respect to the original norm || - || on 7. 

It is obvious that the given action of B on 4X with this inner product is 
a *-representation: 


(Tz,y)z@w = (y@w)"(Tzr@w) = (y @w)*T(zr @ w) 
= T*(y@w)*(f# @w) = (T*y @w)"(z# ®w) 
= (2,T*y)zQw Vr,yEer; TEB. 


Theorem 4.2.15 in Volume I, which is due to Barry E. Johnson, gives 
constants B and C’. Alternatively for B, Theorem 11.1.9 shows that any 
pre-*-representation is continuous with respect to the complete norm on a 
Banach *-algebra. Hence we may choose B to be m(B). (By Theorem 11.1.4 
m(B) is bounded above by the square root of the norm of the involution in 
the semisimple Banach *-algebra (B, | - |).) 

For D, apply Theorems 4.2.7 and 4.2.8 of Volume I to (B, |-|) represented 
on (4, ||-||) with cyclic vector z (for instance). It gives a complete quotient 


norm 
|z|, =inf{|T|:Tz=2; T € B} VrEerx 


on ¥ relative to which the representation of B is normed. Corollary 4.2.16(a) 
of Volume I shows that | -|, and || - |] are equivalent on V. Now apply The- 
orem 4.2.7 of Volume I to (B,|-|) represented on (4, ||| - |||) with cyclic 
vector z. For any z € ¥ and T € B satisfying z = Tz, we get 


lel < UIZ2il] < MTU Wetll < ClTT. 
Taking the infimum over all such T € B gives 
Iz] < Cle. Ware. 


Since ||- || and |-|, are equivalent, this gives the desired constant D. 
Finally, if B is strongly irreducible on (4, ||| - |||), then Theorems 4.2.7 
and 4.2.8 of Volume I give the equivalence directly. oO 
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H*-algebras were introduced by Warren Ambrose [1945] and [1949]. Our 
discussion follows that in Rickart’s book [1960], Section 4.10, closely, since 
we have been unable to improve on it. We begin by giving the major 
examples and then a very weak set of axioms that allow for non-semisimple 
Banach algebras that may not even have an involution. 


11.6.7 Examples Section 1.8 of Volume I was devoted to group alge- 
bras on the one-dimensional torus T. L?(T) is both a Hilbert space and 
a commutative Banach *-algebra under convolution multiplication and its 
Hilbert space norm. The left regular representation is a *-representation of 
L?(T) as a Banach *-algebra on L?(T) as a Hilbert space. For convenience, 
we represent functions on T by the corresponding functions on [—7, z], as 
we did in Section 1.8. Thus the set {h, : n € Z} (where h,(t) equals 
e*"t) is an orthonormal basis for L?(T). In §1.8.13 we gave the easy proof 
that {Ch, : n € Z} is the full set of minimal ideals of L*(T). They are 
all *-ideals. Hence the socle of L?(T) is the collection of all trigonometric 
polynomials. It is a dense *-ideal of L?(T). 

If G is any compact group, then L?(G) is again both a Hilbert space and 
a Banach *-algebra under convolution multiplication and its Hilbert space 
norm. The left regular representation is a *-representation of L?(G) as a 
Banach *-algebra on L?(G) as a Hilbert space. Again there will be a close 
connection between the Hilbert space geometry and the ideal structure. 
The involution a ++ a* on L?(G) is given by 


a*(u) = a(u-")* VueG. 


(We have used the unimodularity of compact groups.) When this is consid- 
ered as a conjugate linear map from L?(G) to itself, it is obviously isometric 
and involutive. We denote the conjugate linear involution map on L?(G) by 
J. If, as usual, ( L / R) denotes the ( left / right ) regular representation 
of L?(G) on itself, it is easy to check the equation 


JLgJ=Ra Wae L(G). 


This shows that these two representations are the same “size”. 
In the next section we will investigate generalizations of L*(G) for a 
non-compact locally compact group G. 


11.6.8 Example The *-algebra Bys5(H) of Hilbert-Schmidt operators 
on a Hilbert space H was introduced and studied in §89.1.31-9.1.33. The 
*_algebra Bys(H) is the *-ideal in B(H) consisting of those operators S 
satisfying Tr(S*S) < oo. It is both a Banach *-algebra and a Hilbert space . 
under the norm 


ISllas = (Tr(S*S))'/? VS € Bys(H). 
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As in the last example, the left regular representation of Bys(H) as a 
Banach *-algebra on By5(H) as a Hilbert space is a *-representation. The 
socle of Bys5(H) is just the *-ideal B-(H) of finite-rank operators on H. It 
is obviously dense in Bys(H). A projection P in Bys5(H) is minimal if and 
only if it is one-dimensional. In this case it can be written as the rank-one 
operator P = x ®@ x* where z is a vector of norm one satisfying Px = z. 
(This vector x is unique up to multiplication by ¢ € T.) Hence the set of 
minimal left ideals of Bys(H) is 


{Bus(H)P:P € Bus(H)mps}={ {y@2*:yEH}: rE H}. 


For any Hilbert space H, Bys(H) is a topologically simple *-algebra. We 
will show below that, as the dimension of H varies, these are the only 
examples of topologically simple H*-algebras. 

The involution S ++ S* on Bys(H) is a conjugate linear isometry ac- 
cording to equation (9.1.31) in Theorem 9.1.32. We denote it by J. Let ( L 
/ R ‘ denote the restriction of (the domain of the representing operators 
in) the ( left / right ) regular representation of B(H) on itself to Bys(H). 
Explicitly, 


(ig(S)=TS / Rr(S)=ST) VTE B(H); Se Bus(H). 


The equation ; 7 
JL7J = Rr- VT € B(H) 


is just as easy to establish as in the last case. This time Lu) and Raw 
are commutant von Neumann algebras on the Hilbert space Bys(H), as we 
shall show. 


11.6.9 Definition An H*-algebra is a Banach algebra A that is also a 
Hilbert space with the same linear structure and norm. Furthermore, for 
each a € A there must be one or more elements a* € A satisfying 


(ab,c) = (b,a*c) and (ba,c) = (6,ca"*) Vb,c E A, (1) 


where (-,-) is the inner product giving the complete norm of A. We say 
that a* is an adjoint of a. 


Notice that every element a € A is an adjoint of any of its adjoints a*, 
so every element of A is an adjoint. 


11.6.10 Proposition Let A be an H*-algebra. Then its annihilator 
ideals satisfy Ag = Ara = Ara. Furthermore, a* is unique for eacha € A 
if and only if Aa is the zero ideal. In this case, A is a Banach *-algebra 
and the left regular representation is a faithful *-representation of A as a 
Banach *-algebra on A as a Hilbert space. 
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Proof First note 


(ab, c) = (b,a*c) = (a*c, b)* = (a*, bc*)* = (bc*, a*) Vb,c€ A. 


Hence b.A = {0} implies (ab, c) = 0 for all a,c € A, which implies Ab = {0}. 
Symmetry shows that the three annihilator ideals agree. 
If a* and a*’ are two adjoints for a € A, then they satisfy 


(b, (a* —a*')c) =((a—a)b,c)=0 VO,cEA. 


This implies that a* — a*’ belongs to A,. If this annihilating ideal is 
{0}, then the adjoints are unique. Hence A is a Banach *-algebra and 
the left regular representation is a *-representation. It is faithful since the 
annihilating ideals are zero. O 


11.6.11 Proposition Let A be an H*-algebra. 

(a) The orthogonal complement of a ( left / right ) ideal of A is a closed 
( left / right ) ideal. 

(b) If J is a closed ( left / right ) ideal of A that includes A,, then 
(AaC TJ /aACZT ) impliesae J for anyae A. 

(c) If Z is a closed ideal of A that includes A,, then it contains all 
the adjotnts of all its elements and is an H*-algebra in its own 
right. Hence, any closed ideal is a *-ideal when A, = {0}. 


Proof For (a) and (b) we consider only a left ideal 7. (a): Then 
(ab,c)=(b,a*c)=0 VaeA bE T+; cE T 


implies that 7+ is a left ideal. Of course, it is closed. 

(b): Suppose that 7 is closed and includes Ay. If d € A satisfies 
Ad C J, writed = b+c with be J+ andceé J. Then for anya € A, 
ab = ad—ac € J J+ implies ac = 0. Hence c belongs to A4 C J andc=0 
since it belongs to 7.7+. This shows d € 7. 

(c): By (a), Z is a closed ideal of A. Let b* be an arbitrary adjoint of an 
arbitrary b € Z. Then Z+b C ZZ+ = {0} implies (ab*,c) = (a,cb) = 0 for 
any a€ A and cé I+. Hence (b) implies b* € Z+. This gives Z* C Z, and 
our remark about a being an adjoint for a* gives the opposite inclusion. 0 


11.6.12 Theorem Let A be an H*-algebra. Then tts annthilator ideal 
Aa is its Jacobson radical Ay. Furthermore, AX = A? is a closed ideal that 
is a semisimple H*-algebra and a reduced Banach *-algebra. The restriction 
of left regular representation of A on Ax is a faithful *-representation when 
its homomorphism is also restricted to Ax. 


Proof Equation (1) shows that c belongs to (A?)+ if and only if it belongs 
to A4. Hence Ax equals A? and is a closed ideal of A including adjoints of 


11.6.13 Banach *-Algebras with Minimal Ideals and H*-Algebras 1211 


its elements and hence an H*-algebra in its own right. If an element of A 
annihilates At, it annihilates all of A since it surely annihilates 44. Thus 
the annihilator ideal of A+ as an H*-algebra is zero, so A+ is a reduced 
Banach *-algebra. Hence A+ is semisimple. Since A+ is isomorphic to 
A/Aa, this shows Ay C Ay. (Theorem 4.3.2(a) also gives this result.) 
The opposite inclusion holds in any algebra, so Ay equals A,. The last 
remark is an immediate consequence of Theorem 11.6.11(c). O 


In [1945] Ambrose calls an H*-algebra proper if it satisfies the equivalent 
conditions of Theorem 11.6.10. We call an H*-algebra (or any algebra) 
trivial if all products are zero. The above theorem shows that an H*- 
algebra is proper if and only if it is (Jacobson) semisimple, and that every 
H*-algebra is the orthogonal direct sum of two closed, orthogonal ideals: 
one proper and the other trivial. Since we use the word proper for another 
notion (Definition 9.7.18), we will not use it again in the present context. 
We use semisimple instead. (Note that an H*-algebra is proper in our 
general sense (Definition 9.7.18) if it is proper in Ambrose’ sense since it is 
then a reduced *-algebra. An H*-algebra is only a *-algebra if it is proper.) 
The next two corollaries express these ideas in other ways. 


11.6.13 Corollary Let A be an H*-algebra. The Hilbert space orthogonal 
direct sum decomposition A = Aa ®(Aa)* into a trivial H*-algebra and 
a semisimple one is also the (strong) Banach algebra Wedderburn decom- 
position A = A; ®B, where B is a closed semisimple subalgebra naturally 
isomorphic to A/Aj. Furthermore, this direct sum can also be written as 
A = (A?) @ A?. 

Let A be a semisimple H*-algebra. As in our examples, we denote the 
conjugate linear map a +> a* for a € A by J. Define the ({ left / right ) 
von Neumann algebra of A as the commutant set (£ = {Ra :ae€ A}’ / 
R={L,:a€ A}'). 


11.6.14 Corollary A semisimple H*-algebra A is a reduced Banach 
*-algebra with an isometric involution in its Hilbert space norm. It is the 
closure of its square A*, and its left regular representation is a faithful 
*-representation satisfying y4(a) = ||Lal| for alla € A. 

The left and right von Neumann algebras of A satisfy 


CL=JRI =F ReaILI=L£. 
Proof Theorem 11.7.6 in the next section establishes this result in a much 
more general setting. Ey 


Irving Kaplansky proved that H*-algebras are dual algebras in {1948a] 
where he first introduced dual algebras (Corollary to Theorem 12). He 
proved versions of both Theorems 11.6.15 and 11.6.16. 
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11.6.15 Theorem Let A be a semisimple H*-algebra. If J is a ( left 
/ right ) ideal of A, then its one-sided annihilator ideal satisfies ( RAJ = 
(7+)* / taJ = (I+)* ). Hence, A is a semisimple, hermitian, dual 
Banach *-algebra and thus has a dense socle. 

If p is a minimal projection, then the Hilbert space norm || - ||) on Ap 
defined in Theorem 10.6.2 and the restriction to Ap of the norm ||-||,4 on 
A are related by 


llap||.4 = |lap|ipliplla = V ap € Ap, 
so Ap = H? is complete in the norm || - ||p. 


Proof We consider only a left ideal 7. Any a € A satisfies (7a,A) = 
(7,Aa*), soa€ raJ is equivalent to Aa* C J+. Proposition 11.6.11(b) 
shows that Aa* C J+ is equivalent to a* € J+. Hence praJ = (J+)* 
holds, as we wished to show. This result shows that A satisfies Definition 
8.7.1 of a dual algebra. Corollary 11.6.14 and Theorem 11.6.3 complete the 
proof of the first paragraph. 

To prove the second paragraph we simply calculate: 


llap||*, = (ap,ap),4 = (pa*ap, p) 4 = Wp(pa*ap)(p, p).A 
lap|isilpll% = V ape Ap. Oo 


11.6.16 Theorem Let A be a semisimple H*-algebra. Then A is the 
Hilbert space direct sum of its minimal-closed ideals. Each of these minimal- 
closed ideals is a *-ideal, a topologically simple H*-algebra and has the form 
ApA for some minimal projection p. 


Proof Theorems 11.6.15, 10.6.11 and Propositions 8.7.3 show this. O 


Theorem 9.2.23 shows that the *-ideal By s(H) of Hilbert-Schmidt oper- 
ators is an H*-algebra. The left regular representation of B(H) on Bys(H) 
described there is obviously unitarily equivalent to the the left von Neu- 
mann algebra of the H*-algebra acting on the H*-algebra. It turns out that 
there is a simple extension of this idea. 


11.6.17 The Hilbert-Schmidt Matrix Algebra on a Set’ Let S be 
an arbitrary set that will usually be infinite. A Hilbert-Schmidt matriz on 
S is a function A from S x S to C written as (s,t) » A(s,t) = Axs,¢ and 


satisfying 
1/2 
[|Allars = (xy Peel < OO. 


sEStes 
We denote the set of all such Hilbert-Schmidt matrices on S by Mg. For 
any a€C, A,M€E Ms and s,t € S, define 


aA(s, t) = ars, A*(s,t) = ris (A + M)(s, t) = Ast + Us,t 
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(A-M)(s,t)= D> Asubue (AM) = >> >> Astute. 


ucS sEStES 
It is easy to check that. these definitions make Msg into a semisimple, topo- 
logically simple H*-algebra. We now show that it is the only example up 
to *-isomorphism. 


11.6.18 Theorem Let A be a topologically simple H*-algebra that is not 
the one-dimensional zero algebra. Then A is isometrically *-isomorphic to 
a full Hilbert-Schmidt matriz algebra. 


Proof Corollaries 11.6.13 and 11.6.14 show that A is a semisimple, proper, 
Banach *-algebra under its norm with its left regular representation faith- 
ful. Theorem 11.6.15 shows that it has a dense socle and thus has many 
minimal projections p. The second paragraph of Theorem 11.6.15 shows 
that the Hilbert space norm of Theorem 10.6.2 on Ap is complete (a con- 
stant multiple of the restriction of the original norm of A). Theorem 11.6.5 
now shows that the *-representation T? of A on H? = Ap is a faithful al- 
gebraically irreducible *-representation that sends the socle ApA of A onto 
the socle Br(H?) of B(H?). We identify A with its image in B(H”). Let 
{asp}sea be a complete orthonormal basis in H?. Corollary 11.6.4 gives 
T? « = @,p® (asp)* Vy7,6EA. 


a, paz 


Clearly these operators satisfy (asp ® (a,p)*)* = a,yp ® (asp)* and are a 
set of matrix units. By this we mean that the map from the usual matrix 
une { Fag taped of the set of almost everywhere zero A x A-matrices onto 


{T? Oa pay - }a,gca is a *-isomorphism onto its range. 
We now show, using (1) from Definition 11.6.9, that they also form an 


orthogonal basis for A. To simplify notation, denote die pa’ by Fag 
(Eas, £6) (Ege, EpakE 5) = bay(Ege, Eps) = ba7(Eps, EspEgs) 
Say(Epp Esp, Ege) = Sa75ps\|Egall? = 5a768s||Ess\|?- 


To show the completeness of this orthogonal set, suppose that T' € A is 
orthogonal to all Lag. Then we find 


I 


(T (agp), dap)(EapEag) 
(((aap) © (dap)*) (T (agp) © (agp)*), Eas) 
= (EaaT Egg, Kap) = (T, Zag) = 9, 


(T' (agp), dep)||Eac| |? 


II 


proving completeness. Thus we can write any T € A as 
T= > rapEap where Y= Weal = IIT I ||Esall?, 
a,BEd a,BEA 


giving the *-isomorphism onto the algebra of Hilbert-Schmidt matrices. 0 
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11.7 Hilbert Algebras and Tomita Algebras 


Hilbert algebras were introduced by Hidegoro Nakano in the compre- 
hensive article [1950] as a generalization of H*-algebras. The treatment of 
Hilbert algebras in this section is based primarily on Marc A. Rieffel’s ar- 
ticle [1969b], which introduced new methods into their study. That article 
was one of several developments, at about the same time, that stimulated 
my interest in the approach to *-algebras taken in this book (cf. Theorem 
11.7.11). It allows full Hilbert algebras to be seen as special kinds of hermi- 
tian Banach *-algebras. Bertram Yood [1972] exploited this to establish the 
existence of projections in Hilbert algebras related to their basic algebraic 
structure. These results are a pale, but important, generalization of those 
presented in Theorems 11.6.15 and 11.6.16 for H*-algebras. 

In [1967] Minoru Tomita introduced new ideas that greatly extended 
the range of applications of these methods. His work was considered ob- 
scure until Masamichi Takesaki clarified and further extended it in [1970]. 
We base the theory on left Hilbert algebras. These are a generalization 
of Hilbert algebras in which left-right symmetry has broken down badly. 
Tomita algebras (also called modular Hilbert algebras) are complicated ob- 
jects that can be constructed from any left Hilbert algebra. In [1973], [1974] 
and [1975] John Phillips applied methods similar to Rieffel’s to left Hilbert 
algebras. In particular, Theorem 11.7.41 below shows that a full left Hilbert 
algebra may be considered as a hermitian Banach *-algebra. 

Examples 11.6.7 and 11.6.8 show that compact groups and B(H) (which 
we now think of as a Type I, semifinite von Neumann algebra) give rise 
to H*-algebras in natural ways. In a similar fashion, Hilbert algebras arise 
from unimodular, locally compact groups and general, not-necessarily Type 
I, semifinite von Neumann algebras. To encompass general locally compact 
groups and general, not-necessarily semifinite, von Neumann algebras, the 
much more general concept of left Hilbert algebras and Tomita algebras 
is needed. Looking at the group case, it is not surprising that Tomita 
algebras have a canonical one-parameter group of automorphisms related 
to the modular function on the group. 


11.7.1 Definition A Hilbert algebra is a *-algebra A that is also a pre- 
Hilbert space under the same linear space structure and an inner product 
(-,-) satisfying: 

(a) The left regular representation L defined by 


L,(b)=ab Va,bEA 


of the *-algebra A onto itself (considered as a pre-Hilbert space) is 

a normed pre-*-representation. 
(b) (a,b) = (b*,a*) for all a,b € A. 
(c) A? (defined relative to the algebra structure of A) is dense in A 
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considered as a pre-Hilbert space. 
If A is a Hilbert algebra, we denote by H(A) (or H, if A is clear) the Hilbert 
space that is its completion relative to its pre-Hilbert space norm. 


Pre-Hilbert spaces and pre-*-representations are introduced in Defini- 
tions 9.1.10 and 9.2.1, respectively. In (a), L is a pre-*-representation if 
and only if the product and inner product of A satisfy 


(ab, c) = (b, a*c) Va,b,ceE A. (1) 


This representation L is normed if and only if for each a € A, Lg is a 
bounded linear operator. This can be written in terms of the product and 
inner product norm as: 


For each a € A there is a constant B, € R, satisfying 
llabl| < Baldi] VoEA. (2) 


Note that we are not requiring L to be a continuous linear map. Hence we 
are not requiring that A be a normed algebra with respect to some norm 
equivalent to the pre-Hilbert space norm: ||a|| = (a,a)!/? for all a € A. 
The norm of A satisfies the parallelogram law: 


lla + Bll? + |la — djl? = llall? + 2I/b||* = Va,bE A, 


since it arises from an inner product (-,-). Conversely, we could define a 
Hilbert—algebra in terms of a norm satisfying the parallelogram law (cf. 
§9.1.50). 


11.7.2 Example Let G be a unimodular, locally compact group and de- 
note Coo(G) by A. This linear space of continuous C-valued functions with 
compact support is a *-algebra and pre-Hilbert space under the following 
multiplication, involution and inner product 


f *g(u) = [ Feraew-wyao, fiu)=flut)"  VF,ge As ueG 


fay . fv)g(v)"dv Vf, EA, 


where du denotes Haar measure. Many related results are given in detail in 
Chapter 12 below, but it is easy to check independently that A is a Hilbert 
algebra in the present case. Its Hilbert space completion is L?(G). Unless 
G is compact, there is no natural way to extend the convolution product to 
all of L*(G), but the involution extends without change. It is the isometric 
conjugate linear operator on L*(G) = H that we will denote by J. 

We shall not introduce the example of semifinite von Neumann algebras 
until later in this section. 
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11.7.3 Proposition Any Hilbert algebra A satisfies 
(a) |{a*|| = |Jal| for alla € A. 
(b) (ab,c) = (a,cb*) for all a,b,c € A. 
(c) For each a € A, the right regular representation R, of a, defined by 


R,(b) = ba VbEA, 
is also bounded and satisfies 
Vace A. 


Lal] = |Rall = []La-l] = || Ra- 


(d) LR, = R,La for all a,be A. 
(e) ker(L) = ker(R) = {0}. 


Proof (a): Apply (b) of Definition 9.6.1 to ||a||? = (a, a). 
(b): The calculation 


(ab, c) = (b,a*c) = (c*a, b*) = (a, cb") 


uses equation (1) and (b) of Definition 9.6.1. 

(c): Rewrite (1) as (L,ab,c) = (b, Lg+c). Taking the supremum of the 
absolute value over all b,c € A with |[b|| < 1, |{cl] < 1, we get ||Za|| = ||La- 
for all a € A. Similarly, ||Ra{| = ||R.-|| for all a € A. If (b) of Definition 
11.7.1 is applied to (1), it becomes 


(Lab, c) = (ab,c) = (b,a"c) = (c*a, 6") = (Rac, *). 


Using (a) above, what we have just proved, and again taking the supremum 
of the absolute values for all b,c € A with ||b|| < 1, ||e|| < 1, we get (c). 
(d): Obvious. 
(e): If L, = 0, then (b) of the present proposition gives 


0 = (L,6",c) = (ab",c) = (a, bc) Vb,cE A. 


However, (c) in Definition 11.7.1 now implies a = 0. The argument for 
ker( A) is similar. 0 


For each a € A, extend L, and R, by continuity to the elements L, 
and R,, respectively, which belong to B(H) where H = H(A) is the Hilbert 
space completion of the pre-Hilbert space A. Proposition 9.2.2 shows that 
L is a *-representation. Similarly, R is a *-anti-representation. Both are 
faithful by (e) of the last theorem. Furthermore, the commutativity noted 
in (d) of the last proposition remains valid: 


LR = RpLa Va,bE A. (3) 
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According to Proposition 11.7.3(a), the involution on A extends to be an 
isometric conjugate linear transformation J defined on all of H and satis- 
fying the expected identities 


Ryg=JLgJ  Raer=(Let*)* VaeA, re H(A). (4) 


(To establish (4), let {an}nen be a sequence in A converging to z. Then 
we have R,-x = lim a,a* = lim (aa*)* = J(L,Jz).) 

For any a € A, a* and Ja are two notations for the same element. 
We usually write a* when we are thinking of the *-algebra structure of A 
and Ja when we are thinking of the pre-Hilbert space structure of A. We 
are about to construct the fulfillment A C H of a Hilbert algebra A with 
completion #. This fulfillment is also a *-algebra, so we sometimes write 
c* instead of Jc, even for elements c € A \ A. 

The notation £(A) and (A) introduced in the following definition is 
just intended for the present section since it conflicts with some of our 
general notation. 


11.7.4 Definition Let A be a Hilbert algebra and let H = H(A) be 
its Hilbert space completion. The symbols L, R and J have the meanings 
assigned above. The { left / right ) von Neumann algebra of A is the 
commutant set 


(L=L(A)={Ra:a€e A} / R= R(A) = {La:a€ A}' ) 


in B(H). 
For each x € H, denote by (L,:ACH>H/ Rz: ACH OH ) the 
linear transformation defined by 


(Lea = Rat / Rea = Laz) Vac A. 


If ( L, / Rz ) is bounded, we say that z is ( left / right ) bounded and 
write ( L, / Rz ) for the extension of ( Lz / Rz ) by continuity to be an 
operator in B(H). An element of H that is both left and right bounded is 
called bounded. 


Any a € A C H is bounded, so the sets of bounded, left bounded and 
right bounded elements are all dense. 


11.7.5 Proposition Let A be a Hilbert algebra with Hilbert space com- 
pletion H. 
(a) Ife é€H is ( left / right ) bounded and T isin ({ L / R), then 
Tx is { left / right) bounded. Furthermore x and T satisfy 
(Lr, =TL,z / Rrz = TR; ) Vae A. 


(b) If2e H is ( left / right ) bounded, then Jz is { left / right ) 
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bounded and satisfies 
(Lye = (Lz)* / Riz = (Re)* ). 
(c) The set of all( Lz / Rz ) for x ( left / right ) bounded is a *-ideal 
in(L=L(A) / R=R(A)). 


(d) An element x € H is left bounded if and only if it is right bounded. 
In this case it satisfies 


L,=JRyzJ and R, = JL ye. 


(e) Ifz,y €H are both bounded, they satisfy 


Proof We will check only the left case in each statement, since the right 
case is similar. 
(a): Since A is dense in H, it is enough to prove this when evaluated’ at. 
any a € A: 
Lrz(a) = RaTz = TRat = TL, (a). 


(b): Suppose that the sequence {a, }nen in A converges to z anda,b€ A 
are arbitrary. We get 

((Lz)*a,b) = (a,L,b) = (a, Ryz) = (a,lim R,a,) = lim (a, anb) 
lim (a*a,b) = lim (Raa*,,b) = (R,Jz,b) = (Lyza, b). 


Since (L,)* is a bounded operator by hypothesis, Lz, must be also. Thus 
it is enough to check the equation on A as we have done. 

(c): In order to show that each L, belongs to £, we must show that L, 
commutes with R, for each x € H and each a € A. For an arbitrary b€ A 
we get 

L,Rab = L,ba = Road = R,Rpx = R,L-b, 


as we wished. Closure of this set under linear operations follows from the 
definition. Result (a) shows that this set of operators is a one-sided ideal 
and (b) shows that it is a *-ideal. 

(d): Let the sequences {an}nen and {b,}nen in A converge to x and y 
in H, respectively. Assume that xz is bounded. Then we get 


Ley = lim L,b, =lim Ry,z =lim lim Ry,am = lim lim Ambon 


lim lim (b,ay,)* = J (lim lim bran) = J (lim lim Ly« ayn) 


J(lim Los Jz) = J(lim Rjzb*) = J(RyzJy). 
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(e): We use (b) and (c). Let the sequences {a,}nen in A converge to 
xg. If x and y are bounded, we get 


(L-Rya,b) = (Rya,Lszb) = (Rya, Ry Jz) = lim (Rya, Rya*) 

= lim (R,a,a*b) = lim (anRya, b) = lim (La, Rya, b) 
lim (Ry La, a, b) = lim (RyRaan, b) = (Ry Raz, b) 
(RyLza, b), 


as we wished to show. oO 


11.7.6 Commutation Theorem /f A is a Hilbert algebra, its von Neu- 
mann algebras satisfy 


L(A)! =R(A);  R(A)’ = L(A); 
JLI=R and IJIRJ=CL. 


Proof We must show that any S € £L commutes with any 7' € R. Since 
Definition 11.7.1(c) asserts that A? is dense in H, A? is also dense. Hence, 
it is enough to show STabc = TSabc for all a,b,c € A. By using (a) and 
(e) of Proposition 11.7.5, we get 


STabe = STL,R-b = SL~aTR-b = LsaRreb 


Rr-Lsqb = TR-SLab = TSR,-Lab 
= TSabc, 


as we wished to show. 
In order to check the third equation we must show that JSJ commutes 
with L, for all S € Land ae A. Let b€ A be arbitrary and consider 


JSJL,b6 = JSJab= JSb*a* = JSR,-b 
= JR,-SJb=L,JS Jb, 


where the last equality follows from equation (4). oO 


This theorem, in conjunction with the theory of tensor products of 
Hilbert spaces, can be used to study the tensor products of von Neumann 
algebras. We refer the reader to Dixmier [1981], 1.5.5. 


11.7.7 Proposition Let A be a Hilbert algebra with Hilbert space com- 
pletion H. The set A of bounded elements in H becomes a Hilbert algebra 
when multiplication is defined by 
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Proof This result is obvious when we prove L,y = R,z for all bounded 
elements z,y € H. Let a € A be arbitrary and let {b,}nen be a sequence 
in A converging to y. The equality follows from Proposition 11.7.5(b) by 
the following calculation: 


(Lzy,a) = lim (Lzbp, a) = lim (Ry, z,a) = lim (2, Ry- a) 
= lim (z,L,b*) = (x, Lay") = (z, Ry-a) 
= (Ryz,a). Oo 


11.7.8 Definition Let A be a Hilbert algebra with Hilbert space com- 
pletion #1. The set A of bounded elements in H is called the fulfillment 
of A when it is considered as a Hilbert algebra with the multiplication 


introduced above. 
If A equals A, then A is said to be full. 


Let A be a Hilbert algebra. Here is a very useful criterion for when an 
element x of H(A) is bounded (equivalently, when x belongs to A). 


11.7.9 Proposition Let A be a Hilbert algebra with Hilbert space com- 
pletion H. An element x € H is bounded if and only if there is a sequence 
{an}nen in A converging to x (in the pre-Hilbert space norm) and having 
{||La, ||: € N} bounded. 

In this case, we may choose each an in A so that ||Lq,|| < ||L2|| and 
{La, }nen converges to Lz in the strong operator topology. 


Proof First, suppose that there is a sequence {an }nen in A converging to 
z and having {||La, || : 7 € N} bounded above by B. For any a € A, since 
R, is bounded, we get 


||L2a|| = ||Roz|| = lim ||Roanl| = lim ||LZo,a|| < B |lall, 


so z is left bounded, and hence bounded. 

Conversely, suppose that z is bounded. The commutation theorem 
(11.7.6) shows {Z, : a € A}"” = Land {R,: a € A}"” = R. Hence 
the Kaplansky density theorem (9.3.8) shows that for each n € N we may 
find an € A satisfying |Lo,2 —z|| < n7 and ||£q,|| < 1. Similarly, 
we find b, € A satisfying ||Rb,an — Rean|| < n7' and ||Re,|| < ||Rell. 


Hence we get ||anbn — || < ||Po,an — Rean|| + |[La,2 — 2|| < 2n7* and 
Lonball S (Lon ll []Zo, || = (Le, Il |]Re, Il < [| Rell = ||Zel], as we wished to 
show. Oo 


A full Hilbert algebra has two norms: its pre-Hilbert space norm ||-|| and 
the operator norm from the faithful left regular representation a +> ||Zq||’ 
(cf. Proposition 11.7.3(c)). Rieffel noted that the sum of these two norms 
is better than either one alone. 
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11.7.10 Theorem Let A be a full Hilbert algebra. For eacha € A define 


Natl] = flail + |[Zell- 
Then (A, ||| - |||) is @ Banach *-algebra with an isometric involution. 


Proof First we prove submultiplicativity: 


[llab|{| = |labl] + [[Laol] < [Lebl] + ||Lall []Loll < [Lall(oll + |[Loll) 
S (lal + [Lolf ol + [Lell) = Ullal] (ell]  Va,be A. 


If {an}nen is a Cauchy sequence in (A,||| - ||]), then it is also a Cauchy 
sequence in (H,|| - ||) and hence has a limit z in (H,]|| - ||). Furthermore, 
the Cauchy sequence {||a,||}nen is bounded, so the last proposition shows 
LEA. O 


We call the norm ||| - ||| the Réeffel norm. This theorem justifies the 
inclusion of Hilbert algebras in this chapter on Banach *-algebras. A full 
Hilbert algebra is just a special kind of Banach *-algebra. It would be 
interesting to know a suitable characterization in the topological category 
of Banach *-algebras. The following theorem is a step in that direction. 
It says that a Hilbert algebra is a reduced -S*-algebra with the norm of 
the faithful left regular representation equivalent to the Gelfand—Naimark 
norm. 


11.7.11 Theorem Let A be a full Hilbert algebra. Its Gelfand—-Naimark 
norm is the spectral C'*-norm induced by the left regular representation: 


ya(a) =||Za|] Wace. 


Hence a full Hilbert algebra is a reduced yS*-algebra. In particular it is a 
reduced, hermitian (even completely symmetric) Banach *-algebra under its 
Rieffel norm. 


Proof Since the norm on L, is the operator norm on B(H), it is a C*-norm 
and thus (Proposition 9.5.3) satisfies 


(Lara) || = |[Lalf?" VWaeA. 


The map a + ||Zq|| is a norm and not just a semi-norm on A since L is 
faithful. The following calculation shows that this norm is spectral: 


yn -n 
= Alle 


pa(a) = lim, |IIa 


: —_ n-1l_ > n-1 ae 
jim, (iI(Lara)?”'~*a°al| + ||(Lora)?”” Il) 


lA 


° — n_ —n i — 9-7 == 
Jim, |[Zal|"-??"" (fatal + |[Zoll?)” = lIZoll, 
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and therefore the inequality in the display is actually an equality. Theorem 
10.4.8 shows that A is a yS*-algebra satisfying y,4(a) = ||Lq|| for all a € -: 
and hence completely symmetric. 


Although a Hilbert algebra is a fairly nice Banach *-algebra in its Ri- 
effel norm, it is of course generally incomplete in its original Hilbert space 
norm (see the next corollary). In Theorems 2.1 and 2.5 of [1974], Bertram 
Yood extended Kaplansky’s argument in [1948a] to show that a full Hilbert 
algebra A is a dual algebra in its pre-Hilbert space norm because it satisfies 
the stronger condition that for each one-sided ideal 7, 7 + J+ is dense 
in A. He called any Hilbert algebra with this property orthocomplemented 
and showed that any (not-necessarily full) Hilbert algebra is orthocomple- 
mented if and only if it is an annihilator algebra, a dual algebra or satisfies 
the condition that a one-sided ideal is dense if and only if its orthogonal 
complement is {0}. All of these topological algebraic conditions refer to 
the pre-Hilbert space norm. Consequently, they do not imply a dense socle 
unless the Hilbert algebra is really an H*-algebra in slight disguise, as re- 
flected in the next corollary. For the left (or generalized) Hilbert algebras 
considered below, John Phillips in [1972] characterized orthocomplemented 
ones and showed that there are left Hilbert algebras that are dual algebras 
but not orthocomplemented (Cf. §11.7.43, below). 

The next Corollary is essentially Theorems 2.4 and 2.5 of Nakano’s 
original article [1950]. It shows why we did not require that the regular 
representations L, R: A + B(H) be continuous. 


11.7.12 Corollary The following are equivalent for a full Hilbert algebra A. 
(a) A equals its Hilbert space completion H. 
(b) There is a constant B satisfying 


Iabj] < Bilal| lo] Vabed (5) 


(c) <A is a semisimple H*-algebra under a constant multiple of its 
Hilbert space norm. 


Proof (a)=>(b): The open mapping theorem applied to the identity map 
from (A,||| - |||) to (A, |] - ||) gives a constant B satisfying 


llell < [Ilel|] < B llal| VaEeAd. 
This in turn implies 
[abl] = |[Lob|] < |[Loll {loll < [Nell] ell < Bilal| [lol] VabeA. 
(b)>(a) and (c): Inequality (5) implies ||Z,|| < Blla|| for all a € A, 


which implies ||a|| < |||a||| < (1+ B)||a|| for all a € A. Hence A is both 
dense in H and complete with respect to the norm || - ||. Thus A equals H. 
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If we define |||| - {||| on A by |||la]||] = Bilal] for all a € A, then it 
is a complete, submultiplicative norm that arises from the inner product 
((a,b)) = B(a,b) for all a,b € A. Hence (A, |||| - ||||) is a semisimple H*- 
algebra. 

(c)=>(a): Suppose that (A,C|| - ||) is a semisimple H*-algebra. Since A 
is complete under C|| - ||, it is complete under || - || and thus equals H. O 
Traces 


The desire to prove commutation theorems for von Neumann algebras 
(cf. 9.3.29 above) provided the main impetus to develop Hilbert algebras. 
The connection comes from traces on semifinite von Neumann algebras. 
We pursue this theory just far enough to show the connection and omit 
most proofs. The classic book by Jacques Dixmier [1957], [1981] should be 
consulted by those wishing to learn more. 

We denote the extended non-negative real numbers Ry U {oo} by (0, oo]. 
We will imitate Proposition 9.1.30 by defining a positive trace on the von 
Neumann algebras of a Hilbert algebra. Traces were briefly introduced in 
§9.3.24. We now give a formal definition. 


11.7.13 Definition Let B be a von Neumann algebra. A positive trace 
on B is a function 6: By — (0, oo] with the following properties. 
(a) 0(P + Q) = 0(P) + 4(Q) for all P,Q € By. 
(b) O(tP) = t0(P) for allte R,; Pe By. 
(c) 6(UPU—') = 6(P) for all U € By; P € By. 
A positive trace may satisfy some of the following additional properties. 
(d) @ is faithful if 0(P) = 0 implies P = 0. 
(e) @ is finite if all of its values are finite. 
(f) @ is semifinite if, for each P € B,, 0(P) is the supremum of finite 
numbers @(Q) for Q < P. 
(g) 6 is normal if, for each increasing net {Pa }oeea in By with 
supremum P, 6(P) is the supremum of @(P,). 


A finite positive trace 6 is the restriction to B* of a (unique) positive 
linear functional on B. The finite trace # is normal if and only if this linear 
functional is normal in the sense of Definition 9.3.11. Essentially the same 
thing is true for non-finite traces. More explicitly, if B is a von Neumann 
algebra and @ is a positive trace on B,, then there is a unique *-ideal Z 
of B and a unique linear functional 6:Z, — C such that 739 B, = {P € 
B,. : 0(P) < co}, and @ is the restriction of 6 to this set. Furthermore, 6 
satisfies “ 

6(ST)=O6(TS) WSEIo;TEB. 


See Dixmier [1981], 1.6.1, for a proof. We call Z the ideal of definition of 
6 and @ the linear trace associated with the positive trace 6. 
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A von Neumann algebra B is called semifinite if for each non-zero P € 
B.. there is a semifinite, normal positive trace 9 on B, with 6(P) > 0. 
Conversely, B is called purely infinite if it has no non-zero semifinite, normal 
positive trace. 

We now indicate (without proofs) the connection between traces on von 
Neumann algebras and Hilbert algebras. 


11.7.14 Definition Let A be a Hilbert algebra with fulfillment A, Hilbert 
space H and von Neumann algebras £ and R. The natural positive trace 
on( £/R) is the map 8 = 6, on the sets ( L, / R+ ) of positive elements 
with values in the extended non-negative real numbers defined by 


(a,a) if P/2=(2L,/R,)foraceA 
64(P) = VPE( Ly / Re 
00 otherwise 


11.7.15 Theorem Let A be a Hilbert algebra and assume all of the 
notation of the last definition. Then 0 ts a fatthful, semifinite, normal 
positive trace on Li and R,. 


Proof See Dixmier [1981], 1.6, Theorem 1. Oo 


11.7.16 Theorem Let B be a von Neumann algebra and let 6 be a faith- 
ful, semifinite, normal positive trace on B,. Define a hermitian bilinear 
functional on Ag ={S EB: S*S €To} ={S EB: O(S*S) < wh} by 


~ 


(S,T) =6(T*S) VS,TE Ap. 


This ts an inner product and Ag with its *-algebra structure as a *-ideal 
of B and this inner product is a full Hilbert algebra. Let H, L and R 
be, respectively, the Hilbert space completion and the left and right von 
Neumann algebras of Ag. 
For any T € B, define the linear function ( Lr / Rr ) from Ag to itself 
by 
(L7(S) =TS/Rr(S)=ST) WSEAps. 


Denote the extension by continuity of (Ly / Rr ) to be an operator in B(H) 
by (Ly / Rr). Then({ L / BR) is an( isomorphism / anti-isomorphism ) 
of B onto ( Lf R). Moreover, this map carries 0 onto the natural positive 
trace defined by the Hilbert algebra Ag on ( L/ R). 


Proof See Dixmier [1981], 1.6, Theorem 2. 0 


). 
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Tomita Algebras 


As explained earlier, the ideas we present here were originated by Mi- 
noru Tomita [1967] and clarified by Masamichi Takesaki [1970]. They ex- 
tend the theory already presented in this section from unimodular to gen- 
eral locally compact groups and from semifinite to general von Neumann 
algebras. We present here the theory as developed in Marc A. Rieffel and 
Alfons Van Daele [1977]. This avoids the use of unbounded operators in 
presenting the basic theory. However, some of the deeper results, includ- 
ing the construction of Tomita algebras from left Hilbert algebras, must 
be formulated in terms of such operators. They will be introduced when 
needed. It seems best to begin with an example, which will help to clarify 
the rather complicated formal definitions given below. 


11.7.17 Group Tomita Algebras Let G be a locally compact group. 
We are interested in the case in which its modular function A(u) for u € G 
is not identically equal to 1. The construction begins as in Example 11.7.2 
by taking the linear space Coo(G) of continuous C-valued functions with 
compact support under convolution multiplication as our algebra A. It 
is also equipped with the usual L? inner product with respect to Haar 
measure. The involution will be denoted by * and must take the modular 
function into account. We use dv to denote integration with respect to 
Haar measure in the following formulas: 


fxg(u) = [ oraew wae, fi(u) =Atu")f(u")* VigEeA weG 


(f,9) = fw)gv)'dv VG EA. 


Except for denoting the involution by a “sharp” symbol, the first two for- 
mulas are our standard definitions for the group *-algebra Coo(G) C L'(G). 
Obviously, the completion of A in the norm related to the inner product is 
H = L?(G). The involution * is not isometric (unless G is unimodular) so 
it cannot be extended to a bounded conjugate linear operator on all of H. 
Since A(u) is always positive, A(u)* is well defined for any complex 
number yw. Hence for each yw € C we can define a map A(z): A > A by 


A(u)(f)(u) = Atu)*flu) VfFEA, ueG. 
The following two formulas are easy to check in the present example: 
(A(u)f)' = A(-u*) fl (A) f,9) =(f,Alu")9) Vhg€ Ais wer. 


It is also easy to see that for any wp € C, A(uw) maps A = Coo(G) onto 
itself. However, the second displayed formula above shows that A(j) is 
only continuous in the Hilbert space norm when p = it is purely imaginary 
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(unless G is unimodular). Hence, this is the only case in which A(z) can 
be extended to be a bounded linear operator on all of H. For t € R, A(it) 
is a unitary map on H. Finally, the formula for the convolution product 
shows that for any p € C, A(y) is an automorphism: 


A(u)(f * 9)(u) FA A¥(v) f(v)A#(v-!u)g(v-1u)dv 


: A(u)(F)(v) A(u)(g)(v-!u) dv 
A(u)(f)*A(u)(g)u) VifgEA, ueG, 


but not a *-automorphism, of the algebra A. It is natural to call the one- 
complex-parameter group A(y) the modular group of A. 

The algebra A has a continuum of involutions out of which we choose 
three: f¥(u) = A(u)~*f(u-*)*, f*(u) = Alu"? f(u-?)* and f?(u) = 
f(u—*)*. A satisfies all of the axioms of a *-algebra with respect to each of 
these involutions. Each generalizes a different property of the involution on 
a Hilbert algebra. The involution * is called the unitary involution because 


it satisfies 
(f,9) = (9",f*) VIGEA. (6) 


It can be extended to be an isometric, conjugate linear operator on the 
Hilbert space completion of the Tomita algebra. We denote this extension 
by J, as in the case of Hilbert algebras. The other two involutions are 
related to the unitary involution as the musical notation suggests: f! = 
(A(1/2)f)* a half-tone up and f? = (A(—1/2)f)* a half-tone down. This 
idea is also reflected in the formula 


(fig)=(9,f') Wabed (7) 


The interaction of the chromatic involutions with the inner product is given 
by the following formulas: 


(fg,h)=(9,f*h) Vf,ghEeA (8) 
(fg,h) =(f,hg’) VWihg, hed. (9) 


Hence the left regular representation is a *-representation with respect to ! 
and the right regular representation is an anti-*-representation with respect 
to’. When working with °, we shall usually reverse the multiplication mak- 
ing the right regular representation into another *-representation. Notice 
that A is a Hilbert algebra if (and only if) all three involutions are equal. 
In the present example this holds if and only if G is unimodular. 

This algebra is a Tomita algebra because it has a one-complex-parameter 
group of automorphisms and hence all three special involutions: #, * = J 
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and >. These involutions satisfy (6), (7), (8) and (9) so that J is a conjugate 
linear isometric involution. Tomita algebras satisfy additional axioms. 


In most cases, including the case of von Neumann algebras, we must 
start out with a left Hilbert algebra (A, #, (-.-) ) that has only the involution 
satisfying (8). It has to be enlarged and then cut down to a certain dense 
*_subalgebra before becoming a Tomita algebra. When we try to recreate 
all of the above structure in an abstract setting, A(z) (unless p is purely 
imaginary), * and ° are unbounded operators. Both Tomita and Takesaki 
worked with the technical problems that this entails, and the latter found 
elegant and neat ways to present them. In following Rieffel and Van Daele, 
we shall avoid the problem of unbounded linear operators until much later. 
They are not needed to expound the basic theory. 

Starting from the *-algebra (A,") above with its inner product, we con- 
struct the largest *-algebra A’ on which the involution > can be defined. 
From this, in turn, we construct the largest *-algebra A” on which the 
original involution * can be defined. It is easy to see that A” contains A, 
and that further iteration of these constructions adds nothing. Hence we 
will call A” the fulfillment of A. A left Hilbert algebra A is called full when 
it equals A”. It turns out that A’, and hence A”, are always full. 

The original *-algebra (A,") with axioms similar to those for a Hilbert 
algebra will be called a left Hilbert algebra. If A’ were defined in the most 
natural way, we would have to call it a right Hilbert algebra and carry 
forward two parallel theories. Instead, we use the opposite algebra of .A in 
defining the multiplication in A’ so that it is again a left Hilbert algebra. 
The efficiency of this approach has convinced us to give up the greater 
elegance of an approach that we still find more natural. 

It is because equation (8) is the most basic and useful of the four iden- 
tities above that we begin the construction with the *-algebra (A, *#). Just 
as with Hilbert algebras, we require that left multiplication Lg by any fixed 
element a € A be a continuous linear map. Hence, for each a € A, we can 
extend L, by continuity to be an element L, of B(H). We also require that 
A? be dense in the pre-Hilbert space A. Thus a left Hilbert algebra satisfies 
the properties of a Hilbert algebra except for (b). We will need another 
more technical property later to complete the definition of a left Hilbert 
algebra. A full left Hilbert algebra enjoys certain additional properties. It 
always has a dense *-subalgebra that is a Tomita algebra and, hence, a left 
Hilbert algebra with the same fulfillment. 


11.7.18 Definition A quasi-left Hilbert algebra is a *-algebra (A, *) with 
an inner product (-,-) satisfying 
(a) The left regular representation L defined by 


L,(b) = ab Va,beA 
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of the *-algebra A onto itself considered as a pre-Hilbert space is a 
normed pre-*-representation. 
(b) A? (defined relative to the algebra structure of A) is dense in A 
considered as a pre-Hilbert space. 
As before, # = H(A) is the Hilbert space completion of A. 


(A quasi-left Hilbert algebra that also satisfies Definition 11.7.25 below 
will be called a left Hilbert algebra. Unfortunately, this last axiom requires 
substantial additional preparation.) 

We imitate all of the constructions and notation of Hilbert algebras 
as far as possible. In particular, LD, is the extension by continuity of left 
multiplication by a € A to be a bounded operator on H. However, we 
define £ = {L, : a € A}" to be the the left von Neumann algebra of A. 
(The Commutation Theorem 11.7.6 is needed to see that this agrees with 
the definition given for Hilbert algebras.) 

We now introduce a new algebra A’ C H, which is a *-algebra under 
its own new involution °. In interesting cases it will also be a left Hilbert 
algebra. Note that A’ is not a commutant since A is not a collection of op- 
erators. However, the notation is chosen to suggest that we are constructing 
a commutant for CL. 


11.7.19 Proposition Let A be a quasi-left Hilbert algebra. Denote by 
A’ the set of elements b € H such that there is an operators T € B(H) and 
an element c € H satisfying 


Ta=L,b and T*a=L qe VaeA. (10) 


(a) For anybe A’, T andc are unique. Henceforth we denote them by 
R, and b’, respectively. The defining relations then become 


Rya=L,b and (R,)*a= L,0° VaceA; bE. (11) 


(b) For any b,d € A', Red and b” belong to A’. 

(c) Hence A’ is a *-algebra under the product d-b = Ryd and involution 
b+ bv? for b,d€ A’. If b and d belong to the intersection ANA’ , 
then this new product satisfies d-b = bd. 

(d) The map R defined by b++ R, is a *-representation of the *-algebra 
(A). 

(e) For eachb€ A' anda€é A, Ry commutes with La. 

(f) For each b,d€ A’ and S € L', R,Sd belongs to A’ and satisfies 


ee — R,SRa (R, Sd)’ = R,S*b’. 
Proof (a): Since A is dense in H, T is unique. The density of A? shows 


that L is essential, so Theorem 9.2.6 shows that c is unique. This justifies 
the new notation displayed in (a). 
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(e): For a,c € A and be A’, we get 


Rp Lac = Ryac = La-b = LL -b = LR. 


Since A is dense in H, this proves that R, and Lg commute for any b € A’ 
and any a € A. 

(b), (c), and (d): The two displayed formulas in (a), in reverse order, 
show that, whenever b belongs to A’, b? belongs to A’. They also imply 
R,» = (Rp)* and b = b. For a € A and b,d € A’, (e) shows 


L,Rpd = R,L,d = R,Raa and 
Lake b = RypLab? => (Ra)*(Rp)*a, 


proving that Ryd belongs to A’ whenever b and d do. The rest is routine. 
(f) For arbitrary a € A we get 


L,(Sd) = SL(d) = SRa(a), 


so Rsq = SRq. Unfortunately, it is not generally possible to verify the 
second equation in (10) and (11), so Sd itself is not usually in A’, but this 
calculation does give the first formula we want. This makes the second 
easy: 


R,S*R, (a) = RyS*La(b?) = LaRzS*(b). oO 


We do not yet know that A’ contains any non-zero elements. We need 
a substantial digression and Definition 11.7.25 to establish this. 


Real Hilbert Spaces and Real Subspaces 


In this book a Hilbert space always has complex scalars unless we specif- 
ically call for real scalars. This is only the second time we have needed to 
consider real scalars. (The first time was in the proof of Lemma 9.3.2 and 
the reason was similar.) Let # be a complex Hilbert space. By simply 
restricting scalar multiplication to the real numbers, we can make H a real 
linear space Hpe. Now replace the complex inner product (-,-) by 


(z,y)Re = Re(z,y) Vz,y € Hre. 


Obviously the Hilbert space norm satisfies ||z||? = (z,r) = (z,2)pe for 
all zs € Hpre and also the parallelogram law (cf. §9.1.50). The real inner 
product is given by the real polarization identity 


Iz + yl? — Ile — yl? 


4 Vz,y © Hre. 


(z, y)Re = 
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We call (Hre, (-,-)Re) the real Hilbert space obtained from (H,(-,-) ) and 
usually denote it simply by Hpe. It is easy to recover the complex inner 
product from the real one (by use of multiplication by 7): 


(x,y) = Re(z,y) + tIm(z,y) = (2, y)Re + i(Z,7y)Re Va,yeH. (12) 


A subspace of Hre is called a real subspace of H. If H is the usual 
complex £2(N) and K is the subset of real-valued sequences, then K is a real 
subspace and Hr- is the orthogonal direct sum of the two real subspaces, 
K and ik. We are interested in a slightly less rigid situation. 


11.7.20 Definition Let H be a (complex) Hilbert space and let K be a 
closed, real subspace. We say K splits H if it satisfies 


Knik ={0} and K+ikX isdensein H. (13) 


In this case, let P and Q be the (real linear) orthogonal projections onto 
K and iX, respectively, as subspaces of Hre. Define R, D and J using the 
polar decomposition of P — Q: 


R=P+Q, D=(|P-Q| and JD=P-Q, (14) 


where D is complex linear and J is conjugate linear. 

N. B.: Throughout the rest of this section the symbol K+ will denote 
the orthogonal complement of a subset K of H with respect to the real 
inner product (-,-)pe. This only makes a difference when the real span of K 
does not equal its complex span. For instance, if K is an ordinary complex 
subspace of H, then K+ under this interpretation does not differ from its 
usual meaning. 


This definition requires a slight extension of our description of the polar 
decomposition in Theorem 9.1.25. We show below that P — Q is conjugate 
linear. Clearly, the construction of Theorem 9.1.25 can be applied to this 
conjugate linear operator, making D = |P — Q| a positive complex linear 
map and J a conjugate linear partial isometry with the correct (complex 
linear) initial and final projections. 


11.7.21 Proposition Let K be a real subspace that splits a (complez) 
Hilbert space H and adopt the notation of Definition 11.7.20. 

(a) P—Q and J are conjugate linear while R and D are complez linear 

and positive. 

(b) R satisfies0 << R<2. Both R and 2 — R are injective. 

(c) D = R}/2(2 — R)}/2 is injective. 

(d) J satisfies J* = J as an operator on Hre and J* = I. 

(e) D commutes with P, Q, R and J. 
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(f) J satisfies. 


JP=(I-Q)J, JQ=(I-P)J and JR=(2-R)J. 
(g) J, K and iK satisfy 
IK= (ik)+ and J(iK) a= KA, 


where the orthogonality is with respect to the real inner product. 

(h) For any compler number p with Im(y) < 0, R™ is a bounded 
operator and 1++ R** is strong-operator continuous. This map is 
analytic on Im(y) < 0 and it is uniformly bounded on horizontal 
strips of finite width. Similar results hold for (2 — R)**. 


Proof (a): Any x € Hre can be written as lim(y, + zn) with y, € K and 
Zn € K. The calculation 


(GP — Qt)x = lim[(iP — Qi)y, + (¢P — Qi)zn| = lim tyn — tyn +0-0 =0 


shows iP = Qi. Multiplying on the right and left by 7 gives Pi = 1Q. 

Hence, R = P + Q is complex linear and P — Q is conjugate linear. We 

choose to make J conjugate linear and D = |P—Q| linear, which is possible. 
(b): The inequality is obvious. If Rr = 0 for some x € H, then 


||Px||? + ||Qz\||? = (Pz, zr) + (Qz,xz) = (Rx, xz) = 0 


shows that both Pz and Qz are zero. Since K + 7K is dense, this implies 
z = 0. Since K+ and (ik)+ with orthogonal projections J — P and I — Q, 
respectively, satisfy the same conditions as K and 1K, the same argument 
can be applied to show that (J — P) + (I — Q) is injective. 

(c): The calculation R(2— R) = P - PQ- QP -Q = D? and the 
positivity of D show D = R1/2(2— R)*/?. Hence D is injective since R and 
2— RF are. 

(d) and (e): Since P — Q is self-adjoint (as an operator on H) and injec- 
tive, J shares both properties. It is also a partial isometry, so it must satisfy 
J* = I. These considerations and the definition of the polar decomposition 
also show that P — Q, D and J commute. Note also PD? = P(P —Q)? = 
P(P -QP- PQ+Q)=P-PQP = P(P -Q)P =(P-Q)*P = D’P, 
so that P (and hence Q) commute with D = (D?)}/2. 

(f): The equations DJ/P = JDP = (P-Q)P = (1 -Q)(P-Q) = 
(I —Q)JD = DU — Q)J and the injectivity of D give the first equation. 
The second follows after taking the adjoint of the first, and the last comes 
from adding the first two equations. 

(g): This is immediate from (f). 

(h): Since R and 2 — R are injective, both of their spectral measures 
are concentrated on the open interval ]0, 2[. On this set, for Im(z) < 0, the 
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function A +> A is well defined, so it defines the desired operators using the 
functional calculus of §9.3.37. This shows that the map p +> R? is strongly 
continuous and uniformly bounded on horizontal strips of finite width. O 


Since R and 2— R both have spectrum in the open interval ]0, 2[, we can 
use the functional calculus (Theorem 3.3.7 of Volume I) to define operators 
R* and (2 — R)* for allt € R. As t varies these form two commuting, 
strongly continuous, one-parameter groups of unitary operators. Due to 
the conjugate linearity of J, the equation JRJ = 2 — R (derived from 
Proposition 11.7.21(f)) implies 


JR" J=(2-R)"% VteR (15) 


11.7.22 Definition Let K be a real subspace that splits a (complex) 
Hilbert space H and adopt the notation of the previous definition. The 
modular group defined by the splitting is the one-parameter group of unitary 
operators 

A(it)=(2-R)"*R“ VteR 


As noted earlier, we use this unusual notation for a one-parameter group 
for historical reasons and in order to make our notation agree better with 
other published sources. 


11.7.23 Proposition Let K be a real subspace that splits a (complex) 
Hilbert space H and adopt the notation of Definitions 11.7.20 and 11.7.22. 
The modular group defined by the splitting satisfies 


JA(it) = A(it)J and Ait)hK =K VteR. 


Proof The first equation follows directly from equation (15). Since A(it) 
is a function of R, it commutes with R and D = R}/2(2 — R)'/?. Because 
we have just shown that it commutes with J, it commutes with both JD = 
P—Q and R = P+Q, so it commutes with P and Q. This implies 
A(it)K CK and A(—it)K C K, proving equality. ms 


It is impressive that the construction of this fundamental one-parameter 
group of automorphisms (in the case of a Hilbert algebra) depends only on 
a real subspace that splits a complex Hilbert space. The original article 
of Rieffel and Van Daele [1977] explains some of the chain of historical 
motivation behind the construction. They denote the modular group by 
A*, where A represents the unbounded operator introduced by Tomita 
[1967] and expounded by Takesaki [1970]. They also prove the connection 
discovered by Takesaki to the (Kubo—Martin-Schwinger) KMS-boundary 
conditions of physics. We shall not include this. 
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We now wish to apply these ideas to left Hilbert algebras. We need a 
real subspace K of H (the Hilbert space completion of the quasi-left Hilbert 
algebra A) that splits #4. The construction of K is related to the (so far 
possibly trivial) algebra A’ introduced above. If A’ is not zero, it contains 
a non-zero self-adjoint element h = h’. This will satisfy 


(h,a*a) = (h, La) = (Lgh,a)=(Rpa,a)ER VaceA. 


Let K be the closed real subspace spanned by {a’a: a € A}. The displayed 
equation above shows that a self-adjoint element h = h? of A’ belongs to 
(ik)+. We need a technical lemma and the condition of Definition 11.7.25 
to turn this around so that it finally shows that A’ is non-zero. First the 
lemma. 


11.7.24 Lemma Let A be a quasi-left Hilbert algebra and let K be the 
closed real subspace generated by {aba: a € A}. 
(a) Ifh=h> is a self-adjoint element in A’, then it belongs to (iK)+. 
(b) K+iK ts dense in H. a 
(c) For any b€ H there are operators P,Q,S € L' satisfying 


O<P<I, 0<Q<I, 
SQ =(I- P)S, P(I-P)=SS* Q(I-Q)=S"S, (16) 
T,Sb=(I—-P)a, and [,([-Q)b=S*a VaeA. (17) 
(d) Ifb belongs to (ik)+, then these operators also satisfy 


L,Pb=Sa, L,S*b=Qa WaceA (18) 
and 6 SbeA' SbH0, if b#£0. (19) 


Proof (a): This was proved above. 

(b): Proposition 9.1.6 shows that K + iK equals A?. The latter set is 
dense in H by Definition 11.7.18. 

(c): Fix 6 € H. Let N be the closed subspace of H @ H defined by the 
set of ordered pairs 


N = {(a, Lab): a€ A}-. 


(Unfortunately, our notation for ordered pairs and for inner products con- 
flicts, and both are used in this proof.) The orthogonal projection E € 
B(H ®H) onto N can be written as a matrix, 


& 5 | P, 5,0 € B(H). 


Since N is invariant under (ZL @ L) 4, each of these operators belong to L’. 
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The inequalities for P and Q and the properties in (16) follow from the 
fact that E is a projection operator, while those in (17) follow from the fact 
that NV is the range of this projection. 

(d): From now on, we assume that 6 belongs to (iK)+. Then (6, a'a) is 
real for any a € A by (12). This implies 


(Lab, a) — (a, Lab) = (b,a4a) — (a4a,b)=0 VaEA. 
Polarization of this gives 
(Lab, c) = (a, Lb) Va,cE A. 


This implies that the pair (Z,b,—a) is orthogonal to N for any a € A. 
Hence this pair is in the kernel of E. This, together with P,Q € L', proves 
(18). The first equation in (17) shows that Sb belongs to A’ and satisfies 
(Sb)? = Sb. We still must show that if b € (iK)+ is non-zero, then Sb is 
non-zero. The first equation in (17) also shows that if Sb = 0, then P is 
the identity operator. The second equation of (16) and the C*-condition 
give S = 0. Then the first equation in (18) and the fact that L is essential 
show 6 = 0. 0 


Now we can complete the definition of left Hilbert algebras. 


11.7.25 Definition A left Hilbert algebra is a quasi-left Hilbert algebra 
(A, *#) for which the closed real subspace K generated by all elements of 
the form ata for a € A splits H. It is enough to assume K Nik = {0}. 


Since the last lemma shows that K + iK is dense in H, we need only 
require K Nik = {0}. We can now define the operators P,Q, R= P+Q, 
D = |P—-Q| = R/2(2 — R)'”?, J with JD = |P — Q| and A(it) = 
(2 — R)*R-* for all t € R, as in Definitions 11.7.20 and 11.7.22. We 
still need to accumulate enough information on A’ to show that it is a left 
Hilbert algebra under its involution ’ and the original inner product. Its 
right von Neumann algebra is the set {R, : b € A’}". We gather together 
results that we need in a technical lemma. 


11.7.26 Lemma Let A be a left Hilbert algebra. 
(a) For anyc€ K and X€C satisfying Re(A) > 0, there is a unique b 
in (iK)+ satisfying 


(c,d) =Re(A(b,d))  Wde (ik)+. 


(b) IfcisinKNA and b satisfies (a) above, then b belongs to A’N(ikK)* 
and satisfies b” = b, 


DJL,.JD = A(2 — R)RR a A* RR, (2 — R) 
and JDc = (M2 — R) + *R)b. 
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(c) Ifcis in KNA and we write \ = e'$/? for —1 <s <7, then any 
b satisfying (a) above also satisfies 


Ry = / e t(e™ 4+ 7) IA (it) JL JA(—it)dt, and 


— oo 
b= / e (e™ 4 e™) I Ait) Jedt. 


(d) If c belongs to A? then DJc belongs to A’ and satisfies 
(DJc)’ = DJct. 
(e) Ifte R, G€ A andc= GZ, then A(it)Jc belongs to A' and satisfies 


Racityre = A(it)JL,-JA(—-it) and (A(it)Jc)’ = A(it)Je. 


(f) In particular, JK = (ikK)+ is included in the closure Ay of the set 
1) = {he A’: hb? =h} of self-adjoint elements of A’. 


Proof (a): By scaling, we may assume Re(A) = 1 for the rest of the proof. 
Define a real bilinear form on the real linear subspace (i-)+ by 


B(b,d) = Re(A(b,d)) Wob,de (ik)t. 


Since any d € (iK)-+ satisfies B(d,d) = Re(X(d,d) ) = (d,d), this bilinear 
form is an inner product and the norm induced by it is the original complete 
norm on H restricted to the closed subspace (i1K-)~. Hence any continuous 
real linear functional on (iK)+ (such as d+ (c,d)) is induced by this inner 
product and a unique element in (iK)+. Thus, for any c € KX, there is a 
unique b € (iK)+ satisfying the displayed equation in (a). 

(b): Now suppose that c also belongs to A. (Recall that XK is a closed 
real linear span, hence not usually included in A.) Let P, S and Q be the 
operators in CL’ of Lemma 11.7.24 defined relative to 6. We will show that 
P is invertible. Assuming this, we get 


L,b=P-'1L,Pb=P"!Sa VWaeA and 


(a, P~1Sa) = (a,L,b) = (a'a,b) = Va EA. 


Since we are assuming b € (iK)+, the last number is real so P~'S is self- 
adjoint. Hence b satisfies the definition of an element in A’ with R, = P7'S 
and b” = b, as we wished to show. 

We show that P is invertible by using Lemma 11.7.24 to make estimates 
related to its spectral projections. Let c, b, P, S, Q and all be as already 
specified. Then any d € (iK)+ satisfies (c,d) = Re(A(b,d)), which can be 
rewritten as 

2(c, d) = A(b, d) + A*(d, b). 
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If d belongs to A’ and satisfies d? = d in Lemma 11.7.24(a) shows that d 
belongs to (iX)+. Hence by separating any d € A’ into its self-adjoint and 
skew-adjoint parts and subtracting the above equation for each part, we 
get 

(c,d?) = A(b,d’) + A*(d,b) = Vde A’. 
_ Let E be an arbitrary spectral projection of P. Define d = ESS*b = 
E(I — P)Pb. For any a € A, it satisfies 


Dd = L,ESS*b = ESL,S*b=ESQa and 
L,S*ESb = S*EL,Sb = S*E(I — Pha. 


Hence d belongs to A’ and satisfies d’ = S*ESb. Substituting this into the 
displayed formula at the end of the last paragraph and simplifying gives 


2(ESc, ESb) = \(ESb, ESb) + \*(S* Eb, S* Eb). 
Since Re(A) = 1, the real part of this is 
||ESb||? + ||S*£bl|? = 2Re(ESc, ESb) < ||ESel|? + ||ESb||?. 
Using Lemma 11.7.24 several times we get 
(EP(I — P)b,b) = ||S* Bb||? < ||BSell? = ||EL_Pb|| < ||Lel|? (EP, 6). 


Choose ¢ satisfying 0 < ¢ < (1+ ||Z-||?)~! and let E be the spectral 
projection of the interval [0,¢]. Unless EPb = 0, the inequality eZ > PE 
gives the contradiction: 


(1 — e)(EPb, b) < (E(I — P)Pb,b) < ||Le||?(E P76, b) < ||Zel|e(EPb, b). 
Hence for any a € A, we have 
ESa= EL,Pb = L,EPb= 0. 


Thus ES is zero, which implies 0 = ESS* = EP(I —P). Since (I — P) has 
a bounded inverse on EH, this implies EP = 0. 

This implies that P is invertible unless zero is a proper value. Suppose 
Pa = 0 for some a € H. This would imply S*a = 0 since \|S*al|? = 
(a, P(I — P)a) = 0. This implies that the pair (a,0) belongs to the set V+ 
defined in the proof of Lemma 11.7.24. But then the inner product (a,c) is 
zero for all c in the dense set A. Thus a = 0, so zero is not a proper value 
of P. We have finally completed the proof that P has a bounded inverse. 

We will establish the rest of the properties of 6 after proving (d). 

(d): Assume first that c is in A271 K. Apply (b) with \ = 1 to get 
be (iK)+N A! satisfying 


(c,d) =Re(b,d) VWde(ik)t. 
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Thus 6 is the orthogonal projection of c into (iX)+, so it satisfies b = 
(I —Q)c. Since c € K satisfies Pc = c, it also satisfies 


DJc=(P-—Q)c=(I-Q)c=bEA’. 


Now apply Proposition 9.1.6 to the *-algebra (A, (-)#). The conjugate lin- 
earity of DJ extends the above result to any c € A?. 

(b, concluded): Replacing 6 by b/2 in our previous work, we have b = 
b € A'N (iK)+ satisfying 


(c,d) = (bd) +A*(d,b) = Wd € (6K) +. (20) 


Since A’ is included in K+ + (iX)+, by changing the third d to d? we make 
this equation true for all d € A’. Replacing d by dd}, for d, and dz in A’ 
gives 

L-d2, d;) = A(bd2, d;) + X* (da, bd; ). 


Now let d, = DJcx for c, € A? and for k = 1,2. Then (d) shows that d, 
belongs to A’ and satisfies d= DJch. Using Proposition 11.7.21, we can 
transform the above displayed equation into 


(e1, DJL;-DJc2) = (c,, DJ (bd2)) + A*(DJ(bd;), de). (21) 
Any d= d? € A’ belongs to (iK)+, so Qd = 0 and hence 
DJd = (P-Q)d=(P4+Q)d= Rd. 
Similarly, any cz € ANK satisfies Pc3; = c3 and hence 
DJcg = (P — Q)cg = (2— P— Q)cg = (2 — R)cs. 


Since R is linear and DJ is conjugate linear, by taking self-adjoint and 
skew-adjoint parts, we find 


DJd=Rd@ WdeA' and DJc3(2—R)ck Vc3 € A’. 
Since b = b, these equations and (d) give 
DJ(bd,) = R(d?,b) = RR,DJay = RRy(2 — R)ag. 
Substituting into (21) gives 
(c1, DJL.JDe2) = A(e1, RRy(2 — R)c2) + A*(RRs(2 — R)ci,c2). 


Since c; and cz are arbitrary in A?, which is dense, this gives the displayed 
equation in (b). 
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For the last equation we substitute d; = DJc, for c, € ANK into (20) 
to get 
(cy, DJc) = A(c,, DJb) + A*(DJcy, b). 


Since we know 6 € (ik)+, DJc; = (2— R)cy and DJbRb, this becomes 
(cy ’ DJc) = A(cy ) Rb) a A*(e1, (2 ae R)b), 


which implies the desired result as before. 

(c): First we will prove the analogous result for complex-valued func- 
tions. Let A = e**/2 be as above, and let f be a complex-valued function 
defined, bounded and continuous on the strip |Re(y)| < 1/2 and analytic 
inside this strip. Define g by g() = we**#(sin(7y)—! f(y) on the strip. Note 
that g has a simple pole at 4 = 0 with residue f(0). Since f is bounded, 
g(t) approaches zero as p approaches infinity within the strip. Cauchy’s 
integral theorem gives 


f(0) = = | / 7 glit +1/2)idt — / : eGiai /2)ia , 


Substituting sin(m(it + 1/2) = cos(mit) = (e™' +e~7*) /2, e@s(##t1/2) — Nest 
and e@8(#t-1/2) — ee, gives 


f(0)= [ = et (e™ 4+ e-™)" [Nf (it + 1/2) + A* f (it — 1/2)] dt. 


Let a,d € H be arbitrary and for |Re(y)| < 1/2 define f(y) by 
f(u) = (RATA (2 — R)YTPAR, RH? (2 — RYH, d). 


Proposition 11.7.21(h) shows that f satisfies the properties required above. 
The definition of the modular group shows 


Af (it + 1/2) = A(A(it)(2 — R)R,RA(—it)a,d) — and 


dM f (it — 1/2) = rA* (A(t) RR, (2 — R)A(—it)a, d). 
Hence the displayed equation in (b) gives 


(A(it) DJL, JDA(—it)a, d) = Af (it + 1/2) + A* f (it — 1/2). 
We also find 
(DR, Da, d) = (R'/?(2 — R)/?R,R'/? (2 — R)'/?a,d) = f(0) 


oO 
= / e-em 4 e-™)-1(A (it) DJ Le JDA(—it)a, d)dt. 


©, °) 
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Since D is injective, it has dense range, so this proves the first formula. 
For the second formula we use the last equation in (b) and the function 


f(u) = (R172 — R)#**/28, d) 


for any d € H. The argument is essentially unchanged. 

(e): Let A = e*/? with —a < 5s < 7 and define b in terms of \ and c as 
in (a) and (b). Obviously, cis in ANK. For any a € A, apply the last and 
next to last equations in (c) to the terms of the equation 0 = L,b— Rya to 
get 


oo 
= / e *(e™ 4 e-™) 1 (L A(it) Jc — A(it) JL, JA(—it)a)dt 
for all —7 <s <7. For any d in H, define the numerical valued function 


g(t) = (LaJA(it)c, d) — (A(it)JL-JA(—it)a,d) WteR 


The previous equation gives 
CO 
0= Z e *(e™ +e -™)“lo(t)dt Vs with —-t<s<r. 
—0o 
We now show that this implies g = 0. Note that 
[o.@) 
flu) =f emtlet + eg (that 
— oo 


is analytic on |Re(y)| < a. Since f vanishes for Im(z) = 0, it is identically 
zero. Thus f(zs) is identically zero. Since this is the Fourier transform 
of t + (e7! + e~™')g(t), we conclude g = 0, as claimed. Since d € H is 
arbitrary, this gives 


LaJA(it)e = A(t) JL. JA(-itla VteR 


However, c and hence A(—it)JL,JA(it) are self-adjoint. Thus the last 
display shows that JA(it)c belongs to A’, is self-adjoint and satisfies 


Ryacit)ea = La JA(it)c = A(it)JL-JA(-itla VaeA, teR 


(f): The first equation is from Proposition 11.7.21. The inclusion follows 
from the last equation in (e) with ¢ = 0 and the definition of K. O 


We have called the modular group a group of automorphisms. Here is 
the proof that it really is. 


11.7.27 Theorem Let A be a left Hilbert algebra. 
(a) The algebra A' is a left Hilbert algebra under its involution > and 
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the original inner product. 

(b) The left von Neumann algebra L(A‘) = (Ry:)" is L(A)’. 

(c) The real subspace K is the closure of the set Ay = {hE A: h'=h} 
of self-adjoint elements of A. 

(d) The closed real subspace K' defined relative to (A',”) satisfies 
K' = (iK)+ = JK = Al, and ik! = (K)+ = J(iK) =iAy. 

(e) Hence both A and A’ define the same operator J and their modular 
groups are the same except that A(it) for one is A(—it) for the 
other. 

(f) For anyaeé A andte R, A(it)Ja belongs to A’ and satisfies 


Racit)ja = A(it)JLgJA(—it) and (A(it)Ja)’ = A(it)Jab. 


Proof (a): We have already established that A’ satisfies (a) in Definition 
11.7.18 of a quasi-left Hilbert algebra. The first result of Lemma 11.7.26(e) 
with t = 0 shows JA? C A’. Hence JA‘ is included in (A')?, which is 
therefore dense in H since A* is dense and J is an isometry. Thus A’ is a 
quasi-left Hilbert algebra. We still need to show that the closed real-linear 
subspace K’ spanned by {a’a: a € A’} satisfies K’ Nik’ = {0}. However, 
this is easy. Any b in K’ is self-adjoint, so it belongs to (iX)+ by Lemma 
11.7.24(a). Since K + iK is dense, K+ M (iK)+ equals {0}. Hence ik’ NK! 
is also {0}, and A’ is a left Hilbert algebra. 

(b): We prove the commutation result by showing that Ry is strongly 
dense in £’. Let T € L' be arbitrary. The von Neumann density theorem 
(Theorem 9.3.3) shows that there is a net {ba}aea converging to the iden- 
tity operator J on H in the strong operator topology. We will show that 
Ry, Tbg belongs to A’. Obviously its representing operator Ry, TR», under 
the right regular representation converges to T as a,# € A increase. For 
any a € A we have 


R,, TR, a= Ry. T Labs = Dako. T'bg and 
(Ry, T Rp, )a = R,,T* Lb, = LaR,,T* be, 


which is exactly the definition of R,,Tbg being a member of A’ with the 
stated representing operator. 

(c): Obviously K is included in the closure of Ay = {h € A: h4 = h}. 
Suppose, conversely, that h belongs to Ay. For any polynomial p without a 
constant term, p(Lp)h belongs to K by real polarization. By approximating 
the range projection E of L;, by such polynomials, we see that E(h) belongs 
to K. Any 6 € A’ satisfies 


R Eh = ERs,h = Lpb = Rph. 


Since R is essential, Theorem 9.2.6 shows Eh = h, which is equivalent to 
hEK. 
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(d): Since A’ is a left Hilbert algebra, we have just shown that K’ is 
the closure of Ai, = {h € A’: h? = h}. Proposition 11.7.21(g) shows 
JK = (ik)+ and J(ik) = K+. Lemma 11.7.24(a) shows A‘, C (ik)+ and 
Lemma 11.7.26(f) shows (sK)+ C A‘,. This shows the first set of equations. 
The second follows since multiplication by 7 is an isometry in the real Hilbert 
space that has the same norm as the original complex Hilbert space. 

(e): According to (d), the real projections P’ and Q’ of Definition 11.7.20 
applied to the left Hilbert algebra A’ become I — Q and I — P, respectively. 
Hence J! = J, D’ = Dand R' = 2-R. The result on the modular function 
now follows from Definition 11.7.22. 

(f): According to the definition of K and (c) above, the real span of 
{ala : a € A} is dense in Ay. Since J and A(it) are isometries, Lemma 
11.7.26(e) gives this result for a € Ay. The conjugate linearity of J and 
the linearity of A(it) for any t € R extend it to all of Ay. 0 


11.7.28 Theorem Let A be a left Hilbert algebra with left von Neumann 
algebra L. When J is restricted to A, it is an isometric, involutive, con- 
jugate linear, *-isomorphism of (A,') onto a dense *-subalgebra of (A’,’). 
For any t € R, when A(it) is restricted to A it is an isometric, linear 
*_automorphism of A onto itself. Furthermore, CL satisfies 


ILI=L' and A(it)LA(-it)=C  VtER 


Proof Taking t = 0 and a,b € A in Theorem 11.7.27(f) gives Ryab) = 
ILapJ and (Ja)? = Ja‘. The involutive nature of J combined with the 
facts that R and L are representations gives 


JLo J = JLgJILeJ = Rog Ry = Ryasp- 


Since R is faithful, this proves that J is multiplicative as a map from A to 

A' (which was given reversed multiplication). The second equation shows 

that J is a *-homomorphism. The isometric nature of J shows it is a *- 

isomorphism. Repeating the same argument with arbitrary ¢ € R using the 

*_isometric property of J, already established, gives the result for A(it). 
Applying Theorem 11.7.27(f) to A and then to A’ gives 


A(it)JL(A)JA(—it) C L(A)’ and A(it)JL(A')JA(-it) C L(A'Y’. 


Theorem 11.7.27(b) shows L(A’) = L(A)’, giving both results. O 


Since A’ is a left Hilbert algebra, we may form A” = (A’)', which is 
again a left Hilbert algebra. Any element a € A satisfies 


Raa=L,b and Rab=Lb VbEA’. 
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Since these are the formulas from Proposition 11.7.19 that determine mem- 
bership in the algebra A”, we conclude A C A”. This implies A’ C A’. 
Any b€ A” and a € A" satisfy 


L,b=R,a and L,v = Ra. 


Since A C A”, b belongs to A’, so A” C A’ also holds, implying A’” = A’. 
Obviously we can add as many primes as we wish, so long as we add the 
same number of primes to both sides. These considerations motivate the 
next definition and prove most of the next theorem. 


11.7.29 Definition A left Hilbert algebra A is called full if it satisfies 
A= A". 


11.7.30 Theorem Let A be a left Hilbert algebra. 

(a) Then A’ and A” are full left Hilbert algebras. 

(b) Hence, any left Hilbert algebra is a dense *-subalgebra of a full left 
Hilbert algebra. 

(c) Let A be full. When J is restricted to( A / A’ ), it is a conjugate 
linear, tsometric, anti-automorphism onto { A' / A). For each 
t€ R, A(it) is an isometric *-automorphism of ( A / A’ ) onto 
(A/A' ). These maps also satisfy 


Ryo =JLEq and Laying = A(it)EaA(-it) VWaeAteR 


Proof (a): See the last paragraph. (b): Obvious. 

(c): Since J and A(zt) have the same meaning (except for the sign of t 
in the second) when defined for A or A’, they must map onto the spaces 
identified. The final display comes directly from Theorem 11.7.27(f) by 
considering the case ¢ = 0. oO 


One might expect results similar to Theorems 11.7.10 and 11.7.11. In- 
deed we will give two analogues in Theorem 11.7.41. The unboundedness 
of the involution #, prevents direct imitation of Theorem 11.7.10. We can 
better explain the situation after finally introducing unbounded operators. 

Before going on to consider Tomita algebras and some of the deeper 
properties of left Hilbert algebras, we give the example of von Neumann 
algebras that motivated the original theory. 


11.7.31 Left Hilbert Algebras from von Neumann Algebras Let 
B be a von Neumann algebra in B(H) and suppose that z € H is a separat- 
ing and topologically cyclic vector for A (Definitions 4.2.1(b) and 9.2.12). 
Proposition 9.2.13 shows that z is also a separating and topologically cyclic 
vector for the commutant B’ of B. Now consider A = Bz C H as a left 
Hilbert algebra with involution and multiplication given by (Sz)# = S*z 
and Sz Tz = STz for all S,T € B. The Hilbert space completion of our 
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left Hilbert algebra is H. The obvious calculation gives the left regular 
representation as 


Lsz2 = Sz VSzE€A; cEH. 
For T € B’ and Sz € A we get 
Ls,Tz = STz=T(Sz) and T*Sz = ST*z = Ls,(T*2), 


proving by (10) of Proposition 11.7.19 that Tz belongs to A’ for any T € B’. 
To see the converse and thus prove A’ = B’z, let S,R € Band be A’ be 
arbitrary elements, and define T € B(H) by the first equation in (10) of 
Proposition 11.7.19. This gives 


STRz= SL rb = SR,Rz = R,SRz = Lgrzb =TSRz. 


Since z is a topologically cyclic vector, this proves T € B’. We also find 
Rr, =T and (Tz)? = T*z for all T € B'. Thus £=B and L’ = B’. Next, 
let K be Byz. The following calculation 


(Sz.72) <= (%z,52)=(572.2) = Ts22) 
= (Sz,Tz) VS € By; T € By 


shows K! = (iK)+ = Bi,z. 

We have shown that the structure and elementary theory of a left Hilbert 
algebra arise easily from a von Neumann algebra with a fixed topologically 
cyclic and separating vector. In the case of groups, the modular group of 
the Tomita algebra was obvious, but in the present case it is more obscure. 
A von Neumann algebra with a topologically cyclic and separating vector 
is said to be represented in standard form. So far our construction has only 
dealt with the case of a von Neumann algebra that is already represented 
in standard form. The more interesting case is that of a W*-algebra (an 
abstract von Neumann algebra) B with a faithful, normal positive linear 
functional w. Since w is faithful, its left kernel is {0}. The Hilbert space 
completion of the Hilbert algebra is the Hilbert space H” defined by the 
Gelfand—Naimark construction from w. The Hilbert algebra is AY” C H”%, 
which is a *-isomorphic image of A in which the involution is denoted by 
The representation L is just T’, which is the left regular representation. 
Denoting the identity of A by J, we see that /” € H is a separating and 
topologically cyclic vector, so that we are back to our last construction. 


We have now completed the basic theory of left Hilbert algebras that 
includes the results for which the theory was introduced. However, Tomita’s 
original insight was that an algebra could be constructed with additional 
properties. Instead of a one-parameter group of unitary *-automorphisms 
A(it) and one involution * in A and another b in a related algebra A’, a 
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Tomita algebra has a one-complex-parameter group of automorphisms and 
thus a continuum of involutions including the three main ones noted after 
§11.7.17 satisfying (6), (7), (8) and (9). We shall not give the construction 
of a Tomita algebra from an arbitrary left Hilbert algebra since we would 
have nothing material to add to the proof in Takesaki [1970]. 


11.7.32 Definition A Tomita algebra is a left Hilbert algebra (A,") 

and a one-complex-parameter group A(z) (uu € C) of automorphisms of A 
satisfying 

(A(u)(a))" = A(-f)(a®) Vue CG aeA (22) 

(A(u)(a), 6) = (a, A(@)(b)) VEG a,bEA (23) 


(A(1)(a"), b*) = (ba) Va,beA (24) 
(A(zz)(a), 5b) is an analytic function of uw € C Va,beA (25) 
(1+ A(t))A is dense in A VteR. (26) 


11.7.33 Theorem For any left Hilbert algebra A, there is a Tomita algebra 
A! that is a dense *-subalgebra (with respect to #) of the fulfillment A" 
of A and hence has the same fulfillment. It 1s also a dense linear subspace 
of A' and a *-subalgebra when endowed with its reversed multiplication and 
involution b. The map 


Ta Ra VaeE At 
extends to an anti-isomorphism of £L onto L’. 


Proof See Takesaki [1970], §10. Oo 


Among many other consequences, this theorem shows that A” 1 A’ is 
dense in H. 

We could give additional results without considering unbounded closed 
operators, but the presentation would be misleading. Hence, we will give a 
brief introduction to unbounded operators on Hilbert space. 


11.7.34 Unbounded Operators on Hilbert Space We have already 
noted that if A is a left Hilbert algebra that is not a Hilbert algebra, the 
involutions * (hereafter also denoted by S when convenient) and ” (also 
denoted by F’) and the automorphisms A() (for u not purely imaginary) 
are not bounded operators on the sets (A or A’) where they are defined. 
All of these operators are defined on a dense subspace of H and have their 
range in H also. In fact, all of these operators are examples of closable 
unbounded linear operators on H. 

The type of unbounded operators that. we wish to discuss are linear maps ~ 
(sometimes conjugate linear or only real linear) with domain D(T) a sub- 
space of a Hilbert space H and with range in H also. (Such an operator is 
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an unbounded or a bounded linear operator, depending on whether the func- 
tion T is unbounded or bounded. Generally we will call a linear operator 
from a proper subspace a possibly unbounded operator. While discussing 
possibly unbounded linear operators, we will try to use the term ” bounded 
linear operator” to designate operators in B(#).) Two such operators S 
(not -necessarily the operator # of the last paragraph) and T are said to 
be equal only if their domains are equal (D(S) = D(T)) and they agree on 
this common domain. We write S C T if D(S) C D(T) and T restricted 
to D(S) equals S. Obviously, we then call S a restriction of T and T an 
extension of S. Generally, we will insist that the domain D(T) be dense in 
H. 

These operators are added and multiplied as functions. Thus the domain 
of (S+T / ST ) is 


(D(S+T)=D(S)ND(T) / (DST) = {x €H:Tz €D(S)} ). 


Even if D(S) and D(T) are dense, these subspaces may not be dense 
and might even reduce to {0}. Ignoring this problem, the associative law 
holds for both addition and multiplication. Similarly, the distributive law 
(R+S)T = RT + ST is true, but the other distributive law holds only in 
the form RS + RT C R(S+T). 

Let T be a linear map with domain D(T)) a subspace of a Hilbert space 
H and with its range in H also. The graph of T, 


{(z,Tz):2€ D(T)}, 


is a subspace of H x H. (All our notation about a linear operator T can 
be interpreted as deriving from standard notation for the graph of T.) The 
space H x H is a Hilbert space under the inner product 


((z,y),(z,w)) = (z,z)+ (yw) V (zy), (2,w) €HXH 


(where the outer parentheses on the left as well as the parentheses on the 
right indicate inner products and the inner ones on the left indicate ordered 
pairs). The corresponding norm is the Euclidean norm 


I(x, y)I] = (lel|? + |lyll?)/? VV (ay) CH XH. 


The closure of the graph of T may or may not be the graph of a (necessarily 
linear) function. If it is the graph of a function T, we call T closable and T 
the closure of T. If the graph of T is already closed, we call T closed. The 
range projection of a closed (possibly unbounded) linear operator T on H 
will be the orthogonal projection in B(H) onto the closure of the subspace 
{Tx:x2€ D(T)}. 
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Let T be a closed linear operator from the dense subspace D(T) of H 
to H. Then the domain D(T) of T is a Hilbert space under the graph inner 
product and corresponding graph norm 


(z,y)r = (2,y)+(Tz,Ty) and |lz||r = (\[z|/?+||T2|]?)'/?  Va,y € D(T). 


This norm is just the norm of H x H restricted to the graph of T and then 
transferred to D(T). It is the closed nature of T that gives the completeness 
of D(T). When we speak of the metric or topological properties of D(T), 
we always refer to this Hilbert space structure. If M is a linear subspace ~ 
of D(T), then the restriction of T to M will be a closable operator. It 
will have closure T if and only if M is dense in D(T). (In this case the 
restriction is automatically densely defined in H.) This is immediate from 
the interpretation of the norm on D(T) as the graph norm. The closed 
operator J’ may be considered as a contractive linear operator from the 
Hilbert space D(T) to H. This allows one to transfer many results on 
bounded linear operators between Hilbert spaces to closed unbounded linear 
operators. 

If T is a closed linear operator from D(T) C H to H, A is a complex 
number and there is a positive constant B satisfying 


lIz]| < B||(A—T)z|] for all + € D(T), 


then it is easy to see that the function (A—T)~! exists, is linear and belongs 
to B(H) since T was closed. The spectrum of T is the set of for which 
(A —T)~! exists and belongs to B(H). 

Let T be any linear map from a dense linear subspace D(T) of H to H. 
In order to define the adjoint T* of T, we first need to choose its domain: 


D(T*)={y€H:x++ (Tz,y) is continuous for « € D(T)}. 


For y € D(T*), define T'*y to be the unique element of H that implements 
this continuous linear functional. Of course, the density of D(T) in H is 
needed to establish that T*y is unique. It is not immediately obvious (nor 
even necessarily true) that D(T*) is dense, but 7 is always closed, as we 
are about to show. If D(T*) is dense, we can define J'**, which is a closed 
extension of T. Hence T is closable when D(TJ™) is dense. The converse is 
also true. 


11.7.35 Proposition Let T be a possibly unbounded linear operator de- 
fined on a dense linear subspace D(T') of a Hilbert space H with values in 
H. The adjoint T* of T (defined above) is a closed linear operator. The 
domain D({T*) of its adjoint is dense if and only tf T is closable. 


Proof First we show that T* is closed. If yn € D(T*) converge in H to 
y €H and T*y, converge in H to z, then 


(Tx, y) = lim(Tz, yn) = lim(z, T* yn) = (2, z) VreT 
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implies y € D(T*) and z = T*y. Hence 7™ is closed. 

We just proved (before stating the proposition) that 7 is closable if 
D(T*) is dense. Conversely, let T be closable. We get the direct sum 
decomposition H x H = T@T+. It is easy to see that T+ is the set of 
ordered pairs (—T"y,y) for y € D(I™). Suppose that z € H is orthogonal 
to D(T*). Since the pair(0,z) is orthogonal to T+, it must belong to T. 
Since T is closable, this implies z = 0. Hence D(T*) is dense, as we wished 
to show. oO 


We are particularly interested in possibly unbounded linear operators 
T from H to H that are densely defined and equal to their own adjoint 7™. 
Recall that quality requires that their domains D(T) and D(T*) be equal. 
These equal domains are also dense, since the adjoint is defined. Such 
operators are called self-adjoint. The last proposition shows that they are 
necessarily closed. A possibly unbounded positive operator is a self-adjoint 
linear operator P satisfying 


(Pz,xz) >0 Vze DT). 


It is obvious from the definition of the adjoint that if a densely defined, 
closable linear operator T is restricted to a smaller (but still dense in #) 
subspace of its original domain, the domain of the adjoint of the restricted 
operator may be larger. Hence, it is not surprising that there are many 
densely defined, closable operators JT’ with the property 


(Tz,y)=(T*z,y) Vaz,ye DT) 


for which the domain D(J"*) is strictly larger than D(T). Such operators 
are called symmetric. If a symmetric operator T' has a self-adjoint extension 
T, then the domain D(T) satisfies D(T) C D(T) C D(T*) and T agrees 
with 7* on this domain. 

We illustrate the type of problem that commonly arises when one first 
tries to define a concrete operator that ought to be self-adjoint. Let H 
be L?({0,1]) and consider the operator T = i d/dt defined on D(T) = 
C1 ([0, 1]), the continuous functions on [0, 1] with one continuous derivative. 
We find 


1 
(Tf,9) [ isoawyra V f.g € D(T) 


tl 


1 
i (f(1)g(1)" — f(0)9(0)*) + i f(t) (ig! (t))"at 
(f,Tg) +7 (f(1)g(1)* — f(0)g(0)*) , 


so we re-define D(T) to be the subspace of C'({0,1]) with the function 
vanishing at 0 and 1. This makes the new (restricted) T satisfy the displayed 
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equation of the last paragraph, but it is still not self-adjoint since, e.g., the 
function z(t) = ¢t belongs to the domain of its adjoint. We need not examine 
the well-developed theory of when symmetric operators can be extended to 
self-adjoint ones (cf. Dunford and Schwartz [1963], XII.4). 

We need the spectral theorem for possibly unbounded self-adjoint oper- 
ators. There is a spectral theorem for possibly unbounded normal operators 
similar to Theorem 9.3.36 above also, but the definition of this type of op- 
erator is more technical and we shall omit the result. (An extension of 
this theorem to Banach spaces was the subject of our doctoral dissertation. 
During the writing of that paper we first encountered the power of Banach 
algebra theory to replace a long, opaque argument by a short, clear one.) 
We use the notation introduced before Theorem 9.3.36. 


11.7.36 Theorem Let R be a possibly unbounded, self-adjoint operator 
with domain D(R) dense in H. Then the spectrum of R is included in the 
real line R. 

There is a unique spectral resolution EF for R. Denote by {R}' the set of 
operators S € B(H) satisfying SR C RS. Then the range of E is in {R}" 
and satisfies 


f(R) = | f(VE(@X) Vf € C(Sp(R)), 
Sp(R) 


where f(R) is defined as in Theorem 9.1.17. Any one of the following 
conditions already determines E’ uniquely: 
(a) E is a spectral resolution for R. 
(b) E is a spectral measure satisfying the displayed equation above. 
(c) E ts a spectral measure satisfying E(Sp(R)) =I and 


S= AE (dX). 
Sp(R) 


Furthermore, for all bounded Borel functions f on Sp(S), the operator de- 
fined by 


f(8)= f  FA)E(Y) 
Sp(S) 
belongs to {R}". 


Proof (The hypothesis that D(R) is dense is superfluous since this is re- 
quired for R* to be defined.) Let AX = s + it with s,t € R and ¢ # 0. For 
xz € D(R) we get 


A — B)z||? 


((s+it)xz — Rz,(s+it)x — Rr) 
(tz, tz) + (sx — Raz, sx — Raz) 
t*||x||°. 


IV Il 
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This shows that \ — R is one-to-one and (A — R)7! is bounded. Since R is 
self-adjoint, Proposition 11.7.35 shows that it is closed. Hence, (A — R)7! 
is closed and bounded. Thus its domain is closed. However, 


(D(A — R)~*) = ((A- R)D(R))* = {x € D(R*) : (A* — R*)z = 0} = {0} 


shows (A — R)~! € B(H) since R* = R. Since (A — R)* = (A* — R), we see 
((A — R)~!)* = (A* — R)~!, which proves that (A — R)~! is normal. 

We now assume that R is unbounded and apply these remarks to A = 1. 
To simplify notation, we write S for the normal operator (i—R)—!. Consider 
the homeomorphism of the compact complex sphere C U {oo} onto itself 
given by h = (i — z)~!, where (as usual) z(A) = \ for all 1 € C. We claim 
that h maps Sp(R) U {co} exactly onto Sp(S). If A # 7 is not in Sp(R), 
then i — A+ (i — A)2(A — R)~! is the inverse of h(A) — S, so A(A) is not in 
Sp(S). Similarly, h(i) = co is not in Sp(S) since S is bounded. Conversely, 
if h(A) 4 0 is not in Sp(S), then A is not in Sp(R) since 


(A— R)A(A)S(A(A) — S)"2 = N48 + @— R)A(A)S(A(A) — S)7? 
(h(A) — S)(R(A) — S)t. 


Similarly, h(A) = 0 is in Sp(S) since i — R = S~! is not bounded. 

Let E be the unique spectral resolution for the normal operator S € 
B(H) given by Theorem 9.3.36. Define a new spectral measure EF by E(B) = 
E(h(B)) for all Borel subsets of the compact complex plane. 

The rest of the proof is just checking that we have successfully trans- 
ferred the properties of the spectral resolution for S to that for R. In 
particular, the final sentence is just a restatement of Corollary 9.3.37. We 
omit the rest of the proof, which can be found in Dunford and Schwartz 
[1963], XII.2.3 oO 


Theorem 9.1.25 above gives the polar decomposition for bounded linear 
operators on Hilbert space. In his original article [1932], John von Neu- 
mann proved the result for closed, densely defined, possibly unbounded 
linear operators on Hilbert space. We now give this result, referring the 
reader to Dunford and Schwartz [1963], XII.7, for the details of the proof. 
The positive operator in the polar decomposition will be a positive (nec- 
essarily self-adjoint) operator that is unbounded if the original operator 
was unbounded, but the partial isometry is an ordinary bounded partial 
isometry. 


11.7.37 Theorem Let T' be a closed, densely defined, possibly unbounded, 
linear operator on a Hilbert space H. 
(a) There is a unique, possibly unbounded, positive linear operator |T| 
satisfying |T|? = T*T. 
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(b) T can be written in one and only one way as 
T = WP, 


where W is a partial isometry in B(H) with initial projection equal 
to the range projection of T* and P is a positive (possibly unbounded) 
operator with range projection equal to the range projection of T*. 

(c) In (b), P equals |T| and the final projection of W is the range 
projection of T. 


Finally, we need to introduce the concept of unbounded operators affil- 
iated with a von Neumann algebra. Let A be a von Neumann subalgebra 
of B(H). A closed, densely defined, possibly unbounded operator T on H 
is said to be affiliated with A if it satisfies 


T=UTU" YWUEAS. 


(Equality (as always) implies that the domains are equal.) If T is affiliated 
to A, then so is J*, |T| and W where T = W |T| is the polar decomposition 
of T. If T is self-adjoint, then it is affiliated to A if and only if its spectral 
resolution belongs to A. It is also easy to see that if T' is bounded, then it 
is affiliated with A if and only if it belongs to A. 


11.7.38 Unbounded Operators and Tomita Theory Let K be 
a closed real subspace of a complex Hilbert space # that splits H. By 
Definition 11.7.20 this means 


Knik = {0} and K+iXK isdensein H. 


To focus our discussion on the case of interest, assume K +iK 4H. Let S 
be the unbounded conjugate linear operator with domain K + ik defined 
by 

S(h+ik) =h—-ik VA,K EK. 


Clearly S is a closed, densely defined, conjugate linear operator. Recall 
that in the present setting, we are looking at the real inner product Re(., -) 
on H. Hence the adjoint of S is the operator (which we will call F’) on 
K' + (ik)! = (ik)+ + K+ defined by 


F(h+ik)=h—ik VWh,keEK’. 


One easily sees that both S and F are closed, densely defined, conjugate 
linear operators that are unbounded because K + ik # H. 

If X arises from the left Hilbert algebra of a von Neumann algebra B 
with a topologically cyclic and separating vector z, as in §11.7.31, then 
K = Byz = (iBiyz)+ gives 


S(f2z)=T" 2. F(Uz)=U"z VTEB UE B. 
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This was Tomita’s original starting point. 

Now we relate the bounded operators of Definition 11.7.20 to the adjoint 
pair of unbounded closed operators introduced in the first paragraph of this 
subsection. 


11.7.39 Proposition Let K be a closed real subspace of a complex Hilbert 
space H. that splits H. Then R, D, J, S, F and a positive (usually un- 
bounded) operator A defined here satisfy 
(a) Fj 9"; f=aJSJ. 
(b) ((2-—R)S / REF ) is the restriction of JD to the domain of 
(S/F). 
(c) The polar decomposition of ( S / F ) is given by 


(SaI't J raIk), 
where A is the positive (usually unbounded) operator 
A=(2-R)R". 


Proof (a): We have already noted that the two operators are adjoints by 
the obvious calculation. Theorem 11.7.27(d) shows that J maps ( K / ik ) 
onto { K’ / ik' ). The second equation is an immediate consequence. 

(b): We prove the first. choice. For h,k € K, Definition 11.7.20 gives 


(2 — R)S(h + ik) (2— P —Q)(h - tk) 
(I — P)(h —ik) + (I — Q)(h — ik) 
—~(I—- P)ik+ (I-Q)h=(P—-Q)ik+(P-—Q)h 


(P —Q)(h+ik) = JD(h+ ik). 


This is enough since K + iK is dense. The second case is similar. 
(c): From (a) we know 


(JS) =S*J=FJ= JS, 


so JS is self-adjoint. Proposition 11.7.21(d) and (f) give J? = J and JR= 
(2 — R)J. Combining these we get J(2 —- R) = RJ. When applied to the 
first equation in (b), this gives 


RJS = J(2— R)S = D\pis) = (2 — RB)? RY lng), 


where the last equality is just the definition of D. Proposition 11.7.21(b) 
shows that R~' and A = (2 — R)R™! are defined as positive, possibly 
unbounded, operators on the dense range of R. Hence A!/? is defined as a 
positive operator. Applying R~! to the last display gives JS = A1/2|p/5). 
However, since self-adjoint operators like JS are maximal, JS = A}/?. 
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Multiplying by J and recalling the uniqueness of the polar decomposition, 
gives S = JA'/? as the polar decomposition. The equation JA!/?J = 
A~1/2 gives the polar decomposition of F. oO 


Definition 11.7.22 shows that the one-parameter group A(it) of unitary 
automorphisms is given by 


A(it)= A“ VteR 


Similarly, the unbounded automorphisms A(y) for uw € C in a Tomita 
algebra are all restrictions of A” to the Tomita algebra. 


11.7.40 Unbounded Operators and Left Hilbert Algebras We 
return to left Hilbert algebras, rather than just a complex Hilbert space 
split by a closed real subspace. Let A be a quasi-left Hilbert algebra with 
Hilbert space completion H. As above, assume Ay +iAy 4H. Then # 
is an unbounded, densely defined, conjugate linear operator on Ht. Instead 
of Definition 11.7.25, we require that this operator be closable and denote 
its closure by S. Since S is conjugate linear rather than linear, we consider 
its adjoint relative to the real inner product and call it F’. (In terms of the 
complex inner product, this gives (Sz, y) = (a, Fy)*.) Then F is involutive 
since S is. 

Definition 11.7.18 (a) asserts that for any a € A left multiplication L, 
by a has a bounded everywhere defined extension L, to a bounded operator 
defined on all of #1. According to Proposition 11.7.19, the element b € H 
belongs to A’ if a € A+ Lb is bounded and the adjoint of this linear map 
is given by right multiplication by another element of H (as explained in 
equation (10) of Proposition 11.7.19). 

We can consider several less restrictive possibilities. For any c € H, the 
operator ( R, / L, ) defined on the dense subspace ({ A / A’ ) of H by 


( Roa=L,b/Le-=Rye ) ViaEeA/bEedA’') 


is linear. If it is closable, we denote its closure by ( R, | be ). We denote 
the set of c € H for which ( R, / L, ) is closable by (H’ / H” ). Suppose 
that b € H belongs to the domain D(F’) of F. Then Ry and R,» satisfy 


(Rya,c) = (Lb,c) = (b,L,#c) = (b,a*c) = (c*a,0’) 
(a, Lb’) = (a, Ryc) Va,cE€ A, 


proving Ry, C (R,)* and R, C (R,)*. Hence R, and Ry» are closable linear 
operators. This proves that H’ includes D(F’). Similarly, H#” includes D(S). 

Alternatively, the operator R, may be bounded (and hence closable) 
without placing any restriction on its adjoint. We will denote the set of 
b € H for which this holds by A’. Similarly, A” will denote the set of 
a € H for which 6 +4 Rya is continuous for all b € A’. A mere notational 
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change in the proof of Proposition 11.7.9 shows that c € H belongs to 
( A’ / A" ) if there is a sequence {cen}nen in ( A’ / A” ) converging to 
c with { {||Re, || : m € N} / {|[Lc, |] : 2 € N} ) bounded. Clearly, the 
intersection ( D(F)N A’ / D(S) NA” ) equals ( A’ / A” ). We present 
these relations in a diagram in which descending arrows denote inclusion. 


A' D(F) Al" D(S) 


A! = A'N D(F) All = A" N D(S) 


Finally we relate these sets to the unbounded operators affiliated with 
the left von Neumann algebra £ associated with a left Hilbert algebra. 
Since we will not use these results again, we omit the proof. See Theorem 
1.12 in John Phillips [1973]. The equation in the first line is from Theorem 
11.7.27(b). 


Theorem Let A be a full left Hilbert algebra and let R = L' = L(A’) 
be the right von Neumann algebra associated with A. Let T be a densely 
defined, closed operator affiliated with R. Then there is some b € H’' sat- 
isfying R, = T if and only if {Te:e € Ap} is bounded, A is dense in the 
Hilbert space D(T) and |T| maps ANA’ into D(F). In this case, T belongs 
to R if and only if b belongs to A’. 


11.7.41 Theorem Let A be a left Hilbert algebra. 
(a) L is a faithful representation of A" on H with range a left ideal 


of L. 
(b) Eachae A" andT € CL satisfy TLa = La. ; 
(c) A” is a Banach algebra under the Rieffel norm ||\\a||| = |/a||+||Zal| 


for alla € A". 
(d) A” (or any full Hilbert algebra) is a Banach algebra under the 
Rieffel-Phillips norm 


Mell] = (all + |la*|[)/2 + [[Zal] Yae A” 


and the isometric involution # . The Gelfand-Naimark norm is 
given by y(a) = ||Lal| for alla € A”. 
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Proof (b): Any a€ A", b€ A’ and T € CL satisfy 
T Lab = TR,a = RyTa = Lob. 
(a): Result (b) proves that the range is a left ideal, and the rest is easy. 
(c): Part of the proof of Theorem 11.7.10 establishes this. 


(d): The proofs of Theorems 11.7.10 and 11.7.11 suffice. Submultiplica- 
tivity of the Rieffel-Phillips norm follows from 


[II]ao|1I 


({[ab|| + |](ab)*|])/2 + |[Lasl| 
(!Zall Nell + \IZ5 | lla* |1)/2 + ||Zal] |[Zo]]  Va,be A” 
(I[Lal| + la*1|/2)(\Zoll + [lbl]/2) < |Nlal{t] {ILbUlIT- 0 


Before Tomita’s work [1967] had been fully assimilated, Francois Combes 
[1971] showed that with respect to weights on von Neumann algebras every 
left Hilbert algebra included a maximal (under inclusion) substructure like 
a Tomita algebra. The results we have just given allowed John Phillips 
[1972] to show that this maximal Tomita subalgebra is a Fréchet algebra 
under a natural translation-invariant complete metric. 


IA IA 


11.7.42 Theorem Let A be a full Hilbert algebra. For each n € Z define 
An = {a € D(A"): A”a E A} Halln = |[A"al| + |[Lanal| Va€ An. 
Then (An, ||-||n) ts @ Banach algebra and 


Aco = {| An 


neEZ 


1s a Tomita subalgebra of A that 1s mazimal under inclusion among all 
Tomita subalgebras equivalent to A as a left Hilbert algebra. It is also a 
Fréchet algebra under the metric 


> b|| 
? a [nj I \la — n 


We omit the proof, which can be found in Phillips [1972]. 


11.7.43 Orthocomplemented Left Hilbert Algebras Because of the 
lack of bilateral symmetry in a left Hilbert algebra, left ideals and right 
ideals are not on an identical footing. Frequently they do have the same 
properties, but it turns out that these are almost always easier to prove for 
left ideals. Hence we concentrate on right ideals. Yood [1974] showed that 
in any full Hilbert algebra the lattice of left ideals and the lattice of right 
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ideals are both orthocomplemented. John Phillips [1974] found the proper 
extension of this result to left Hilbert algebras. This paper also contains 
many interesting examples. 

To avoid confusion, if S is a subset of A, we denote its closure and 
orthogonal complement in H(A) by S” and St respectively, and its 
closure and orthogonal complement in A by S and S+, respectively. 


Definition A left Hilbert algebra / is said to be orthocomplemented if: 
(1) Every closed right ideal K of A satisfies 


K@ekt=4A:; and 
(2) Every projection P in the left von Neumann algebra CL satisfies 


P(A)N AF {0}. 


Theorem The following are equivalent for a full Hilbert algebra A. 
(a) A ts strongly orthocomplemented. 
(b) The involution # is continuous in the Rieffel norm on A. 
(c) A” equals A. 
(d) Ly is a left ideal in CL. 


Partial Proof We refer the reader to the original paper for the proofs that 
(a) and (b) imply (c) or (d), but prove the easy and instructive steps. 

(c)=>(b): Theorem 11.7.42 shows that the Rieffel norm on A” and the 
Rieffel-Phillips on A are both complete. The identity map from the latter 
to the former is always continuous, so the inverse boundedness theorem 
shows that they are equivalent when (c) holds. This implies (b). 

(c)=>(d): Theorem 11.7.42(a). 

(d)=(c ): Let be A" be arbitrary and let WQ be the polar decompo- 
sition of Ly. Since W belongs to L(A), we can write Q = W* Ly = Ly. 
Thus Q is in A”. Since Q is self-adjoint, it isin L.4” = L.4. Hence Ly = WQ 
shows that b belongs to A, as we wished to show. 

(d)>(a): Let K be a closed right ideal of A. Then H = KR @ ki# 
and let P be the orthogonal projection on eae Since K is invariant under 
Rw, P belongs to £. Thus PA is included in A, proving K = Ro A, 
k+=K+"#n A, and thus A=K@K1+. For P € L, we know PAC A and 
PA # {0}, which imply PAN A # {0}. 0 


Square Integrable Representations 


In [1948] Roger Godement developed a theory of square integrable rep- 
resentations of unimodular locally compact groups. The topologically irre- 
ducible square integrable representations are exactly the irreducible 
subrepresentations of the left regular representation. In this respect they 
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are perhaps the most easily understood infinite-dimensional representa- 
tions. Marc A. Rieffel [1969b] extended the theory to Hilbert algebras. In 
[1976] Michel Duflo and Calvin C. Moore treated non-unimodular groups. 
Based on these works, John Phillips [1973], [1975] established the theory 
for modular Hilbert algebras, thus encompassing all other treatments. We 
shall give part of his theory. 


11.7.44 Definition Let A be a left Hilbert algebra. An element p € H 
is said to be positive definite if it satisfies 


(ata, p) >0 VaceA. 


Denote the set of positive definite elements in H by D(F’),. Such an element 
p is said to be integrable if 


sup{(e,p) :e € Ap} < o, 
where (as usual) Ap = {e € A: e = e? = e#} is the set of projections in A. 


Theorem 11.7.27(d) shows that positive definite functions are in (i)+ = 
K' = JK, which is the closure in H of Aj, = {h € A’: h? = h}, according 
to (c) in the same theorem. Unfortunately, it does not seem desirable to 
restrict attention to positive definite elements actually in Aj, that would 
simplify the theory. However, looking at the definition of the involution F' 
in §11.7.38, we do note that positive definite elements are in D(F’), partially 
justifying our notation. As further justification, note D(F)4NA' = Al. 
The positive definite elements of H relative to A’ will be denoted by D(S)4+ 
because they belong to D(S) and satisfy D(S), 9 A” = Al. The term 
“integrable” arises from thinking of p as a non-negative function and (e, p) 
as the integral of p over a set represented by the characteristic function e. 
See Example 11.7.54 below. 


11.7.45 Proposition Let A be a left Hilbert algebra and let p be a positive 
definite element in H. 

(a) Anya € A satisfies (a, p) = (p,a*). 

(b) There are nets {eg}gen in( A/A') with {( Le, / Re, )}acp 
bounded and converging toITE€( L/L’ ) in the strong* operator 
topology. 

(c) If p satisfies 


sup{(egep,p) : 8 € B} < co 


for such a net in A, then p is integrable. This result does not 
require the net of operators to be bounded. 


Proof (a): A positive definite element p € H belongs to (iK)+ by the 
definition of K. Theorem 11.7.27(c) shows that iX is just the closure of 
i1Az. The result follows. 
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(b): We defined L to be the von Neumann algebra generated by Ly, 
so apply the Kaplansky density theorem (Theorem 9.3.8) to obtain nets of 
the type described. 

(c): Let K be the finite supremum hypothesized in this proposition. For 
any e € Ap and £ € B, we get 


O0< (eg s e)*(eg > e), p) 7 (ees, P) > (ee, p) ~ (ees, p) + (e, p). 
Using (a), we get 


(L.,¢,P) + (p,L.,e) < (e%es,p) + (e,p). 
Taking the limit gives 
(e,p) + (e,p) = (e,p)+ (pe) <S K+(e,p) Wee Ap, 
as we wished to show. Oo 


If G is a locally compact group, Phillips [1973], following Rieffel [1969], 
shows that a function p:G — C is positive definite in the usual sense exactly 
when it satisfies the above definition. Such a function is integrable if it is 
locally bounded near the identity e € G, a fortiori if it is continuous. 


11.7.46 Proposition Let A be a full left Hilbert algebra. Then there is a 
net {eg}scB consisting of projections in Ap with Le, converging tol € L 
in the strong* operator topology. Furthermore, any a € H satisfies 


{|a|] = sup{||Z-al| : e € Ap}. 


Proof We will actually construct the net. The directed set B will consist 
of pairs 8 = (F,¢€), where F is an arbitrary finite subset of H and € an 
arbitrary positive number. Order these pairs in the usual way. The von 
Neumann density theorem (9.3.3) gives an element a € A satisfying ||Z,2— 
z|| < ¢/3 for all z € F. Since the range projection of a belongs to CL, there 
is a projection e € Ap satisfying ||LeLax — Laz|| < €/3 for all x € F. 
Taking this projection as eg gives the desired net. oO 


It has long been recognized that the analogue of the following theorem 
on square roots, first proved by Roger Godement [1948] for unimodular, 
locally compact groups, plays a decisive role in the theory of positive definite 
functions. Actually, the present result improves his original one even for 
unimodular, locally compact groups. Because we wish to deal with the cone 
of positive definite elements of H which has no product, we need to explain 
what we mean by a square root. 


11.7.47 Theorem Let A be a full left Hilbert algebra. A positive definite 
element p € H is the square of some positive definite element q € H in the 
sense of satisfying 


(a,p)=(Laq,q) Wae A" (27) 
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if and only if p is integrable. The positive definite element q is unique. If 
p belongs to A’, then q does also and they satisfy p = q’. 


Proof Suppose that p and gq are positive definite and satisfy (27). Then for 
any projection e € Ap, we get 


(e,p) = (Leq, 9) = (Leq, Leq) = \|Zeq||? < lial |? 


so p is integrable. 
Let P be a positive self-adjoint extension of the operator Rp. For each 


n € N define f,:R, — R, by 


f(t) = t3/2 for t € [1/n,n] 

ee i 0 for t ¢ [1/n,nl. 

The final remark in Theorem 11.7.36 allows us to define f,(P) and pp = 
fn(P)p. Note that f,(P) belongs to L' since LaRp € RpL, and hence 
LP C PL, for all a € A. Hence any c € A” satisfies 


Rp, € = Lefn(P)p = fn(P)Lep = fn(P)Rpe = fr(P)Pe. 


Since A" is dense, R,, is the bounded operator f,(P)P in £L'. Furthermore, 
A" is included in the domain of P and thus in the domain of P!/?. Hence, 
any c € A" satisfies 
P'/2c= lim Rp, c. 
n—-> CO 
Now, P - Ri. is a positive self-adjoint operator with domain D(P), so any 
e € Ap satisfies 


(Ri, e,e) < (Pe,e) = (Rye, e) 
(Lep, e) = (p, Lee) = (p,e) < K, 


where K = sup{(e,p) : e € Ap} < oo. Proposition 11.7.46 shows ||p,|| < 
K}/2 for all n € N. Alaoglu’s theorem shows that there is an accumulation 
point w for the set of bounded linear functionals defined on H by the set 
{p, :n € N}. However, for c,d € A”, we get 


||, ell? 


w(c¥ d) = lim(c* d, Pn) = (d, L-Pn) = lim(d, Rp, c) = (d, Pots), 


Since (A")? is dense, w is actually the limit of this sequence of linear func- 
tionals on all of #. Let gq € H be the element that induces this bounded 
linear functional. The display above gives 


(d, P'/?c) = (c#d,q) = (d,Lcq) = (d,Ryc) Ved e A". 


This implies Ryc = P'/*c for c € A", so q is positive definite. 
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By Proposition 11.7.46 choose a net {eg}gcep in Ap with {L.,}gen 
converging to J € CL in the strong* operator topology. Then any a € A” 
satisfies 


(a, p) lim (ega, p) = lim (a, Reg) = lim (a, Peg) 


= In Pa pi/te,) = = toy Feo R,€g) = lim n (Leg Fg, 9) 


= =(L LeG, 4); 


as we wished to show. 

In order to see that q is unique, note that P has only one positive square 
root P!/?, so there is only one positive definite element g that could satisfy 
Rc = P/*c forc € A". If p belongs to A’, then the operator P is bounded, 
so R, = P'/? is bounded and q belongs to A’ Oo 


11.7.48 Definition Let A be a left Hilbert algebra and let T be a 
*_representation of A (with respect to #) on a Hilbert space H?. For 
z,y € H’, we denote the map 


at> (Tar, y) VaeA 


by wi y and call it a coefficient functional for T. If Bed z,y 1S continuous with 
fapen to the pre-Hilbert space ee on A, we call it square integrable. In 
this case we call the unique vector zZ , in H satisfying 


(Taz, y) = we (a) = (a; Ze) VaeA 


the representing vector of the coordinate functional w;,. A vector z € H is 


called square integrable if we , iS Square integrable. A topologically cyclic 
*_representation T is called square integrable if it has a square integrable 
topologically cyclic vector z. 


11.7.49 Proposition Let T be a *-representation of a full left Hilbert 
algebra A ona Eber space H'. If x is a square integrable vector, then its 
representing vector rs z 18 an integrable positive definite vector in H. 


Proof The representing vector a 7 is positive definite since it satisfies 
(aka, Ze) = (Ty1,2,2) = (Tar, Tax) > 0 VacéA. 
Any projection e satisfies 
(€, 22,2) = (eMe, 22,2) = (Tetet, &) = (Tex, Tex) = ||Tex||? < |IzII?, 


which shows that 27, is integrable. Oo 
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If the left Hilbert algebra were derived from a locally compact group as 
described in §11.7.17, a coefficient functional is square integrable according 
to this definition if and only if the corresponding function on G defined by 


ur (Ulz,y) VueG 


(where U is the associated unitary representation of the group) is square 
integrable in the usual sense. All functions on G that arise in this way 
are continuous, hence locally integrable in the classical sense, and hence 
integrable in our present sense. 


11.7.50 Theorem Let A be a full left Hilbert algebra. Let T be a square 
integrable *-representation of A on a Hilbert space H'. Then there is a 
positive definite element q € D(F), CH, a projection operator P € L' and 


a unitary map U:H! + Laq = PH satisfying 


UT ,z = Lad Vae A; 


where q = Uz € PH is topologically cyclic for this sub-*-representation. 
Conversely, for anyq € D(F) the restriction of the regular *-representation 


of A to Laq is square integrable with a positive topologically cyclic vector 
in Al, . 


Proof Suppose that T is a square integrable representation on a Hilbert 
space H! with topologically cyclic vector z satisfying 

(Laz 2) (a; Bae) VacéA. 
Thus ee. is positive definite and integrable by the last proposition. Theo- 
rem 11.7.47 gives a positive definite element q € H satisfying 


(le22 = (a, 2.) = (Laq,q) VacéA. 


Theorem 9.4.1 shows that T is unitarily equivalent to the subrepresentation 
of L given by restricting to the closed invariant subspace L.4q of H7. In- 
variance shows that the orthogonal projection P onto this subspace belongs 
to £L'. Theorem 9.4.1 and the definition of a unitary equivalence give the 
displayed formula. 

The converse is clear except for the fact that the topologically cyclic 
vector belongs to A’. For this we refer the reader to Phillips [1973], proof 
of Theorem 3.5. 0 


11.7.51 Theorem Let A be a full left Hilbert algebra. A topologically tr- 
reducible *-representation T of A is square integrable if and only if tt is unt- 
tarily equivalent to a sub-*-representation of the left regular *-representation 
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L of A oni with invariant subspace of the form A’e, where e is a minimal 
projection of A’. 


Proof The last theorem shows that a square integrable *-representation is 
equivalent to the restriction of the left regular *-representation to a closed 
invariant subspace. By irreducibility, this subspace must be minimal and 

it contains g € A’. As usual, this makes it a closed minimal left ideal of A’ 
with the form asserted. 

Conversely, suppose that T is a topologically irreducible sub-*-representation 

of L on a closed, invariant subspace £L of H. The non-zero projection P of 

H onto L belongs to CL’. Since A’ is dense in H, there is an element c € A’ 
with Pc non-zero. Thus, Theorem 9.6.1 shows that Pc is a topologically 
cyclic vector. This gives 


Who. pe(a) = (L4Pc, Pc) = (Lac, Pc) = (R,a, Pc) = (a, R.Pc) VaeéA, 


proving that wJ. p, is a continuous linear functional in the norm of H. O 


We wish to introduce the dimension operator associated with a square 
integrable representation of a left Hilbert algebra and use it to obtain the 
orthogonality relations among coefficient functionals. We will offer no proof 
(see Phillips [1975]), but try to explain the basic ideas 


11.7.52 Theorem Let A be a full left Hilbert algebra and let T be a 
topologically irreducible, square integrable *-representation of A on a Hilbert 
space H!. Then there is a unique positive, self-adjoint, invertible (vena 
unbounded) operator D' on H" such that the coefficient functional w1 i 
ts square integrable for some non- get z € H? if and only if y belongs 
to the domain of D’. If ae and wt w are square integrable, then their 
representing vectors satisfy 
(22,y>22z,w) = (D?w, D’y)(z, 2). 
If z also belongs to the domain of T, then the product Bre as is defined 
and satisfies 
zz! =(D'*z, D'y)z 


So ye z,W 
Finally, if S is a topologically irreducible, square ntgTaNe *_representation 


of A on a Hilbert space H° inequivalent to T and wt ye Ww? are square 
integrable for some x,y € Hr and z,w € Hs, then they satisfy 


Lee w) = 0. 


Outline of Proof: From Theorem 11.7.41, we know that T is equivalent 
to the restriction of the left regular representation to a subspace of the 
form £ = A’e, where e is a minimal projection of (A’,b). (In order to 
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make the algebra more transparent, we are actually using the reverse of 
the multiplication we defined on A’. Furthermore, we will identify H7 
with £ = A’e in our definition of D™.) It is not hard to check CNH’ = 
LO DF) = A’e. Furthermore, A’e is closed in the Hilbert space D(F). 
Hence, F = JA~!/? is a closed operator when restricted to CND(F) = A’e. 
Therefore, A~!/? is closed operator when restricted to A’e. We denote this 
operator by D and define D? by 


as 
llel| 


This closed operator has dense domain A’e in the Hilbert space A’e, which 
we have identified with #17, and satisfies 


D? = —(D*D)'”, 


(DT b, D?c) = (Db, Dc) = —~(A7/7b,A7/2e) Vc E A’e. 


lle ra llel? P 


With all of this information, it can now be shown that w! z,y 18 Square 
integrable for z,y € H? = CL with x # 0 if and only if y belongs to 
D(D*). O 


In the first displayed equation above, suppose that z,y,z,w belong to 
an orthonormal basis for #7. Then the display becomes 


Cs z,y? 22 a = || D7 w||? du, yor, z° 


Thus we have the classical orthogonality relations in this extremely general 
setting. Furthermore, the link with Hilbert-Schmidt operators persists. 


11.7.53 Corollary Under the hypotheses of the previous theorem, the 
closure of T,(D")—! = T, is a Hilbert-Schmidt operator on H™ for all b in 
A’ that satisfies 


(Pb, Pc) =Tr(TfTs) Vb,cA’, 


where P? is the orthogonal projection of H? onto the subspace spanned by 
all representing vectors z,,, for square integrable coefficient functions. 


Just as in the classical case, the main idea here is to establish a Hilbert 
space isomorphism between Bys(H’) and the subspace P7 H7 by sending 
the rank-one operator z ® y* onto the representing vector zz,y for all z,y € 
H’. Detailed proofs of the last two theorems are in Phillips [1975]. 

In order to motivate our next results, we give a class of simple examples. 


11.7.54 Example Let 2 be a locally compact Hausdorff space with 
a regular, positive, Borel measure yp that is supported on all of 2. Then 
A = L?(p)NL©(p) is a full Hilbert algebra under pointwise operations and 
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the L? inner product. Not only is A full, it even satisfies A’ = A. Clearly, a 
positive definite element (=function) in D(F), C H = L?(y) is integrable 
in the sense of Definition 11.7.44 if and only if it belongs to L!(u) N L?(p). 
Hence, in this case, L1(j:) MN L?(y) is the span of the positive definite, inte- 
grable elements. Furthermore, the integral of a positive, integrable function 
p is the supremum of the inner product (e, p) over all e € Ap. The left von 
Neumann algebra £ of A consists exactly of multiplication by functions in 
L(y). We have highlighted those aspects of this example that generalize 
and ignored those that don’t. 


11.7.55 L' of a Hilbert Algebra The last example motivates the 
following definitions. All of the non-obvious results are proved in Phillips 
[1973], §2. Let A be a full left Hilbert algebra. Denote the set of integrable, 
positive definite elements of H by Hi. For any p € D(F),., we define 


I(p) = sup{(e, p) :e € Ap}. 


On D(F),, I is additive. I(p) is finite if and only if p € H'?. It is zero if and 
only if p = 0. If q is a positive definite square root of p, then I(p) = ||q||?. 
We denote the linear span of H';* by L1NH and define the integral of any 
element z € L1 NH in this space by 


nm nmr 
I(x) = S| el (pe); where z= S| ARP: An © Cy pe € Hin EN. 


k=1 k=1 


The additivity and positive real homogeneity of J on H's show that this is 
well defined. 
Now we can introduce an L'-norm on L' NH by 


\|jz|]a = sup{|(a,z)|): ae A; ||Zo|]=1} Vre Linu. 


This is a norm and any z € L! NH satisfies |I(x)| < |x|) = |la?{|r. 
Furthermore, any b € D(F) satisfies ||b’b||; = ||b|/? and any p € A} 
satisfies ||p||; = I(p). 

Let A be a full left Hilbert algebra. We use L(A) to denote the comple- 
tion of (L' OH, || - ||). In Example 11.7.54, L'(A) is L1(). As one would 
expect, the square (A’)* of the algebra A’ is dense in L(A). If A arises 
from a von Neumann algebra as described in §11.7.31, then L1(A) is the 
predual (under a pairing induced by w) of the left von Neumann algebra CL. 
The notion of the L'-space of a semifinite von Neumann algebra is classical 
and generalized by the approach given here. Finally, if A comes from a 
locally compact group G as described in §11.7.17, then L(A) is just the 
Fourier algebra A(G) (cf. Pierre Eymard [1964], [1993] and 12.4.29 below). 
All of these examples have an abstract generalization, which we now state. 
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Theorem Let A be a full Hilbert algebra and let L be its left von Neumann 
algebra. There is an isometric linear isomorphism T + wr of £L onto the 
dual Banach space of L'(A) that is a homeomorphism from the ultraweak 
topology of L to the weak* topology of L'(.A)*. Moreover, this isomorphism 
satisfies 


wy(b) =I(b), = wr (0?) = wee (b) VT EL; bEL (A) 


and =—s wr (p) = (Tq, q) VT EL; pe H!;', 


where q is the positive definite square root of p as described by equation (27) 
of Theorem 11.7.47. 


12 


Locally Compact Groups and their 
*_ Algebras 


12.1 Introduction to Locally Compact Groups 


This section is a brief introduction to locally compact groups, repeating 
and expanding some remarks in Section 1.9. However, we continue to refer 
the reader to Hewitt and Ross [1963] for results that we do not wish to 
explore in detail or to prove. All of our notation is collected in Table 3 at 
the end of the chapter on page 1484. 

We assume familiarity with the most basic facts of group theory but 
repeat a few to establish our notation. We denote the identity element in a 
group by e, call the group operation multiplication, and write the product 
of two group elements by juxtaposition, unless some other notation and 
terminology is well established. In such cases we adopt normal practice. 
For instance, R is the additive group of the real line where the identity 
element is 0 and the group operation is addition denoted by +. 

The inner automorphism a, induced by an element v of a group G is 
defined by 

ay(u) = vuv! VueG. 


Thus a@ is a group homomorphism from G into the group Aut(G) of all 
automorphisms of G. We denote its range by InAut(G) C Aut(G) and 
note the short exact sequence 


{fe} — Gz — G — InAut(G) — {e}, (1) 


where Gz = {uv €G: uv = vu for all u € G} is the center of G. For any 
element u € G, we denote its conjugacy class by 


ag(u) = {a,(u) = vuv* : v € G}. 


A subgroup is ( normal / fully invariant ) if it is invariant as a set under 
( all inner/ all ) automorphisms. 
If A and B are subsets of a group G and n is a positive integer, we write 


AB = {ab:a€ A; be B}; A-'={a':aeéA} and 
Pie {a1@2---Qn > Gy, 42,..-,An E A}. 
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A subset A that satisfies A = A! is said to be symmetric. 
If H is a subgroup and v is an element of G, we call the sets 


vH = {vh: he H} and Hv = {hu: he #}, 


respectively, the left and right cosets of H generated by v. We denote the 
set of left cosets of H in G by G/H. Clearly, G acts transitively on G/H 
by multiplication from the left, and this gives a group homomorphism of G 
into the group of permutations of G/H. If H = N is a normal subgroup, 
uN equals Nv and the set G/N of all cosets of N forms a group under the 
operations 


vN-wN =vNwN = vwN = {vwun: ne N} and 


(vN)~! ={w7!:weuN} =v 'N = {uv 'n: ne N}, 


where (vN)~! is interpreted to mean the inverse of the element vN in G/N. 
The map v + UN is a group homomorphism of G onto G/N that is called 
the natural map and denoted by ygjn:G -> G/N. Conversely, if p:G + H 
is a group homomorphism, then its kernel ker(y) = {v € G : y(v) = en} 
is a normal subgroup N of G, and vN + g(v) is an isomorphism of G/N 
onto y(G) C H that forms a commutative triangle with yg n and y. 

The derived subgroup G' of a group G is the subgroup generated by 
all group commutators [u,v] = uvu—'v—* of elements u and v in G. Since 
any automorphism preserves the set of commutators, G’ is a fully invariant 
subgroup. Thus we get a short exact sequence where G/G’ is the largest 
abelian quotient group of G: 


{fe} — G' — G — G/G — {e}. (2) 


We shall discuss nilpotent groups, solvable groups, and semidirect products 
in the topological case. 


Topological Groups 


12.1.1 Definition A topological group is a group that is also a Hausdorff 
topological space in which the multiplication map from G x G to G and the 
inversion map from G to G, defined by 


(u,v) +> uv and urul, 


respectively, are continuous. 

A topological group is said to be compact, locally compact, discrete, con- 
nected or totally disconnected if it has the corresponding property as a topo- 
logical space. However, the term “normal subgroup” has its usual group 
theoretic meaning of a subgroup invariant under inner automorphisms. 


12.1.2 Introduction to Locally Compact Groups 1267 


The usual category TG of topological groups has continuous group ho- 
momorphisms as its morphisms. 


We assume that the reader is familiar with at least a few basic topo- 
logical groups. Each of the following examples has an obvious topology. 
R The real numbers under addition. 
RS. The positive real numbers under multiplication. 
T The torus group {¢ € C: |¢| = 1} under multiplication. 
GL(n,R)_ All invertible n x n real matrices under 
matrix multiplication. 
GL(n,C) All invertible n x n complex matrices under 
matrix multiplication. 
We will introduce many other examples—some familiar and some less so. 
Otto Schreier [1925] and Franciszek Leja [1927] first defined Hausdorff 
topological groups in slightly different terms, with Leja coming closer to 
the modern definition. Schreier showed that G/N is a topological group if 
N is a closed normal subgroup. Reinhold Baer [1928] considered Hausdorff 
topological groups in which multiplication was only required to be sepa- 
rately continuous and proved several parts of our Theorem 12.1.33 below 
on the connected component of the identity. In his thesis, van Dantzig 
[1931] showed the regularity of a Hausdorff group, but he assumed second 
countability, a condition removed by André Weil [1940], as usual. 


12.1.2 Separation Axioms Many authors do not require that a topo- 
logical group be Hausdorff, but we shall. (Hewitt and Ross [1963] adopt this 
convention only after §8. We should warn the reader of one other difference 
between our terminology and theirs. They use the word “neighborhood” 
to mean an open set containing the point in question, whereas we allow 
a non-open subset so long as it contains the given point in its interior.) 
Singleton subsets and finite subsets are closed in Hausdorff spaces. In fact, 
a topological group G that satisfies the To separation property (if u and 
v are distinct elements, then there is a neighborhood of at least one not 
containing the other) is T, (all singleton sets are closed), Hausdorff (To: 
any pair of distinct points have disjoint neighborhoods), regular (T3: for 
any element wu not in a closed set C’, there are disjoint neighborhoods of u 
and C’), and even completely regular (T3.5: for any element u not in a closed 
set C’, there is a continuous function f:G — [0,1] satisfying f(u) = 1 and 
f(v) = 0 for all v € C). For proofs see Hewitt and Ross [1963], Theorems 
(4.8) and (8.4). Theorem (8.13) op. cit. shows that Tp locally compact 
groups are also paracompact and hence normal. (The product of an un- 
countable number of copies of the discrete additive group Z of all integers 
is a T2 topological group that is neither locally compact nor normal (8.11).) 


12.1.3 Basic Results on Topological Groups _ Since inversion is its 
Own inverse, inversion is a homeomorphism on a topological group. For 
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any fixed v € G, continuity of multiplication ensures that ( left / right ) 
multiplication by v (also called ( left / right ) translation by v~') 


( uh vU / ur>ruv ) YVueG 


is continuous. The inverse of this map is just ( left / right ) translation by 
v. Hence left and right translations by v also are both homeomorphisms. 
This shows that the topology around any point of a topological group is 
exactly the same as the topology around the identity element (or any other 
element) of that group. More specifically, any neighborhood of a point v can 
be written as both Uv and vV, where U and V are suitable neighborhoods 
of e. Conversely, Uv and vV are neighborhoods of v whenever U and V are 
neighborhoods of e. 

If G is a topological group and either A C G or B C G is open, then 
AB is open. If both A and B are compact, then AB is compact and if 
one is compact and the other closed, then AB is closed (Hewitt and Ross 
[1963], Theorem (4.4)). However, the product of two closed sets need not 
be closed. (Consider Z and xZ as subgroups of R where z is any irrational 
number. Their product H = Z+<xZ is dense. If not, zero is isolated, so 
H = Zmin{a € H;a > 0} For a more concrete proof, we show that there 
are infinitely many pairs (p, qg) of integers satisfying g # 0 and |gx—p]| < 1/g. 
Let n € N be arbitrary. The n + 1 numbers 


0, c—([z], 22-22], 32 —-[3a],..., na — [nz] 


(where [z] is the greatest integer in x) are all in the interval [0,1[. Hence 
two of them belong to the same subinterval among the n subintervals 


[(0,1/n[, [1/n,2/n[, [2/n,3/n],..., [(n-—1)/n, 1]. 


Say kz — [ka] and jx — [jz] with 0 < j < k < n are in the same subinterval. 
These two numbers differ by less than 1/n. Hence g = k —j and p = [ka] — 
[jz] satisfy |gx — p| = |kx — [ka] — jx + [jx]| < 1/n < 1/q. We have shown 
that for any positive integer n we can find a pair (p, q) satisfying the desired 
inequality with q <n. If there were only finitely many pairs satisfying the 


inequality, we could make a complete list (pi,qi), (p2,42),---, (Dm,dm) 
and choose n so that 1/n was strictly smaller than any of the numbers 
lz —pifqil, |x — po/qge|,..., |£ — Pm/dm|. Our previous argument gives a 


pair (p, q) with q < n satisfying |x — p/q| < 1/(nq) < 1/n, proving that 
there is no complete finite list.) 

If V is a symmetric neighborhood of e, then U,,¢xj V” is an open sub- 
group. Here are some more technical but frequently useful facts: If U is 
a neighborhood of e, then there is a symmetric neighborhood V of e sat- 
isfying V C V? C U (Hewitt and Ross [1963], (4.5), (4.6), (4.7)). If U is 
a neighborhood of e and K is a compact subset in a topological group G, 
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then there is a neighborhood V of e satisfying uVu—! C U for allue K 
(Hewitt and Ross [1963], Theorem (4.9)). 

A subgroup of a topological group is said to be topologically fully in- 
variant if it is invariant (as a set) under all homeomorphic group automor- 
phisms. Obviously, any subgroup of a topological group is a topological 
group in its relative topology. The closure of a subgroup is again a sub- 
group that is normal or topologically fully invariant if the original subgroup 
was. If all of the elements of a subset A commute with all of the elements 
of B, then the same is true of their closures A and B. 

The next theorem and convention on the topology of G/N are basic. 
For a proof, see Hewitt and Ross [1963], Theorem (5.26). 


12.1.4 Theorem If N is any closed normal subgroup of a topological 
group G, then the quotient topology on G/N makes it into a topological 
group for which the natural map Ygjn:G — G/N is a continuous, open 
homomorphism. We always endow G/N with this topology. 

Conversely, let p:G — H be a continuous group homomorphism between 
topological groups G and H. Then its kernel ker(y) is a closed normal 
subgroup N of G. Furthermore, the group isomorphism vN +> (v) is a 
continuous homomorphism of G/N onto ~y(G) with its relative topology as 
a subset of H. 


Of course, the map vN +> y(v) need not be a homeomorphism. For 
example, consider the identity map of Rg (the additive group of real num- 
bers with the discrete topology) onto R (the same group with its usual 
topology). (It turns out that this is essentially the simplest example of this 
phenomenon. See result (e) in the next theorem for details.) The theorem 
shows that the natural map yg/n:G — G/N is open. It need not be closed; 
consider the image of the closed subset {n+n7!:n€N; n > 2} of R under 
the quotient map onto R/Z. If N is a compact subgroup, Hewitt and Ross 
[1963], (5.18) shows that yg/n:G > G/N is closed. 

If H is a subgroup of G, then the natural map yg yn induces a homeo- 
morphic group isomorphism of HN/N onto yg ;n(H) by Hewitt and Ross 
[1963], (5.31). However, the canonical group isomorphism of H/(H MN) 
onto Yg/n(H) may not be a homeomorphism, although it is continuous. 
Consider G = R, N = Z and H = 2xZ, where z is irrational and use the 
density of Z + xZ proved above. Hewitt and Ross [1963], (5.33) and our 
Theorem 12.1.5(d) below show that if G is locally compact, N, H and HN 
are closed and H is o-compact, then this map is a homeomorphism. Finally, 
Hewitt and Ross [1963], (5.34) shows that if N C M are closed, normal sub- 
groups of a topological group G, then the natural map is a homeomorphism 
of (G/N)/(M/N) onto G/M. 

If S is a subset of a group G, the set ( Gays) / Gzs) ) defined by 


({uEeG:ay(S)=S} / {ue G: a,(v) = v for all v € S} ) 
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is a subgroup called the ( normalizer / centralizer ) of S in G. In a topo- 
logical group, the centralizer is always closed and the normalizer is closed 
if S is closed. If S is a subgroup of G, it is included in its normalizer. 
The centralizer of S includes the center Gz = Gziq) of G and is always a 
subgroup of the normalizer. Indeed, the map S ++ Gz,s) inverts inclusion 
order. If Gays) happens to have finite index in G, then that index is the 
number of conjugates of S under inner automorphisms. 

For a topological group G, we replace the derived group G’ in the short 
exact sequence (2) by its closure G’-. Hence G/G'” is the largest abelian 
topological quotient group of G. 


Locally Compact Groups 


A topological space is said to be locally compact if each point has a 
compact neighborhood. As already noted, a locally compact group is a 
topological group in which the topology is locally compact. Notice that 
arbitrary (abstract, non-topological) groups may be regarded as topological 
groups with the discrete topology. Then they are locally compact groups. A 
topological space is said to be o-compact if it is the union of some countable 
family of compact sets. The following result shows that locally compact 
groups are categorically fairly well behaved. Seth Warner [1989], Theorem 
9.4 gives a proof of (a), which is due to Robert Ellis [1957]. For proofs of 
(b), (c), (d) and (e) see Hewitt and Ross [1963], (5.25), (5.22), (5.11) and 
(5.29), respectively. The last is a Baire category argument. 


12.1.5 Theorem Let G be a group. 

(a) Suppose that there is a locally compact topology on G in which 
multiplication is separately continuous in each variable. Then 
inversion is continuous and multiplication is jointly continuous. 
Hence G is a locally compact group in this topology. 

(b) If G is a topological group and N is a closed normal subgroup with 
N and G/N both locally compact, then G is locally compact. 

Let G be a locally compact group. 

(c) If N ts a closed normal subgroup, then G/N is a locally compact 
group. 

(d) A subgroup is locally compact in its relative topology if and only if 
it is closed. 

(e) Any continuous homomorphism of a o-compact, locally compact 
group onto G is open. 


The necessity in (d) is surprising until one realizes that locally compact 
groups are complete. It has already been used in §3.6.3 in Volume I. It also 
shows that the additive group Q of rational numbers is not locally compact 
in its usual topology as a subgroup of R. Hence the identity map from the 
discrete rational group Q, into R and onto Q is an example of a continuous 
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homomorphism between locally compact groups with a non-locally compact 
group as image. This example shows that there is no natural notion of 
an image in the category of locally compact groups and all continuous 
homomorphisms. If morphisms are restricted to be continuous, open group 
homomorphisms, the difficulty disappears. Cf. §1.9.12 in Volume I. 

The next result is the main reason for our interest in locally compact 
groups. It is proved in Hewitt and Ross [1963], §15. Additional comments 
and references may be found there and in §1.9.10 of Volume I. We call the 
maps A and A the Haar functional and the modular function, respectively. 
(We warn the reader that some authors define the modular function as 
the inverse of our modular function. Our definition agrees with Bourbaki 
and Hewitt and Ross [1963].) Recall that Coo(G) is the set of continuous 
complex-valued functions with compact support, and Co9(G), is the subset 
of functions with range in R, . 


12.1.6 Theorem Let G be a locally compact group. There exist maps 
A: Coo(G) + C and A:G > R§_ satisfying: 
(a) A is linear. 
(b) A(f) >0 for all non-zero f € Coo(G)+. 
(c) A(uf) =A(f) for all f € Coo(G); ue G, where uf(v) = f(u-'v) 
for allu,v eG. 
(d) If A':Coo(G) + C satisfies (a), (c) and 
(b’) A(f) > 0 for all f € Coo(G)+, 
then there is some c € Ry, satisfying A’ = cA. 
(e) A is a continuous group homomorphism into the multiplicative 
group RS of positive real numbers. 


(f) A(fu) = A(u)A(f) and A(f) = A(fA) for all f € Coo(G);u € G, 


where fy(v) = f(vu7!) and f(u) = f(uq!) for allu,v EG. 
Property (c) is called left invariance. It may have been noticed first 
in the case when G = R and A(f) = ee f(t)dt. Note that (d) asserts 
that the (necessarily non-zero) Haar functional is unique up to multipli- 
cation by a positive real number. The existence and multiplicativity of 
the modular function follow directly from this uniqueness. Its continuity 
depends on the uniform continuity of translation in the supremum norm 


lifll.o = sup{|f(u)| : u € G} on Coo(G). 
If G is a discrete group, then (d) shows that 


A(f)= >_> flu) V f € Coo(G) = 4(G) 


ueEG 


is the Haar functional, so that A is the constant function with value 1. The 
modular function also has the value 1 constantly, if G is either abelian (use 
(f), (c) and the identity f, = uf) or compact (since A(G) is a compact 
multiplicative subgroup of R§_). Cf. Proposition 12.1.9 below. 


1272 12: Locally Compact Groups and their *-Algebras 12.1.7 


If K is a compact group, the constant function 1 belongs to Cog(K). In 
this case, it is customary to normalize the Haar functional to satisfy A(1) = 1. 

For some locally compact groups it is possible to guess a left invariant 
functional. We will give several examples of Haar functionals, but Hewitt 
and Ross [1963], §15 and Leopoldo Nachbin [1965] give many others. 

We can also state these results in terms of an essentially unique measure 
X called left Haar measure. 


12.1.7 Theorem Let G be a locally compact group. There is a complete, 
extended real-valued, positive measure \ defined on aa-algebra By of subsets 
of G and a continuous group homomorphism A:G —> RS. satisfying: 

(a) By includes the o-algebra B of Borel subsets of G and is invariant 

under translation and inversion. 

(b) All non-empty open subsets U of G satisfy \(U) > 0. 

(c) All compact subsets K of G satisfy \(K) < o. 

(d) All Be By andu€G satisfy \(uB) = X(B). 

(e) All open subsets U of G satisfy 


ACU) = sup{A(K): K is a compact subset of U}. 


(f) All B € B satisfy \(B) =inf{A(U): BCU andU open}. 
(g) If’ is any other measure satisfying (a), (b), (c), (d), (e) and (f), 
then there ts a positive constant c satisfying 


N(S) = crA(S) VSEB. 
(h) AU Be By andueEG satisfy 


\(Bo!) = [ A-'d\; (Bu) = A(u)A(B). 


Paul R. Halmos [1950], refining André Weil [1940], shows that any group 
with a measure like Haar measure must be (essentially) locally compact. 

With the Haar functional or measure we can form the convolution alge- 
bra L}(G) introduced in §1.9.11. In §1.9.13 we show that the convolution 
algebra M(G) is the double centralizer algebra of L}(G). Involutions for 
both algebras are defined in §9.1.8, and §5.1.9 describes the approximate 
identities in L'(G). We also remind the reader that Section 3.6 contains the 
basic theory of locally compact abelian groups leading to the Pontryagin 
duality theorem. 

A topological space is called second countable if it has a countable base 
for its topology. From the very beginning of the subject, topological groups 
have usually been called separable if they are second countable. This is ex- 
actly the condition on G that makes L!(G), and hence C*(L!(G)) (which 
we denote by C*(G)), separable in the classical sense that they have count- 
able dense subsets. We shall use the term “second countable group”, since 
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it is unambiguous, but the reader should be aware that “separable group” 
is more common in the literature. Much of the theory of locally compact 
groups was originally developed with the hypothesis of second countabil- 
ity. Weil [1940] removed this restriction from many theorems, but it is still 
needed in some cases. 


12.1.8 Definition A locally compact group G is said to be unimodular 
if its modular function is the constant function 1. A subset of G is called 
invariant if it is invariant as a set under all inner automorphisms. A locally 
compact group is said to have ( an invariant neighborhood / small invariant 
neighborhoods ) if it has { a / a base for the neighborhood system at e con- 
sisting of ) compact, invariant neighborhood(s) of its identity. The class of 
all ( unimodular / invariant neighborhood / small invariant neighborhood ) 
locally compact groups is denoted by ( [Um] / [IN] / [SIN] ). 


12.1.9 Proposition Any discrete group, any compact group and any 
locally compact abelian group belongs to [SIN]. The class [SIN] is included 
in [IN]. Any locally compact group in [IN] is unimodular. We write 


[D] U[K]U[A] ¢ {SIN} C [IN C [Um 


where [D], [K] and [A] denote the class of all discrete, compact and locally 
compact abelian groups, respectively. 


Proof If G is discrete, then {e} is a compact invariant neighborhood of 
e. If G is compact, then G itself is a compact invariant neighborhood of 
e, so G belongs to [IN]. In order to see that compact groups are in [SIN], 
one needs the easy Theorem (4.9) of Hewitt and Ross [1963], which asserts 
that inside any neighborhood of e in a topological group there is always 
a neighborhood invariant under inner automorphisms from a prescribed 
compact set. Any locally compact group G has a base for the neighborhood 
system at e consisting of compact neighborhoods of e. If G is also abelian, 
these compact neighborhoods are invariant under all inner automorphisms 
since any inner automorphism is just the identity automorphism. 

Obviously, [SIN] is included in [IN]. If G belongs to [IN], let K bea 
compact invariant neighborhood of e. Theorem 12.1.7 shows that A(K) is 
finite and non-zero. Any u € G satisfies 


\(K) = X(uK) = XuKu'u) = (Ku) = A(u)A(K). 
Hence G is unimodular. O 


12.1.10 Direct Products of Topological Groups If M and N are 
two groups, the set M x N is a group under pointwise group multiplication. 
This group is called the direct product of M and N and denoted by Mx N. 
If M and NW are topological groups, we give M x N the product topology. 


1274 12: Locally Compact Groups and their *-Algebras 12.1.11 


A group G is isomorphic to a direct product if and only if it has two nor- 
mal subgroups M and N with intersection {e} and such that each element 
of G is a product mn of elements m € M and n€ N. If G is a topological 
group, we require that M and N be closed and that the product topology 
on M x N be homeomorphic to the topology of G by the map (m,n) 4 mn. 

Let G be a (not necessarily finite, countable or distinct) family of topo- 
logical groups. The Cartesian product of the groups in G is a group un- 
der pointwise group operations and a topological space under the product 
topology. It is easy to see that it is a topological group, which we denote 
by [Igeg @ and call the direct product of the family G. For each H € G, 
there is a homomorphic projection map ty: Heeg G — H onto H given 
by u € [Igeg G+ u(H) € H. The topology of []oeg G is just the weakest 
topology in which all of these projection maps are continuous. Hence they 
are also open. In a categorical sense, we should regard these projection 
maps as part of the structure of [[oegG. 

If each G € G is compact, then IIceg G is compact by the Tychonoff 
theorem. However, Ieeg G is not necessarily locally compact even when 
each G € G is locally compact, unless G is a finite family. For instance, [[, R 
is not locally compact although it is a topological group. This difficulty is 
part of the reason that restricted direct products, introduced in the next 
subsection, arise naturally in many important applications. 

The Haar measure of a finite direct product of locally compact groups 
is just the product of the Haar measures of the factors. The normalized 
Haar measure of an arbitrary direct product of compact groups is just 
the product of the normalized Haar measures of the factors. Similarly, 
the character group of a finite direct product of locally compact abelian 
groups is just the product of the character groups of the factors and the 
character group of an arbitrary product of compact abelian groups is the 
weak direct sum (cf. §12.1.11 below) of their (discrete) character groups 
(cf. Hewitt and Ross [1963], (15.17) (i) and (j), (23.18) and (23.22) and 
Wojciech Banaszczyk [1991], Proposition 14.11). 


12.1.11 Weak Direct Sums of Discrete Groups Weak direct sums are 
the dual of direct products in the category of abelian groups. (Co-products 
in the category of (not necessarily abelian) groups are much larger.) We 
only need them for discrete (t.e., non-topological) groups. Let G be a family 
of discrete groups. Let }’geg G be the set of functions u € [[geg G with 
values equal to the identity eg for all but finitely many G € G. This is a 
discrete group under pointwise multiplication. For each H € G, there is an 
injection of H into }’gegG that takes each h € H onto the cross section 
u that has the value h at H and is eg at all other G € G. The ranges of 
these injection maps generate the weak direct sum. As in the case of direct: 
products, we should regard the injection maps as part of the categorical 
structure of }gcg G. 
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Suppose that each G € G is abelian. Denote the (necessarily paige 
character group of G by G as usual. Then it is easy to see that lees @ 
can be identified with the character group of the weak direct sum )g¢g G. 


12.1.12 The Group of Homeomorphic Automorphisms Let G bea 
topological group. We use HAut(G) to denote the group of homeomorphic 
group automorphisms of G. The group InAut(G) of inner automorphisms is 
a normal subgroup of HAut(G). Obviously, we should expect that HAut(G) 
is a topological group in some natural fashion. When G is locally compact, 
as we shall assume for the rest of this discussion, the compact—open topol- 
ogy on HAut(G) seems a likely candidate. Jean Braconnier [1948] showed 
that inversion need not be continuous in the compact-open topology on 
HAut(G). He also found the “correct” topology for HAut(G), which we 
will call the Braconnier topology. To avoid confusion we use « rather than e 
for the identity in HAut(G). A neighborhood basis at ¢ for the Braconnier 
topology on HAut(G) consists of the sets 


W(K,U) = {8 € HAut(G) : B(u) € Uu and 87" (u) € Uu for all u € K} 


for all compact subsets K of G and all open neighborhoods U of e in G. See 
(26.5) in Hewitt and Ross [1963] for a proof that HAut(G) is a topological 
group under this topology. From now on we assume that HAut(G) carries 
the Braconnier topology. Shu Ping Wang [1969] proved that the compact- 
open topology agrees with the Braconnier topology if G is almost connected 
or G, is open (see Definition 12.2.1 below). We show in §12.1.13 below that 
HAut(TY) is not locally compact even though TN is compact and abelian. 
For any 6 € HAut(G) and any f € Coo(G), f o B obviously belongs to 
Coo(G). It is easy to check that f +» A(f ° 8) satisfies the hypotheses of 
Theorem 12.1.6(d). Hence there is a positive real number A(8) satisfying 


A(foB)=A(B)A(f) Vf € Coo(G); 8 € HAut(G), 
and hence 
\(B(E)) = A(B)"X(E) VB € HAut(G); E € By. 


This idea was also introduced by Braconnier [1945], so we call the function 
A:HAut(G) > R§. the Braconnier modular function. Our definition is 
consistent with the ordinary modular function and inner automorphisms: 
A(a,) = A(u) for all u € G. It is thus the inverse of the definition given 
by Bourbaki [1963], Définition VII.1.4. 


Theorem Let G be a locally compact group. 
(a) The homomorphism a in the short exact sequence 


{fe} —> Gz — G -% HaAut(G) (3) 
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is continuous. In fact, if N is any closed normal subgroup of G, 
thenu'> ay|n is continuous from G into HAut(N). 

(b) The evaluation map (8,u) +> B(u) from HAut(G) x G to G its 
jointly continuous. : 

(c) The Braconnier modular function A: HAut(G) > Rf ts a 
continuous homomorphism. 

(d) If G is abelian, then HAut(G) is homeomorphically antt-isomorphic 
to HAut(G) under the map B +> B, where B(x) = x08 for all 
B € HAut(G) andy €G. 


Proof (a), (c) and (d) are proved in (26.7), (26.21) and (26.9), respectively, 
in Hewitt and Ross [1963]. Result (b) is standard for the compact—open 
topology. It is enough to give the proof at (4,e) € HAut(G) x G. Let U be 
an arbitrary neighborhood of e in G. Using local compactness and (4.10) 
loc. cit., we can find a compact and an open neighborhood, K and V, of e 
in G satisfying VK C U. Then W(K,V) x K is mapped into VK CU by 
evaluation. 0 


For a locally compact group G, we shall often discuss subgroups B 
of HAut(G). (Frequently we will also require that B includes InAut(G).) 
Given such a G and B, the meaning of a B-invariant subgroup is obvious. If 
G has (a / a base for the neighborhood system at e consisting of ) compact, 
B-invariant neighborhood(s) of e, then we say that G belongs to ({ [IN]p / 
[SIN]s ). We also use [Um]g for the class of all locally compact groups for 
which A(f) equals 1 for all 6 € B. The inclusions 


ID} ¢ [SINJs ¢ [INJp C€ [Um] 


and their proofs survive from Proposition 12.1.9. (This [-]g notation is 
logically a little strange, but it is standard and causes no confusion af- 
ter acquaintance.) See Theorems 12.1.25 and 12.1.31 below for important 
applications of these concepts. 


12.1.13 Automorphisms of TX The symbol G = TN represents the 
collection of all functions u from N to T. This set of functions is a compact, 
abelian group under pointwise multiplication: 


uv(n) = u(n)u(n) VuveEG;neN 
and the product topology. (Group multiplication and inversion 
u—'(n) = u(n)7" VueGa;neN 


are obviously continuous.) It is often called the tubby torus. We will show 
that HAut(G) is not locally compact. 

As noted earlier, any continuous group homomorphism x of T into T has 
the form x(¢) = ¢" for some n € Zand all ¢ € T. Hence the Pontryagin dual 
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of T is the additive group Z. Therefore, our model of the Pontryagin dual 
G of G is the discrete, weak direct sum }°7°., Z consisting of all functions 
h:N — Z that have only finitely many non-zero values. For simplicity, 
we write G for )-72, Z, from now on. The group operation is pointwise 
addition and the action on G is given by 


u)=][ ule) VvueG; hea. 


(Although the ( products / sums ) in this whole discussion have infinite 
index sets, they have only a finite number of ( non-identity factors / non- 
zero terms ).) 

An automorphism # of G is just an invertible linear map of 7°, Z 
into itself. For each m € N, let 5 be the element of G with the value i 
at m and zero at all other k € N. Clearly {6, : n € N} is a basis for G, 
and £(6;) is a function from N to Z that is zero at all but a finite number 
of adie, Making this into the 7th column of an N x N-matrix, we see 
that every automorphism is represented by an invertible N x N-matrix of 
integers with only finitely many non-zero integers in each column, just as 
in the finite-dimensional case. F 

For any a € HAut(G), @ € HAut(G) is defined by 


(a(u)(J))" = xn(a(u)) = xa(ny(u) = ll u(k)@™") YueG; hed. 
k=1 


oom 


II 
— 


j 


The Pontryagin duality theorem (Theorem 3.6.15) and Theorem 12.1.12(d) 
show that the map & + a is an anti-isomorphism of HAut(G) onto HAut(G). 
If & corresponds to the matrix P = (p,;), then the last product becomes: 


00 h(j) 
I u(k) 243 (= PeiR() _ -T] ll u(k)Pes PCa) = II (I unm) 
=] k=] 


k=1j=1 


Comparing with the first product gives the formula 
a(u)(n) = ap(u)(n) = Tl u(k)?k* VueG;neNn. 


Hence we have determined HAut(G) both as an abstract group (it is iso- 
morphic to the group GL(N, Z, 0) of all invertible Nx N-matrices of integers 
with only finitely many non-zero integers in each column) and as a group 
of functions from TN to TY. 

The anti-isomorphism a ++ & is also a homeomorphism, so we can use 
the topology of HAut(G) to determine that of HAut(G). If HAut(G) were 
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locally compact, then Theorem 12.3.1 would show that HAut(G) has a 
neighborhood base at « consisting of open (and hence closed) subgroups. 
We can easily see that these are just the sets W(F, {0}) = {a € HAut(G) : 
a(h) = h for all h € F}, where F is an arbitrary finite (we may suppose, 
linearly independent) subset of G. Hence, W(F,{0}) would have to be 
compact for some finite F C G, since these sets form a base of closed 
neighborhoods of u. If W(F, {0}) were compact, then for any h € G we could 
find finitely many automorphisms a), aQ2,...,a@, in W(F, {0}) satisfying 


W(F,{0}) © L aj W( th}, {0}). 


J= 


An automorphism a belongs to a;W({h}, {0}) if and only if a(h) = a;(h), 
so this inclusion would imply that a(h) € {a1(h),ae(h),...,a@n(h)} for 
all a € W(F, {0}). However, if F U {h} is not linearly dependent, then 
there are infinitely many possible values of a(h) for a € W(F, {0}). This 
contradiction shows that HAut(G) and, hence, HAut(G) are not locally 
compact. 


12.1.14 Semidirect Products of Two Topological Groups Let N 
and H be topological groups and let HAut(N) be the group of homeomor- 
phic group automorphisms of N. If 7: H + HAut(JV) is a group homomor- 
phism such that the map (h,n) + n(h)(n) is continuous from H x N to N, 
we can define a semidirect product group G = N x, H. As a topological 
space this is just N x H. The group operations are 


(n,h)(m,k) = (nn(h)(m), hk) (4) 
(n,h)~* = (n(h7')(n7"), ho) Vn,meN; hk € HA (5) 
Q(n,ay(m,k) = (nn(h)(m)n(hkh-*)(n~*), hkh-*) (6) 

[(n, h),(m,k)] = (nn(h)(m) n(hkh-")(n-*) n(hkh-*k-*)(m-*), 
hkh-1k-1), (7) 


Thus the derived group G’ is included in N x, H' and the center is 
Gz = {(m,k) :m € Nyy; ke Az; ay! = n(k)}, (8) 


where N,,#) is the set of fixed points of N under n(H). 
If H is abelian, (6) and (7) simplify to 
Q(n,ny(m,k) = (nn(h)(m)n(k)(n7"),k) Wa,me N; h,k € H (9) 
[(n,h),(m,k)] = (nn(h)(m)n(k)(n~")m~*,e). (10) 


If N is abelian, the factors in the first component in (4), (5) can be 
rearranged. If both H and WN are abelian, G is solvable (see §12.1.17) and 
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the center and commutator can be written as 


Gz = {(m,k):mé€ Nycn); k € ker(n)} (11) 


[(n, h), (m, k)] (nn(k)(n—*)(mn(h)(m-"))~*, e) 
Vn,méeN; h,kE HAH, (12) 


which further simplifies in special cases. 

Notice that N = N x {ey} = {(n,eyx) : n € N} is a closed nor- 
mal subgroup of G naturally homeomorphically isomorphic to N and H = 
{en} x H = {(en,h) : h € H} is a closed subgroup naturally homeo- 
morphically isomorphic to H and satisfying NN H = {(en,en)} = {ec}. 
Moreover, the map (n,h) + nh is a homeomorphism of the topological 
space N x H onto G. It is not hard to see that any locally compact group 
with closed subgroups N and H satisfying these properties is homeomor- 
phically isomorphic to N x, H, where 7 is defined by n(h)(n) = hnh7! for 
allh € H andneé N. Obviously G = N x, H is locally compact if N and 
H are. 

An ( functional / measure ) that is invariant under right translation is 
called a right Haar ( functional / measure ). Hewitt and Ross [1963], (15.29) 
shows that the product Py x Py of the right (not left!) Haar functionals 
Py and Py on N and H, respectively, is the right Haar functional on 
the semidirect product G = N x, H. (See ibid., (13.2) for the product 
of integrals. Here is a brief summary. For f € Coo(N x H), we write 
fn(h) = f(n,h) for alln € N and he H. Then Py x Py(f) can be defined 
by Pu(n +} Py(fn)). Reversing the roles of N and H in this definition 
makes no difference.) 

The situation for the left Haar functional is a little more complicated. 
Denote the Braconnier modular function of n(h) € HAut(V) by 6(h). Obvi- 
ously, 6: H — R& is a group homomorphism. It is also continuous since we 
required continuity of the map (h,n) +> n(h)(n). If An and Ay are the left 
Haar functionals for N and H, respectively, then the left Haar functional 
Ag for G=N x, H is 


Ac(f) =An x An(f 6) = V f € Coo(N x, A), 


where the value of fd at (n,h) is f(n,h)d(h) for any (n,h) € N x, H. (We 
have stated this result differently from our source. In checking the details, 
the reader should note that the cited reference uses f,(v) = f(vu) and 
uf(v) = f(uv), at variance with our notation.) 

Semidirect products and direct products (§12.1.10) of two groups are 
special cases of group extensions. We say that G is an extension of a 
normal subgroup N by a quotient group H if there is a short exact sequence 


fel ae IN 22s EG a Fh ae eh, (13) 
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where ¢ is a homeomorphic isomorphism onto its range and wy is a contin- 
uous open homomorphism onto H. The extension is said to be central if 
y(N) is included in the center of G. Direct products with N abelian are 
the only semidirect products that are central extensions. The sequence is 
split if there is a homeomorphic isomorphism 9 of H onto its image in G 
such that ~ o@ is the identity map of H onto itself. A group extension G is 
split if and only if G is a semidirect product homeomorphically isomorphic 
to N x, H. A split extension is a direct product if, in addition to the right 
inverse 9 for w, there is a homomorphism 7:G — N that is a left inverse 
for y and satisfies ker(7) = 0(#). 

For later use, we note that a semidirect product group N x, H has a 
natural action as homeomorphic permutations of N given by 


Vin,ny(m) = nn(h)(m) Vn,me N; he H. 


(The right side is just the first component of the product (n, h)(m,e). Hence 
V is obviously a homomorphism of G into the the group of homeomorphisms 
of N.) It is also easy to check that the kernel of V is {en} x ker(n). 

If N is locally compact, we can use V to define a normed representation 
V of G on L?(N) by Vinay (f) = fo Vin,h)-?- This representation is unitary 
if and only if Vin,h) is measure preserving for all (n,h) € G. See §1.9.11 and 
§1.9.12 in Volume I and/or (15.29) in Hewitt and Ross [1963]. Warning: 
The notation does not agree between these two sources. 

Many interesting groups can be described as semidirect products of 
quite basic groups. Indeed, semidirect products of locally compact abelian 
groups provide most of the examples and counterexamples we discuss. Here 
is a basic example of a semidirect product. For any positive integer n, 
the special orthogonal group SO(n) is the group of transformations of R” 
which leave the origin fixed and preserve distances, angles and orientation. 
Given a basis for IR”, one may think of it as a collection of matrices. It 
is just the collection of matrices that preserve the usual inner product and 
have positive determinant (which must be 1). Thus it is easy to see that 
it is a compact group (in the relative topology as a subset of RR”). Let 
n: SO(n) — HAut(R”) be defined by the usual action of SO(n) on R”. The 
resulting semidirect product R” x, SO(n) gives all rigid transformations 
of R” and is called the motion group of R”. By analogy, any semidirect 
product extension of a (normal) vector subgroup by a compact group is 
often called a motion group. Before giving more examples, we introduce 
some other concepts. 


12.1.15 Definition Let G be a ( locally compact / topological group ). 
An element u € G is said to be ( an [FC]~-element / periodic ) if ( its 
conjugacy class ag(u) / the subgroup it generates ) has compact closure 
in G. The set of these elements is denoted by ( Gipcj)- / Gp ). If every 
element of G is an [FC]~-element, then G is called an [FC]~ -group. 
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If B is a subgroup of HAut(G), then an element wu is called an [FC],- 
element if B(u) = {G(u) : 8 € B} has compact closure. The group G is 
an [FC], -group if each element is an [FC],-element. The symbol ( [FC]~ / 
[FC], ) denotes the class of all locally compact ( [FC]~ / [FC], )-groups. 


The initials FC stand for “finite conjugacy”. The bar and the enclosing 
square brackets are intended to convey, respectively, that the concept is to 
be interpreted in a topological context (hence compact instead of finite) 
and that the groups involved are locally compact. An [FC]~-element is 
also called a topologically finite (or pre-compact) conjugacy class element. 
Obviously, when B is InAut(G), [FC], reduces to [FC]~. 


12.1.16 Proposition Let G be a locally compact group. 

(a) The set of [FC]~-elements in G is a topologically fully invariant 
subgroup. Similarly, the set of [FC],-elements in G is a subgroup 
invariant under B. 

(b) If G is an [FC]~ -group, the set Gp of periodic elements in G 
is a topologically fully invariant subgroup. 


Proof (a): This follows from the obvious results ag(u—!) = (ag(u))—! and 
ag(uv) C ag(u)ag(v) for all u,v € G. The proof is similar for B. 
(b): See Grosser and Moskowitz [1971a], Theorem 3.16. Oo 


12.1.17 Nilpotent and Solvable Topological Groups After giving 
the standard algebraic definitions, we introduce an approach to nilpotent 
and solvable topological groups due to Kenkichi Iwasawa [1945], [1949]. A 
normal series for a group G is a finite series of subgroups 


G=GorG,b---->G, = {e}, 


where > indicates that each subgroup is a normal subgroup of its predeces- 
sor. (If G is a topological group, by taking closures, we may assume that 
each G, is closed.) A normal series is called a central series if for each k, 
G, is a normal subgroup of G (not just G,_1), and either (hence both) of 
the following two equivalent conditions hold: 


Ge/Groi © (G/Grsi)z  [G,Gr] © Gezi = Vk, 


where [G,G,] means the subgroup generated by all group commutators 
[u,v] with w € G and v € Gx. A group is called ( solvable / nilpotent ) 
if it has a ( normal series with abelian quotients/ central series ). Hence, 
in particular, any extension of an abelian group by an abelian group is 
solvable. In fact, any extension of a solvable group by a solvable group is 
solvable. Furthermore, quotients and subgroups of ({ solvable / nilpotent ) 
groups are ( solvable / nilpotent ). The class of all ( solvable / nilpotent ) 
locally compact groups is denoted by { [Sol] / [Nil] ). 
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A nilpotent group has two special central series. The upper central 
series, 


G = Z,(G) > Z,_1(G) b--- > Zo(G) = {e}, 


is defined by choosing Z,%41(G) to satisfy Zp41(G)/Z4(G) = (G/Z(G))z 
for each k. The lower central series, 


G = 2°(G)>z'(G)>---b 27(G) = {e}, 


is defined by choosing z*+1(G) to be [G, z*(G)] for each k. In the topological 
case, we take z*+1(G) to be the closure of the algebraic commutator group 
[G, z*(G)] for each k. The upper and lower central series have the same 
length, where the length is the number of quotient groups. This number is 
called the nilpotent length of the nilpotent group. 

A group G is solvable if and only if its derived series 


G = Do(G) > Di (G) >---> D,(G)o--- 


reaches {e} for some r, where D,41(G) is the group generated by all com- 
mutators [D;,(G), D,(G)] in the discrete case and equals the closure of that 
group in the topological case. The solvable length of a solvable group is 
the length of the derived series. A ( group / topological group ) G with a 
( normal / closed normal ) subgroup N is solvable if and only if both N 
and G/N are solvable. 

Bourbaki {1989], III.9.1 contains a proof that a topological group is 
solvable as a discrete group if and only if it is solvable as a topological 
group, and that the solvable length is the same in both cases. Obviously, 
the argument works just as well for the nilpotent length of a nilpotent 
topological group. The crucial point this time is that if G has nilpotent 
length r as a discrete group, then z’~'(G) is in the center of G, that is 
always a closed subgroup of G. 

The reader might wish to check that the symmetric groups &3 and X4 of 
all permutations on three and four objects, respectively, are both solvable 
(of solvable length 2 and 3, respectively) while Xs is not solvable. The 
insight of Evariste Galois (1811-1832) that this explained the solvability 
by radicals of third and fourth degree polynomial equations and the non- 
solvability of fifth degree equations was a major advance in mathematics 
that gave the name “solvable” to this property of groups. 

We now introduce Iwasawa’s transfinite topological theory. Let G be 
a topological group and let H and K be subgroups of G. The topological 

commutator group of H and K is the closed subgroup [H, K] generated by 
all commutators [u,v] = uwvu~!v—! with u € H and v € K. We define the 
( topological lower central series / topological derived series ) by transfinité 
induction as follows. 


(1) (2°(G) =G@ / Do(G) =G), 
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(2) If an ordinal a = 6 + 1, then 


(2°(G) = [G,29(G)] / Da(G) = [Da(G), Da(G)] ); 


(3) If a is a limit ordinal, then 


( 2°(G) = (| 2°(G) / Da(G) = (-) Da(G) ). 


B<a B<a 


Since these are decreasing transfinite sequences, they eventually stabilize: 
There are smallest ordinals ((G) and 6(G) satisfying z6(¢)(G) = z®(G) for 
all a > ¢(G) and Ds,q)(G) = Da(G) for all a > 6(G). If { z6()(G) = {e} 
/ Dia (G) = f{e} ), we say that G is topologically { lower nilpotent / 
solvable ). In this case we call ( ¢(G) / 6(G) ) the topologically ( lower 
nilpotent / solvable ) class of G. 

Notice that both z!(G) and D,(G) are the closure of the derived sub- 
group G’. It is easy to see that the compact product of any family of finite 
solvable groups of unbounded solvable class has the first infinite ordinal w 
as its solvable class. Iwasawa shows that no compact group has a larger 
solvable class than w, but that the nilpotent class of a compact group can 
assume any value among 1, 2, 3, ...,w,w+1l,w+2,.... 

We define the topological upper central series by transfinite induction: 

(1) Z(G) = {e}; 

(2) If an ordinal a = 6 +1, then Z,(G) is the preimage in G of the 

center of G/Z,(G); 

(3) If a is a limit ordinal, then Z.(G) is the closed subgroup generated 

by Usea Zg(G). 

The lengths of the upper and lower central series do not always agree. 
Iwasawa [1949], Theorem 5 shows that the derived series in any connected, 
locally compact group G is of finite length. Theorem 15 in the same paper 
shows that any connected, locally compact group G has a closed, solvable, 
normal subgroup N that contains all other solvable, normal subgroups. 
Then the connected component of N is a closed, connected, solvable, normal 
subgroup Grea, called the radical of G, that includes all other connected, 
solvable, normal subgroups of G. A group is called semisimple if its radical 
is {e} and radical if G = Greg. For any locally compact, connected group, 
G/Grad is semisimple. 


We give several examples here. For some of them, we will mention 
properties that have not yet been defined. The affine group of the line (or 
ax + b-group) discussed in §12.1.21 is solvable but not nilpotent. The next 
three examples exhibit nilpotent groups. Example 12.1.19 mentions several 
finite nilpotent groups in its penultimate paragraph. 


12.1.18 The Heisenberg Group _ This group has nilpotent length 2 
but is not abelian. It will be discussed again in §12.4.22. The Heisenberg 
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group H consists of all 3 x 3 real matrices of the form 


lu w 
A= 0 1 vji:uvyweR (14) 
00 1 


with matrix multiplication as the group operation and the topology of R°. 
Representing the above matrix by (v,w,u), multiplication becomes: 


(u,w,u)(y,z,2) =(vt+y,wtztuy,ut+z) V(u,w,u),(y,2, 2) € A. 
This gives 
(v,w,u)! = (—v, uv — w, —u); Q(v,w,u)(Y, 2,2) = (y, 2 + uy — v2, Z) 
and [(v, w, u), (y, 2, 2)| = (0, uy — vz, 0). 
Hence the subgroup {(0, w,0): w € R} is: (1) the center Hz = Z,(A) of H, 
(2) the derived subgroup H’ = D(H) = z'(H) of H and (3) the subgroup 


Hiro)- of H. Since H/Hz is isomorphic to R’, H has nilpotent length 2, 
as Claimed. It is easy to see that H is the semidirect product of 


R? ~ N = {(v,w,0): v,we R} and R~H = {(0,0,u)):ue R} 


with n(u)(v,w) = (v,w + uv). 

It is also easy to check that H is unimodular with three-dimensional 
Lebesgue measure as Haar measure. Hence the representation described in 
§12.1.14 is given by 


Viewed Us z) a fy —U,2— (w + uly = v))) 
V (v,w,u) € H; f € L*(R’); (y,z) eR’ (15) 


and is a unitary representation. 
This group is further discussed in §12.4.22, where many more properties 
will be derived and other representations will be calculated. 


12.1.19 The Integer Heisenberg Group Let G be the group obtained 
by allowing only integer values in (14). This is a discrete version of the 
Heisenberg group. Let us use the same notation as above replacing, u,v, w € 
R by m,n,p € Z. All of the formulas and remarks above remain true 
(replacing R by Z when needed) except for connectedness and the Haar 
measure. In particular, Gz = G’ = Gipc)- = {(0,p,0):p € Z} shows that 
G is nilpotent but not in [FC]~. 

The integer Heisenberg group has interesting subgroups without ana- 
logue in the connected case. For any q € N, consider the normal subgroup 


1 mq pq 
Ny = 0 1 nq}{:im,n,pEZ >, 
0 O 1 
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where Nj is just G. For g > 1, G/N, can be thought of as the q°-element 
finite group of Heisenberg matrices with entries from the ring Z/qZ. The 
same formulas given above still work in this setting. If q is a prime, 
Z/qZ = Zq is the q-element field. The homomorphisms y,;:G — G/N, 
onto finite groups separate the points of G even if q only varies over all of 
the primes. Notice that the Heisenberg group over Zo, G/Ne, is the eight 
element dihedral group discussed in §1.9.1 of Volume I. 

For this and other examples we will list a number of properties some 
of which will not be defined until Section 12.5. The equation (n,p,m) = 
(1,0, 0)"(0, 1,0)?(0,0,1)™ for all m,n,p € Z shows that G is finitely gener- 
ated. It has polynomial growth since it is nilpotent. Since it is not a finite 
extension of an abelian group, it is not a Moore-group. However, the point- 
separating collection of homomorphisms into finite groups noted in the last 
paragraph shows G € [MAP]. Theorem 5 of Eberhardt Kaniuth and Detlef 
Steiner [1973] shows that it is not completely regular. Thus Diagram 4, 
page 1487, determines the membership of G in all of our classes. 


12.1.20 The Toroidal Heisenberg Group Before leaving the Heisen- 
berg group, we introduce an interesting quotient of the original connected 
group H of §12.1.18. Let N be the discrete subgroup 


1 On 
N= 0 1 0]:neEeZ 
0 0 1 


Since this subgroup is included in the center of H, it is normal. Let G be 
H/N. Then 


1 Ow 
Gz=G' = 0 10]-N:weR 
0 0 1 


is homeomorphically isomorphic to T. Of course, G is connected and nilpo- 
tent. Its derived group is compact, and it is a central extension of the 
compact group T by the vector group R?. It is not in [SIN] or [MAP] by 
the Freudenthal—Weil Theorem (12.4.28, below). Using the explicit calcu- 
lation of the unitary dual of the Heisenberg group in §12.4.22 one can show 
that this quotient group is completely regular but not strongly semisimple. 
It is not isomorphic to any closed subgroup of a matrix group (cf. Mont- 
gomery and Zippin [1955], p. 191). Thus Diagram 3, page 1487, determines 
the membership of G in all of our classes. 

Another interesting normal subgroup of the connected Heisenberg group 
H of §12.1.18 is M = {(v,w,u) € H: u,v € Z} with quotient group T?. 


12.1.21 The Affine Group of the Line This group is solvable but not 
nilpotent. The connected affine group of the line or ax + b-group A can be 
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defined as the following group of invertible 2 x 2 real matrices: 


A={( 1) Qa) eR x Ry | (16) 


with the topology of R x R{ and matrix multiplication. It can also be 
defined as the semidirect product R x, R{., where n(a)(b) = ab for all 
aé€ R§ and b€ R In this notation, multiplication is given by 


(b, a)(d,c) = (b+ ad, ac) V (b,a),(d,c)E A SO 


e = (0,1); (b,a)~' = (-a'b,a7!); 
Q(b,a)(d,c) = (b+ad—be,c) and [(b,a), (d,c)] = (b-—d+ ad -— be, 1). 


Thus A’ = D,(A) = {(b,1) : b € R} shows that A is solvable, while 
A' = z1(A) = z7(A) or Zo(A) = Z,(A) = Ajpc)- = {e} shows that it is not 
nilpotent. When A is considered as a semidirect product, V is given by 


Vioa)(z) = ar +b VbhzeEeR ace R. 


This is the representation, as affine transformations, from which the group 
takes its name. 
The Haar functional and modular function are 


a= [of Pat aa TheECu and 


A(b,a) =a"! V (b,a) € A. 


This is probably the easiest example of a non-unimodular group. Hence the 
representation V of A on L?(R) is not unitary. All affine transformations 
that preserve orientation in R arise as Vio,a) for some (6, a) € A. 

Since A is not unimodular, it has exponential growth and is not a [T;]- 
group. It is the simplest example of a Type I group not in [CCR]. Leptin 
[1977] shows that A is hermitian, and Boidol [1979] shows that it is Boidol. 
Peter R. Mueller-Roemer [1973] calculates the structure space of A explic- 
itly, thus showing that A is completely regular but not strongly semisimple. 
He shows that every closed proper ideal of L}(G) is included in some maxi- 
mal modular ideal. Thus Diagram 3, page 1487, determines the membership 
of A in all of our classes. 

If we replace R§, in (16) by the multiplicative group R\{0}, the resulting 
group DA has two components: orientation preserving (determinant pos- 
itive) and orientation reversing (determinant negative), respectively. All 
affine transformations of R onto R are now Vis,a) for some (b,a) € DA. We 
call this enlarged group the disconnected affine group of the line. 
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12.1.22 The Shift Group on a Finite Group Let F # {e} be a 
finite group and let N be the compact product group J[, F = F“. Thus 
the elements of N are just arbitrary functions u:Z — F. Let G be the 
semidirect product N x, Z with 


n(m)(u)(n) = um(n) = u(n — m) VuEN; n,meZ. 


Hence the group operations in G are given by 


(u,n)(v,m) a (uUn, Nn - m) (u,n)~* = (ux), —n) 


Q(un)(v,m) = (uvpu,,m) [(u, n), (v,m)] = (uvyuz,v—',0). 


Clearly G is totally disconnected (Definition 12.1.32) and compactly gener- 
ated. Willis [1994] shows that most non-compact, non-discrete, non-abelian 
totally disconnected groups resemble this group and various of its non- 
closed subgroups with their own locally compact topology. 

For any f € F, let f be the element of N = [|], F that is constantly 
equal to f. Then F = {f : f € F} is the set of fixed points in N under 7(Z) 
and is isomorphic to F. The center of G is Fz x {0} = {(f,0) : f € Fz}. 
Hence G is never nilpotent. The derived subgroup of G is included in 
N x {0}. Thus G’ has compact closure. Definition 12.5.1 gives the symbol 
[FD]~ to locally compact groups with this property. This implies that the 
closure of each conjugacy class is compact. Nevertheless, many conjugacy 
classes are not closed. Consider the conjugacy class of (v,0) for any v € N 
that has finite support. Then e € G belongs to the closure of ag(v,0) since 
some conjugate of (v,0) is in any prescribed neighborhood of e € G. 

The elementary inclusions []7 Dn4i(F)x{0} C Dasi(G) C [][z Da(F)x 
{0} for all n € N imply that G is solvable if and only if F is solvable. There 
can be no compact invariant neighborhood of e smaller than N because of 
the translation action of 7(Z); so G does not belong to [SIN]. It is not a 
MAP-group either, because that would make it a Takahashi group. The- 
orem 12.4.16(d) shows that compactly generated MAP-groups belong to 
[SIN]. 

In §12.4.23 we will calculate the unitary dual of this group when F is 
abelian. This will determine its membership in all of the other classes of 
Section 12.5. 


In Proposition 12.1.9 we saw a situation in which compact and abelian 
groups (and in that case discrete groups also) shared some important prop- 
erties. There will be many similar examples below. We now introduce some 
of the most basic results in this area. 


12.1.23 Definition The center Gz of an arbitrary group G is the set 
Gz = {v € G: uv = vu for all u € G}. A topological group G is called 
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a central group if the quotient group G/Gz is compact. The class of all 
locally compact central groups is denoted by [Z]. 

A topological group G is said to have a pre-compact inner automorphism 
group if the closure of InAut(G) = {a, : u € G} in HAut(G) is compact. 
Denote the class of locally compact groups satisfying this condition by 
[FIA]~. (The initials FIA stand for “finite inner automorphism” group. The 
superscript bar indicates that finite should be interpreted “topologically” 
as compact.) 


12.1.24 Theorem The following inclusions hold: 
IKJU[A] ¢ [2] ¢ [FIA = [SINO[FCL, 


where [K] and [A] represent the classes of all compact and all locally compact 
abelian groups, respectively. 


Proof If G is compact, its continuous image G/Gz is certainly compact. 
If G is abelian, then G = Gz so G/Gz is the one-element group. Theorem 
12.1.4 shows that the natural map of G onto G/Gz is open as well as 
continuous. Hence, when G is central, the continuity of the map a:G > 
HAut(G) in the short exact sequence (3) of §12.1.12 shows that InAut(G) 
is compact without even considering its closure. The final equation follows 
from the next theorem by taking B = InAut(G)). oO 


The important theorem below was proved by Grosser and Moskowitz 
[1967a]. In the early 1880s Giulio Ascoli (1843-1896) and Cesare Arzela 
(1847-1912) defined the concept of equicontinuity and proved the sufficiency 
and necessity, respectively, of a special case of the following theorem, to 
which their names are still attached: If 2 is compact, a subset of C(Q) has 
compact closure if and only if it 1s bounded and equicontinuous. A subset 
B C C(Q) is called equicontinuous if, for every € > 0 and every w € 2, 
there is a neighborhood U of w satisfying 


Ifw)-fir)|<e VfEB TEU. 


When B is a subgroup of HAut(G), the notations [SIN] and [FC], were 
introduced in §12.1.12 and §12.1.15, respectively. In the following theorem, 
[SIN] plays the role of equicontinuity and [FC], the role of boundedness. 


12.1.25 Grosser—Moskowitz—Ascoli—Arzela Theorem Let G be a 
locally compact group and let B be a subgroup of HAut(G). Then B has 
compact closure in HAut(G) if and only if it satisfies both: 

(a) G belongs to (SIN|s, and 

(b) G belongs to [FC]5. 
When these conditions hold, the Braconnier topology, the compact-open 
topology and the topology of pointwise convergence agree on the closure of 
B, which is the same in each of these topologies. 
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The theorem may be summarized by [FIA], = [SIN]sN [FC],, where 
[FIA] denotes the class of all locally compact groups for which B has 
compact closure in HAut(G). 


Proof Theorem 12.1.12(b) shows that evaluation is jointly continuous from 
HAut(G) x G to G. Hence if B has compact closure, then B(u) also has 
compact closure for all u€ G. Thus G belongs to [FC]. 

Let B have compact closure. Consider the [SIN]g property. Let U be 
an arbitrary neighborhood of e in G. By the joint continuity of (8, u) 
G(u), proved in Theorem 12.1.12(b), for each 8 € HAut(G) we can find 
neighborhoods of Wg of 8 in HAut(G) and Vz of e in G so that Wg x Vz 
is mapped into a compact neighborhood U of e included in U. Since B™ is 
compact, we can cover B™ by finitely many Wg: B7~ C Uia1 Wa; - Let V 
be N%_,Vg,. Then all @ € B- map the neighborhood V of e into U. Hence 
(Ugep-B8(V))~ is a compact, B-invariant neighborhood of e included in U. 

Now suppose that G belongs to both [SIN]g and [FC],. Topological 
groups have two uniformities. We shall use the right uniformity in which 
each neighborhood U of e is associated with the set of pairs {(u,v) : vu! € 
U} (cf. Hewitt and Ross [1963], (4.11) ). We use the definitions and results 
from Bourbaki’s General Topology [1966]. If G €[SIN]s, then B is uni- 
formly equicontinuous (Definition 2 of X.2.1) since for any neighborhood U 
of e there is a compact B-invariant neighborhood V C U and each auto- 
morphism in B sends V into V C U. Hence by X.2.4 the closure of B in 
the space of endomorphisms of G under the compact—open topology and 
in the topology of pointwise convergence are the same and these topolo- 
gies agree on this closure. By Bourbaki’s Ascoli—Arzela theorem (X.2.5) or 
its corollaries, this closure B~ is compact in both topologies. This would 
conclude the proof except that HAut(G) carries the Braconnier topology, 
which is slightly stronger than the compact—open topology. We also still 
need to verify that the closures in the space of endomorphisms is included 
in HAut(G). 

The closure B of B in the Braconnier topology is a subgroup of HAut(G) 
that is included in the closure B of B in the compact-open (=pointwise) 
topology. Suppose that {05}scea is a net in B converging in the compact-— 
open topology to 8:G — G. Clearly 9 is a continuous homomorphism. 
Consider the net {05 "}sea. Since this belongs to the compact set B, some 
subnet converges in the compact—open topology to a continuous homomor- 
phism y:G > G. 

If we show that compact-open convergence preserves composition, we 
can conclude y = 9—!, so @ belongs to HAut(G) and the Braconnier topol- 
ogy agrees with the compact—open topology. (We need only equicontinuity 
for this argument.) Suppose that {0s}sca converges to 6 and {ps5}sea 
converges to y both in the compact—open topology. Let U and K be an 
arbitrary neighborhood of e and an arbitrary compact set in G, respec- 
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tively. Choose a compact, B-invariant neighborhood V of e in G satisfying 
V2 CU. Any u€ K satisfies 


(95. 0ps(u)) (Aov(u)) > = (85 0y5(u)) (85 0p(u))~* (85 09(u)) (Boy(u)) 


Since y(K) is compact, eventually (65 0 y(u)) (A o y(u))~ will be in V. 
Similarly, (05 0 ys(u)) (05 © y(u)) = 05(~5(u)(y(u))—!) is eventually in 
V =065(V). Thus composition is preserved by limits in the compact—open 
topology. 

To see explicitly the equality of the Braconnier topology and compact— 
open topology on B (which proves B = B), let {05}5ca be a net in B 
converging to 6 (which we now know belongs to HAut(G)) in the compact- 
open topology. It is enough to show that {05 }sen converges to @—}. 
Let U and K be as in the last paragraph. Choose a compact, symmet- 
ric, B-invariant neighborhood V of e in G included in U. Since 6-1!(K) 


is compact, 65(6-!(u))(8(A-2(u))) = 95(6-!(u))u—! will eventually be 
in V for all u € K. But this implies that 0—1(u) (05*(u))~*, and hence 
05 *(u) (8-2(u))~*, will eventually be in V C U for all ue K. 0 


Each of the next two sections will contain basic results showing that wide 
classes of groups can be represented as projective limits of much simpler 
kinds of groups. We now introduce this important construction method. 


12.1.26 Projective Limits of Topological Groups Let (A,<) bea 
directed set and, for each 6 € A, let Gs be a topological group. For each 
7 <46€A, let 95:G5 — G, be a continuous open group homomorphism. 
For each 6 < 7 < 6 € A, assume that these homomorphisms satisfy: 


Ysp = Pyp°Vsy and yeg=la, VB,7,6E4A. (17) 


The above set of data will be called a projective (or inverse) system of 
topological groups. (Older literature often requires that the maps 95. be 
surjective, but we follow Bourbaki [1966], III.7.2 in omitting this require- 
ment.) 

The projective limit of such a projective system (G5; ys, :y < 6 € A) 
is the topological group G, denoted by lim Gs, and the homomorphisms 


ysg:G > G5 satisfying ys, ° ys = yy fon all - <6 defined as follows. Let 
G={ue Run G5: ~67(us) = uy for all y < 6}. (18) 
E 


We endow this collection of coherent cross sections with the obvious point- 
wise operations and the relative product topology. For each 6 € A, the 
map Ys is just the projection map into the 6 factor. The topology of G is 
the weakest topology, making all of the projection maps ys continuous. 
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It easy to check that these projective limits satisfy the universal prop- 
erty that, if H is another topological group with a family of (continuous) 
homomorphisms w5:H — G3 satisfying 5, 0%; = w,, then there is a 
unique map VY: H > G satisfying ys o VW = w5 for alld € A. 

For more details see Hewitt and Ross [1963], Theorem (6.14). The next 
two examples are both interesting, but two extremely important classes 
of examples are discussed later: pro-Lie groups (Definition 12.2.14) and 
pro-finite groups (Theorem 12.3.2). 


12.1.27 The Ring 0, of p-Adic Integers We will define 0, at the end 
of this subsection. First we show how to construct its additive group as a 
pro-finite group. Choose an ordinary prime p = 2,3,5,7,... in N and fix it 
for the rest of this discussion. 

Let A, be the set of all functions 6 from the set N° of non-negative 
integers to the set N, = {0,1,2,...,p—1}. Notice that any non-negative 
integer m can be represented uniquely as 


m= S- Om(k)p* WmeN (19) 
k=0 


for some dm € Ap, where 6 has only finitely many non-zero values, so that 
the sum is defined. Explicitly, the values of 6,, can be defined recursively 
by congruences: 


bm(0) = m _ mod(p) 


m — 4 _. bm (k)p* 
ee mod(p) Wj>0. 


Denote the set of 6 € A, with only finitely many non-zero values by Apo. 
Conversely, any 6 € Apo represents some m € N° by formula (19), so we 
have a bijection of N° onto Ajo. 

We will define addition and multiplication in all of A, by extending the 
addition and multiplication in A, defined by the bijection onto N° given 
by (19). Not surprisingly, the definitions are recursive. For 6,¢ € Ap, define 
c_, = 0 and ¢(k) and cy for k > 0 by 


O(k) +e(k) +ch-1 =C(k) +cep = for = C(k) E Np; ce € {0,1}. (20) 


dm(j + 1) 


Then ¢ belongs to Aj, and we call it the sum 6 +e. The reader should 
check that this agrees with addition in N° under (19). 

It is easy to see that 6 € A, is the zero element under this addition if 
and only if 6(k) = 0 for all k € N°. For any 6 € A, \ {0} let &(5) be the 
smallest integer k in N° for which 6(k) 4 0. We can now define an additive 
inverse —d for any 6 € A,: 

—6(j) = 0 for all j < k(6), 
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—4(k(5)) =p — (0(k(6))) and 

—-d(j) = p —1— (6(9)) for 7 > k(9). 
In particular, —1 in A, is the function with the value p — 1 at each index. 

We now define the product de. In equation (21) below, the right side is 

simply the expansion of the integer calculated on the left as in equation (19). 
Hence the coefficients 7,({j) for this expansion are 0 if k <0 or j7 < 0. We 
will calculate the left side for k = 0,1,2,...in order. After each calculation, 
we expand the resulting integer on the right side. This expansion is needed 
for the next calculation. (The written rules look formidable, but it is easy 
to learn to multiply.) For 6,¢ € Ap, define m(j) € N, for k > 0 and 7 > 0 
by the right side of 


k CO 
S_ d(j)e(k - eoa 50)= > > mG)pi VR>0. (21) 
j=0 j=1 7=0 


Of course, the infinite sums really have only a finite number of non-zero 
terms, but it is easier to write them this way. Define n(k) = 7,(0) for k > 0. 
Then 7 belongs to A,, and we call it the product de. The reader should 
check that this agrees with multiplication in N° under (19). 

We have defined two operations on A,, and one could laboriously check 
the commutative, associative and distributive laws to show that Aj, is a 
commutative ring. Fortunately, there is an easier way. First we define a 
“norm” |-|, on A, using the number k(d) introduced above: 


lOjp=O0 and |dp>=p *  WéeEA, \ {0}. 
We leave it to the reader to check the following inequalities: 
Jd + élp < max{|d]p, lElp} < [4p + lelp ldelp = [dplelp V 0,€ € Ap. 


We have already seen that A, has additive inverses, so we can define a 
metric x on A, by u(d,€) = |d—elp. It is not hard to see that A, is complete 
in this metric. In fact, thinking of A, again as functions from N° to Np, one 
sees that the metric w defines the product topology so (Aj, 4) is a compact, 
totally disconnected (Definition 12.1.32) metric space. Consequently, jz is 
complete on Ap. 

The bijection m +» 6m of N° onto Apo C A, allows us to transfer 
this metric to N°’. Since N° does not have additive inverses, we define the 
metric on N° by pw(m,n) = |djm-—nj|p for all m,n € N°, where |m — n| 
just represents the ordinary absolute value. If dj, in (19) is replaced by 
an arbitrary 6 € Aj, then the series (19) converges in this metric. Hence, 
again, A, can be seen as the completion of the metric space (N°, 4). It is 
obvious that addition and multiplication are jointly continuous with respect 
to y as functions from N° x N® to N°. Hence addition and multiplication 
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can be extended by continuity from N° ~ A, to all of Ap. The extension 
satisfies the commutative, associative and distributive laws. Our earlier 
definitions obviously agree with these extensions. Since we have already 
checked the existence of additive inverses in A,, we have proved that it is 
a ring. From the definition of —4, it is obvious that | — 6|, = |6|p for all 
6 € A,. Thus we can consider | - |, as defined on Z rather than just on N°. 
In fact, one checks easily that we can write |0|, = 0 and 


p* k+l doesnot VneZ\ {0}. 


In|p = where p* divides n but p 

The symbol op denotes the completion of Z under this norm. We call 
0, the ring of p-adic integers. We have just established that 0, and A, are 
isomorphic as rings. From now on we denote this compact abelian ring by 
0, except when constructed by the first procedure above. We give them the 
topology defined by the complete metric yp. We will return to this subject 
from a slightly more sophisticated viewpoint in §12.3.6. 

Now we get the same result by showing that the topological group 
(A,,+) is a projective limit of finite groups. The directed set will be N 
with its usual order. For each n € N, the group G, is the cyclic group 
Z/p"@ of order p”. For m < n in N, the connecting homomorphisms are 


Ynm(q+p"Z)=q+p"Z VqeZ. 


(We can, and usually will, assume 0 < g < p”.) In order to see that (Ap, +) 
is the projective limit of this projective system we must find continuous and 
open homomorphisms y,: A, ~ Gr satisfying the consistency condition 
Yrm° Yn = Ym for all n > m in N and separating points on A,. These are 
easily defined: 


n—1 
=) d(k)p*+p"Z  VSEA NEN 
k=0 


This system of maps obviously induces an isomorphism of A, onto usaepmre Gn. 


A base for the neighborhood system at 0 in A, is given by the éllection of 
all open subgroups y> (G,,) for alln € Z. Hence, again, A, is compact and 
totally disconnected. (This whole construction is aipaelys related to Witt 
vectors: Ernst Witt [1936].) 


12.1.28 Another Related Projective Limit The set N is also directed 
under divistbility order where m <n if m divides n. With this directed set 
N, we define G, = Z/nZ and gam(q + nZ) = q+ mZ for q € Z and 
m <n. It is easy to see that this is a projective system of groups. We 
claim that its projective limit is the compact abelian group [J A, where 
the product is over all primes p in N. To prove this, it is convenient to 
replace N, = {0,1,...,p— 1} by N, = {1,2,...,p}. We denote an element 
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of [[ A, by 6. For each prime p the function 6, is the element of A, that 
sends k € N° to 6, as defined at the beginning of 12.1.27 (but with N, 
replacing N,). The claim can be verified by checking that the continuous, 
open homomorphisms y,: |] Ap ~ Gn = Z/nZ for each n € N defined by 


yn(S) = [] S56, (k)p§+nZ =v de TIA; neEN 


pxn k=0 


(where n, € N is defined to be the largest integer so that p" divides n) 
satisfy the required consistency rules and separate points. 


12.1.29 More on Group Extensions Let G and H be groups with 
their multiplication written, as usual, by juxtaposition. Let N be an abelian 
group written additively. We wish to consider the extension 


{fo} +~ N 4+ G + H — {e}, (22) 
where y and # are homomorphisms. With our notation, satisfies 
y(m +n) = yp(m)y(n) Vm,neéN. 


In the topological case, y will be a homeomorphic isomorphism onto its 
(necessarily closed) range and w will be a continuous, open, surjective ho- 
momorphism. The first results along the lines given here are due to George 
W. Mackey [1957a] and [1957b] under the assumption that both N and H 
are second countable. In his thesis, Calvin C. Moore {1964] extended and 
systematized particularly the cohomological side of the approach. Marc A. 
Rieffel [1966b] extended and simplified the theory. Michael Leinert [1976] 
used a different approach. See particularly his Satz 4. Moore [1976a] and 
[1976b] further improved and extended the cohomology theory. We give a 
mere introduction to the subject based on Rieffel [1966b]. For the purely 
algebraic theory, see the books by Derek J. S. Robinson [1993] and by F. 
Rudolf Beyl and Jiirgen Tappe [1982]. 

To motivate the theory, we initially consider the purely algebraic case 
without any topology, and assume that the extension (22) is already pro- 
vided. We will illustrate the discussion (for both abstract and topological 
groups) with the basic example 


(Oh as Fe ee ES (23) 


where the operation in R is addition (hence creating a notational differ- 
ence from our abstract model), y is the usual inclusion and w(t) = e2®. 
The extension in this basic case obviously does not split. (Try to find a 
homomorphic (or in the topological case a continuous) right inverse for 7.) 
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In order to build on the semidirect product extensions (which we have 
already discussed in §12.1.14), we choose a function 0:H — G that is a 
right inverse for ~ (1.e., wo @ is the identity map on H), but which need 
not be a homomorphism nor in the topological case continuous. We call 0 
a cross section of yw. We require all of our cross sections to satisfy 0(ey7) = 
eg. Once chosen, this cross section will remain the same throughout our 
discussion. Note that this gives a canonical map 0: N x H onto G defined 
by (n,h) + y(n)@(h), which satisfies O(n,eH) = y(n) for all n € H, and 
hence 0(0,e#) = eg, but has few other algebraic properties. In the basic 
example we could choose 6(e?7*) to be the unique preimage in [—1/2, 1/2[= 
{te R:-1/2<t< 1/2}. Then O is given by O(n, e?™) =n +t. 

For any u€ G and n € N, we define 


n” = p*(uy(n)u-") = p* (au(p(n))). 


It is clear that for each u € G, the map n +> n” is a group automorphism 
of H (i.e., an additive map from H to H, since it is written additively). 
Furthermore, the commutativity of N means that, if u,v € G satisfy w(u) = 
wiv), then n“ = n” holds for all n € N. Thus we can define an action of 
H on the abelian group N by: 


n(h)(n) = p"'(8(h)p(n)O(h)-!) Wn EN; he H. (24) 


The definition of 7 is independent of the choice of 8. Since @(h)0(k) is a 
multiple of @(hk) by an element y(m) with m from the abelian group JN, 
n is a homomorphism of H into the automorphism group of N. We may 
consider the abelian group N as an H-module under this action, but we 
will continue to write the action as a pair (V,7). A group extension that 
gives rise to 7 will be called an 7-extension. 

If G = N x, H were a semidirect product, then we would naturally 
choose @ to be the homomorphism (continuous in the topological case) that 
exists for split extensions. Whether or not we make this choice, n(h) defined 
above is just the usual automorphism 7(h) of N determined by h € H. We 
now explore what happens when @ cannot be chosen as a homomorphism 
so that we do not have a semidirect product. Clearly y(V) is in the center 
of G if and only if n(h) is the identity automorphism for all h € H. When 
this is true, we say that the extension is central. (Thus a central extension 
is an t-extension in the terminology introduced in the last paragraph.) Our 
discussion encompasses both split extensions (%.e., semidirect products) and 
central extensions. Our basic example is central (since G = R is abelian), 
so n(e?**) is the identity automorphism for all n(e27*) € T. 

Since we do not expect @ to be a group homomorphism, we measure 
its deviation from a homomorphism by its factor system f:H x H > N 
defined by 


f(h,k) = p71 (6(h)0(k)O(hk)-!) Wh, k € H. (25) 
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Applying y, we get 
O(h)O(k) = v(f (h, k))O(hk) Vh,k € H, 
which gives 
O(n, h)O(m, k) = O(n+n(h)(m)+f(h,k), hk) Vh,k € Hjn,me N. (26) 


Obviously, this is a formula for defining a group multiplication on the set 
N x HK that is isomorphic to that of G. 

Notice that our insistence that 0(e4) = eg forces f to automatically 
satisfy the normalizing condition that f(h,k) = 0 if either A or k is ex. 
Applying the associative law in G to (26) gives the identity (in N) 


f(h,k) + f(hk, 9) = f(A, kj) + n(h)(f(k,5)) Why k,G€ H. (27) 


This is the cocycle identity of homological algebra. 
If 6’ is another cross section (left inverse) of ~, define g: H — N by 


g(h) =p" (6'(h)O(h)"') Whe H. (28) 


Denote the factor system of 6’ defined by (25) as f'. Then f’ — f has the 
form Og: H x H — N, where Og is defined by 


Og(h, k) = g(h) + n(h)(g(k)) — g(hk) = Wh, ke H. (29) 


The following identity may help in checking this: 
p(n(hk) 0-1 (6'(hk)~*0(hk)) ) = (hk)8"(hk)~? = p( — g(hk)). 


If 
10}: ee Ne: 1G? ae ey te) (30) 


is another extension, we would naturally call it equivalent if there is an 
isomorphism 2. making the following diagram commute: 


Ob aN Be 50 


|e {2 |e (31) 
0 2S Nee 2 a es O 
Choose a cross section 9’ for ~’ and define 7 and f’ in analogy with (24) 


and (25). If g: H — N is defined by 


g(h) y’* 0 A'(h) — py) 0 6(h) = y'* (6'(h)Q7* (A(h)~*)) 
p-* (271 (6'(h)O(h)~*)) 
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in analogy with (28), then again we get f’ — f = Og. 

Given groups H and N with the latter abelian and 7:H — Aut(N) 
as above, we denote by Z?(H,7,N) the abelian group, under pointwise 
addition, of all functions f:H x H ~+ Nv satisfying (27). Elements of 
Z*(H,1,N) are called 2-cocycles. For any function g: H > N, it is easy to 
see that Og defined by (29) belongs to Z?(H,7, N). We denote the subgroup 
Z?(H,n, N) of all such functions 0g by B?(H,n, N) and call its elements 
2-coboundaries. ‘Two 2-cocycles that differ by a 2-coboundary are said to 
be cohomologous. 

The quotient group Z?(H,n, N)/B?(H,1n, N) is denoted by H?(H,n, N) 
and called the second cohomology group of (H,n,N). If f is the factor 
system defined by the cross section @ as in (25), then f = f — 0(p7! 08) 
satisfies , 

f(h,h"')=0 VAEH. (32) 


We will call a 2-cochain symmetric if it satisfies (32). We have just shown 
how to assign a symmetric 2-cochain in Z*(H,n, N) to each extension (22) 
which induces the automorphism 7. We have also shown that two such 
equivalent extensions give rise to cohomologous 2-cochains. Thus this pro- 
cedure assigns a unique automorphism 7 and a unique element of the co- 
homology group H*(H,7, N) to each equivalence class of extensions. 

We now give a construction that reverses this analysis. Given groups H 
and N with the latter abelian, a group homomorphism 7: H — Aut(N) and 
a symmetric factor system f € Z*(H,n,N), we want to construct a group 
G, homomorphisms y: N > G and w:G > ZH and a right inverse 6 for ~ so 
that 7 and f arise as just described. Denote the group operation of NV by 
addition. The definitions are immediate from our discussion, particularly 
equation (26). Asaset let G = NxH. Define y, ~ and @ by y(n) = (n, en), 
w(n, hh) = hand @(h) = (On, h) for alln € N andh € H. The multiplication 
in G is given by 


(n,h)(m,k) =(n+n(h)(m)+f(h,k),hk)  Vn,meN; h,k © H. (33) 


The reader should check that this is a group and that y, ~ and @ have the 
properties ascribed to them. Group multiplication in G satisfies 


(n,h)-* = (—n(h-*)(n),h~*) (34) 
Ainny(mk) = (n(h)(m) + (n — n(an(k))(n)) + F(R, k) + f(hk, h~), 
an(k)) Vn,meEN; h,keE (35) 
[(n,h),(m,k)] =  (n(h)(m) — n(h, k])(m) + (n — n(an(k))(n)) + 


f(h,k) + f(hk,h-*) + f(hkh~*,k~"),[h,k]). (36) 
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These equations should be compared with those given under §12.1.14 for 
semidirect product groups (with multiplication in N denoted by juxtaposi- 
tion). The extension is ( central / a semidirect product ) if and only if the 
( homomorphism 7 / factor system f ) is trivial. 

We wish to extend this theory to locally compact groups. If G is a 
given locally compact group, N is a closed, normal, abelian subgroup and 
H is homeomorphically isomorphic to G/N, then we need to choose @ in 
order to carry out the above analysis. It can seldom be chosen continuous, 
but we need some weaker connection with the topology. Esben T. Kehlet 
[1984] (cf.Mackey [1957a]) shows that the cross section @ can be chosen 
locally bounded and Baire measurable. It turns out that this is enough to 
duplicate the above theory. 

Rieffel [1966b] shows how to construct a locally compact extension group 
G from the following data: (1) locally compact groups N and H (with the 
former abelian and o-compact), (2) a continuous homomorphism 7: H — 
HAut(N) and (3) a Baire measurable symmetric cocycle f. He also shows 
by example that his construction may not work unless N is required to be 
o-compact. 

First we start from the group extension (22). We require that y be a 
homeomorphism onto its range, which is closed, and that 7 be continuous 
and open. The definition of 7 makes it clear that n(h) belongs to HAut(N) 
for each h € H. (Recall that the definition of 7 is independent of the 
choice of 9.) When we start with a group, the map (h,n) + n(h)(n) is 
continuous from H x N to N. Finally we require that @ be Baire measurable. 
(Sets in the o-ring generated by all compact Gz, sets are called Baire sets 
cf.; Halmos [1950]. Under Rieffel’s hypotheses, it is unknown whether a 
Baire measurable cross section can always be found, but Mackey [1957a] 
showed that Baire cross sections always exist when both H and N are 
second countable. At least in this case, the whole theory works smoothly.) 
We define the factor system f:H x H — N and the function g:H > N 
(comparing two cross sections) as before. These functions are measurable 
in suitable senses. However, continuity of f (and 7 if we had not already 
assumed it) is far from clear. If they were continuous, then the definition in 
equation (33) of the product would be continuous in the product topology. 
We do not want to impose continuity on 8 (which would imply continuity of 
n and f) because in the basic extension (23) no continuous cross section is 
possible. Furthermore, the product topology is not the correct topology for 
this extension. However, for extension (23) we can (and did) choose @ to be 
continuous in a neighborhood of e. That makes 7 continuous everywhere 
and f continuous in a neighborhood of (e, e). We will see that this condition 
is enough. 

Next we consider the construction of the new group G in the topological 
case. In addition to the algebraic hypotheses imposed above, we require 


12.1.30 Introduction to Locally Compact Groups 1299 


that N and H be locally compact and that the map (h,n) » n(h)(n) 
be continuous from H x N to N. Finally, we require that the symmetric 
element f € Z?(H,7,N) be measurable in the sense that the inverse image 
of any Baire set in N is a local Baire set in H x H. (A set is a local Baire 
set if its intersection with any Baire set is a Baire set.) The only problem 
remaining is to define a locally compact topology on the group so that y, 
w and @ will have the properties ascribed to them in the last paragraph. 
We discuss two easy cases first. 

If N is discrete (e.g., N = Z), the topology is easy. Let U be the 
collection of open neighborhoods of e in H. Then the collection of sets 
{ {0} x U:U €U} in G (which is just N x H as a set) satisfies Theorem 
(4.5) of Hewitt and Ross [1963] and thus is an open basis for a topological 
group topology on the group we have defined above. This topology is locally 
compact since the topology of H was. 

Another case is that in which 6 can be chosen continuous in some neigh- 
borhood Z of e. (Of course, this would be trivially true if H were dis- 
crete.) Let V and W be open bases for the neighborhood system at the 
identity element in N and H, respectively. Then (restricting toW C Z) 
U={VxW:VeEYV; WE W} satisfies Theorem (4.5) (ibid.) and thus 
again defines a locally compact group topology on our new group. 

In the general case there is a slightly devious way of topologizing G, 
essentially discovered by Mackey [1957a]. It is easy to check that the prod- 
uct of right Haar measure on N times right Haar measure on 4H satisfies 
the invariance property of right Haar measure on G. Weil’s theorem (Hal- 
mos, [1950], 862) shows that such a measure has to come from a topological 
group that is “essentially” locally compact. The meaning of “essentially” 
is too complicated for us to explain here, but the extra structure in the 
present case removes it anyway. Hence G is given the topology provided by 
Weil’s construction from this invariant measure. See Rieffel [1966b] for the 
technical details. 


12.1.30 A Central Extension Let G be the central extension 
fi eae he eee ees 40} 
given by the factor system 
f((m,n), (p,q) =e'™* — V(m,n), (p,q) € Z°. 


(Unfortunately, the additive and multiplicative notation is reversed in this 
example.) Thus G is T x Z? as a topological space with group operations 
given by 


(¢,m,n)(E,p,q) = (CEe""4, m+ p,n+q) (¢,m,n)7* = (Cte, —m, —n) 
Q(¢,m,n) (Es Ps) = (Ee™9-"”), p,q) [(C, m,n), (€, 7, )] = (e"2-”), 0, 0). 


1300 12: Locally Compact Groups and their *-Algebras 12.1.31 


We see that ag(,p,q)~ is T x {p} x {q} for (€, p,q) € G with (p,q) # (0,0) 
and G’ is {(e’",0,0) : n € Z}. Furthermore, each of the subgroups G’~, 
G, and Gz is equal to T x {0} x {0}. Hence G is nilpotent and belongs to 
[FD]~ (defined below) and [FC]~. The sets {(e**,0,0) : |t| < €} for e > 0 
show that G belongs to [SIN] and hence [FIA]~. It is compactly generated 
by T x {0,1} x {0,1}. For later reference we note that G is not Type I by 
the corollary to Theorem 3.2 of Lawrence W. Baggett and Adam Kleppner 
[1973] and hence is not in [MAP] (since [MAP] 9 [FD]~ = [Tak] implies 
[Type I]). Thus Diagram 1, page 1486, determines the membership of G in 
all of its classes. 


The proof of the following important structure theorem uses one result 
from Theorem 12.1.33, but there is a pedagogic advantage to putting it 
before that theorem. The equivalence of (a) through (d) is essentially due 
to Iwasawa [1951] but was first stated and proved in the present form by 
Grosser and Moskowitz [1971a]. The last result was proved independently 
and by entirely different methods by Liukkonen [1973] and Ta Shén Wu and 
Ying King Yu [1972]. We give the latter proof. The classes [IN]s, (SIN]s, 
[FC] and the subgroup Gircyz were introduced in §12.1.12 and Definition 
12.1.15. 


12.1.31 Theorem The following are equivalent for a locally compact group 
G and a subgroup B of HAut(G) that includes InAut(G). 
(a) G belongs to [IN|z. 
(b) The intersection of all compact B-invariant neighborhoods of e is a 
compact, normal, B-invariant subgroup K of G. 
(c) G is the extension of a compact, normal, B-invariant subgroup by 
a [SIN] 8-group. 
(d) G is the extension of a compact, normal, B-invariant subgroup by 
an [IN]s-group. 
(e) Giro}; is open in G. 
(f) G is the extension of an open, B-invariant, normal [FC], -subgroup 
by a discrete group. 


Proof (a)=>(b): Let L be asymmetric, compact, B-invariant neighborhood 
of e in G. We may suppose that L is the closure of its interior. Define a 
continuous function h: G > R, by h(u) = A(uL NZL) so that h is yz * XL, 
where y, is the characteristic function of ZL. Since G €[IN]g implies that 
G is B-unimodular (Proposition 12.1.9 and final remarks of §12.1.12), h is 
invariant under all automorphisms in B. It also satisfies ||h||.. = h(e) > 0. 
Define G, = {ue G: h(u) > r} for each r €]0, h(e)}]. Each G, is a closed 
B-invariant neighborhood of e. , 

Let K be the intersection of all symmetric, compact, B-invariant neigh- 
borhoods of e in G. If C is a closed B-invariant neighborhood of e, then 
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CNC INL CC is asymmetric, compact, B-invariant neighborhood of e 
so K is also the intersection of all closed, B-invariant neighborhoods of e. 
Thus it is also the intersection of all compact, B-invariant neighborhoods 
of e. Obviously K is symmetric, compact and B-invariant. We only need 
to show that K is closed under multiplication. Each u € K is in every 
G, and thus satisfies h(w) = h(e). Thus A(uLN L) = A(L), and hence 
the open set L° 7 (uL)* has measure zero and thus is empty by Theorem 
12.1.7(b). However, this implies L° C uL£, which in turn implies LD C ul. 
Since u~! is also in K, we get L Cu!L, uZL C L and uL = L. Since L 
was an arbitrary symmetric, compact, B-invariant neighborhood of e, this 
proves that K is closed under multiplication and thus is a compact, normal, 
B-invariant subgroup. 

(b)=(a): If there were no compact B-invariant neighborhoods, this 
intersection K would be G. If G is compact, it is certainly in [IN]z. 

(a)=>(c): We have already shown how to construct the compact normal 
B-invariant subgroup K, so it only remains to show that G/K belongs to 
[SIN]p. Let U be an arbitrary open neighborhood of e including K (so 
U/K is an arbitrary open neighborhood of eg;~ = K in G/K). We are 
done if there is some compact B-invariant neighborhood of e included in U, 
so suppose that there is none. Let L be an arbitrary compact B-invariant 
neighborhood of e. Let N be the collection of all non-empty sets N\U where 
N is acompact, B-invariant neighborhood of e including K and included in 
L. By our assumption, V is non-empty. The intersection of all of the sets 
in N is K \U that is empty by the choice of U. Thus the finite intersection 
property shows that the intersection of some finite collection of elements 
of NV is empty. The intersection M of the corresponding neighborhoods 
N gives the compact, B-invariant neighborhood included in U/K. Since 
U/K is an arbitrary neighborhood of e in G/K, M/K proves that G/K isa 
[SIN]s group. (Actually, we are considering the image of B in HAut(G/K), 
which is well defined since K is B-invariant. Our slight abuse of language 
is justified by its simplicity.) 

(c)=(d): Obvious. 

(d)=(e): Let y:G — G/K be the natural map where K is a compact, 
B-invariant, normal subgroup and G/K belongs to [IN|g. Let L be a 
compact B-invariant neighborhood of e in G/K. Then N = y* (L) has 
non-empty interior. If v belongs to this set and § € B is arbitrary, then 
B(v) belongs to N, so B(v) is included in N. However, by Hewitt and 
Ross [1963], (5.24)(a), N is compact. Thus N is included in Gipgj-, which 


is therefore open in G by Theorem 12.1.33(a). (Proofs of (d)=(a) and 
(a)=>(e) can be extracted from this paragraph.) 

(a)=>(e): This argument is not necessary, but it is attractive. Let U be 
a compact, symmetric, B-invariant neighborhood of e. Then N = UP, U” 


is an open, B-invariant, normal subgroup. Any wu € WN is in the compact, 
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B-invariant set U" for some n and hence belongs to Circ]: Hence Giro; 
is Open since it includes JN. 

(e)>(a): We describe an inductive construction of a compact 
B-invariant neighborhood of e and show that the construction must stop at 
some stage. By local compactness, choose a compact neighborhood N of e 
included in Girc\z and another symmetric neighborhood V of e satisfying 
Vv" C N. We will choose elements uz € G and £, € B satisfying: 

(1) Un = Uy U2-+-Un € V for all n; 

(2) Bn(Un4+iUnt+2°°*Um) € V for all m > n; and 

(3) No, Ni,-..,Nn are disjoint where No = N and Nx = Gx(ug)N. 
When it is impossible to find uz+1 so that (3) is satisfied, then the desired 
compact, B-invariant neighborhood will be included in the compact set 
M.M,'M,.M,' where M, = Ut _o Nj. 

Suppose that it were impossible to find uj = v; € V and ~; € B 
satisfying (3). This would mean that B(V) was included in NN~!. Hence 
B(V) would be a compact B-invariant neighborhood of e. Suppose that 
we have found wu), uz,...,ug and 1, Bo,..., G, satisfying (1), (2) and (3). 
Consider the k + 1 continuous maps 


U b> VEU, ut> B,(u) and ur> Bj(Uj41Uj+2 °° *URU) 


V7 =1,2,...,.k —1, ueEG. 


Since each one sends e into V, there is some neighborhood W of e that they 
all send into V. If we cannot continue, then B(vy;W) would be included 
in M,M," so (B(vu,W)(B(v,W))~!)~ would be a compact B-invariant 
neighborhood of e inside M,M, 'M,M,"'. 

Now we show that the construction must stop at some stage. Since each 
Un is in V C N, there must be a subnet {vn, },er that converges to some 
vin N. For each n, 


Br{v) = ee Bn (Un, ) F um Bn Un) Bn(Un41Unt2°°° Un, ) 


is included in By(un)V. Since B(v) is compact by choice of N C Girojz: 
a subnet of B,,(v) must converge to some w € G. Thus the subnet is 
eventually in wV. But this contradicts (3) since, if Bn,(v) = wv, for 
vy € V, then w = Br, (v)vy! is in Bn, (Un, Vv" C Bn, (un, )N. (This step 
did not use the inclusion InAut(G) C B, but the next (obvious) implication 


does.) 
(e) = (f): Obvious. 0 


The Connected Component of the Identity 


12.1.32 Definition A subset of a topological space is called clopen if it 
is both closed and open. A topological space is said to be connected if it 
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is not the union of two disjoint, non-empty, clopen subsets. A subset C’ of 
a topological space S is connected if it is a connected space in the relative 
topology. This is equivalent to saying that for any two disjoint open sets of 
S, with union covering C’, one must have empty intersection with C’. The 
connected component (or just component) of a point s in a topological space 
is the largest connected subset of S containing s. (It exists since the union 
of the family of all connected sets containing s is connected.) The space S$ 
is said to be totally disconnected if the component of each point is just the 
singleton set containing the point. 


12.1.33 Theorem Let G be a topological group. 

(a) A subgroup is open if and only if it has non-empty interior. Any 
open subgroup of G is also closed. Hence, a connected group G is 
generated by any netghborhood of its identity element. 

(b) If N ts a closed normal subgroup of G, then G/N is discrete if and 
only if N is open. 

(c) The connected component of the identity e € G is a closed topolog- 
ically invariant (hence, normal) subgroup of G denoted by G.. The 
component of any other element u € G 1s the coset uGe. 

(d) The quotient group G/G, is totally disconnected. 

(e) If G is locally compact, G, is the intersection of all open subgroups 


of G. 


Proof (a): If H is a subgroup with v in its interior H°, and if u is any 
other element of H, then u € uv~!H° C H is in the interior of H also. 

Each coset of an open subgroup H is open. Since H is the complement 
of the union of all of its other cosets, it must be closed. 

Saying that G is generated by a neighborhood U of e in G means that 
every element of G can be written as a product of a finite number of elements 
from UUU7!. In other words: G = U7, (U UU~')". By continuity of 
the inverse, U~! is a neighborhood of e so V = UNU™?! C U is also a 
neighborhood of e. Clearly U7”, V” is an open subgroup of G. Hence its 
complement is also open by the last remark. Since G is connected, this 
complement must be empty. 

(b): This follows from the Theorem 12.1.4. 

(c): Let C = G, be the component of e in G. Since inversion is a home- 
omorphism, C'~! is a connected set containing e and hence a subset of C. If 
v belongs to C, then v—! belongs to C so vC is a connected set containing 
e. Thus vC is included in C. Since v € C was arbitrary, C is closed under 
multiplication, and hence is a subgroup. For any homeomorphic automor- 
phism a of G, a(C) is a connected set containing e, soa(C) C C. Thus C 
is a topologically fully invariant subgroup of G. In any topological space, 
components are closed subsets. 
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If H is an open subgroup, it is clopen and thus must include the whole 
connected set G,. Thus G, is included in the intersection of all open sub- 
groups. 

For any u € G, it is clear that uG, is a connected set containing u so it 
is included in the component of u. Similarly, if C is the component of u, 
then u~!C is included in G,. This gives the opposite inclusion, so C equals 
uGe. 

(d): Theorem 12.1.4 and the portion of (c) already proved show that 
y:G — G/G, is continuous and open. Let N be the preimage of (G/G_.)- 
under y. If N were strictly larger than G,, then it would be the union of 
two disjoint clopen subsets A and B. Since any coset of G, is connected, 
both A and B would be unions of cosets of G.. Hence their images y( A) and 
y(B) would be disjoint as well as non-empty and clopen, contradicting the 
definition of N. Hence N is just G., so (G/G-)- is {G.}. Since translation 
is a homeomorphism, this means that {uG.} is the component of uG, for 
any uG, € G/G-. Thus G/G, is totally disconnected. 

(e): Use the notation in the proof of (d). For any neighborhood U of e 
in G, y(U) is an open neighborhood of e = G, in G/G,. Theorem 12.3.1 
shows that it includes a compact open subgroup of G/G,. However, this 
must be the image under y of an open subgroup of G (necessarily including 
G.). Since G is Hausdorff, G, is the intersection of all open subgroups. O 


The last argument in the proof of (d) shows that if G is a topological 
group with a connected, closed normal subgroup JN, then G is connected if 
and only if G/N is (Hewitt and Ross [1963], (7.14)) 


12.1.34 Corollary /f G is a topological group, it is the middle term in 
the short exact sequence 


{fe} + G9 G > G/G. — {e}, (37) 


where G, is a connected group (the connected component of the identity) 
and G/G, is totally disconnected. 
If G is locally compact, so are G. and G/Ge¢. 


This reduces the theory of topological groups to: 

(1) the theory of connected groups; 

(2) the theory of totally disconnected groups; and 

(3) the theory of group extensions. 
We shall be content to discuss the theory of locally compact groups where 
the same decomposition holds. As we shall see, there is an extensive the- 
ory of connected locally compact groups that has been developed over the 
past half-century. Much of this theory was stimulated by the attempt to 
solve Hilbert’s Fifth Problem, which we discuss below. A highly satisfac- 
tory solution was obtained by combining results from Andrew M. Gleason 
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[1952] and Deane Montgomery and Leo Zippin [1952]. It was improved by 
Hidehiko Yamabe [1953b] and is still a cornerstone of the theory of locally 
compact groups. 

The theory of totally disconnected locally compact groups is non-trivial 
but not quite so well developed. Recent work of George A. Willis [1994] 
has substantially enhanced this theory. 


12.2 Connected Groups and Lie Groups 


It turns out that many of the properties of connected groups hold for 
the larger class of almost connected groups, which we introduce now. 


12.2.1 Definition A topological group G is said to be almost connected 
if G/G,. is compact. It is said to be compactly generated if there is some 
compact set K C G satisfying G = UP", (K UK7')". 


Notice that a compact group is almost connected even if it is totally 
disconnected. We discuss totally disconnected groups in the next section. 
Notice also that any locally compact, compactly generated group G can be 
written as UP2,W”, where W is a compact, symmetric neighborhood of 
e. (If K generates G, take W =(VNV~—')UKUK7—}, where V is any 
compact neighborhood of e.) 


12.2.2 Proposition (a) A connected group ts generated by any neigh- 
borhood of its identity. 
(b) An almost connected, locally compact group is compactly generated. 
(c) Any locally compact group has an almost connected, open subgroup. 
In fact, G. is the intersection of such subgroups. 


Proof (a): Let W be a neighborhood of the identity in a topological group 
G. Let H be UP.,.(WUW~!)". Then H is an open subgroup of G. 
Theorem 12.1.33(a) shows that it is clopen. Thus H equals G if G is 
connected and includes the connected subgroup G-_, in any case. 

(b): In the proof of (a), assume that W is compact but maintain the 
definition of H. If G is almost connected, G/G-. is covered by finitely many 
left cosets u,H/Ge,u2H/G_.,...,UmH/G,. of H/G.. Hence the compact 
set Up—o us(W UW") (where uo = e) generates G. 

(c): We need Theorem 12.3.1 below to prove this. Theorem 12.1.33 
shows that G/G, is totally disconnected, so Theorem 12.3.1 shows that 
every neighborhood of e = G, in this quotient group includes a compact 
open subgroup. The preimages of such subgroups are almost connected. 0 


The last proposition shows that compactly generated locally compact 
groups may be regarded as satisfying a weakened form of almost connect- 
edness. A discrete group is compactly generated if and only if it is finitely 
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generated. 


12.2.3 Examples The Heisenberg group H (§12.1.18) and the connected 
affine group of the line A (§12.1.21) are connected. The disconnected affine 
group DA of the line is almost connected since G. = A and G/G, ~ Za, 
where Zz is the two-element group. 

The group G = GL(n,R) (812.2.6 below) of all invertible n x n real 
matrices is almost connected with G, = {u € G : Det(u) > 0} and hence 
G/G,. ~ Zo again. 

The last two examples and the next one are almost connected with G, 
open. Hence G/G, is finite since a discrete, compact set must be finite. 
Conversely, if G/G, is finite, then G, is open and G is almost connected. 

Our main example is the semidirect product G = R x, Ze (with Ze 
written multiplicatively as {+1}), where 7(+1)(t) = +t for any t € R. (We 
will give two variations on this group in §12.3.30 and §12.4.21 below.) This 
is another typical almost connected group: 


(s,e)(t,6) =(st+et,ed) (s,e)7"'=(-es,e) Vs,tE€R ¢,d€ Ze 


Qys,e(t,6) =(s+et—6s,5) —[(s,€), (t, 6)] = (s — 6s — (t —et), 1). 


It is now easy to check: Gz = {e}, Ge = G’ = Gipg)- = Rx {1}. Hence 
G is solvable but not nilpotent and does not belong to [FC]~. Theorem 
12.4.26 below shows that all of its continuous, unitary, topologically ir- 
reducible unitary representations are of dimension 1 or 2, so it belongs to 
[Moore]. The arguments given in §12.4.21 require only small modification to 
show that the unitary dual G of G consists of a half-line of two-dimensional 
representations that converge at zero to two distinct one-dimensional rep- 
resentations. Hence the strong structure space of L'(G) (or C*(G)) is not 
Hausdorff. Thus G is not completely regular and Diagram 2, page 1486, 
determines its membership in all of the other classes. 

This group is a quotient group of the disconnected affine group. In fact, 
we have a split short exact sequence 


2 
{fe} — N — DA — G — {fe}, (1) 


where N = {(0,s) € DA: s € R§} and G = {(t, +1) € DA: t € R} isa 
subgroup of DA and w(t, s) = (t, sgn(s)). 

Examples 12.1.27 and 12.1.28 are totally disconnected, compact groups 
and hence almost connected. A direct product of one of these groups with 
a connected group would give a non-trivial example of the short exact 
sequence (37) in the previous section. Example 12.1.22 is compactly gener- . 
ated (by N x {1}) but not almost connected (since it is totally disconnected 
but not compact). 
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Introduction to Lie Groups 


A Lie group is a topological group that has the additional structure of 
an analytic manifold in which the group operations are analytic functions. 
In general, a topological space might be consistent with several different 
C'®-manifold structures but, as we will explain below in somewhat more 
detail, if a topological group G is a topological manifold (every point has 
an open neighborhood that is homeomorphic to an open subset of IR” for 
some n € N), there is one and only one C'™-structure on G in which the 
group operations are differentiable. The manifold and group operations will 
actually be analytic (locally expandable in power series) in this structure. 

The outstanding fact about a Lie group G of dimension n € N is that 
there is an associated copy of R” (with additional structure) called the 
Lie algebra of G and usually denoted by g. This Lie algebra contains all 
of the “local” information about G (in a sense that we partially explain 
below). Many calculations on G that lead to complicated expressions can 
be replaced by easy linear calculations in g. 

Readers familiar with Lie group theory can skip over the next few sec- 
tions, in which we will try to explain the essential parts of the theory with- 
out any abstract differential geometry. There are many excellent books on 
Lie groups, where all of the following theorems can be found: e.g., Sigurdur 
Helgason {1962], Gerhard P. Hochschild [1981], Melvin Hausner and Jacob 
T. Schwartz [1968], Garth Warner [1972] and V. S. Varadarajan [1974]. 


12.2.4 Definition A connected Lie group is a group which is also a 
connected finite-dimensional real analytic manifold on which the group op- 
erations are analytic functions. A topological group G is called a Lie group 
if its connected component G, is open and can be given the structure of a 
connected Lie group consistent with its topology. The dimension of a Lie 
group is the dimension of the real analytic manifold G,. It is convenient to 
allow Lie groups of dimension zero that are simply arbitrary groups with 
the discrete topology. 


For those unacquainted with differential geometry or Lie groups we of- 
fer the following brief alternate definition sufficient for the present case. 
(Examples will follow.) A (necessarily locally compact) topological group 
G will be a Lie group of dimension n € N if there are two symmetric open 
neighborhoods V C U of the identity in G satisfying V* C U, an open 
neighborhood W of the origin 0 in R” and a homeomorphism h of W onto 
U with h(0) = e satisfying the following two conditions. 

(a) There are convergent power series with real coefficients 


) ji ai? n Kn 
M(x, y) = Qj, J2s woydn k1,ka,.. Kn wy x : gh yt 1 yk2 = "Un 


and I(x) ae s b5, IZ y-0dn st a}? .. a a satisfying (2) 
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h(x)h(y) = A(M(x,y)) —-h(x)7! = h(I(x)) 


for all x = (21, 22,..-,2n), Y = (Yi, Y2,---,Yn) EA N(V). 
(b) If ul NvU is non-empty for some u,v € G, then for any uh(z) in 
the 
intersection there is an open neighborhood Z of z = (2, 22,.-., Zn) 
in R” and a convergent power series 


T(x) = SO teak: (x1 — z)7 (x2 _ zn)? oes (2 ae Zn)!" 


satisfying uh(x) = v(h(T(x))) Vxe€ Z. (3) 


The pair (W,h) is called a coordinate system for U. Since translation 
takes e onto any group element u, there is a coordinate system for a neigh- 
borhood uwU (called a coordinate patch) of any point in G. These conditions 
show that the group operations around any point are defined by power se- 
ries defined on the neighborhood h~!(V) of 0 in R” and that overlapping 
coordinate systems are also related by power series. In any Lie group G of 
dimension n > 0, this definition requires that the connected component G, 
of e be open since G, includes the connected open set U = h(W). 

The Lie algebra g of a Lie group G of dimension n > 0 is a copy of R” 
with: 

(B) A binary operation [-,-];g x g 7 g called the Lie bracket, which is 
linear in each variable and satisfies [y, »] = —[w, y] for all y,w Eg 
and another condition we mention later. 

There is also a canonical connection between g and G: 

(E) A canonical map exp : g > G called the exponential map, which 
satisfies exp(0) = e (the group identity) and is a homeomorphism 
onto its image when restricted to a sufficiently small neighborhood 
W of O€ g. 

In fact, we may regard (W, exp) as a coordinate system for U = exp(W). 
In this coordinate system, the power series expansion for inversion is given 
by I(y) = —y for all y € g. The Campbell-Baker—Hausdorff theorem gives 
the explicit power series expansion of the function M of (2) in terms of the 
Lie bracket. Here are the first few terms for y, w € g: 


exp(p) exp(~) = exp (¢ + pt sl y}+ salle, [y, ¥]] — [v, [v, ¢]]) +-- ), 


We illustrate these ideas in the two easiest cases: abelian Lie groups and 
linear Lie groups. For abelian Lie groups the Lie bracket is identically equal 
to zero, so the Campbell—Baker—Hausdorff theorem shows that the power 
series expansion for multiplication is given by M(y,w) = y+ y relative 
to the exponential function as coordinate function. Thus the exponential 
function exp : g ~ G for an abelian group G is a homomorphism satisfying 


exp(p +p) =exp(y)exp()  exp(—y) =exp(y)"'  s- Vo, peg. 
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It is always a homeomorphism on a neighborhood W of 0 € g. 


12.2.5 Abelian, Connected Lie Groups The additive group G = R” 
is an abelian Lie group of dimension n. The Lie algebra of R” is just g = R” 
with all Lie brackets zero. The exponential function is given by exp(x) = x 
for all x € R” = g. In this case, single coordinate patches V = U = G = R" 
and W = g = R” cover both G and g. Haar measure is just n-dimensional 
Lebesgue measure. 

The I-torus G = T = {¢ € C: |¢| = 1} under complex multiplication 
is a 1-dimensional, abelian, compact, connected Lie group. Its Lie algebra 
is g = R with all Lie brackets zero. The exponential function is given by 
exp(t) = e” for all t € IR = g. We can choose the coordinate patches 
U = T\ {-1}, V = {e% : |6| < 2/2} and W =] — 2,2 to satisfy our 
definitions. The Haar functional (normalized so that A(1) = 1) is 


~/ ; fe)de Vf € Co(T) = C(T). 


It turns out that any abelian, connected Lie group G of dimension 
n is just R* x T°-* for some k between 0 and n. The Lie algebra of 
these groups can be identified with R”. This Lie algebra does not de- 
pend on k at all. The exponential map is given by exp(21,%2,...,2n) = 
(21, %2,...,2,,e'7*+!,...,e"*"), and this gives a coordinate system from 
W = R¥ x] —7,7/["-* toU = BR x (T \ {-1})”-*. The Haar functional is 


N= gaa fof ff 


F(zi,..., cK, 8+, ..., 6°" da, --- dap dre) --- dry 


for all f € Coo(G). 

Consider the multiplicative group G = R§_. Its Lie algebra is g = R 
with exponential map exp(t) = e! for all t € R = g. We can choose W = R 
and V = U = R{. Since exp is a homeomorphic group isomorphism, Rf is 
just R in disguise. The Haar functional on R§. is easily seen to be 


A(f) = [ LS) ap V f € Coo(R{ ). 


Similarly, the multiplicative group G = C® = C \ {0} is homeomorphi- 
cally isomorphic to R§_ x T using polar coordinates. Thus its Lie algebra is 
g = R’ with exponential map exp(s,t) = e®t+* for all (s,t) € IR?. Choose 
W = Rx] —2,2[ and U = C\(—R,). The Haar functional on C°® is 


A(f) = . [ oe as dy Vf €Coo(C’). 
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12.2.6 Linear Groups Forn €N, let M(n,R) be the set of all n x n real 
matrices and let GL(n, R) be the multiplicative group of all n x n invertible 
matrices in M(n,R). We call GL(n,R) the general linear group on R”. It 
is convenient to choose the operator norm || - || on M(n, R) corresponding 
to its usual action on R” with its ordinary Euclidean norm. This makes 
M(n,R) into a real Banach algebra, so GL(n, R) is an open subset (cf, e.g., 
Corollary 2.2.8 of Volume I). We always endow GL(n,R) with its relative 
topology as a subset of (M(n, R), ||-]|). (Of course, M(n, R) ~ R”” has only 
one linear space topology, but this norm is convenient.) It is well known 
that open subsets of R”’ are n?-dimensional real manifolds, but we shall 
proceed without assuming this. 

The Lie algebra gl(n, IR) of GL(n,R) can be identified with M(n,R). 
Then the ordinary additive commutator is the Lie bracket: 


(a, b] = ab — ba Va,be M(n,R) = gl(n, RB), 


and the exponential map exp: gl(n,R) — GL(n,R) is just the ordinary 
exponential function for matrices: 


oo 
exp(a) = e* = S na Vaeé M(n,R) = gl(n, R). 
By using the power series 


— (J —u)” 
log(u) = -yo Vue GLi(n,R); ||J — ul] < 1, 
n=1 n 
which converges and satisfies the equation exp(log(u)) = u for all such u, we 
see that the exponential function is a homeomorphism of the open subset 
W = {u € M(n,R) : ||Z -— ul] < 1} onto its image U in GL(n,R). By 
using [ — uv = (J — u) (J — v) + u(7 — v) + (I — u)v, we may take V to be 
{u € GL(n,R) : ||J — ul| < 1/3}. By our previous remarks, we have now 
checked our definition that GL(n, R) is a real n?-dimensional Lie group. 
Many (but not all) Lie groups can be represented as closed subgroups 
of GL(n,R) for a suitable n. (The toroidal Heisenberg group of §12.1.20 
is an exception.) When a group is given this way, we shall call it a (real) 
linear group. If G is a non-discrete linear group, it is a Lie group of positive 
dimension. Its Lie algebra g can be identified with the subset of M(n, R) 
generated by all log(w) defined as above for those u € G C GL(n,R) that 
satisfy ||Z —u|| <1. The Lie bracket is the additive commutator again, and 
the exponential map is the exponential function that sends g into G and 
gives a coordinate system for U = {uéEG: ||I—ul| <1} CG C GL(n,R). 
Complez linear groups are defined similarly and have the corresponding 
structure. 
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The Heisenberg group H (§12.1.18) and affine group of the line A 
(§12.1.21) are connected Lie groups that are presented as real linear groups. 
Hence the Lie algebra for H may be taken as 


0 zc z 
h= 0 0 y)]:z,y,zER 
0 0 O 


Denoting the above matrix in h by (y,z, x), we get 


[(y, 2,2), (y’, z x')| = (0, ry’ = x'y,0). 


Also exp((y, z,2)) is the group element (y, z+ ry/2,z) € H. 
The Lie algebra of the affine group A of the line may be taken as 


a={(G ¥) saver}. 


Denoting this element of a by (y,x) we find [(y, x), (y’, x’)] = (xy’ — 2’y, 0) 
and exp({y,)) = (y(e? — 1)/z,e*) € A. 

Although the toroidal Heisenberg group G = H/N is not a linear group, 
it is a Lie group. It has the same Lie algebra as the Heisenberg group H. 
This time the exponential function is exp((y, z,z)) = (y,z + zy/2,z) +N 
for all (y, z,z) € g. Using a bit of representation theory, we can show that 
G is not a linear group. Any representation of G in some M(n,R) would 
have to arise from an n-dimensional representation of g = h. However, 
all of the finite-dimensional representations of this Lie algebra correspond 
to representations of the Heisenberg group H rather than G. The same 
argument shows that the covering group of $Z(2,R) (discussed in §12.2.16 
below) is not a linear group. 


12.2.7 One-Parameter Subgroups of Lie Groups As motivation for 
this discussion, consider G = R” as a Lie group. Given any non-zero vector 
v € R”, we can define a continuous group homomorphism yy: R > G by 


py (t) = tv VteR 


This gives a way to interpret “directions” through the origin in G = R” as 
(families of) continuous homomorphisms from R into G. We call any con- 
tinuous homomorphism from R into a topological group G a one-parameter 
subgroup of G. 

Here are some slightly more complicated examples. First let G be T’, 
the ordinary 2-torus that is topologically the surface of a doughnut. For 
any v = (v1,v2) € R® we define yy: R > G by yy(t) = (e*!, e*”2"). These 
one-parameter subgroups are no longer straight lines, but they do radiate 
out from the identity (1,1) of T? at angles determined by v,/v2 and at 
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speeds proportional to ||v|| = (v? + v2)!/*. If v; /ve is rational, the range of 
(y will be a copy of T wrapped around T? a finite number of times. (Try a 
few examples.) Hence yy is a homeomorphism of some (sufficiently small) 
open neighborhood W of 0 in R onto its image yy(W) in G in its relative 
topology. In this case, y,(R) is closed in G. However, if v1 /vo is irrational, 
then the range y,(R) will wrap around the 2-torus infinitely often and be 
dense in T? rather than closed. We will return to this difficulty later. 

Next we consider some non-abelian groups. Denote the elements of the 
Heisenberg group H by (v,w,u) as in §12.1.18. Then the one-parameter 
subgroups are 


bt? 
2 (b,c.0) (t) = (bt, ct + = at) VteR 


for a,b and cin R. (Note that this is a polynomial function; that is char- 
acteristic of nilpotent groups.) Write the elements of the affine group A as 
(b,a) as in §12.1.21. The one-parameter subgroups are 


ect — J 


Pa,c)(t) = (d ,e°) VteR ifc #0 


and Ya,0)(t) = (dt, 1) VteR 


These are special cases of the formula for any linear group G C GL(n, R). 
For any a € g C M(n,R) we define a one-parameter subgroup of G by 
= t"a” 
volt) =exp(ta)= /—- -VteR 


n=0 


12.2.8 The Lie Algebra of a Lie Group In each of the above examples, 
the set of one-parameter subgroups of the Lie group of dimension n was 
parameterized by vectors from IR”. We can now show how to define the 
linear structure of the set of one-parameter subgroups intrinsically. The 
Lie algebra g of a Lie group G depends only on its connected component. 
To avoid complications we assume that G is connected in this subsection. 
Let y:R > G and ~: R - G be two one-parameter subgroups. Define 


(p + b(t) = lim (p(t/n)y(t/n))" VteR 


It can be shown that y+ y is a one-parameter subgroup of G. This approach 
was used by Gleason [1952]. Notice that if » and ~ commute, then they 
satisfy (p+w)(t) = y(t)y(t). This shows that scalar multiplication is given 
by s- y(t) = ¢(st) for all s,t € R, where we extend from rational s to real 
s by continuity. : 

With these definitions, one can show that the set of one-parameter sub- 
groups of a Lie group G is a linear space that we will denote by g. (One 
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usually thinks of g as consisting of “generators” of the one-parameter sub- 
groups rather than the subgroups themselves, but we do not wish to define 
these generators, so we continue to regard the one-parameter subgroups 
themselves as the elements of the Lie algebra.) This linear space has the 
additional structure noted previously for a Lie algebra. 

First, we describe the exponential map exp: g > G explicitly as 


exp(y) = (1) Vyeg. 


Hence the map t + exp(ty) = y(t) is just the one-parameter subgroup 
itself. (As noted above, exp is a coordinate function from some neighbor- 
hood W of 0 in g onto some neighborhood U of e in G. By Proposition 
12.2.2 this implies that every element u in a connected Lie group G can be 
written as a finite product y1(1)y2(1)---yn(1). Then a series of paths of 
the form t € [0,1] + ay, (1) y9(2)---ye_1(1) (PR (E)) G1 (1) 2 (1) «+ Ye—-1 (1) con- 
nects e to u by n right translates of arcs of one-parameter groups. Another 
nice path is ¢t € [0,1] + 1 (t)ye(t)---ynr(t). Hence connected Lie groups 
are arcwise connected by well-behaved paths.) 

Second, we will define the adjoint representation Ad:G — GL(g). For 
each u € G and » € g, the map ¢ } uy(t)u~! obviously belongs to g. 
We denote this one-parameter subgroup by Ad,,(y). It is also immediately 
clear from the definition that Ad, is a linear map of g into itself. Hence 
Ad maps G into the general linear group of all invertible linear maps of g 
into itself. The map Ad is a continuous group homomorphism from G into 
the general linear group on g. Thus it is a representation of G, and (if G is 
connected) its kernel is the center Gz of G, which is a closed fully invariant 
subgroup. The maps Ad, a@ and exp are related by 


expoAd, = a, 0° exp VueG. 


Third, we consider the Lie bracket or Lie product on g denoted by |-, :]. 
It is closely associated with the adjoint representation. The Lie bracket of 
two one-parameter subgroups is zero if and only if they commute, so that 
it can be thought of as measuring non-commutativity. The Lie bracket of 
two one-parameter groups y and wy in G is defined by 


woo = am(eG)eGeG)eG))  « 
te(o(a)o(a)ea)eGa)) 


Finally we define an abstract Lie algebra. 


Definition A Lie algebra g is a finite-dimensional real linear space to- 
gether with a map [-,-]:g <x g + g that satisfies: 
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(1) [-,-] is bilinear (2.e., [y, ] depends linearly on either variable when 
the other is fixed). 

(2) [-,-] is anti-commutative (i.e., [y, »] = —[y, y] for all y, y € g). 

(3) [-,-] satisfies the Jacobi identity 


peo +l¥,la¢l]+lale,v]=0 Vy,d,o€g. 


A complex Lie algebra is defined similarly. 

The Lie algebra of a Lie group G, usually denoted by g, is the n- 
dimensional linear space of one-parameter subgroups together with the Lie 
bracket. 


The Lie algebra g determines the structure of G in a neighborhood of e, 
but not the global topological structure of G. We need more terminology 
to explain this in detail. However, note that it is already obvious that 
the Lie algebra of G depends only on the connected component G, since 
one-parameter subgroups remain in Ge. 

It is true and non-trivial that any (real or complex) abstract Lie algebra 
is the Lie algebra of some Lie group. 


12.2.9 Local Lie Group Homomorphisms and Lie Algebra Homo- 
morphisms _ It turns out that any continuous homomorphism between 
Lie groups is actually a C®°- and analytic homomorphism. (This is proved 
by looking at the homomorphism in the coordinate system given by the 
exponential map.) This even extends to local homomorphisms, which we 
now introduce. 


Definition Let G and H be Lie groups. A ( Lie group homomorphism / 
local Lie group homomorphism ) from G into H is a continuous map @ from 
(G / a neighborhood U of e in G ) into H, which ( is a group homomor- 
phism / satisfies the group homomorphism property 6(uv) = 6(u)6(v) for all 
u,v €U with uve U ). 

If g and § are Lie algebras, a Lie algebra homomorphism from g to b is 
a linear map w that preserves the Lie bracket: 


w([y, v]) = [w(¢),w(v)] Vo, peg. 


Let G and H be Lie groups with corresponding Lie algebras g and 5, 
and let 6 be a local Lie group homomorphism of G into H. If py € gisa 
one-parameter subgroup in G, then @o¢ is a local Lie group homomorphism 
of R into H. There is a unique one-parameter group in H that coincides 
with 60 in a neighborhood of 0. This belongs to h. We call the resulting 
map d@:g — b the differential of @:G + H. It is easy to see that it is a Lie 
algebra homomorphism induced by @. If @ is a Lie group homomorphism 
defined on all of G, it is also easy to see that d@ is ( surjective / injective ) 
if and only if ( 6(G.) = H. / ker(6) is discrete ). 
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A topological space G is said to be simply connected if every continuous 
image of T in G can be shrunk continuously to a point (t.e., any h: TG 
is homotopic to a constant function). For simplicity of language, we decree 
that our simply connected Lie groups be connected also. 

In the next theorem, results (a) and (b) together are called the mon- 
odromy principle. All of the results are proved by applying the proof of 
Proposition 12.2.2 to the homeomorphic coordinate function exp:W — U. 


Theorem Let G and H be Lie groups with G connected. Let g and h be 
their Lie algebras. Let @ be a local Lie group homomorphism of G into H. 
(a) If there is a Lie group homomorphism defined on all of G 
which agrees locally with 6, then it is unique. 
(b) If G is simply connected, then such a Lie group homomorphism 
always exists. 
(c) The map dO: g > b is a Lie algebra homomorphism and every Lie 
algebra homomorphism w: g — h ts dé for some local Lie group 
homomorphism @:G 7 H. 


The hypothesis of simple connectedness of G is needed in (b): 6:T > R 
defined by 6(C) = log(¢)/2a7 for ¢ € T \ {—1} (where log is the principal 
branch of the logarithm function on C\ —R, ) is obviously a local Lie group 
homomorphism that cannot be extended to any larger open subset of T. 
However, (a) and (b) do show that simply connected Lie groups that are 
locally isomorphic (i.e., connected by a local Lie homomorphism for which 
the inverse is also a local Lie homomorphism) are isomorphic. 


12.2.10 Lie Subgroups and Lie Subalgebras We have already noted 
that the range H = y(R) of the one-parameter subgroup 


y(t) = (e*, e™) VteR 


in T? is dense rather than closed (because of the irrational ratio of the co- 
efficients in the exponents). This example shows that we must be careful 
in defining Lie subgroups. In its relative topology H is not a Lie group nor 
even a locally compact group (since it’s not closed). Thus it should not be 
considered a subgroup in the category of topological groups. Nevertheless, 
it turns out that H should be considered a subgroup in the category of Lie 
groups. It is a Lie group in the topology it inherits from R rather than in 
the relative topology. On the other hand, y(Q) (where Q is the rational 
field) should not be considered a Lie subgroup of T* despite a superficial 
resemblance to H = y(R). The following slightly non-standard (but equiv- 
alent) definition of a Lie subgroup makes our main results plausible. 


Definition A subgroup H of a Lie group G is called a connected Lie 
subgroup if every point in H is the product of elements in the range of one- 
parameter subgroups of G' that are entirely included in H. A subgroup H of 
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G is a Lie subgroup if its connected component (in the relative topology) is 
a connected Lie subgroup that is open in H. (Note that {e} is a possibility 
for this connected component.) 

A Lie subalgebra h of a Lie algebra g is a linear subspace that is closed 
under the Lie bracket. If a Lie subalgebra h satisfies [g,h] C b, then it is 
called a Lie ideal of g. If h is a Lie ideal in g, then the linear space quotient 
g/b has a natural induced Lie algebra structure under which it is called the 
quotient Lie algebra. 


The following theorems sum up the main results we need. Statement 
(a) of Theorem A is Theorem VIII.1.1 of Hochschild [1981] and (d) is due 
to Yamabe [1950]. Theorem B gives the standard relationship between Lie 
subgroups and Lie subalgebras. 


Theorem A_ LetG be a Lie group. 

(a) Let H be a locally compact group and let 6: H + G be a continuous 
group homomorphism that is injective on some neighborhood of e 
in H. Then H is a Lie group in its own topology. 

(b) Connected Lie subgroups of G are always connected Lie groups in 
a unique topology at least as strong as their relative topology. 

(c) Closed, connected subgroups of Lie groups are always connected Lie 
subgroups. They are exactly those connected Lie subgroups for which 
the relative topology ts consistent with the Lie group structure. 

(d) Any subgroup of a Lie group that is arcwise connected in its 
relative topology is a connected Lie subgroup. 


Theorem B= Let G be a connected Lie group with Lie algebra g. For each 
connected Lie subgroup H of G, let h be the subset of g consisting of one- 
parameter subgroups in H. The map H ++ 4h just described establishes an 
isomorphism of the lattice (under inclusion) of all connected Lie subgroups 
of G with the lattice of all Lie subalgebras of g. A connected Lie subgroup 
is normal tf and only if the associated Lie subalgebra is a Lie ideal. 


The fundamental group 7™(G) of a topological group G is the set of 
homotopy classes of continuous maps of T into G made into a group by 
either of two natural operations that happen to agree in the present case. 
(We may assume that the maps send 1 € T ontoe eG. If f,g:T 9G 
satisfy f(1) = g(1) = e we may multiply them by concatenation: 


ic | Se") forO<t<1/2 
fgo(e""™™) = { g(ezti2t-1)) for 1/2<t<1 


or pointwise: fg(e?™**) = f(e?™*)g(e27*) for all t € [0,1]. The homotopy 
that connects these maps also shows that 7,(G) is commutative when G is 
a topological group.) Obviously, one may think of the fundamental group 
7,(G) as measuring how far G departs from being simply connected. 
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A covering homomorphism 0:G — H between topological groups is a 
continuous, open, surjective homomorphism for which there is a connected 
neighborhood U of the identity in H such that 6 is a homeomorphic bijection 
of each component of 0° (U) onto U. The simplest example is 0:R — T 
defined by 6(t) = e?7. 


Theorem C Let G be a connected Lie group with Lie algebra g. Then 
there is a unique (up to homeomorphic isomorphism) simply connected Lie 
group G and a covering homomorphism 6:G > G for which dO is an iso- 
morphism. Furthermore, ker(@) is a subgroup of the center of G that is 
discrete in tts relative topology and naturally isomorphic to 7(G). 


The group G is called the simply connected covering group of G. If 
G = T, G is R and the covering homomorphism is 6(t) = e?. Then 
ker(9) = Z is isomorphic to 7,|(G). We will give a more interesting example 
when we discuss the special linear group on R? below. 


The following theorem shows that normal Lie subgroups behave bet- 
ter in simply connected Lie groups. Hence the quotient structure is well 
behaved there. 


Theorem D_ Let G be a simply connected Lie group with Lie algebra g. 
Any normal connected Lie subgroup N of G (with corresponding Lie ideal 
n) is a closed subgroup. Furthermore, G/N is a Lie group with Lie algebra 
naturally isomorphic to g/n. Hence there is a bijection between the family of 
quotient groups of G by closed, connected, normal subgroups and the family 
of quotient Lie algebras of g. 


These are powerful theorems since calculations in finite-dimensional lin- 
ear spaces like the Lie algebra are much easier than calculations in Lie 
groups themselves. Here is a version of Theorem D for discrete normal 
subgroups that complements Theorem B. 


Theorem E LetG be a Lie group with Lie algebra g. Let N be a normal 
subgroup of G that is discrete in its relative topology. Then G/N is also a 
Lie group with Lie algebra naturally isomorphic to g. The natural map of 
G onto G/N is a covering homomorphism. 


Hilbert’s Fifth Problem 


As the twentieth century approached, David Hilbert was asked to pro- 
vide a list of problems, the solutions of which would be important for math- 
ematics in the new century. His Fifth Problem asked whether Sophus Lie’s 
theory of transformation groups could be developed without differentiabil- 
ity assumptions. He formulated this problem before a theory of topological 
groups had been developed. By 1933 one precise reformulation of the Fifth 
Problem had become: 
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12.2.11 Theorem LetG be a locally Euclidean topological group in the 
sense that an open neighborhood of the identity 1s homeomorphic to an open 
subset of R”® for somen>0. Then G is a Lie group of dimension n. 


John von Neumann [1933] proved this theorem for compact groups. 
Other special cases were established before the general case was settled in 
1952 by the combined work of Gleason [1952] and Montgomery and Zippin 
[1952]. The key to Gleason’s proof was showing that a connected group 
with no small subgroups (see below) is a Lie group. The proof was based 
on the construction of sufficiently many one-parameter subgroups. There 
are a number of very readable treatments of these results and the closely re- 
lated extensions: Yamabe (1953a], {1953b]; Montgomery and Zippin [1955]; 
Joseph R. Shoenfield [1956]; V. M. GluSkov [1957]; Robb Jacoby [1957] and 
Irving Kaplansky [1971]. See also Iwasawa [1949]. 

For convenience of exposition we state a theorem first which is actually 
obtained as the result of a substantial structure theory of connected locally 
compact groups intimately connected with the other results of this theory. 
A locally compact group is said to have no small subgroups if there is a 
neighborhood of the identity that includes no subgroup except {e}. 


12.2.12 Theorem A locally Euclidean group has no small subgroups. 


12.2.13 Theorem Let G # {e} be a locally compact, connected group 
with no small subgroups. 
(a) The center Gz ts a Lie group locally isomorphic to R™ for some m. 
(b) There is a neighborhood U of the identity in which every element 
has the form p(1) for a unique one-parameter subgroup yp satisfying 
{y(t):0<t<1} CU. 
(c) The collection of all one-parameter subgroups has the structure of 
an n-dimensional real linear space V for some n > m. 
(d) Inner automorphisms give a faithful continuous group represen- 
tation of G/Gz on V; so G/Gz is a linear group. 
(e) Hence G is a Lie group. 


Obviously, these two results together solve Hilbert’s Fifth problem. 
Gleason’s construction of the one-parameter subgroups is too complicated 
to even outline here, but the additive structure is that introduced in §12.2.8. 
Yamabe and GluSkov loc. cit. extended these results by fitting them into 
the following framework. 


12.2.14 Definition A (necessarily locally compact) topological group G 
is called a pro-Lie group if every neighborhood of the identity contains a 
compact normal subgroup K so that G/K is a Lie group. The Lie groups 
G/K are called approrimating Lie groups of G. 

A submanifold L containing the identity of a Lie group G is called a 
local Lie subgroup if their is an open neighborhood U of e in L such that 
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the restriction to U of multiplication and inversion are analytic maps into 
LE. Then U is called a germ of the local Lie subgroup L. 


A pro-Lie group G is the projective limit of Lie groups. First one shows 
that the set K of all compact normal subgroups K of G such that G/K is 
a Lie group is directed by reverse inclusion. For each K € K, define Gx to 
be G/K. If L> K EK (te, LD C K), define pix:G/L 4 G/K to be the 
continuous open natural map vL + vK for all v € G. Using the natural 
maps yx:G — G/K, write G = lim,— nxexG/K. 

Each connected germ of a local Lie subgroup gives rise to a unique 
connected Lie subgroup (Hausner and Schwartz [1968], Theorem 14, p. 45). 


12.2.15 Theorem (Yamabe) Every locally compact group has an open, 
almost connected subgroup that is a pro-Lie group. 

(Gluskov) For every locally compact group G and every neighborhood U 
of the identity in G, there is a neighborhood of the identity V C U that is 
the direct product of the connected germ of a local Lie subgroup L and a 
compact group K. If G is not totally disconnected, then U can be chosen 
so that L will always have positive dimension. 


For the first result recall Proposition 12.2.2(b) and see Yamabe [1953al, 
[1953b]. The second result is Theorem A of Gluskov [1957] for which he 
uses Yamabe’s theorem and various results from Iwasawa [1949] to prove 
his theorem. These results extend some results on Lie groups to almost 
connected groups in a particularly powerful and elegant form. 


12.2.16 SL(2,R) The special linear group 


G = SL@,8) ={(° 2) iad be= 1 abode Rh (5) 


on R? is the set of 2 x 2 real matrices with determinant 1. Matrix multi- 
plication is the group operation, and the topology of G is just the relative 
topology as a subset of R*. SL(2,R) is the subset of R* determined by the 
equation Det= 1 and thus is a three-dimensional real manifold. SL(2,R) 
along with SU(2) and SO(3) (discussed in the next example) are the sim- 
plest semisimple Lie groups. We begin by discussing three important one- 
parameter subgroups. Let A and N be the non-compact abelian subgroups 


1={(5 L)-om((S 2))te8} 
{5 i)-m(( )veh 


and let K be the compact abelian subgroup 


K={(SinGna) costars) ) = (270(2, 5)) eer}. 
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Obviously, A, N and K are homeomorphically isomorphic to the multi- 
plicative group R‘, the additive group R and the multiplicative group T 
although each is presented above as a one-parameter subgroup. Every ele- 
ment of u€ G = SL(2,R) can be written uniquely as a product u = ank 
of a€é A,né N and k € K, and this is the best way to describe G as a 
connected 3-manifold. Let a(t), n(s) and k(@) be the elements as displayed 
in equations (6), (7), and (8), respectively. Then we can write 


_ fe'(cos(@) — ssin(@)) e*(scos(@) + sin(6)) \ _ b 
oC ( —e' sin(6) et w0s(8) } = & 4 


If 6 satisfies —1/2 < 0 < 7/2, we can solve this equation for t, s and @ 


log(c? + d? 
t= Oca) s =ac+t+ bd and 6 = —tan! (<). 
2 d 
Since SZ(2,R) is a linear group, the linear space of all 2 x 2 real matrices 
with trace zero may be regarded as its Lie algebra g with the additive 
commutator as Lie bracket and the ordinary exponential function as the 


exponential map. Denoting the matrix 


GY 
(: . by (x,y,z) we get 


[(z,y,2), (z', y', 2’)| = (yz! 7 y'Z, 2(zy’ ra x'y), 2(2'z - xz"). 


We now discuss S£(2,R) in terms of the classes in Sections 12.5 and 
12.6. Alan T. Paterson [1988], Proposition 3.2, gives an elementary explicit 
proof that SZ(2,R) includes a uniformly discrete, free subgroup on two 
generators. Hence SLZ(2,R) is not amenable. As a semisimple Lie group 
with finite center {+J} that is simple modulo its center, it is known to 
belong to [CCR]. Diagram 3, page 1487, now determines its membership in 
all of the classes except [CR] and [SSS]. SZ(2, R) is known to have no non- 
trivial, finite-dimensional continuous, unitary, irreducible representations 
(it is minimally almost periodic in von Neumann’s terminology), but it 
may have maximal modular ideals unrelated to such representations. If it 
belongs to [SSS] or fails to belong to [CR], there must be many such ideals. 

Referring back to Theorem C of §12.2.10, we consider the simply con- 
nected covering group G of G = SL(2,R). The map k above is the single 
generator for 7,(G), which is therefore isomorphic to Z. Hence the kernel 
of the covering map 9: G > G is Z. Since G and G have the same Lie 
algebra g and since all of the finite-dimensional representations of g belong 
to G = SL(2,R), G is a Lie group that cannot be represented as a linear . 


group. 
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12.2.17 The Special Unitary Group SU(2) Let H be the two- 
dimensional Hilbert space C’? with its usual inner product 


((A1,A2), (41, H2)) = Aro] + AMZ = -V Aj, Az, M1, He € C. 


The automorphism group of H is the group of unitary operators that we 
will represent by the group of unitary matrices: 


v@)={(2 B\:(2 8) = (a J): aansect, 


We can parameterize this group as 


U2) = | (oe oct coatpyatore-r) ) 8 € [Osmh ryayt € [0,2nf}. 


The special unitary group SU(2) is the subgroup of matrices with de- 
terminant 1: 


su(a)={(% 2) tal? +18? = 1; a8 ech. 
If we write a = 4 +iy and 8 = v + iw in terms of their real and imaginary 
parts, we see that topologically SU (2) is just the three-dimensional sphere 
{(z,y,v,w) : 22° +y?+v2 +w? = 1; 2,y,v,w € R} in R*. Thus SU(2) isa 
real, three-dimensional, compact, connected, simply connected, linear Lie 
group with finite center SU(2)z = {I, —I}, where 7 is the identity matrix. 

There are three particularly neat one-parameter subgroups. The range 
of each is a copy of T in SU(2): 


R(6) = Bee canton) ) a (2 (“ )) a ‘ 


aw) = ("> g-tnit ) = OXP (2nit (5 an VieR, (10) 


oe ( costs) —) a oie (21s 5 5) Vse : | 
1 


Since this is a linear Lie group, we may consider the Lie algebra to be the 
real linear space of all skew symmetric (the transpose equals the complex 
conjugate) 2 x 2-matrices with trace zero: 


ul) ={ (4° ot) sabeer}. (12) 


— 1c —a 
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We will now define an isomorphism of SU(2)/SU(2)z onto the group 
SO(3) of orthogonal 3 x 3-matrices over R with determinant 1. This is 
the group of linear transformations that preserves distance, angles, ori- 
entation and volume in R*. For u € SU(2) and A € su(2), it is easy 
to check that uAu! belongs to su(2). Let ©:R* — su(2) be the linear 
isomorphism that sends (a,b,c) € R® onto the matrix in su(2) displayed 
in (12). Then, for any uv € SU(2), we can define y(u) € GL(3,R) by 
y(u)(a, b,c) = O~!(uO(a, b,c)u~") for all (a,b,c) € R®. It is easy to see 
that we have a short exact sequence 


{I} —+» SU(2)z —> SU(2) 4% So(3) — {I}. 


Comparing this with equation (12.1.1), we see that SO(3) is isomorphic 
to the inner automorphism group of SU(2). Indeed, using exp: su(2) > 
SU (2), we can write a,,(exp(O(a, b, c))) = exp(O(y(u)(a, b, c))) for all (a, b,c) € 
R®. Notice that y~ shows that SO(3) is topologically the space obtained by 
identifying opposite points on the three-dimensional sphere in R*. 

There is an injective homomorphism w: SU(2) — SO(4) associated with 
our topological identification of SU(2) with the three-dimensional sphere: 


L-y -v —w 
r+ty vtw\) |;|y © -w ev 
oe? oy) = vw a“ -y Vee 
w-v sy x 


There is an irreducible representation of SU(2) (and of SO(3)) on C” for 
each n € N, and these are (up to equivalence) the only irreducible repre- 
sentations of these compact groups. These representations are constructed 
in Hewitt and Ross [1970] starting at (29.13). 


The Structure of Lie Groups 


We can only touch on this huge subject. As noted earlier, it is usually 
advantageous to reduce results about Lie groups to equivalent results about 
their Lie algebras. We discuss only Lie algebras that are finite-dimensional 
over R or C. 

We noted earlier that a connected Lie group is abelian if and only if all 
Lie brackets in its Lie algebra are zero. Hence the center gz of a Lie algebra 
g is the set of all elements y € g that satisfy [y,~] = 0 for all » € g. If b 
and € are ideals in a Lie algebra, [b, ] = span{ [y, Y]: p € b, Wy € &} is also 
an ideal. 


12.2.18 ieee For a Lie algebra g, define the ( derived series g‘*) / 
lower central series g* / upper central series g, ) by induction as follows. 
(1) (9 =g' = [g,9] / 9' =9' / o1 = 92 ). 
(2) For any n > 1, ( g = [g(*—)), g("—)] / g” = [g,9"—*] / 
9n/Gn—-1 = = (g/dn— i)z )- 
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We call g ( solvable / nilpotent ) if the ( derived / lower central series ) 
contains {0}. 


The first two series are decreasing sequences of subspaces and the third 
is an increasing sequence of subspaces. Since they are all in a finite- 
dimensional linear space, each must eventually stabilize. It is easy to see 
that the lower central series contains {0} if and only if the upper central 
series contains g and that a connected Lie group is solvable or nilpotent if 
and only if its Lie algebra has the same property. It is also easy to see that 
the union of all solvable ideals in a Lie algebra g is a solvable ideal. 

We have already noted that the Heisenberg group is a simply connected 
nilpotent Lie group and that the affine group of the line is a simply con- 
nected solvable but not nilpotent Lie group. 


12.2.19 Definition The largest solvable ideal of a Lie algebra g is called 
the radical of g and is denoted by grag. If g is the Lie algebra of a connected 
Lie group G, then the normal, connected Lie subgroup of G corresponding 
tO Grag (as in Theorem B of §12.2.10) is called the radical of G denoted by 
Grad. (This agrees with Iwasawa’s definition of the radical in any locally 
compact group mentioned in §12.1.17 above, and was the source of his idea.) 

A { Lie algebra g / connected Lie group G ) is called semisimple if its 
radical is { {0} / {e} ). A ( Lie algebra g / connected Lie group G } is 
called simple if it is non-abelian and has no ({ ideals other than g and {0} 
/ normal subgroups other than G and {e} ). 


12.2.20 Theorem Let(g/G ) be a( Lie algebra / connected Lie group ). 

(a) (g /G ) is semisimple if and only if it contains no non-trivial 
solvable { ideal / connected Lie subgroup ). 

(b) ( g/Sraad / G/Graa ) 18 semisimple. 

(c) g is semisimple if and only if it is the direct sum of finitely many 
stmple Lie ideals. 

(d) (Levi decomposition) There is a semisimple ( subalgebra s / con- 
nected Lie subgroup S ) of (g /G ) satisfying ( 9 = Grad On S$ / 
G' = Graag Xn S ) Moreover, (5 /S ) is unique up to inner 
automorphisms of (g /G ). 


In our last two examples, sl(2,R) and su(2) are simple Lie algebras. 
Notice that their corresponding Lie groups are not quite simple groups. In 
both cases the center of the group is the finite group {+} ~ Z2. Theorem 
B of 812.2.10 shows that if the Lie algebra of a Lie group is simple, then 
the Lie group has no connected closed (equivalently, Lie) normal subgroups, 
but it may have discrete normal subgroups, as these examples show. 


12.2.21 Definition Let g be a Lie algebra. The adjoint representation 
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of g is the Lie homomorphism of g into gl(g) defined by 


ad,(w) = [y, P] Vy,w Eg. 


The Killing form of g is the bilinear form on g defined by 
Biy,y~) = Tr(adyady) Vyo,vesg, 


where Tr denotes the trace in C(g) ~ M,, (n = dim(g)) since gl(g) is just 
L(g) with the additive commutator as its Lie bracket. 


The Killing form is named for Wilhelm Karl Joseph Killing (1847- 
1923). He and Elie Cartan (1869-1951) made a systematic theory out of 
the ground-breaking ideas of Marius Sophus Lie (1842-1899), which were 
still inchoate at the time of Lie’s death. Cartan’s criterion is the statement 
that a Lie algebra g is semisimple if and only if its Killing form is non- 
degenerate (i.e., B(y,w) = 0 for all » € g implies y = 0). A semisimple 
real Lie algebra is the Lie algebra of some compact group if and only if its 
Killing form is negative-definite. Such Lie algebras are, naturally, called 
compact. A Lie group with a compact Lie algebra is itself a compact group 
if and only if its center (necessarily discrete in its relative topology) is finite. 

The structure, classification and representation theory of semisimple 
Lie algebras and Lie groups are known in great detail. Results are usually 
derived first for the complex case and then extended to the real case by 
considering the complexification of the semisimple real Lie algebra. Consult 
the references given earlier for this extensive theory. 

If g is a real Lie algebra, then g + ig obviously has the structure of a 
complex Lie algebra. It is called the complexification of g. If a complex 
Lie algebra h is isomorphic to the complexification of a real Lie algebra g, 
then g is called a real form of h. Both sl(2,R) and su(2) are real forms of 
the complex Lie algebra sl(2,C) of all complex matrices with trace zero. 
It turns out that every complex semisimple Lie algebra has a compact real 
form. This brings the powerful theory of representations of compact groups 
to bear on the representation theory of semisimple complex Lie algebras. 
This construction leads to the Cartan decomposition of a real semisimple 
Lie algebra, which we summarize in the next theorem. The automorphism 
@ in the theorem is the Cartan automorphism associated with this Cartan 
decomposition. 


12.2.22 Theorem Every semisimple real Lie algebra g has a decomposi- 
tion (called a Cartan decomposition) into the direct sum of a compact Lie 
subalgebra € and a linear subspace p with the Killing form negative-definite 
on € and positive-definite on p and with the map 0:g — g defined by 


Kyt+y)=~p-v Veet pep 
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an isomorphism of g. This decomposition is unique up to an inner auto- 
morphism of g. 


12.2.23 Iwasawa Decomposition Let G be a non-compact, semisimple, 
connected Lie group with finite center and with Lie algebra g. Let g = &€+p 
be a Cartan decomposition of g, and let K be the subgroup corresponding to 
€. Then AK is a maximal compact subgroup of G. Let a be a maximal abelian 
Lie subalgebra of p, and let A be the corresponding abelian connected Lie 
subgroup of G. Then A is a simply connected closed subgroup, and there is 
a nilpotent simply connected closed subgroup N of G such that the mapping 
(k,a,n) ++ kan of K x Ax N is an analytic diffeomorphism onto G. This 
decomposition is called the [wasawa decomposition of G and is unique up to 
inner automorphisms of G. If G has infinite center, the same decomposition 
holds, but K is not compact even though € is. 


Many results first derived for semisimple Lie algebras have been suitably 
extended to the wider class of reductive Lie algebras. A Lie algebra g is said 
to be reductive if its radical is actually its center gz. This is equivalent to g 
having a faithful semisimple representation or to the adjoint representation 
of g being semisimple. It is also equivalent to saying that the derived ideal 
g’ = [g,g] is semisimple and the Levi decomposition can be written as the 
direct sum 

g9=9 Ogz. 
A Lie group is said to be reductive if its Lie algebra is. The general linear 
group GL(n, R) is reductive. 


12.2.24 Definition A Lie group G is called exponential if the exponential 
map exp: g —> G is a diffeomorphism of its Lie algebra g onto G. 


Obviously this implies that G is connected and simply connected. It is 
also true that every exponential Lie group is solvable. Up to isomorphism, 
the only non-exponential Lie group of dimension 3 or less is the semidirect 
product S(z) = C x 7R with product 


(A, s)(u,t) = (A+ ep, 5 +t) Vs,tER A, pweEC. 


The following theorem shows that this group is a canonical bad apple. 
Condition (e) also shows that a connected, simply connected, nilpotent Lie 
group is exponential. 


Theorem The following conditions are equivalent for a connected, simply 
connected, solvable Lie group G with Lie algebra g. 

(a) G is exponential. 

(b) The exponential map exp: g —> G is injective. 

(c) The exponential map exp: g > G is surjective. 
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(d) No quotient group of G has a closed subgroup isomorphic to S(t). 
(e) No yp € g has a nonzero, purely imaginary characteristic value. 


Proof See Horst Leptin and Jean Ludwig [1994], Theorem 1, p. 4 or Pierre 
Bernat et al. [1972], §1.2. Oo 


It is also true that the exponential map has dense range in any con- 
nected, solvable Lie group. See Appendix E of Alan T. Paterson [1988] for 
a proof and some comments. For a generalization see Wojciech Jaworski 
[1995]. For further results on exponential Lie groups, see §12.4.31 below. 


12.3 Totally Disconnected, Locally Compact Groups 


A topological space is said to be zero-dimensional if the clopen sets 
form a base for the topology: 7.e., every neighborhood of a point includes a 
clopen neighborhood of that point. Obviously zero-dimensional Hausdorff 
spaces are totally disconnected. For a locally compact, Hausdorff topo- 
logical space, these two conditions are equivalent (Hewitt and Ross [1963], 
Theorem (3.5)). For a totally disconnected, locally compact group this is 
equivalent to showing that every neighborhood of the identity includes a 
clopen neighborhood. David van Dantzig (1900~1958) [1936] proved the 
following fundamental theorem, which strengthens that conclusion. In our 
next two proofs, we refer to results from Hewitt and Ross [1963] by their 
numbers of the form (n.m). 


12.3.1 Theorem The following are equivalent for a locally compact group 
G with identity e. 

(a) G is totally disconnected. 

(b) G is zero-dimensional. 

(c) Every neighborhood of e contains a compact, open subgroup. 
Let G be a totally disconnected, locally compact group. If ( H / N ) is 
a closed { subgroup / normal subgroup ), then ( H / G/N ) is a totally 
disconnected locally compact group. Clopen subgroups form a neighborhood 
system at the identity automorphism u in HAut(G). (Hence HAut(G) is 
zero-dimensional, but recall that HAut(G) need not be locally compact.) 


Proof We have already noted that (a) and (b) are equivalent for locally 
compact, Hausdorff spaces even without any group structure. Clearly (c) 
implies (b). Hence we only need to establish (b)=>(c) and the final remarks. 

Let U be an arbitrary neighborhood of e in G. Since G is at least 
locally compact, we may shrink U and then assume that it is compact. By 
zero-dimensionality, U includes a clopen (hence compact) neighborhood C' 
of e. Since C’ is both compact and open, there is a neighborhood V of 
e satisfying CV C C (4.10). Let W be a symmetric neighborhood of e 
included in CMV, so that it satisfies W7 C CV C C. We now prove 
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W" C C by induction for alln € N:' W"*t! = W"W CCV CC. Hence 
V = U,en W” is an open subgroup. Since it is also a closed subset of C, 
it is a compact, open subgroup of G included in U, as desired. 

Let G be a totally disconnected, locally compact group with H and N 
as described. We already know that H and G/N are locally compact. Any 
two points in H are contained in disjoint clopen sets in G and hence in 
H,, so it is totally disconnected. Any open neighborhood of e in G/N is 
the image of an open neighborhood in G that includes a compact, open 
subgroup by (c). The image of this subgroup is compact and open under 
the natural map of G onto G/N. Hence G/N is zero-dimensional. 

We turn to the automorphism group. Recall that the sets 


W(K,U) = {6 € HAut(G) : B(u) € Uu and 8~'(u) € Uu for all ue K} 


form an open neighborhood system at 4 in HAut(G) when K and U range 
through the compact and open subsets of G, respectively. By (c) we can 
find a compact, open subgroup H of G inside U. Since W(K UH,#A) © 
W(K,U), the collection of all W(K U H, H) form an open basis where K 
is compact and H is a compact, open subgroup. We complete the proof 
by showing that such open subsets are open subgroups. Each W(K,U) is 
closed under inversion. For a,8 € W(K UH,H) andueé K UH, there are 
v,w € H satisfying a~1(u) = vu and B(u) = wu. Hence af(u) = a(wu) = 
a(w)a(u) € HwHu C Hu and (af)"'(u) = Btal(u) = B-U(vu) = 
B-\(v)B-)(u) € HuHu C Hu show that W(K UH, H) isasubgroup. O 


Pro-Finite Groups 


Totally disconnected compact groups arise naturally in a number of 
contexts and can be characterized neatly. A topological group is called 
pro-finite if it is the projective limit of finite groups. (Projective limits 
were defined in §12.1.26.) Since the projective limit of a projective system 
of topological groups can be realized as a closed subgroup of the product of 
these groups, a pro-finite group is both compact and totally disconnected. 
An unexpectedly pleasant result gives the converse. 


12.3.2 Theorem The following conditions are equivalent for a topological 
group G. 
(a) G is pro-finite. 
(b) G is compact and totally disconnected. 
(c) G ts compact and zero-dimensional. 
(d) G is compact and the collection of open normal subgroups of G is a 
base for the neighborhood system at e. 


Proof The last theorem shows the equivalence of conditions (b) and (c) 
and that they are implied by (d). It also shows that there is a compact, 
open subgroup # included in an arbitrary neighborhood U of e. Let N = 
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Nuec uHu-*. Obviously, N is a closed (hence compact) normal subgroup 
of G included in U. Since G is compact and H is a neighborhood of e, (4.9) 
gives a neighborhood V of e included in H with uVu—! C H for all ue€ G. 
But this shows that e € V C N is in the interior of NV, so N is a compact, 
open normal subgroup of G, as desired. 

We just noted that (a)=(b) is easy. Nevertheless, we will prove (a)=>(d) 
directly. Let G be the limit of the projective system (G5; p54 : y < 6 € A) of 
finite groups. For each é € A, let Us be the kernel of the map y5:G > G5. 
Since G3 is finite and therefore discrete, Us is an open normal subgroup. 
The definition of the product topology shows that if U is a neighborhood 
of e, then there is a finite subset [ of A such that u € G and u, = e for all 
+ €T imply u € U. Since A is directed there is a 6 € A, so that y < 6 for 
all y € T. Hence u € Us implies vu, = y5+(us) = ys+(e) = e for all y ET. 
Thus U5 satisfies e € Us; C U, proving (d). 

(d)=(a): Since G is compact, any open normal subgroup must have only 
finitely many cosets. Hence G/N is finite for each such N. Let N be the 
family of all open normal subgroups. Condition (d) implies (1|y ey, N = {e} 
since G is Hausdorff. Since NN.M is a neighborhood of e for any N, M € N, 
(d) also shows that NV is directed by reverse inclusion (with a final element if 
and only if G is discrete and thus finite). Hence we get a projective system 
by defining yyu:G/N + G/M to be the natural map for N C M € WN. 
The natural maps yv:G — G/N for each N € N show that there is a 
canonical homomorphism y of G into the projective limit of this system. 
Its image is closed since each yw is surjective. Since G is compact, y is 
surjective. It is injective since the collection of all yy separates points. 
Finally the compactness of G also shows that y is a homeomorphism. O 


Examples §12.1.27 and §12.1.28 are pro-finite groups given explicitly as 
projective limits of finite groups. 

In a pro-finite group G, the family NV = NG of open, normal subgroups 
forms a base for the neighborhood system at e and thus is a directed set 
under reverse inclusion. Furthermore, G is the projective limit of G/N for 
all N € N. It is also easy to see that any closed subgroup H satisfies 


H 
ae a en HNN 
and any closed normal subgroup ™ satisfies 
We = ey NM’ 


An abstract group G has an obvious embedding into a pro-finite group 
G if its family Mo of all normal subgroups N with G/N finite satisfies. 
Owen, V = {e}. For appropriate subnets N of No, the projective limit 
Gy = lim ew G/N is called the completion of G with respect to N. 
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Both examples §12.1.27 and §12.1.28 may be thought of as completions 
of Z under different families of (necessarily normal) subgroups. For the 
case of §12.1.27, choose a prime p. For each n € N, consider the subgroup 
p"Z = {p"m : m € Z} of Z. Obviously, the family of these subgroups 
satisfies the three properties above. Reverse inclusion order corresponds to 
the ordinary order of N. The pro-finite group 0, is the completion of Z 
relative to this family of subgroups. 

For §12.1.28, consider the subgroup nZ of Z for each n € N. Again this 
family of subgroups satisfies the above three conditions. Reverse inclusion 
order is just reverse divisibility order in N. The pro-finite group of §12.1.28 
is the completion of Z with respect to this family of subgroups. 

For more information on pro-finite groups, including recent discoveries, 
see the book [1998] by John S. Wilson. 


12.3.3 Galois Theory of Infinite Extensions The Galois group of an 
infinite algebraic field extension is a pro-finite group in a natural way and 
its topology plays a crucial role in Galois theory. This construction was 
initiated by Wolfgang Krull [1928b]. We begin the discussion by reviewing 
the classical case of finite extensions. Let K be a field and let N be a 
finite Galois extension of K. (See any exposition of Galois theory for the 
definition of such a finite, normal, separable, algebraic extension.) Then 
N is an algebra of finite dimension dimx(N) over K. The Galois group 
G(N,K) is the group of automorphisms of the field N that leave K fixed 
pointwise. (For example, if K = Q and N = Q(t) = {a+bi:a,be Q 
where i? = —1, then G(N, K) has two elements: the automorphism that 
leaves every element alone and the automorphism a + bi + a — bi.) 


Fundamental Theorem of Galois Theory Let K be a field and let N 
be a finite Galois extension of K. For any intermediate field N DL 2D K, 
G(N, L) satisfies 


dim, (N) =card(G(N,L)) and dimg(L) =card(G(N, K)/G(N,L)). 
For any subgroup H C G(N,K), the fixed field 
Ly ={né€N:n(n) =n forall n € H} 
of H satisfies 
dim, ,,(N) =card(H) and dimx(Ly) = card(G(N, K)/H). 


The functions L ++ G(N,L) and H + Ly are inclusion-reversing, in- 
verse bijections between the lattice of all fields L between N and K and the 
lattice of all subgroups between G(N, K) and {e}. 

An intermediate field L is a normal extension of K if and only if 
G(N,L) is a normal subgroup of G(N,K) and in this case G(L,K) can 
be naturally identified with G(N, K)/G(N,L). 
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The ordinary definitions of Galois theory allow us to consider an infinite, 
normal, separable, algebraic extension N of a field K. (This means that 
each element is the root of some separable, irreducible polynomial over K 
and, if N contains one root of such a polynomial, then it contains all of 
the roots. For instance, the algebraic closure of Q is an infinite, normal, 
separable algebraic extension of Q.) The set of automorphisms of N that 
leave K pointwise fixed is again a group that we denote by G(N, K), but 
this time it is an infinite group. The above theorem is false unless we take 
into account the natural topology of G(N,K). Each element a of N is 
contained in some subfield L that is a finite normal extension field of K. 
(Just take the splitting field of a separable, irreducible polynomial p over 
K for which p(a) is 0.) This allows us to write G(N, K) as a projective 
limit. 

Consider the collection NV of all finite normal extension fields L of K 
included in N. These are necessarily separable, algebraic (7.e., Galois) 
extensions so their Galois groups G(L,K) are defined. A basic classical 
result of Galois theory shows that N is a directed set when ordered by 
inclusion. Let M and L be two finite normal extension fields in N sat- 
isfying M > L DK. Since L is a normal extension, it is an invariant 
set under elements of G(M, kK). Hence each automorphism in G(M, K) in- 
duces an automorphism of L by restriction. This provides a homomorphism 
yumi: G(M, K) > G(L, K). Similarly, restriction of each automorphism in 
G(N,K) to L € N gives a homomorphism y,:G(N,K) > G(L,K). It is 
easy to see that (G(L,K),ymzt,L < M € N) is a projective system of fi- 
nite (discrete) groups and that (G(N, K), yi, L € N) is its projective limit. 
Thus G(N, K) is a pro-finite group with a compact, totally disconnected 
topology. One can now prove the following. 


Krull’s Galois Theorem Let K be a field and let N be a posstbly in- 
finite Galois extension of K. The functions L ++ G(N,L) and H »% Ly 
are inverse inclusion-reversing bijections between the lattice of all fields L 
between N and K and the lattice of all closed subgroups between G(N, K) 
and {e}. 

An intermediate field L is a normal extension of K if and only if 
G(N, L) is a (necessarily closed) normal subgroup of G(N, K), and in this 
case G(L, K) can be naturally identified with G(N, K)/G(N, L) as a topo- 
logical group. 


Obviously, this would be false if we omitted the word “closed” in the two 
places where it occurs. This provides an important and natural example 
of a pro-finite group and shows that its topology plays an important role. 
Notice that the subgroups G(N, L) for L € N are open and together provide. 
a neighborhood base at e that defines the topology of G(N,K). Leptin 
[1955] shows that every pro-finite group is the Galois group of some Galois 
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extension. 

Emil] Artin’s posthumous expository book [1967] §6.1 has a particularly 
clear proof of Krull’s theorem. Further information can be found in Serge 
Lang [1966], Jean-Pierre Serre [1964] and Stephen S. Shatz [1972]. 


12.3.4 Summary of Locally Compact Division Rings In this sub- 
section, we introduce and preview results that will be more fully discussed 
below. A division ring is a ring in which each non-zero element has an in- 
verse. Division rings are also called skew fields, since commutative division 
rings are called fields. Any division ring is locally compact in the discrete 
topology, so our interest is in non-discrete, locally compact division rings. 

A topological division ring is a division ring which has a topology in 
which its algebraic operations (addition, subtraction, multiplication and 
division by a # Q) are continuous. First we note a simple fact about any 
topological division ring. 


Proposition A_ A topological division ring is either connected or totally 
disconnected. 


Proof Call the topological division ring F. Consider the connected com- 
ponent C’ of 0. Since 0 € —C, C = —C.. Next C is closed under addition: 
(ifa € C, then -—a € Cso0 € C+a and hence C = C+ <a). Finally C is 
closed under multiplication on the right or left by any b € F, since 0 € bC 
and 0 € Cb. Thus C is an ideal of F. The only two ideals in a division ring 
F are {0} and F. Hence F is either connected or totally disconnected since 
any b € F has 6+ C as its component. Oo 


Let F be a locally compact division ring. (It turns out that we do 
not need to assume continuity of division in the multiplicative group F* = 
(F \ {0}), but we will omit this short argument.) Then the additive group 
Ft = (F,+) is a locally compact abelian group. Denote its Haar measure 
by A. For any a € F \ {0} and any Borel set EF, define 


\'(E) = X(aE) 


(where the continuity of multiplication by a~! guarantees that aE is a 

Borel set). Clearly 4’ is invariant under translation in F*, so it is a positive 

multiple of A. Call the multiplicative constant 6(a). (This is the Braconnier 

modular function (§12.1.12) of the homeomorphic automorphism defined by 

multiplication by a~!.) We can extend 6 to all of F by defining 6(0) = 0. 
It is clear that 6 satisfies: 


(1) d(a) >0 and d(a) =0 if and only if a = 0. 
(2) 6(ab) = 6(a)6(b) Wa,beEF. 
(3) 6(+1) = 1. 
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If 5 satisfies some weak form of the triangle inequality, we can use the 
“distance function” 


d(a—b)=d(b-a) Va,beF 


to define a metric topology 7; on F. We follow Edwin Weiss and Neal 
Zierler [1958] in proving that this topology is the original locally compact 
topology 7 of F. 


Proposition B The function 6:F + Ry defines a topology Tx on F that 
equals the original locally compact topology T of F. 


Proof We will use various results from Hewitt and Ross [1963], which were 
reviewed in §12.1.3 above. First we show that 6: F + R, is continuous. Let 
€ > 0 be arbitrary. Let E C F be a compact set of positive measure. The 
regularity of Haar measure \ shows that there is an open set U including 
E and satisfying A(U) — A(E) < eX(E). Choose a neighborhood V of 1 
satisfying V = V-! and VE CU. Then for b € V, we have 


6(b) = A(bE)/A(E) < A(U)/AE) <1 +e. 


Since b-! also belongs to V, 6(b) = 6(b-!)-! > (1+ .)7!. Thus b € V 
implies 1 — ¢ < 6(b) < 1+, which gives the continuity of 6 on F \ {0}. To 
see continuity at zero, we choose a neighborhood of 0 U with A(U) < eX(E) 
and a new neighborhood V of 0 with VE C U. Any a € V satisfies 
d(a) = A(aE)/A(E) < A(U)/XA(E) < €, which gives continuity at 0. 

For any t € R,, we now show that the set S; = {a E F: (a) < t} 
is compact. It is closed by the continuity of 6. Let U be a compact neigh- 
borhood of 0 and choose a neighborhood V of 0 satisfying VU C U. Choose 
a € UNV such that 5(a) <1. This choice, and the inclusion VU C U, 
show (by induction) a” € U for all n € N. We claim that there is some 
n € N such that a”S; C U. If not, for each n € N we can find an element 
Sn € S; with a”s, ¢ U. Since U is compact, a subnet of {a”} converges to 
some b € U. Since 6 is continuous, we have 0 = limd(a") = 6(b). Unless 
the sequence {a”} converges to zero, this is a contradiction. Hence for each 
n € N we may find ky € N with k, > n, a's, ¢ U but atts, € U. 
Let c be the limit of a convergent subnet of the sequence {a**s,,} in the 
compact set a~!U. The continuity of 6 shows that 6(c) is the limit of the 
subsequence 6(a**s,,) = 5(a*=)d(sn) < (6(a))**t. Thus 6(c) = 0, soc = 0. 
This contradicts a**s,, ¢ U, so the closed set S; is a subset of the compact 
set a-"U for some n € N. Thus S; is compact, as we wished to show. 

We now establish the weak triangular law that 6 satisfies: 


(4) There is some M € Ry such that any ¢ > 0 anda,be F 
satisfying 06(a) < € and 6(b) < é also satisfy d(a+ b) < Me. 
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If a or b is zero, any M > 1 will do. When they are both non-zero we 
proceed as follows. The last paragraph shows that the set S; and hence 
S; +1 are compact. Thus 6 is bounded on S,; +1 by some M € R,. 
Choose € > 0, a # 0 and 6 #0 as described. By symmetry we may assume 
d(a) < 4(b), so d(a/b) < 1. This gives 


d(a + b) = 6(a/b + 1)d(b) < Me, 


as we wished to show. 

It is now clear that the “distance function” 5(a—b) defines a topology Ty 
as indicated above. Since 6 is T-continuous, any 7;-open set is T-open. Let 
V be a non-empty 7-open set and let a belong to V. Consider the 7;-open 
sets B, = {b€ F : 6(b—a) < 2-"}. We wish to show that V includes some 
B,,. If not we can find a b, € B, with b, ¢ V for alln € N. Since all of the 
b, — a are in the 7-compact set S; (introduced previously), some subnet 
converges to c relative to J. The continuity of 6 shows d(c) = 0 so c = 0 


contrary to our assumption that the sequence’{b,,} did not 7-converge to 
a. Oo 


If F is discrete, then 6 is the discrete norm: d(a —b) =0Oor d(a —b)=1 
depending on whether a = b or a # b. From now on we assume F is not 
discrete. 

Long known, standard techniques in valuation theory show that 6 can 
be replaced by a function 6:F + R, satisfying (1), (2), (3) above and 


(4) d(a+b) < d(a) + 6(b) for all a,b € F, 


which defines the same topology. 

Hence any locally compact division ring has a function 6:F — R, sat- 
isfying (1), (2), (3) and (4) called a multiplicative valuation. (In the case of 
locally compact division rings, it turns out that 6 can be chosen as a power 
of 6.) From now on we will write 5(a) as |a| for all a € F and call it a norm 
as well as a multiplicative valuation on F. Braconnier [1945] first noted this 
approach to the norm. 

Proposition A shows that a locally compact field is either connected or 
totally disconnected. It is a classical result that every connected locally 
compact field F satisfies: 


The Archimedean Property For everya € F, thereisann € N 
so that the sum of n copies of 1 € F satisfies 


la] << Jl +1+---+14]]. 


Conversely, every totally disconnected, locally compact field fails to sat- 
isfy the Archimedean Property, but does satisfy the following stronger form 
of condition (4) above: 
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(4’) |a+6| < max{|a|, |b|/} for all a,b € F. 


This is called the ultrametric inequality. A norm satisfying it is called an 
ultrametric norm. 

The real and complex fields R and C are connected locally compact 
fields. In [1932] Lev Semenovié Pontryagin proved that the only connected 
locally compact division ring in addition to R and C is Hamilton’s quater- 
nions HL (Many other characterizations of these three division rings were 
already known.) The quickest way to define the quaternions is to let 


H={r+iy+jz+kw:z,y,z,w € R} 
with pointwise linear operations, multiplication given by 
P=pP=R=-1 tG=-ji=k jk=—kj =i and ki=-ik=j 
and norm topology defined by the norm 
lat iy +jz+kw| = (2? +y? 4+ 2? 4+ w?)/? Va,y,z,weR 


The real field R is the completion of the rational field Q relative to the 
ordinary absolute value | - |. The complex field C and quaternion division 
ring H are finite algebraic extensions of R. Furthermore, the Galois group 
of H over its center R is the three-element cyclic group that cyclically 
interchanges the generators i, j7 and k. (Galois theory for division rings was 
developed by Nathan Jacobson [1956], Chapter VII, and is also discussed 
in Paul M. Cohn [1995].) 

Alternatively, C may be thought of as the completion of the Gaussian 
field Q(z) = {a+bi : a, b € Q} (which is a second-degree algebraic extension 
of Q) under the absolute value |a+b7| = Va? + 62. Temporarily, we consider 
the algebra H(Q) = {x +ity+jz+kw: 2,y,z,w € Q} with the same 
operations as the quaternions and call it the rational quaternion algebra. 
This is a division ring that is also an algebra over the rational numbers. The 
quaternions could be considered as the completion of H(Q) with respect to 
the restriction of their norm to this (non-commutative) algebraic extension 
of Q. This paragraph shows that in the construction of C and H from Q, 
the completion and the algebraic extension may be taken in either order. 
These familiar remarks on the connected case extend to the non-connected 
case also. 

In his thesis [1931] David van Dantzig stated an enormous number of 
important new results with sketchy proofs. Among these was the result 
that IR and C are the only connected, locally compact fields. He also as- 
serted that all other locally compact fields were totally disconnected and 
he classified them completely. However, this portion of his thesis was never 
given complete proofs and published. Nathan Jacobson and Olga Taussky 
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[1935] derived Pontryagin’s result from van Dantzig’s, and the next year 
Jacobson [1936] pieced together the first full proof of the classification of 
locally compact division rings. 

Non-discrete, totally disconnected, locally compact division rings of 
characteristic zero (i.e., 1+1+---+1 is never equal to zero) are all finite 
algebraic extensions of the completion of Q in one of the p-adic valua- 
tions. (See §12.3.6 for the definitions.) Those of non-zero characteristic 
(4.e., L+1+---+1=0 for some minimum, finite number of 1’s, which is 
always a prime number p) are all fields of formal power series over a Galois 
field F, where g = p™ for some m € N. (See §12.3.5 for the definitions.) 

We can now state the van Dantzig—Pontryagin—Jacobson classification. 
(Result (c) was Proposition A of §12.3.4.) 


Theorem The following is a complete description of all non-discrete lo- 
cally compact division rings up to homeomorphic isomorphism. 
(a) A connected, locally compact field is either: 
The real field (R,| -|), or 
The complex field (C, | - |). 

(b) The only other connected, locally compact division ring is: 
The quaternion division ring (HL | - |). 

(c) A topological division ring which is not connected is totally 
disconnected. 

(d) A non-discrete, totally disconnected, locally compact division ring 
is a finite extension over tts center which is a non-discrete, totally 
disconnected, locally compact field. 

(e) A characteristic zero, non-discrete, totally disconnected, locally 
compact field is a finite algebraic extension of the complete field 
(Q,,|-|p) of p-adic numbers for some prime p. 

(f) A characteristic p > 0, non-discrete, totally disconnected, locally 
compact field is the complete field (F,((z)),|-|_) of formal power 
series over a finite field F, where q = p™. 


The next two subsections contain the missing definitions. Afterwards 
many additional details will be given. Complete proofs of the above theorem 
can be found in Chapter I of André Weil [1973] and Seth Warner [1989], par- 
ticularly Theorems 19.8, 19.10, 21.8, 27.1, 27.4 and 27.5. Among improve- 
ments, variations and extensions of this classification we mention Igor Ros- 
tislavovié Safarevié [1943], Irving Kaplansky [1947a], [1947c], [1948c] (the 
last is a concise discussion without proofs) and Mikao Moriya [1955]. Re- 
cent book-length expositions include Paul M. Cohn [1995] and Wladyslaw 
Narkiewicz [1990], in addition to those mentioned above. 

The simple description of the characteristic p case in the above theorem 
hides some of its interest. We shall give a more complete result in Theorem 
12.3.12 below. 
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12.3.5 Fields of Formal Power Series over Finite Fields Any finite 
field is a Galois field with q = p™ elements where p is an ordinary prime 
and m is a positive integer. Up to isomorphism, there is only one field with 
q elements, so we will denote this field by F,. The subfield generated by 1 
(its prime subfield) is the p-element field F, = Z, = Z/pZ. If m > 1, then 
F, (where g = p™) is a cyclic extension (t.e., the Galois group G(F, , Zp) is 
a eyelic group) and its multiplicative Eroip F, = F, \ {0} is also a cyclic 
group. (These results are well known and available in many books, but 
André Weil’s book [1973] gives them in its first three pages as part of a 
treatment of the topics we are beginning to explore.) 

The field of formal power series over F,, denoted by F,((z)) is the set 
of all expressions of the form 


fo @) 
So agz*:n € Z; an € Fy; an #0 (1) 


k=n 


together with the symbol 0 as zero. The symbol z is just a formal variable, 
but these expressions are added and multiplied like any power series. It is 
easy to see that F,((z)) is a field with 1 = 77°, 60,42" as its multiplicative 
identity. We consider F, as a subfield by means of the mapping 


\o.@) 
arral=)_ abo,.z* Vac By. 
k=0 


Similarly, the ring F,[z] of polynomials over F, can be considered as the 
subring of finitely non-zero formal power series with n > 0. Since F,((z)) 
is a field including the ring F,[z], it also includes the rational function field 


F, (z) = he : p(z),a(z) € Fylzl; a(2) z0| 


in one variable over F,, called a Galois function fteld. 
We define a multiplicative valuation on F,((z)) by 


\f(z)la=q-” where f(z) is the element in (1) and |0|, = 0. 


On the function field F,(z), this restricts to the z-adic valuation 


P(z) =q’ where 


Plz) _ iM) 
q(2)|, 


q(z) 8(z) 
p(z),q(2),r(z), 8(z) € Fy[z]; r(0) # 0, s(0) £0. 


For the proof that the field of formal power series F,((z)) is a totally 
disconnected, locally compact field and is the completion of the function 
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field F, (z) with respect to the z-adic valuation, one may consult e.g., Seth 
Warner [1989], proof of Theorem 21.13. 

We could have defined a field of formal power series over an arbitrary 
field. However, the result is locally compact if and only if the base field is 
finite. 


12.3.6 The p-Adic Field Q, Let p = 2,3,5,7,11,... be an ordinary 
prime number in Z (which we are thinking of as the ring of integers in Q). 
The p-adic valuation on the field Q of rational numbers is given by 


fais = 0 if a=0 
p= p-* if a4#0 where k € Z is defined by 


nn, 
a = pie with n,m € Z prime to p. 


This valuation (or absolute value, or norm) gives rise to a metric 6,(a, 6) = 
|a—b|,. (The resulting notion of distance may seem odd when encountered 
for the first time. For instance, the sequence {n!}nen converges to zero 
in all p-adic valuations. Similarly, any element b that belongs to the open 
disc D = {x € Q: |z — al, < e€} is the center of D in the sense that 
D= {x €Q: |z — b|, < e}. Furthermore, D is closed as well as open.) 
These valuations are called non-Archimedean, since they fail to exhibit the 
Archimedean property in the following spectacular way: |n|p is at most 1 
for an integer n € Z while |a|, may be arbitrarily large for other rational 
numbers a. They satisfy a stronger form of the triangular law 


la + blp < max{lalp, |blp} < lalp + [lp Va,bEQ (2) 
and are multiplicative 
|ab|, = lalpldlp Va,bEQ (3) 


The field of p-adic numbers Q, is the completion of Q with respect to the 
norm |-|,. Under addition, Q, is a totally disconnected, locally compact 
group. Since multiplication is jointly continuous and inversion is a homeo- 
morphism, Q, is a locally compact field. 

The closure of Z in Q, is called the ring of p-adic integers (introduced as 
an example of a pro-finite group in §12.1.27). It is the compact, open sub- 
ring consisting of all p-adic numbers a with valuation |a|, < 1 and is denoted 
by op. The ring o, has a single maximal ideal po, = {a € Q, : |alp < 1}, 
and all of the ideals in 0, are powers of po,. The ideal po, is the closure 
of the ideal pZ in Z C Q and the homomorphism 6,: Z/pZ — Z, onto the 
p-element field extends by continuity to a homomorphism 0,:0,/po, > Zp. 

There is a standard model for the p-adic field Q,. Let Q, be the collec- 
tion of all functions @:Z — {0,1,...,p— 1} that are identically zero for all 
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n € Z less than some k = k(@) € Z, which depends on a. The identically 
zero function 0 corresponds to 0 € Q,. Let a € Q, be non-zero, and let 
k € Z satisfy a(k) 4 0 but a(n) = 0 for n < k. Consider the series 


a= 3 a(n)p”. (4) 


The partial sums are rational numbers of the form mp*, where m is an 
integer prime to p and k € Z may be positive or negative. Since the n + Ist 
partial sum differs from the nth by a multiple of p"*!, the sequence of these 
partial sums is a Cauchy sequence in the p-adic valuation on Q. Denoting 
the sum in Q, of this series by a, we see |a|, = p-*. 

In order to see that every element in Q, has the form (4) for some 
ae Q,, we will construct @ for any non-zero a € Q,. It is easy to check 
that all values of | -|, on Q, are powers of p, so we assume |a|, = p~*. Set 
a(n) = 0 for all n < k. Define G(k) to be the the unique integer in N, = 
{0,1,2,...,p—1} satisfying |p~-*a—a(k)|, < 1. For each m > k, define @(m) 
to be unique integer in N, satisfying |p~™(a— yar a(n)p") —a(m)|p < 1. 
The reader should check that these two constructions are inverse to each 
other. It is also easy to see that (2) and (3) hold in Q,. Hence 


{a:|alp<p"} neEeZ 


is a neighborhood base at zero consisting of compact, open, additive sub- 
groups and 
{1-a: lal, <p "} née NN 


is a neighborhood base at 1 consisting of compact, open, multiplicative 
subgroups. 

One can easily learn to add and multiply p-adic numbers using these 
expressions. The computations are similar to the familiar ones with dec- 
imals except that carrying goes backwards—towards higher powers of p 
that have smaller valuation. Notice that the only rational numbers that 
can be expressed as partial sums of (4) are positive with denominators of 
the form p” for n = 0,1,2,..... The other rational numbers are repre- 
sented by non-terminating expressions. (For instance, —1 is )\7>_, 2" and 
1/8=14+ 07%, 27"t' in @.) 

For a quarter-century Kurt Wilhelm Sebastian Hensel (1861-1941) strug- 
gled to invent the p-adic numbers, before any of the tools that would make 
the subject easy were available. He recorded two major milestones in [1904] 
and [1913]. In the latter year, Jozsef Kiirschak [1913] showed how to iden- 
tify Q, as the completion of Q in the p-adic valuation. However, it was 
nearly two more decades before van Dantzig [1931] began to incorporate 
p-adic fields into the fabric of mathematics. 
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Various versions of Hensel’s lemma (cf., e.g. Narkiewicz [1990], Theo- 
rem 5.3) make it very easy to find roots in 0, for polynomials with coeff- 
cients in op. For instance, ae a(n)p" with a(0) # 0 is always invertible 
in op. If p # 2, the expression (4) is the square of a p-adic integer if and 
only if a(0) is a square when considered as an element of Z>. 


12.3.7 Haar Measure on Q, We need to describe Haar measure on both 
the additive group of Q, and also on the multiplicative group Q} = Q, \ {0}. 
Since 0, is a compact, open subgroup of (Q,, +), it has finite non-zero Haar 
measure A. We naturally normalize Haar measure so that A(op) = 1. By 
countable additivity, Haar measure on op induces a unique left-invariant 
measure on Q,. We use the model of the p-adic numbers introduced above 
to define Haar measure on 0,. The elements of 6, are represented by series 
>, <9 a(n)p” with a(n) € {0,1,2,...,p — 1} for n € N°. By translation 
invariance, the set {a € o,: (0) ESC {0,1,2,...,p—1} } must have 
Haar measure card(S)/p. A similar result holds for a restriction on a(n) 
for any other n € N°. If S, C {0,1,2,...,p— 1} for each n € N°, we note 
that 


A({a € 0p : a(n) € S, for all n € N’}) 


_ ll card(S;, ) Sas Ty Sarasa card( Sn) 


yy N-0o 


n=0 n=0 
The Stone—Weierstrass theorem shows that linear combinations of charac- 
teristic functions of sets of this type (with S, = {0,1,...,p—1} for all but 
finitely many n € N°) are dense among all bounded, continuous, complex- 
valued functions on 0,. Thus Haar measure on 0, is just the product of 
normalized counting measure applied to @(n) for each n € N°. (For prod- 
ucts of an infinite family of measures, see, e.g., Hewitt and Ross [1963], 


(13.15)-(13.22).) Notice that this additive Haar measure satisfies 
/ f(u)dX(uv) = lp | f(u)dX(u) Vuéo,; f € L'(A). 
Op Op 


This equation is the key to the definition of Haar measure on Q, and on 
Q. Haar measure on (Q,, +) is given by: 


A(S) = lim p"A\(opNp"S), (5) 

n—>0O 
where this expression is defined for all S C Q, for which A(o,N p”S) is 
defined for each n where A is the Haar measure on 0, already defined. The 


sequence is non-decreasing and thus always has a limit when oo is admitted 
as a value. The Haar functional on (Q,-) is given by 


A(f) = L flu)|ulstaa(u) Vf © Coo(Q2). (6) 
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12.3.8 The Character Group Q, of Q, Before showing that Q, can 
be identified with its character group (cf. Section 3.6 in Volume I) or dual 
group Q, and giving the explicit Fourier Inversion Theorem, let us review 
the situation for R and C. In the present context, these two fields are 
regarded as the completion of Q, or some finite algebraic extension of Q, 
with regard to an Archimedean valuation defined by an infinite prime. 

We identify the additive group R with its dual group R by the following 
procedure. For each s € R, define y,: RR — T by 


y(t) =e" = VtER 


Then the map s +} x, is a homeomorphic group isomorphism of R onto R. 
Furthermore, ordinary Lebesgue measure 4 on R is the Haar measure such 
that continuous functions f € L'(R) satisfy 


f(t) = [ f(e)xe(-t)dX(s) where f(s) = [ f(t)xa(t)dA(t) 


if f also belongs to L'(R). 
We identify the additive group C with its dual group C by defining 
Xa:C — T for each a € C by 


Xa(B) =e72™*Re(08) WV BEC. 


Then ordinary two-dimensional Lebesgue measure on C satisfies 
(8) = [ fla)xa(-B)aX(a) where f(a) = | #(8)xa(B)aN6) 
Cc Cc 


for continuous f € L'(C) if f also belongs to L(C). 

It turns out that we can imitate these two cases perfectly by the fol- 
lowing procedure based upon the model for Q, given above. The fractional 
part of a p-adic number a € Q, is given by 


meat | 


(a)= S > a(n)p”. 


n=—Cco 


(Notice that this is just the p-adic fractional part of a. For instance, (1/3) = 
0 in Q, for any p # 3.) Define 


Xa(b) = e?7#2b) Va,b€eQ. 


Then a ++ xq is a homeomorphic group isomorphism of the additive group | 
Q, onto its dual group Q,. The Fourier inversion formula for our choice of 
Haar measure is particularly simple. 
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Inversion Theorem [f f is a continuous function in L}(Q,) with Fourter 
transform 


f(b) = [ fla)xs(a)"dX(a)  VbEQ, 


which also belongs to L1(Q,), then 


f(a) = [ f(b)xa(—b)*dX(b) Va EQ. 


For further details and a proof we recommend the excellent book by 
Narkiewicz [1990], which treats the generalization we introduce below. 


12.3.9 Multiplicative Valuations on Q We briefly consider the col- 
lection of all multiplicative valuations on Q. A multiplicative valuation on 
Q is a map |-|:Q— R, that is multiplicative and subadditive and satisfies 
|a| = O if and only if a = 0. In addition to the p-adic valuations, there is the 
ordinary absolute value that we will denote by |-|.. in this context. It can 
be shown that any valuation on Q is equivalent (in the sense that it induces 
the same topology) to one of these. Let 8 be the set {o0, 2,3, 5,7,...} ex- 
tended over all positive primes in Z. Thus {|- |p : p € %} is a set of one 
valuation on Q in each equivalence class. Now let a € Q \ {0} be arbi- 
trary. We can write a = tp{'p>? ---p?™, where pi, p2,...,Pm are distinct 
primes in Z and nj,72,...,N%m are non-zero positive or negative integers. 
If a = +1, then m = 0 and all of our valuations have the value 1 at a. If 
a # +1, only m +1 of our infinite set of valuations give a value different 
from 1 at a. Hence the infinite product 


[J le =1 VaeQ\ {0} (7) 


pep 


is meaningful and has the indicated value since |@|o. = pi’ py? +-- prim and 
|alp. = Pp, * for k = 1,2,...,m. This equation is called the product for- 
mula, cf. Artin and Whaples [1945]. 

For later reference we want to discuss ideals in Z and fractional ideals 
in Q The prime ideals (Definition 4.1.7 in Volume I) in Z are exactly the 
ideals of the form pZ for a prime integer p. Then p"Z is the nth power of 
the prime ideal pZ if n € N. Consider the case where the exponent n in the 
above expression is negative. Then p”Z is larger than Z, but it behaves like 
an ideal in that the product of an element in p"Z and an arbitrary integer 
in Z is always in p"Z again. We shall not bother to give a definition but 
will call p"Z a fractional ideal in (Q, Z) for any n € Z. Thus |a|, equals p-” 
for a € Q and n € Z if and only if a € p"Z \ p"*'!Z. This explains how we 
will define valuations on algebraic number fields where unique factorization 
of integers may not hold. 
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Any non-discrete, locally compact field of characteristic zero is either R 
or C (if it is connected) or a finite algebraic extension L of Q, for some p. 
Conversely, any such extension L is a complete non-Archimedean, metric, 
locally compact field under the valuation that extends |-|,. Hence L is 
a non-discrete, totally disconnected, locally compact field. Later, we will 
describe another way to consider L as the completion of a finite algebraic 
extension K of Q under a valuation |- |, on K related to |-|, on Q The 
valuation | -|, depends on the choice of a prime ideal factor p of pox in the 
ring of integers ox of K. 


12.3.10 Galois Function Fields The second class of examples of locally 
compact fields begins again with the choice of a prime p in Z. Let Z, be 
the p element field Z/pZ. Consider the rational function field Z,(z) of all 
rational functions R(z)/S(z) where R(z) and S(z) are polynomials with 
coefficients from Z,. This is just the extension field of Z, by the single 
transcendental element z. These fields have non-Archimedean valuations 
defined by choosing an irreducible polynomial P(z) (the analogue of the 
prime p in the case of algebraic number fields) with degree dp and defining 


eee ) if a=0 
P™ "7 poke if a0 where k € Z is defined by 
, R(z) : 
a = P(z) Siz) (2) where R(z) and S(z) are polynomials prime to P(z). 


We also need one more valuation |-|., which is zero at zero and has the 
value p?®~-45 at R(z)/S(z), where dg and dg are the degrees of R(z) and 
S(z), respectively. Again, we define $B to be the set consisting of oo and 
all of the irreducible monic polynomials in Z,(z). The same argument as 
before shows that the product formula (7) makes sense and is true. 

The completion Z,(z)p of Z,(z) with respect to one of these valuations 
|:|p is a totally disconnected, locally compact field of characteristic p. Finite 
algebraic extensions L of these complete fields are also totally disconnected, 
locally compact fields under a valuation on L related to a factor of the 
polynomial P(z) over L. Any locally compact field of characteristic p > 0 
is one of these finite algebraic extensions of the completion of Z,(z) under 
one of the indicated valuations. The complete field may be realized as a 
field of formal power series. 


12.3.11 Alternative Approach to Locally Compact Fields 


Definition A global field is either an 
algebraic number field, i.e., a finite algebraic extension of the rational 
field Q, ora 
Galois function field, i.e., a function field in one variable (a 
transcendental extension by a single element) over a finite field. 
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Emil Artin and George Whaples [1945] characterized these fields as 
those fields satisfying the product formula (7) for all valuations (Axiom 1) 
and having at least one valuation of a certain type (Axiom 2a). They are 
exactly the fields for which class field theory holds. 

Let K be an algebraic number field. There are many ways to introduce 
the ring of integers 0x of K, but perhaps the easiest is to say that it consists 
of the roots in K of monic polynomial equations with coefficients from Z. 
It is not always true that ox has unique factorization into prime elements, 
but it is always true that unique factorization holds among the prime ideals 
of ox. This means that any ideal of ox can be written in a unique way 
as the product of finite positive powers of finitely many prime ideals (cf. 
Definition 4.1.7 and the historical remarks on page 6 in Volume I). Here is 
an easy example of non-unique factorization of elements. If K is Q(/—5) = 
{p+qV/—5 : p,q € Q}, then ox equals {n+m/—5: n,m € Z}. It is easy to 
check that 2,3, 1++/—5 and 1—./—5 belong to ox and none can be factored 
in ox. Nevertheless, 6 equals both 2-3 and (1+ /—5)(1— /—5). The four 
prime ideals 20K +(1+/—5)ox, 20n+(1—-V—5)ox, 30n+(1+V—5)oK and 
30% +(1—/—5)ox restore unique factorization in this particular example. 

Let K be an algebraic number field of degree n over Q. Let p be a 
prime in Z. Then the principal ideal pox factors into one or more prime 
ideals p in ox each of which satisfies pn Z = pZ. Just as Z/pZ is the p 
element finite field Zp, 0x /p is the unique finite field with p* elements for 
some 1 < k < n. For the substantial theory governing this factorization 
into prime ideals and their ramification, see any book on algebraic number 
theory such as Wladystaw Narkiewicz [1990]. 

A theory of “fractional ideals” allows valuations to be defined just as in 
the case of Q and Z relative to each of these prime ideals p. If p is an ideal in 
ox, then p~™ is the additive subgroup of K consisting of those elements a 
for which there are non-zero 7), p2,-..-,;Dm € p so that ap, pe ---Pm belongs 
to ox \{0}. In order to make the product rule hold, we define |a|, to be p-™* 
when a belongs to p™ \ p™*! for m € Z. These are the non-Archimedean 
valuations on K relative to the finite primes p. The completion of K with 
respect to the valuation | - |, is called the p-adic (pronounced “pay-adic” ) 
field and denoted by K,. The closure of ox in Ky is the ring of p-adic 
integers 0p = {a € Ky: |alp < 1}, and it has a unique maximal ideal 
pp = {a € Ky: |alp < 1}. Hensel’s lemma (Narkiewicz [1990], Theorem 
5.3) holds in this wider setting, making it easy to solve algebraic equations. 

Our construction of Haar measure on op, Q, and 05 extends easily to the 
present situation. In order to simplify the inversion formula in harmonic 
analysis, it is convenient to normalize Haar measure on Ky, by requiring 
that the measure of the compact, open subgroup 0, be N(d)~!/? where 0 
is the different of K, over Q and N is the norm (cf. Narkiewicz [1990], 
pp. 157, 45, 248). The actual Haar measure on oy is defined in terms of 
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the product of counting measure of residues modulo pp, p, etc. just as it 
was on 0,. The extension of this measure to Ky, is also the same except 
that p* is now the number of possible residues mod py; so one must use p™ 
in place of p”. The same shift is necessary in defining the Haar functional 
on K;. Thus, essentially all we said about p-adic fields extends to p-adic 
fields. 

If the field K has degree n over Q, then there are n embeddings of 
K into C. Each of these embeddings defines an Archimedean valuation 
by simply applying the absolute value on C to each embedded element. 
These valuations are said to correspond to infinite primes. When all of 
the valuations at the finite and infinite primes are included, a product rule 
similar to (7) holds. There is a slight complication. Each embedding of K 
into C with image not included in R has a conjugate embedding that gives 
rise to the same Archimedean valuation. Hence, these valuations need to 
be squared in the product formula. 

The construction starting from a finite algebraic extension field K over 
Z(z) and extending a valuation | -|, from Z,(z) to |- |, on K is quite 
analogous. The local field Z is the completion of K in this valuation. We 
mention only one complication. In order to avoid non-separable extensions, 
one must sometimes make a judicious shift of the transcendental element 
over Zg. 


Definition A local field L is the completion of a global field K with 
respect to a non-Archimedean valuation |- |, arising from a finite prime p. 


The most striking fact about a local field ZL with valuation | - | is that 
it has a valuation ring 0, = {a € L: |a| < 1} with a unique maximal ideal 
pr = {a € L: |a| < 1}, so that o,/pz is a finite field. The powers p?” for 
m = 0,1,2,...of pz are compact, open neighborhoods of 0 for the topology 
of L and they are, of course, subgroups in the additive group of L. 

The character group (cf. Section 3.6 in Volume I) or dual group L of 
the additive group L of a local field is L itself. This extends the standard 
construction of R ~ R, C ~ C and Q = Q described in §12.3.8 above. 
This duality is implemented in the following way. L is a finite, separable, 
algebraic extension of k = Q, in the characteristic zero case or of k = Z,(z)» 
in the characteristic g > 0 case. The trace Tr(a) relative to k of an element 
a € L is the sum of all of the other elements in DL that are roots of the 
same irreducible polynomial in k[z]. This trace belongs to k. In fact, it is 
the negative of the coefficient of z”~! in the nth degree irreducible (monic) 
minimal polynomial in k[z] of a. In characteristic 0, the quotient group 
of the additive group k = Q, with respect to the additive subgroup 0, 
of p-adic integers can be identified (via the model described above) with 
Z(5]/Z Cc Q/Z. Hence 


Xa(b) = e2tiTr(ab) a, be L 
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defines a homeomorphic group isomorphism a 4+ yx, of L onto L. The 
positive characteristic case is again similar, but we give no details. 

Here are some references for further information on algebraic number 
theory, global fields and local fields: John William Scott Cassels [1986], 
Cassels and A. Frohlich, editors [1967], Lang [1970], Narkiewicz [1990], and 
Edwin Weiss [1963]. 

We now give a more detailed version of the theorem in §12.3.4 above. 


12.3.12 Theorem 
(a) The only connected, locally compact division rings are the real field 
R, the complez field C and the quaternion algebra HL. 
(a,) These three rings may be considered as the completion of, 
respectively, the rational field Q, the Gauss field Q(i), and the 
rational quaternion algebra 


A(Q ={rt+iy+jztkw:z,y,z,w € Q} 


in their usual norms. Alternatively, the usual norms on 
these non-locally compact algebras may be regarded as arising 
from the topologies induced by the Braconnier modular 
functions of multiplication acting on the additive groups of 
these completions. 

(ag) The latter two are, respectively, an algebraic extension of R 
of dimension 2 with Galois group isomorphic to Zz and a 
(non-commutative) algebraic extension of R of dimension 4 
with Galois group isomorphic to Z3. 

(b) A locally compact division ring that is not connected is totally 
disconnected. 

(c) A non-discrete, totally disconnected, locally compact division ring 
is a finite extension over its center, which is a non-discrete, totally 
disconnected, locally compact field. 

(d) Each non-discrete, totally disconnected, locally compact field is 
a local field that is the completion of a global field in a suitable 
non-Archimedean valuation. Alternatively, it is a finite algebraic 
extension of a local field that may be chosen as Q, for a rational 
prime p or as Z,(z)p for a finite or infinite prime P in Z,|z]. 

(e) A characteristic zero, non-discrete, totally disconnected, locally 
compact field can be constructed by either of the following two 
equivalent procedures. 

(e,) The completion of an algebraic number field K in some p-adic 
valuation where p is a prime ideal in the ring of integers ox 
of K. (These fields may carry more than one infinite 
valuation with completions R or C.) 

(e2) A finite algebraic extension of the p-adic field Q, for some 
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prime pe Z. 

(f) A characteristic p, non-discrete, totally disconnected, locally 
compact field can be constructed by etther of the following two 
equivalent procedures. 

(f1) The completion of Z,(z) for q = p™ for some positive integer 
m. in either the valuation |-|p arising from an irreducible 
polynomial in Z,|z] or in the valuation |-|.. arising from 
the degree of polynomials (the infinite prime). 

(f2) A finite algebraic extension of Z,(z)p for P either some 
irreducible polynomial P € Z,|z] or for the infinite valuation 
|-|o0 arising from the infinite prime. 


12.3.13 Groups over Local Fields If L is any local field (a non- 
discrete, totally disconnected, locally compact field), then GL(n, L) is the 
collection of all invertible n x n-matrices over L. It is obviously a totally 
disconnected, locally compact group with many interesting subgroups. This 
example makes contact with the theory of algebraic groups, which resem- 
bles the theory of Lie groups. An algebraic group is a group that is also 
an algebraic variety over a field k in which the group operations are reg- 
ular rational maps defined over k. If k is a local field, then the group is 
locally compact in an appropriate topology. For further information on this 
complicated topic, we refer the reader to two largely self-contained expo- 
sitions and their references: Hochschild [1981] and Tony Albert Springer 
[1981]. We return to these important examples in §12.3.33 and §12.3.34 
after introducing Willis theory, which provides a vehicle for studying arbi- 
trary, totally disconnected, locally compact groups in ways similar to those 
already known for these examples. 


12.3.14 Restricted Direct Products of Locally Compact Groups 
Let G be an infinite family of locally compact groups. Let G., be a finite 
subset of G that will be called the exceptional subset. For each G € G \ Gee, 
let Kg C G be a compact, open subgroup. (Hence no G € G \ Ge, is 
connected unless Kg = G, in which case G is compact.) The restricted 
direct product of {(G, Kg): G € G} is the set of all cross sections u in the 
Cartesian product []~ G such that u(G) belongs to Kg for all but finitely 
many G € G\G.z. Let F be a finite subset of G that includes G,,. Then Ur 
denotes the subgroup of the restricted direct product [[¢(G, Kg) consisting 
of those cross sections with their values at G in Kg unless G belongs to 
F. Notice that each element of [Ig(G, Ke) belongs to some Uz. The 
topology of [[,(G, Kg) is the weakest group topology making Uy open in 
[I¢(G, Ke) with its original topology for each F. This gives Us its product 
topology. Since G is an infinite family, []g(G, K@) is a small closed, locally. 
compact subgroup of [|g G with a finer topology even though the larger 
product is not necessarily locally compact. This product, also called the 
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local product of G with respect to the subgroups Kg, was introduced by 
Braconnier [1948] in the case where Kg is a normal subgroup. See Hewitt 
and Ross [1963], (6.16) and Narkiewicz [1990], Appendix I, 6 and 7 for more 
details, and §12.3.15 below for our principal examples. 

We wish to define the Haar functional on the restricted direct product. 
Choose a Haar measure ’g on each G € G so that Ag(Ke) = 1 for all 
GEG\Ger. Any function f € Coo([[g(G, Ke)) has its support in one of 
the subgroups Us defined in the last paragraph. Then A(f) = [ y, fdAs is 
independent of the choice of the finite set F satisfying this condition where 
Ag is the product Haar measure on Ur. This defines the Haar functional 
on the restricted direct product. It depends on the choice of the Haar 
measures on each group in Gez, but is otherwise unique. Narkiewicz [1990], 
Appendix I, 6 and 7 gives details. 

Suppose all of the groups in {(G, Kg) : G € G} are abelian, as will be 
the case in our examples. For each G € G, let G be the character group of G. 
For each G € G \ Gez, let Hg be the open subgroup of characters in G that 
vanish on Kg. Recall that Hg can be identified with the compact character 
group of the discrete quotient G/Kg. The character group of [|¢(G, Ka) 
is the restricted direct product TI, (G, Hg). Indeed, if x € [I¢(G, Ha) 
and u € [[¢(G, Ka), then J] xG(ua) is defined since all but finitely many 
factors are 1, and this simple formula implements the duality. The original 
reference for this discussion is Horst Leptin [1955]. Narkiewicz [1990] or 
Hewitt and Ross [1963], (23.33) give further details. 


12.3.15 Adeles and Ideles of Algebraic Number Fields Let K be 
an algebraic number field. (All of what we say covers an arbitrary global 
field with only small changes.) Let $8 be the set of all finite and infinite 
primes as described above. We denote the set of finite primes by $85 and 
the set of infinite primes by 2.2. For each p € P we let ( Ky / Ky ) be 
the ( additive / multiplicative ) group of the completion of AK with respect 
to |-|p. Furthermore, for each finite prime, let ( 0, / up ) be the subgroup 
of { integers / units ) in ( K, / Kj ). For the infinite primes, we use 
( Kp / Kj ) as both the group and the subgroup. The restricted direct 
product (§12.3.14) of ( K, / K} ) with respect to ( 0, / uy ) is called the 


( adele ring Ax = [| (4p: >») / idele group Ix = [] (43. ») ) 
pep pep 


of K. The infinite primes represent the exceptional set in this restricted 
direct product. Thus an ( adele / idele ) is just a function defined on % 
with its value in ( Ky / Ky ) at p € 8 and almost always in ( op / Up ). 
The ring structure of the factors induces a ring structure on Ax. Notice 
that an idele is just an invertible adele, but the topology of Ix is not the 
relative topology as a subset of Ax. Multiplication by an idele defines a 
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homeomorphic automorphism of Ax. The topology of [x agrees with the 
topology of HAut(Ax). The locally compact abelian groups Ax and Ix 
contain an enormous amount of information about K in an accessible form. 

Ideles that belong to the open subgroup Ux = [cn Kp x [pemp, Up 
are called unit ideles. The { field K / group K® ) has an obvious embedding 
into ( Ax / Ix ) and the image is denoted by ( Ax, / Ix, ) and called 
the ( ring / group ) of principal ( adeles / ideles ). Both Ax, and Ix, 
are discrete in their relative topology. The quotient group ( AxK/Ak, / 
Ix /Ik, ) is called the ( adele / idele ) class group. The adele class group is 
compact. The idele class group is not compact, but all of its open subgroups 
are of finite index, so its discrete continuous images are finite groups. 

For any idele u, we can define a fractional ideal 


au) = [J e™, 


pEPo 


where m = mz is defined by u(p) belonging to p™\ pp't’, so that |u(p)|p = 


p-™* with p* = card(op/p,). This gives a short exact sequence where I(K) 
is the group of all fractional ideals of K with respect to ox: 


{e} — UK — Ik ay I(K) aac 4 {e}. 


Call Ipn(K) = {aox : a € K} the group of principal fractional ideals in 
kK. Then the ideal class group I(K)/Ip(K) is naturally isomorphic to 
Ix /IK,UK. The volume of an idele u is given by 


V(u)=[] up Vue rx. 
pexp 


The subgroup of ideles with volume 1 is denoted by Jx. Because of the 
product formula, each principal idele belongs to Jx. The quotient group 
Jk /IKx, is compact. 

Class field theory shows deep connections between these quotient groups 
and Galois groups of extensions of K. John Tate’s thesis (Princeton, 1950) 
was finally published as Chapter XV of Cassels and Frohlich [1967]. It 
uses standard methods of commutative harmonic analysis applied to Ax 
and I, to derive results connecting class field theory with the deep ana- 
lytic properties of Hecke ¢-functions and L-series. The present author first 
learned harmonic analysis by reading this thesis and hopes that this brief 
introduction will induce more analysts to pursue this interesting area. 


Willis Theory: Tidy Subgroups and the Scale Function 


The foregoing examples show that there are many interesting totally 
disconnected, locally compact groups. We now describe a recent theory 
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due to George A. Willis [1994], [2000c] that gives a whole new level of 
insight into the structure and classification of such groups. Some results of 
the theory can be derived from the positive integer-valued scale functions. 
If H is a subgroup of finite index in G, we use [G : H] to represent the 
index of H in G, i.e. the number of distinct left cosets of H in G. 


12.3.16 Definition Let G be a totally disconnected, locally compact 
group with homeomorphic automorphism group HAut(G). The scale func- 
tion 8g: HAut(G) > N on HAut(G) is defined for all a € HAut(G) by 


§g(a) = min{ [a(K) :a(K)NK]: K acompact, open subgroup of G }. 


A compact, open subgroup K of G is said to be minimum for a if this 
minimum is attained for K. 

The scale function sg:G > N onG is defined for any u € G by sg(u) = 
8g¢(ay,), where, as usual, a, is the inner automorphism defined by a,,(v) = 
uvu! for all v € G. A compact, open subgroup K of G is said to be 
minimum for u if K is minimum for a,. When the group G is obvious, we 
usually write § and s in place of 8g and sg. 


Theorem 12.3.1 shows that any totally disconnected, locally compact 
group has compact, open subgroups. Since a(K) NM K is open and a(K) is 
compact, [a(K) : a( kK) K] is always a finite positive integer. Hence the 
minimum surely exists, so minimum subgroups exist and the scale function 
is well defined with range in N. Theorem 12.3.20 will allow us to replace 
the concept of a minimum subgroup by that of a tidy subgroup, which will 
have many advantages. 

For a totally disconnected, locally compact group G and a € HAut(G), 
consider the semidirect product H = G x, Z with the product topology 
and multiplication given by 


(u,m)(v,n) = (ua™(v),m+n) Vu,v€G; m,ne€ Z, 


so n(n) = a” for all n € Z. Clearly H is a totally disconnected, locally 
compact group. It is also easy to see that K x {0} is minimum for (e, 1) 
if and only if K is minimum for a. We conclude sy((e,1)) = §¢(a). This 
observation has the nice consequence that, just as the scale function s on G 
is a special case of the scale function 3 on HAut(G), the scale function 5(a) 
can be calculated in terms of the scale function s on the locally compact 
group G x, Z defined above. 
Note that ( s / 8 ) is identically equal to 1 if G has a compact, open 
( normal / fully invariant ) subgroup. Hence this is true if G is ( discrete, 
compact or abelian / discrete or compact ). 
The scale functions s and § are closely related to the modular func- 
tion and Braconnier modular function, respectively, on any totally discon- 
nected locally compact group. On such a group, both modular functions 
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are rational-valued and the integer-valued scale functions give the “proper” 
numerators and denominators for them. We explain this connection next, 
concentrating on the Braconnier modular function. 

Theorem 12.1.12(c) shows that for any locally compact group G the Bra- 
connier modular function A: HAut(G) > R§. is continuous from HAut(G) 
to R{.. If G is totally disconnected as well as locally compact, we are about 
to show that the range of the Braconnier modular function is included in 
QN R{, so it would be nice to know that A is continuous with respect 
to the discrete topology on QM R{.. This is the same as saying that A is 
locally constant. We give a proof that also shows that A(q) is rational for 
all a EHAut(G). 

Let K be an arbitrary compact open subgroup of the locally compact, 
totally disconnected group (cf. Theorem 12.3.1(c)), and let a be an arbi- 
trary homeomorphic automorphism of G. Since K and a(K) are compact 
and a(K) K is open, [K : a(K)1 K] and [a(K),a(K) 1 K] are both 
(finite) integers satisfying 


x [K :a(Kk)N Kk] 
A(a) = ————_————.. 
(0) = Fa(K) : a(K) OK] 

(For later use, note that since a! is an automorphism, this can be rewritten 
as 

—1 | 

Kove la" (K) :a* (K) NK] 
[a(K) :a( kK) K] 


If K is minimal for a, it is minimal for a~! by Corollary 12.3.21(b), so we 
can also write this fraction as 

x §(a~") 
proving that the scale function gives a numerator and denominator for the 
Braconnier modular function.) 

Now consider the basic open set W = W(Ka(K),K Na(K)) for the 
Braconnier topology. If 8 belongs to this set, both @ and B~! send u € K 
into (K Na(K))u C K and v € a(K) into (K Na(K))v C a(K). Thus 
we have 8(K) C K, B-'(K) C K, Ba(K) C a(K) and B~'a(K) C a(K). 
Applying @ to the second and fourth inclusions gives K C B(K) anda(K) C 
Ba(K). Hence 8 € W implies 6(K) = K and B(a(K)) = a(K). Thus for 
any Ba in the neighborhood Wa of a we have 


A(ga) = [K:Ba(kK)N Kk] _ [K :a(K)NK] 
— [Bal K): Ba(K)N K]  [Ba(K) : Ba(K) 9 B(K)I 
= _[K:0(K)QK] = A(a) 


[a(K) :a( kK) NK] 
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proving local constancy. 

Unfortunately, we have been unable to prove that the scale function § on 
HAut(G) is itself locally constant and thus continuous. The problem seems 
to be in proving that a minimal subgroup for a particular automorphism is 
minimal for all automorphisms in a suitable neighborhood. 

Before we go into a discussion of how the deeper results are obtained, we 
record the above results formally and give some other interesting properties 
of the scale functions. In the next result, we need Theorem 12.3.20 below 
to prove (b) and (f). Its simple Corollary 12.3.21 proves the rest of the 
following theorem. 


12.3.17 Theorem LetG be a totally disconnected, locally compact group. 

(a) Its scale function ( 8 / s ) is invariant under ( inner 
automorphisms of HAut(G) / homeomorphic automorphisms of G ). 

(b) Its scale function s on G is locally constant, and hence continuous. 
In fact, if K ts minimum for v € G, then it is minimum for any 
u€ KvK and the scale function satisfies s(u) = s(v). 

(b) The Braconnier modular function is also locally constant satisfying 
A(B) =1 for any 8 € W(K, K) and A(Ba) = A(a) for any 
a € HAut(G) and any B € W(Ka(K),K Na(K)), where K is an 
arbitrary compact open subgroup in both cases. 

(c) An element (a € HAut(G) / veG ) satisfies 
( 3(a) = Sa!) = 1 / 8(v) = s(v-!) = 1) if and only if 
there is some compact, open subgroup K satisfying 
(K=a(K)/K=vKv"' ). 

(d) Any element (a € HAut(G) /veéG ) satisfies 
( sa") = 5(a)” / s(u") = s(v)” ) for alln EN. 

(e) Any element (a € HAut(G) /veEG ) satisfies 
( A(a) = 3(a~")3(a)~? / ( Aw) = (v7) s(v)* ), 
where A is the ( Braconnier modular / modular ) function. 

(f) If G ts compactly generated, then there is a finite set of primes 
such that for every u € G the scale function s(u) is a product of 
only these primes. 


Proof The Braconnier topology on HAut(G) and the Braconnier modular 
function were defined in §12.1.12. 

(a): They are both intrinsically defined. 

(b): If K minimum for v € G and u € KvK, we find k,j € K sat- 
isfying u = kvj. Then a,y(K) = axg(a,(K)), so fay(K) : au(K) NK] = 
[ap (Qy(K)) : ag(ay(K) ON K)| = [a,(K) : ay(k) 9K). Again, we need 
Theorem 12.3.20 to see that K is actually minimum for u. 

(b) and (e): We proved these before stating the theorem. Note that (e) 
disagrees with Willis [1994], [2000c] since he defines the modular function 
to be the inverse of our modular function. 
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Corollary 12.3.21(b) below asserts that if K is minimum for ( a € 
HAut(G) / v € G ), then it is minimum for ( a” / v” ) for any n € Z. 
We used this in the proof of (e) and now use it to prove (c) and (d). It is 
obviously enough to consider the case of 8: HAut(G) > N. 

(c): If K is a compact, open group satisfying ( K = a(K) / K = 
vKv—' ), it is clearly minimum and also satisfies ( §(a) = 5(a~!) = 1 / 
s(v) = s(v-')=1). 

If K is minimum for both a and a~}, which satisfy §(a) = §(a~') = 1, 
then a(K) C K and a~!(K) C K. Applying a to the second inclusion and 
comparing with the first gives the desired result. 

(d): Let K be minimum for both a and a” by Corollary 12.3.21(b). 


Since a* is an automorphism for all k € N, Theorem 12.3.20(a) shows 
S(a") = [a" (Ky): Ky] = 
= fa"(K,):a"(K,)] fo" (Ky) a 2K} [a(K 4) Ky] 
= §8(a)” 
for any n EN. 


(f): This is the main result of Willis [2000b]. It depends on Theorem 
12.3.20 and its Corollary 12.3.21(a). We will give a slightly stronger result 
in Theorem 12.3.23(g). oO 


We again postpone the long discussion that will supply the missing facts 
used in the above proof in order to note some immediate consequences. (For 
the ordinary modular function, at least (a) and (b) of the next corollary 
were known before the proof of Theorem 12.3.17.) Periodic elements were 
introduced in Definition 12.1.15 above. 


12.3.18 Corollary Let G be a totally disconnected, locally compact group. 

(a) The Braconnier modular function and modular function are 
rational-valued. 

(b) The kernel of the ( Braconnier modular / modular ) function 
is a clopen, ( normal / topologically fully invariant ) subgroup 
of countable index. 

(c) If(aé€ HAut(G) /veG) satisfies (a= 8" /v=w" ) for some 
(8 € HAut(G) /weEG ), then ( 3(a) / s(v) ) and 
( 3(a~1) / s(v—') ) are nth powers of integers. 

(d) An element ( a € HAut(G) /ve€G ) that has roots of arbitrarily 
high order satisfies ( 3(a) = 8(a~!) = 1 / s(v) = s(u"!) = 1) 
and ( leaves invariant / normalizes ) some compact, open subgroup. 

(e) The set Gp of periodic elements of G is closed. 

(f) An element {( a € HAut(G) / v€G ) that is either of finite order | 
or periodic satisfies ( 3(a) = 3(a~!) = 1 / s(v) = s(v-!) = 1 ) and 
( leaves invariant / normalizes ) some compact, open subgroup. 
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Proof When it is sufficient, we prove only the case for HAut(G). 

(a): This is obvious from (e) of the theorem and was also proved in the 
discussion before Theorem 12.3.17. 

(b): Conclusions (b) and (b) of Theorem 12.3.17 show that the ker- 
nels of the Braconnier modular function and modular function are clopen 
subgroups. Conclusion (a) above already shows that these subgroups have 
countable index and exhibit the invariance properties noted. 

(c): Condition (d) in the theorem shows 3(a) = 3(8)" and 3(a7~!) = 
5(B-*)”. 

(d): The last result shows that if a € HAut(G) has roots of arbitrarily 
high order, then 3(a) and 3(a~!) must be 1. Hence a leaves a compact, 
open subgroup invariant by (c) in the theorem. 

(e): Let (v) be the relatively compact subgroup generated by an arbi- 
trary periodic element v € G. The continuous scale function is bounded on 
(v). Since it also preserves powers, it must be identically equal to 1 on (v). 
Since v and v—! belong to (v), s(v) = s(v~') = 1 holds for all elements 
v EGP. 

Let w be an arbitrary element in the closure of Gp. By continuity of the 
scale function it also satisfies s(w) = s(w~!) = 1. By (a) of the theorem, w 
normalizes some compact, open subgroup K. There is a periodic element 
v in the neighborhood Kw of w. Obviously v € Kw also normalizes K. 
Hence K(v) is the group generated by K and v. Since K(v) is compact 
(Hewitt and Ross [1963], Theorem (4.4)) and includes (w), w is periodic, 
as we wished to show. 

(f): Elements of finite order are obviously periodic. In the proof of (e), 
we just showed that a periodic element v of G satisfies s(v) = s(v-') = 1 
and hence normalizes compact, open subgroup by (c) in the theorem. 

Since we do not know that § is continuous, we cannot just imitate this 
argument for periodic a € HAut(G). (I am indebted to Helge Glockner for 
the following argument.) Theorem 12.1.25(a) shows that if a is periodic 
and L is a compact open subgroup of G, then there will be a compact open 
neighborhood U of e € G that is invariant under the compact subgroup of 
HAut(G) generated by a. The closed group K generated by U is included 
in L and thus is compact. It is open since it has non-empty interior. Since 
it satisfies a(K) = K, 3(a) = §(a~) = 1. Oo 


12.3.19 Definition Let a be an element of HAut(G) where G is a totally 
disconnected, locally compact group. A compact, open subgroup K of G is 
said to be tidy for a if and only if it satisfies: 


(a) K=kK,K_=K_Ky, where 


Kk, = () a”’(K) and Co — A a” "(K); and 


n=—0 n=0 


1354 12: Locally Compact Groups and their *-Algebras 12.3.20 


(b) Kia, = U a” (Ky) and |; eee LJ a” "(K_) 
n=0 n=0 


are closed subgroups of G. 
A compact, open subgroup K of G is said to be tidy for v € G or tidy 
under conjugation by v if it is tidy for ay. 


Examples in §12.3.22 will explain the impressively detailed structure of 
tidy subgroups. 


12.3.20 Theorem Let G be a totally disconnected, locally compact group, 
a an element of HAut(G) and K a compact, open subgroup of G. 
(a) If K satisfies (a) of Definition 12.3.19 relative to a, then 8(a) 
divides 
[a(K) :a(K)NK] = [a(K,) : Ky]. 


(b) K is minimum for a if and only if it is tidy for a. 
These results apply to anyv € G by replacing a by ay. 


We will outline Willis’ proof after some discussion and a corollary. 

From now on, we cease using “minimum subgroup” and always use 
“tidy subgroup” in its place. Willis defined tidy subgroups and used them 
to define the scale function on G in [1994]. Only in [2000c] did he show 
that the scale function and tidy subgroups could be defined in terms of the 
minimum as described in Definition 12.3.16. 

Combining (a) and (b) of this theorem, we see that §(a) = [a(Ky) : K+] 
is independent of the choice of the tidy subgroup K. We have already 
shown that this numerical invariant codes a good bit of information about 
the totally disconnected, locally compact group G and its homeomorphic 
automorphism a. However, Willis has observed that there are cases where 
the action of a( K+) on the homogeneous space a(K,)/K4 does depend on 
the choice of tidy subgroup K. This more subtle algebraic invariant of G, 
a and K remains mysterious. Nevertheless, in [(2000b] Willis conjectures 
that for totally disconnected, locally compact groups that are compactly 
generated, only finitely many finite simple groups will appear among the 
factors of these finite permutation groups. If this can be proved, it seems 
to open the road for an extremely detailed classification and structural 
analysis of all such groups. Even presently known results give some hope 
for a classification of all compactly generated totally disconnected, locally 
compact groups. 

Notice that, if a € HAut(G) leaves some compact, open subgroup K 
invariant, then K is tidy for a since K = Ky = K_ = Kyy = K__. 
Similarly, if an element v normalizes some compact, open subgroup K, then 
that subgroup is tidy under conjugation by v. Notice also that Ki N K_ = ° 
Ne a” (K) is always compact and invariant under a. It need not be 


n=— oO 
open, and may easily reduce to {e}. 
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Theorem 12.3.20(a) is from Willis [2000c] and depends on the proof 
of (b). Theorem 12.3.20(b) is Theorem 1 of Willis [1994] as modified in 
[2000c]. We give an outline of Willis’ proof. Let G be a totally disconnected, 
locally compact group and a € HAut(G). He starts with an arbitrary 
compact, open subgroup H, guaranteed by van Dantzig’s result, Theorem 
12.3.1 above. By “tidying up” H in three steps, he creates a subgroup 
satisfying (a) and (b) of Definition 12.3.19 for a. Each step decreases or 
leaves [a(H) : a(H)/M H] fixed. The result of all three steps gives a group 
K satisfying Definition 12.3.19. If H did not already satisfy Definition 
12.3.19, then at least one step actually decreases the index, thus showing 
that minimum subgroups are exactly the same as tidy subgroups. 

Step 1 creates an open (hence closed and compact) subgroup V of H 
satisfying (a) of Definition 12.3.19. Theorem 12.3.23(a) below describes 
how this is done. Examples given below show that this subgroup need not 
satisfy (b). Step 2 shows that the group 


L={ueEG: a(u) € V for all but finitely many n € N} 


satisfies a(L) = L, is compact, and is included in V if and only if V already 
satisfies (b). If V does not satisfy (b), Step 3 shows that K = V’'L isa 
compact, open subgroup that is tidy for a, where 


V'={veV:uvu! belongs to VL for all u € L}. 


The first step (described in Theorem 12.3.23(a) below) shows that achiev- 
ing condition (a) of Definition 12.3.19 is easy. Unfortunately, achieving (b) 
requires delicately filling in additional gaps in the prospective tidy sub- 
group, as just described. 


12.3.21 Corollary Let G be a totally disconnected, locally compact group 
and let a belong to HAut(G)). 
(a) §(a) = gced{ [a(Ky) : K4]: K is a compact, open subgroup of G}. 
(b) If K is tidy for a, then K is tidy for a” for alln € Z, and the sets 
K,, K- Ki4, K_~ do not depend onne€N. 


Proof We need Theorem 12.3.23(a) and (e) in this proof, but the result 
seems to belong here. 

(a): For any compact, open subgroup there is a positive integer k such 
that K = nt_,a"(K) satisfies Definition 12.3.19(a). From the definition 
K, equals K,, so 3(a) divides [a(K,) : K,] = [a(K) : a(K) NK]. 

(b): If K is tidy for a, then it is also tidy for a~! since K, and K4 are 
just exchanged for K_ and K__ when a™! replaces a. Theorem 12.3.23(e) 
shows K, and K_ do not change when K is tidy for a and a is replaced 
by a” with n € N. This shows that K is still tidy for a”. O 
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12.3.22 Tidy and Un-Tidy Subgroups We give the simplest non- 
trivial cases of tidy subgroups with respect to conjugation by a group ele- 
ment. Let G be the group in Example 12.1.22. So F # {e} is a finite group 
and N is the totally disconnected, compact product group [[,F = F2, 
Notice that N inherits some properties from F’. For instance, N is abelian 
if F is. The elements of N are just arbitrary functions u:Z — F. The 
group G is the semidirect product N x, Z, where 


n(m)(u)(n) = um(n) = u(n — m) VuEeN; nme Z. 


Let v = (€,1) be the generator of Z in G = N x, Z. Since N is a 
compact, open, normal subgroup, it is tidy under conjugation by v or any 
other element of G. Thus s(u) = 1 for all u € G. We consider some other 
possibilities for K. 

Notice a?(u,m) = v"(u,m)uv_" = (un,m) for all u € N and n,m € Z, 
where un(p) = u(p—n) for all p € Z. For any m € Z, define closed 
subgroups 

Nm = {uE N:u(n) =e for n< mb}, 


mN = {ue N:u(n) =e for n> mb}, 


so that u°-Nmnv”? = Nryn and uv" 7Nvu7-”" = minN hold for all n,m € Z. 
We also need the subgroups 


CO oO co 
Ne = U N_»= U Nn = U v "Nov™ and 
nN=—0o n=0 n=0 
oo Oo oo 
NP = VU aN= aN =U v7 0Nv™, 
N=—OO n=0 n=0 


which are dense in N (hence non-closed). An element u of N belongs to 
N' if its value u(n) eventually becomes e as n approaches —oo and to N? 
if this happens as n approaches oo. 

Suppose that K is the subgroup {u € N : u(—1) = u(1) = e}. Then 
Ky = -1N and K_ = N, imply K,K_ = {u € N: u(-1) = u(0) = 
u(1) = e} # K, so that K is not tidy under conjugation by v because it 
fails condition (a) of the theorem. If we choose K to be {u € N: u(—1) = 
u(0) = u(1) = e}, then K, and K_ are unchanged; so condition (a) in the 
theorem is now satisfied. Also, A;4; and K__ are the dense, non-closed 
subgroups K,, = N’ and K__ = N'. 

Consider the (closed but non-open) subgroups K = No and K = oN. 
In the first case we find Ki = {e}, K_ = K = No, Ki+4 = {e} and 
K__ = N', Similarly, in the second case we find K, = K = oN, K_ = {e}, - 
K,, = N’ and K__ = {e}. Hence both choices satisfy condition (a) but 
fail to satisfy condition (b) and are not open in G. Notice that in the second 
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case the index of K, in vK,v~! is the order #F of F. Similarly, if K = No 
were tidy under conjugation by v~!, it would give s(v—!) = #F. 

Since N# and N’ are not closed in N C G, they are not locally compact 
in their relative topology (Theorem 12.1.5(d)). However, these groups can 
be given a different topology in which they are locally compact groups. We 
give N* the topology in which each Nj, is open and N° the topology in 
which each »,N is open. Let G' and G? be the topological groups that 
(as abstract groups) are the subgroups of G corresponding to restricting 
the first coordinate to N* and N°, respectively. Their topologies arise 
from the new topologies for N! and N°” just described. These are locally 
compact groups in which, respectively, each N,, or each »N is compact 
and open. Now K = Np is a tidy subgroup under conjugation by v in G?. 
It is not normal and satisfies K, = {e}, K. = No = K. Hence in G! we 
find s(v) = 1 and s(v—'!) = #F. Similarly, oN is a tidy subgroup under 
conjugation by v in G’. It is not normal and satisfies K, = oN = K and 
K_ = {e}, so in G’ we get s(v) = #F and s(v—!) = 1. 

By taking products of the groups G! and G? (using finite groups F of 
different orders), we can construct examples with s(v) and s(v—') arbitrary. 

Notice that the scale function ignores the group structure of F’. If we 
used the action of vK,v— on the quotient homogeneous space vK4.v—1/K4 
instead of just the cardinal number of this quotient, we could get more infor- 
mation. However, this action is not invariant under the choice of different 
tidy subgroups, as we now show. Let F' be the cyclic group of order four 
with generator w and consider G’. We know that K = oN is tidy under 
conjugation by v and the quotient group vK,v—!/K, is isomorphic to F. 
The subgroup 


K = {ue N’: u(n) =e for n > 1 and u(0) is either e or w? } 


is tidy under conjugation by v, but this time vK,v~'/K, is isomorphic 
to Zz x Ze. Since the quotients are non-isomorphic, the actions are not 
isomorphic either. 

We give more complicated examples below, but the present examples 
best illustrate the meaning of tidy subgroups and the index. 


Here are a few additional results on tidy subgroups. Notice that (f) 
gives information on all possible tidy subgroups for an automorphism a. 
Result (g) extends Theorem 12.3.17(f). 


12.3.23 Theorem Let G be a totally disconnected, locally compact group. 
Let K be a compact, open subgroup tidy under a € HAut(G) orv eG. In 
the latter case, we write a for ay. 
(a) If L is any compact, open subgroup of G, then there is an integer 
k such that the compact, open subgroup L = N*_,a™(L) satisfies 
(a) of Definition 12.3.19: L = L,£L. =L_L,. 
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(b) US 9a"(K) and U%_,a~"(K) are clopen subsets of G. 

(c) If L is any compact, open subgroup satisfying (a) of Definition 
12.3.19, then Li is closed if and only if L44NL=L4,. This is 
true tf and only if L_- is closed. 

(d) The subgroup ( Ki. / KY. ) generated by ( Ki / K_ ) and v is 
closed and is either compact or isomorphic to the semidirect product 
of ( K+ / K_ ) and the discrete subgroup generated by v. 

(e) An element w € K belongs to ( Ki / K-~ ) if and only if the set 


( {a®(w):n < 0} / {a"(w) sn > 0} ) 


has an accumulation point. 
(f) Define 


We ={weG: {a"(w):n< 0} has an accumulation point} 


W2 = {weG: {a”(w) :n > 0} has an accumulation point}. 


Then W2 and W® are closed subgroups of G, and for each element 
w of ( W? / W2 ) the set { {a"(w) :n < 0} / {a"(w) :n > 0} ) 
has compact closure. If K is any tidy subgroup of G for a, 
then K, C W2, K_ C W®2 and for each element w of 
(W2 / WS ) there is some positive integer n such that the element 
a"(w)w' belongs to ( K44 / K__). 

(g) If G is compactly generated, and L is any compact, open subgroup 
of G, then the set of integers 


{ [uLu~': uLu-' NL}: ue G} 
has only a finite set of prime divisors. 


Proof See Willis [1994], Propositions 1, 2, 3, and Lemmas 1, 3, 9; and 
[1999b], Corollary 3.5 for (g). p 


The following results on subgroups are from Willis [2000c]. 


12.3.24 Theorem LetG be a totally disconnected, locally compact group, 
a an element of HAut(G), and ( H / N ) a closed / closed normal ) 
subgroup satisfying (a(H)=H /a(N)=N). 
(a) There is a compact, open subgroup K of G tidy for a such that 
KO 4 is tidy for a\y. This implies 


lo(HN K,)Ky : Ky] = §u(ala) < Se(a). 


(b) The scale function on N is just the restriction of the scale function 
on G to N: sn = 8q|n.- 
(c) Ify:G— G/N is the natural map, then agjn = poaoy* isa 
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well-defined element of HAut(G/N) and 3n(an)8G/n(aG/n) 
divides g(a). 


Proof All references are to Willis [2000c]. 

(a): If K' is tidy for a, then K’ H is compact and open and Lemma 
4.1 shows that for some positive integer n, K = (),- a*(K') is tidy for 
a while ();_, a*(K 2 H) is tidy for aly. The displayed formula is from 
Corollaries 4.3 and 4.4. 

(b): This involves scale functions on the groups, not on their automor- 
phism groups. By (a) choose a tidy subgroup K of G for v € N CG with 
KON tidy in N for v. Each u € K, satisfies (vuv!)u-? = v(uv!u-4), 
where the left side is in vK,v—! and the right side is in the normal sub- 
group N. Since (vuv—!)u-! belongs to NN vKyv-! =vo(NNK4)u7!, the 
element vuv—! belongs to u(NN K.)v-!K,. This gives 


sg(v) = [vK,v ! : K,] = [v(NO K4)u | Ky : Ky] = sn(v) 


by (a) and the last result of Theorem 12.3.20. 
(c): Lemmas 4.5 and 4.6 construct a special tidy subgroup K for a and 
a closed normal subgroup J of G satisfying 


Ky Ca(NNKy)K, OF Ca(Ky) and = 8gn(aajn) = [a( K+): J]. 
Since N is normal in G, a(N K+) is normal in a(K,). Hence we find 


Sc(a) = [a(K+): K+] 
[a(K4): J] [J :a(N Ky) K+) [e(NO Ky) Ky : Ky] 
3gjn(ag/n)[J :a(N 1 K+)K4]5n (aly), 


as we wished. (This is the proof of Proposition 4.8.) oO 


Willis [2000c] contains examples, similar to those in §12.3.22, showing 
that even for a closed normal subgroup N invariant under an a € HAut(G) 
a tidy subgroup K for a need not have NN K tidy for a|w. Furthermore, 
NOK may fail to satisfy either (a) or (b) of Definition 12.3.19. Also, even 
if a tidy subgroup K for a has NN K tidy for aly and y(K) C G/N tidy 
for ag/n, the extra factor in (c) may be different from 1. 

If H is a closed subgroup of G invariant under a € HAut(G), one might 
hope to replace the inequality §4(a|z) < 3g(a) of (a) by the condition that 
$(al|x) divides §g(a), but an example shows that this divisibility need not 
hold. The paper also contains results on the scale function on increasing 
unions and projective limits of totally disconnected, locally compact groups. 

As we have seen, the scale function gives significant information about a 
totally disconnected, locally compact group. It provides information about 
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the existence of roots of group elements. None of this information is avail- 
able if the scale function is identically 1. The following definition is based 
on the analogy with unimodular groups. 


12.3.25 Definition A topological group is called uniscalar if it is totally 
disconnected, locally compact and its scale function s:G — N is identically 
equal to 1. 


Recall that if B is a subgroup of HAut(G) including InAut(G), a lo- 
cally compact group G is said to belong to ( [IN]s / [SIN]s ) if there is 
( some neighborhood of e that is / a base for the neighborhood system at 
e consisting of neighborhoods of e that are ) compact and invariant (as 
a set) under all automorphisms in B. If B = InAutG, we write ( [IN] / 
[SIN] ) and say that the group has ( an invariant neighborhood / small 
invariant neighborhoods ) of e. We shall denote the class of totally discon- 
nected groups in ( [IN] / [SIN] ) by ( [IN]rp / [SIN]rp ). A locally compact 
group is said to ( have polynomial growth / be exponentially bounded ) if 
each compact neighborhood K of e satisfies ( \(K”) = O(n?) for some 
pEN/ ( A(K") = O(t”) for all ¢ > 1). The class of { all / all totally 
disconnected ) locally compact groups satisfying this condition is denoted 
by ( [PG] / [PG]rp / [EB] / [EB]rp ). (We discuss these classes of groups 
in Section 12.6.) If the Haar measure of some compact neighborhood of e 
grows exponentially, G is said to have exponential growth. We also use [D], 
[Alrp, [K]rp, [Nil]rp,xc, [Us], [Um]rp and [Nil]7p to denote the classes 
of all totally disconnected, locally compact groups that are also discrete, 
abelian, compact, nilpotent and compactly generated, uniscalar, unimodu- 
lar and nilpotent, respectively. Statements (d), (e) and the counterexample 
for (f) below are recent results of Willis [1997]. We use his proofs. 


12.3.26 Theorem (a) A uniscalar group is unimodular. 

(b) Let G be a totally disconnected, locally compact group and let B be 
a subgroup of HAut(G) that includes InAut(G). Then G belongs 
to { [IN]e / [SIN]|s ) if and only if it has ( a compact, open, normal, 
B-invariant subgroup / a base for the neighborhood system at e 
consisting of compact, open, normal, B-invariant subgroups ). 
Hence it is a { discrete extension of a compact group / projective 
limit of discrete groups ). 

(c) A totally disconnected, locally compact group that belongs to [IN] 
1s uniscalar. 

(d) A compactly generated, totally disconnected, locally compact, 
nilpotent group belongs to [SIN] and hence has a base for the netgh- 
borhood system at e consisting of compact, open, normal subgroups. 

(e) A totally disconnected, locally compact, exponentially bounded group © 
is uniscalar. 

(f) Any locally compact, nilpotent group has polynomial growth. Hence 
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if it is totally disconnected, it is untscalar, but need not belong to [IN]. 
(g) The class of uniscalar groups is closed under taking closed 
subgroups, quotients by closed normal subgroups and split extensions 
by discrete groups. 
(h) The following inclusions are proper except possibly the second. 


[Nil]rp Cc [PGlrp Cc (EB]rp 
‘a 
[D]JU[A]rpU[K] rp U[Nil] rp,xkg C [SIN]rp C [IN]rp Cc [Us]rp C [Um]rp 


Proof (a): Theorem 12.3.17(c) shows that uniscalar groups are unimodular. 
Examples 12.3.31 and 12.3.32 show that the converse fails. 

(b): Notice that the condition we give here for [SIN]s-groups also im- 
plies total disconnectedness and local compactness. The last sentence in 
statement (b) is an immediate consequence of the preceding one. 

Let G be a totally disconnected, locally compact ([SIN]s-group. Let U 
be an arbitrary neighborhood of e. Theorem 12.3.1(c) shows that there is 
a compact, open subgroup H included in U. Since G belongs to [SIN]z, 
there is a compact, B-invariant neighborhood C of e included in H. Hence 
C is included in N = ()g¢38(H) C H. Therefore, N is a compact, open, 
B-invariant, normal subgroup of G included in U. 

Let G be a totally disconnected, locally compact [IN]s-group. Theorem 
12.1.31 shows that it is the extension of a compact, B-invariant, normal 
subgroup K by a [SIN] quotient group H. Let N be a compact, open, B- 
invariant, normal subgroup of H as guaranteed by the last paragraph. The 
preimage of N in G is a compact, open, B-invariant normal subgroup. (As 
in Theorem 12.1.31, we do not distinguish in notation between the group 
B of automorphisms on G, K and H.) 

(c): Statement (b), which we have just proved, and Theorem 12.3.17(a) 
show this. 

(d): Let G be a totally disconnected, locally compact, nilpotent group. 
Let v in G and a compact, open subgroup L of G be arbitrary. Choose 
K C Las in Theorem 12.3.23(a) so that K = K, K_ and vK,v! 3 Ky. 
If vk v7! \ Ky were not empty, we could choose z; € vK iv \ Ky. 
Then v-1z,v € Ky implies z2 = z;(v~!z)'v) € uK,v7! \ K,. Now define 
elements z; inductively by 2;41 = z;(v-! 25") for j = 1,2,3,... so that 
z; € vK iv’ \ Ky for every j. Then z; # e for every j contradicts the fact 
that G is nilpotent. This shows vK,v—! = K,. Similarly, vK-v~! = K_ 
holds, which implies 


vKvu") = (vK,v~')(vK_v“!) = K, K_ = K. 


Hence, each element v € G normalizes some compact, open subgroup in- 
cluded in an arbitrary compact, open subgroup of G but that subgroup 
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may depend on v. (This shows that G is uniscalar, but we derive this again 
in the proof of (e) below.) 

If G is also compactly generated and W is an arbitrary neighborhood 
of the identity, we show how to find a compact, open, normal subgroup 1 
included in W. Let 


G = 2°(G) > z1(G) > ---> 2z7(G) = {e} 


be the lower central series of G. Let H,_, be a compact, open subgroup 
of G contained in W. Since z’~1(G) is included in the center of G, any 


v € H,_; Uz" "(G) satisfies vH,_;v~! = H,~-,. We shall inductively 
construct compact, open subgroups H;, for 7 = r—1, r—2,..., 1, O satisfying 
Hj-1 C H; and 

vHjv'=H; Wve H,-1U2z4(G). (8) 


Then Ho will be the desired compact, open subgroup of G contained in W. 

Now suppose that H; satisfying (8) has been found for some j > 1. 
Since G is compactly generated, Yves Guivarc’h, M. S. Keane and Bernard 
Roynette [1976] have shown that z~'(G) is compactly generated. Hence 
we may choose 21, Z2, -.., Zp in z-1(G) such that {H,_12z%},_, covers a 
generating subset of z7—!(G). In the next paragraph a recursive construc- 
tion is given which yields compact, open subgroups Ko = H;, Ki, Ko,..., 
K, satisfying 


vKyv |=K,y, Woe Hp1U2(G)U{z,...,ze}; 1<k<p. (9) 


Then, since Ky is normalized by every v in H,_, and by 21, 22, ..., Zp and 
since {H,_1z,}?_, covers a generating subset of zJ~'(G), K, satisfies 


vK,v' = Kp, Vu € H,-1U zI—*(G). 


Hence we may take H;_1 = Kp. 

We now give the inductive construction of the subgroups K;. Suppose 
that, for some k, K,_, satisfying (9) has been constructed. Since z, belongs 
to 27-1(G), we have, for every v in G and every @, that vz{ = z{vw, where 
w is in 27(G). The equations 


1 1,-¢é 4 


1 - 1 
U Sr, 


vz, Kp_-12, 0 = zivwK,_1w = ztuK,-1v~ zy 


hold because w belongs to z/(G). The last expression is equal to z{ K,-12, : 
for every v in H,_; Uz9(G) U {z1,..., 2-1}. Hence for every m we have 


mm m™m 
v(() ziK,_12z,°)uv' = () zi Ky_12,° Vu € H,_1U2z? (G)U{z1,..., 2-1}. 
@=0 e=0 
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The argument in the first paragraph of this proof of (d) shows that there 
is an m > 0 such that 


arcs 12, ° Vee Zi) ake: ize 
é=0 é=0 


as well. Therefore there is a group Ky = (\pig z£Kn—12% ¢ satisfying (9). 
(e): We prove the contrapositive. Suppose s(v) > 1 for some v € G and 
let H be a tidy subgroup under conjugation by v. 
If G is not unimodular, it has exponential growth since any v € G with 
A(v) > 1 and any compact neighborhood U of e satisfy (Uv)” > Uv” and 
hence A((Uv)") > A(v)"A(U). Suppose G is unimodular. Note 


(Hv)" = H(vHv"')(v? Hu”) --- (vu | Hu"! )u" D Ae" | Hy thy". 


In the coset decomposition Oe Hw; of v"-'H,v-"*! in terms of its 
subgroup H,, N is s(v)"~!. This gives the decomposition 


N N 
(Hv)” D UJ HHsw;v" = U Hw,v", 


j=l 


which we must show to be disjoint. Distinct w; and w; belong to different 
cosets of Hy in v"-'H,v—-"+! C Hi4. Hence w;w,' cannot belong to H 
for 7 # k since Hi,NH = Hy, according to Theorem 12.3.23(c). Using 
unimodularity, we conclude A((Hv)”) > s(v)"—1A(A). 

(f): Theorem 12.5.17 shows that any locally compact, nilpotent (or even 
locally nilpotent) group has polynomial growth. Hence it is uniscalar by 
(e) if it is totally disconnected. The example in §12.3.28 shows that totally 
disconnected, locally compact, nilpotent groups (which are not compactly 
generated) need not belong to [IN]. 

(g): Theorem 12.3.24(a) immediately implies the first statement and 
12.3.24(c) implies the second. For the third, let N be uniscalar and H be 
discrete. Given (n,h) € N x, H, choose a compact open subgroup K of N 
normalized by n guaranteed by Theorem 12.3.17(c). Using §12.1.14, we see 
that any k € K satisfies 


(n, h)(n(h~")(k),e)(n, hk) = (nk, h)(n(h-")(n~*), A) = (nkn™, e). 


Hence (n,h) normalizes the compact open subgroup n(h~')(K) x {e} of 
N x, H. Therefore, N x, H is uniscalar. 

(h): A discrete group belongs to [SIN]rp since {e} is a compact, open, 
normal subgroup. Theorem 12.3.1(c) shows that a totally disconnected, 
compact group or a totally disconnected, locally compact, abelian group 
satisfies the criterion of (b) above and hence belongs to [SIN]zp. 
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We give examples to prove that the inclusions are proper. Example 
12.4.20 has polynomial growth but is not nilpotent. Example 12.5.15, the 
discrete free group on two generators, is uniscalar but not exponentially 
bounded. Example 12.1.22 belongs to [IN] but not to [SIN]. The group 
described in §12.3.28 is uniscalar (since it is nilpotent) but does not belong 
to [IN]. The examples in §12.3.31 and §12.3.32 are unimodular but not 
uniscalar. Oo 


12.3.27 Uniscalar p-Adic Lie Groups If G is a uniscalar, totally 
disconnected, locally compact group, then each element normalizes a com- 
pact, open subgroup. One may inquire to what extent this “local” property 
implies the “global” property of possessing a compact, open, normal sub- 
group. As noted already, any totally disconnected, locally compact group 
with a compact, open, normal subgroup is uniscalar. Example 12.3.28 is a 
uniscalar group that has no compact, open, normal subgroup. It is also not 
compactly generated. Gléckner and Willis [2000] show that uniscalar Lie 
groups over p-adic fields have a compact, open, normal subgroup if they 
are compactly generated. We need additional terminology for their result. 
A topological group is said to have small, compact, open, normal subgroups 
if it has a compact, open, normal subgroup in each neighborhood of the 
identity. In this case, the locally compact group is a projective limit of 
the discrete quotient groups. Such a group is said to be pro-discrete. (Cf. 
§12.3.34.) So they showed: Every compactly generated, uniscalar, p-adic 
Lie group has small, compact, open, normal subgroups (equivalently, it is 
pro-discrete). This result depends on a preprint of Anne Parreau [1999]. 
At the time this is being written, it is still unknown whether this holds 
for all totally disconnected, locally compact groups, not just for Lie groups 
over p-adic fields. The question is further explored, still inconclusively, in 
Andrew Kepert and Willis [1999]. 


12.3.28 A Totally Disconnected, Nilpotent, Uniscalar, Non-IN- 
Group- This example shows that the hypothesis that G be compactly 
generated is necessary in Theorem 12.3.26(d). We use Theorem 12.3.26(b) 
to show that it does not belong to [IN]. 

Let D be the nilpotent, eight-element, dihedral group mentioned in 
§1.9.1 and §12.1.19. Let v and w be the generators that satisfy v? = e = w* 
and vw = wv, so that {e, w?} is the center and the commutator subgroup 
of D. Let G be the set of functions u from Z to D, each of which takes 
values outside of the subgroup {e,v} only finitely often. Multiplication is 
pointwise. G is nilpotent since 


Gz = G'={ueG:u(k) € {e,w’} for allk € Z} 
= {u:Z— {e,w?} and u(k) = w? for only finitely many k € Z}. 
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Give G the topology with a base for the neighborhood system at e given 
by the subgroups 


U, = {we G: u(k) =e fork <n; u(j) € {e,v} for j > n} Vn € Z, 


so that each U, is compact as well as open and G is totally disconnected 
and locally compact. 

If N is any open subgroup of G, then it includes U,, for some integer n. 
If N were normal, for each m > n it would contain a function g satisfying 
g(m) = wow! = vw? ¢ {e,v}. No finite union of cosets of the subgroups 
U,, can cover such a set. Hence N is not compact if it is normal. Thus G 
has no compact, open normal subgroup and does not belong to [IN]. 

Since G is nilpotent, it has polynomial growth and is uniscalar. Since 
G does not belong to [IN], it does not belong to [FC]~ or [SIN]. However 
it is a MAP-group since the obvious injection into [[7 D is continuous. We 
do not know whether it belongs to [CR], [CCR], [71] or [Type J]. 


12.3.29 A Totally Disconnected, Compactly Generated, Expo- 
nential Growth, Uniscalar Group Let N be the closed subgroup of 
the nilpotent group G of the last subsection defined by 


N={ueéG: forsome n€Z u(m) =e for all m< n}. 


Then Nz = N’ are identical to Gz = G', so N is nilpotent. Note that 
each of the fundamental neighborhoods U,, of e in G is included in N. Let 
H = N x, Z be the semidirect product where Z acts on N by translation: 


n(n)(u)(m) = un(m) = u(m — n) VneZjueNn. 


Then H is uniscalar by Theorem 12.3.26(g) and is compactly generated by 
the neighborhood K = (Up U {w}) x {0,—1} of the identity where w(n) = 
e € Difn #0 and w(0) = w € D. Furthermore, H has exponential growth 
since A(K™) > (2" — 1)A(K). Finally, H is solvable since it is a semidirect 
product of solvable groups (cf. in §12.1.14). It is not nilpotent since its 
center is trivial because all functions u with (u,n) € Hz must be constant 
and eventually equal to e. Similarly, n = 0. We do not know whether H 
belongs to the classes of Diagram 1, page 1486, not determined by remarks 
already given. 


12.3.30 A Totally Disconnected, Non-Discrete, Non-Compact, 
Non-Nilpotent, Moore-Group Let p be any prime in Z. Let G be the 
semidirect product Q, X, Ze, where Z2 = {+1} is written multiplicatively 
and n(+1)(a) = +a for a € Q,. (Compare with the examples R x, Ze 
in §12.2.3 and Z x, Ze in §12.4.21. The formulas given in both of those 
examples apply equally well here.) Then the center and derived subgroup 
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are {e} = {(0,1)} and Q, x {1}, respectively. Hence G is solvable but not 
nilpotent. Since it is the extension of an abelian group by Zo, it belongs 
to [Moore] and all of its continuous, unitary, topologically irreducible rep- 
resentations are of dimension 1 or 2 by Theorem 12.4.26. An element (a, 6) 
has a compact conjugacy class if and only if 6 = 1. Hence Gipgj- = Q x {1} 
and G does not belong to [FC]~. The sets NV, = {(a,1) : |a]p < €} for any 
€ > 0 show that G does belong to [SIN]. Using definitions and results from 
Sections 12.5 and 12.6 we see that the inequality \(N2) < née shows G € 
[PG]. (This and its membership in [SIN] both follow from its membership 
in [Moore].) This determines its membership in all of our classes except 
[CR]. 


12.3.31 Automorphisms of Homogeneous Trees We will use Gy, 
to denote the automorphism group of the infinite homogeneous tree [’, of 
order n (definition below). These groups provide very interesting non-trivial 
examples of the behavior of the scale function. They are unimodular, but 
the scale function is non-trivial for most elements. In fact, for any u € Gn, 
s(u) = n?, where p is the order of the highest order root that u has in Gy. 
Furthermore, Gon-1 is also the automorphism group of the Cayley graph 
of the free group F,, on n generators. 

We construct the homogeneous tree of order n as the Cayley graph of a 
group with distinguished generators. Let H,, be the group generated by n+1 
generators 0,71, 72,---)%n With relations 72 = y? = 72 =--- = 72 =e, 
where e is the identity of H,. Every element of H, other than € has a 
unique representation as a product of generators yy, in which the index of 
adjacent factors is always distinct. The Cayley graph T,, of Hy, is the infinite 
connected graph in which the elements of H, are nodes, and two nodes a 
and § are connected if and only if they can be written as a = {+ for some 
k =0,1,2,...,n. Since every node is connected to n + 1 other nodes, and 
since there are no cyclic paths, [, is called the homogeneous tree of order n. 
We are interested in the automorphism group G,, of [,. Clearly elements 
of H, act on [,, through multiplication on the left, and this action is an 
automorphism of [,. From now on we regard H,, as a subgroup of Gp 
under this action. We denote its elements by Roman letters when we think 
of them in this context, reserving the Greek letters for nodes of [',. Let 
yx © H, C Gp, correspond to the generator +, € Cy, for k = 0,1,2,...,n so 
that ye(€) = Ye- 

Let F,, be the free group generated by 7, Y2,---;Yn- Then the 2n ele- 
ments ¥1,¥2)-+-;Yns Vp > Va 9*++9V_2 are the nearest neighbors of « in its 
Cayley graph. Similarly, ye71, YeV21-+- Ve Yn VeVi s VkY2 0 Whe = 
E,..-) Vk, | are the nearest neighbors of 7. Hence the Cayley graph of F,, 
is isomorphic to [en_-1. 

Let G,,- be the subgroup of G,, that leaves e € I, fixed. Obviously, 
Gn, and H,, intersect in {e}. For any u € Gp, choose v in Hy so that 
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v corresponds to the node u(e). Then w = v~!u belongs to Gy. This 
implies that G, is the product (not direct product) H,G,.-. If v € Hy 
and 8 in T, are corresponding elements, then vG,,-v_! is the subgroup 
Gngp © Gy fixing B. 

Since elements of G, are automorphisms of the set of nodes of I, we 
give G, the compact—open topology as a set of maps on this discrete set. 
A base for the open neighborhoods of v € Gy is given by the sets 


U(v, F) = {u € G, : u(a) = v(a) Va € F} F is a finite subset of Tp. 


This makes G, into a totally disconnected, locally compact group. No- 
tice that U(v, {e}) is Gp. for any v € Gn-. Indeed, any basic neighbor- 
hood U(e, ; ) of the identity may be written as AP, weGn,cW, , where 
W1,W2,...,Wp are the elements of H, corresponding to the vertices of [, 
in the finite set F. Hence we can write any basic open set U(v,F') as 
Ne-1 vwrGneW, for suitable wi, we,...,Wp € An. 

For any a € [,, we define the distance from a toe to be the length of the 
shortest path connecting them. This is the length of the expression for the 
corresponding element of H, when written as a product of generators. For 
k > 0 the set D, of elements at distance k from ¢ has precisely n*¥~!(n +1) 
elements. Each element of G,,. restricts to a particular permutation of each 
D,;. Hence G,,- is the pro-finite projective limit of these finite permutation 
groups. Thus all U(v, F) are compact as well as open. 

Each generator y,; of H, C G, has order two and thus satisfies s(y,) = 
s(y,) = = 1. Next consider v = yjyx, where 7 4 k. Let H be the compact, 
open subgroup U(e, {€,7;,%e}). Then Hy = ()?2,v"Hv-” and H_ = 
pov "Hv" are 


{u€ Gn: ula) =a if a = (7;%")™ or @ = (757K) "Yk for m € N°} and 


{u € Gn: u(a) =a if a= (y475)™ or @ = (YR1j)™ 7; for m € N°}, 


respectively. (We used (7;7x)~' = Ye7;-) In other words, Hy is the set of 
automorphisms fixing €, 7, and all vertices in the subgroup generated by 
+; and yz, with ay; on the left. Similarly, H_ fixes e, 7; and all vertices in 
the subgroup generated by y; and yz, with a 7, on the left. Hence H, H- 
is the set of automorphisms fixing {€,7;, yz}; t-e., HiH- = H. 

Now let w be an element of v“H,v-" NH for some m € N°. Since w 
belongs to vu” H,v—™, it does not move the vertices (7;Yx)" yx and (7;Yr)” 
for all n > m. Since it is in H, it does not move 7,. Hence it must leave all 
of the vertices fixed on the shortest path from 7, to (7;Ye)™Yx- But these 
are just the vertices (15°Ye, )Pyx, and (7;7%)? for 0 < p< _m. Hence w belongs 
to H,. Since Hi4 =U?) v"Hyu~ satisfies H,, 9H = Hy and Ay is 
closed, H,4, and H_-~_ are closed and H is tidy for v. By what we have 
already seen, vH,v~! is the set of automorphisms leaving fixed 7; = v(x) 
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and all of the vertices on the shortest path passing through (7;7%)™ for all 
mé€N. Hence u € vH;v~" leaves y; and 7; fixed, but can fix e or move 
it to any of the n — 1 vertices y;7; for 1 # j,k. If u leaves « fixed, it may 
leave +, fixed, in which case it belongs to H;. Otherwise it moves yy; to 
one of the n — 1 generators other than 7; and +,. If u moves € to y;; for 
t # j,k then yz can be moved to any of the n vertices y;yiye for 2 # 2. 
Hence the index of Hi in vH,v—! is n?; so s(v) = n?. 

It turns out that every element v of G,, satisfies one of the following two 
conditions: 

(a) v is periodic so s(v) = s(v-!) = 1, or 

(b) v leaves an infinite path II through [’,-invariant as a set and v moves 
any vertex on II a distance of p. In this case s(v) = n? by the counting 
argument similar to that used for v = jy, above where p was 2, which we 
now outline. Clearly there is an automorphism of [, that shifts one unit 
along II and is at the same time a pth root of v. There can be no higher 
order root of v. If n is not a power of another integer, we have a group Gy, 
in which every element v has an mth root if and only if s(v) has an mth 
root. 

For details of the above construction beyond the case of v = 7;7%, see 
the original article by Willis [1994]. 


12.3.32 Another Unimodular but Non-Uniscalar Group Consider 
the semidirect product Q, x, Z where 


nin)\(a)=p"a VnEeZ;acQ. 


The subgroup of p-adic integers is a tidy subgroup for the element v = (0, 1) 
and we find s(v) = 1 and s(v~') = p. Now let G be (Q, x Q,) Xy Z where 


w(n)(a, b) = (p"a, pb) Vné€Z;a,b€eQ. 
Calculation gives (a, b,n)(c,d,m) = (a+ p"c,b+ p-"d,n +m) 
(a,b,n)~" = (—p~"a, —pb, —n) 
Q(a,b,n)(C,d,m) = ((1- p™)a + pc, (1— p-™)b + p “d,m) 
[(a, 8, n), (c,d, m)] = ((1 — p™)a — (1 — p™)e, (1 -— p~™ )b — (1 - p™)d, 0) 
Gz =Grpoy- = fe} G =Q x Q xy {0}. 


Hence G is solvable but not nilpotent and is not in [FC]~. Also, v = (0,0, 1) 
satisfies s(v") = p!"! for all n € Z, so G is not uniscalar and hence not in 
[IN] or [EB]. We see A(v) = 1 and it is now easy to see that G is unimodular, 


12.3.33 The Affine Group of the p-Adic Field Readers may wish 
to review §§12.1.21, 12.3.6 and 12.3.7. Also, the next subsection contains 
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systematic results related to the more ad hoc results given here. Let p € Z 
be an ordinary prime integer and let Q, be the p-adic field. The affine group 
of @ can be defined as the following group of invertible 2 x 2-matrices 
over Q,: 


A={(§ 1) =a) €Q x(@\ (0p } (10) 


with the topology of Q, x (Q, \ {0}) and matrix multiplication. 

When we are thinking about groups, we always regard Q, as an additive 
group and Q, \ {0} = Q& as a multiplicative group. The group A can also 
be defined to be the semidirect product Q, x, Q) where 


n(a)(b) = ab VaEeQ; b€Q. 
In this notation, multiplication is given by 
(b,a)(d,c) = (b+ ad, ac) V (b,a),(d,c)€ A so 


e= (0, 1); (6, a)" = (—a~'b, a~*); 
Q(b,a)(d,c) = (b+ ad—be,c) and [(b,a), (d,c)] = (b— d+ad — bc, 1). 


These formulae show that (as in any semi-direct product) N = {(b,1):b€ 
Q,} is a normal subgroup and H = {(0,a): a € Q } is a (non-normal) 
subgroup. Clearly N is the derived subgroup of A and the center Az of A 
is {e}. This shows that A is solvable but not nilpotent. 
When A is considered as a semidirect product, the representation V is 
given by 7 
Vio,a)(z) = ax +b VbrEQ aed. 


This is the representation of A as the group of all (p-adic) affine transfor- 
mations of Q,, from which the group takes its name. 

The subset 0, = {d € Q, : |d|p < 1} of p-adic integers is a compact, 
open, additive subgroup of Q,. For any integer n, p"0, = {d € Q, : 
ld|p < p”} is also a compact, open, additive subgroup of Q,. Hence 
Jn = {(d,1):d € p"o, } is a compact subgroup of A. Denote the compact, 
open, multiplicative subgroup {c € Q, : |c— 1|p < 1 } of Y by Q1. Then 
K = {(0,c) :c € Q,1 } is another compact subgroup of A. We can combine 
these subgroups to get compact, open subgroups of A. For any n € Z, 


Kn = {(d,c):c€ Qi; dE poy } (11) 
= {(d,c)€A:|l—cly <1; |ldp><p™ } 


is compact and open. To see that it is a subgroup, let (b,a) and (d,c) be 
arbitrary elements of K, and calculate as follows: 


|b + ad|p = |b +d + (a — 1)dlp < max{|bp, |d|p, |a — 1|pldlp} < p”; 
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ljac—1]p = |(a-1)(e-1)+(a-1)+(e- 1)Ip 
< max{|a— 1|p,|c— 1]p, |a — 1p, |c— 1p} < 1. 
Note K, C Km ifn > m. 

The inner automorphism aio.) applied to (d,c) € Kn, ao0,a)(d,c) = 
(ad,c), implies |a| = p’ and aio.a)(Kn) = Kn-j. If 7 is positive, this gives 
(Kn)+ = Kn; (Kn) = {0} Qi = (Kn)—— and (Kn)s4 = A, 80 Kp is 
tidy for (0,a). If j is negative, we just interchange + and — above, so Ky, 
is tidy again. A short calculation gives s(0,a) = max{|alp, 1}. 

Now consider (b,a) with |b|, = p* and |a|, = p’ again. If —j > k, then 
(b,a) belongs to the coset K,(0,a), so Theorem 12.3.17(b) shows that K, 
is tidy for (b, a) since it is tidy for (0,a) and 


s(b, a) = s(0,a) = max{ |alp, 1 }. (12) 
Hence A is not unimodular since its modular function is given by 
A(b, a) = s(b,a)~*s((b,a)~*) = lap". (13) 


In §12.3.7 we derived the Haar functionals on Q, and Q. On A, 


a= ff se.a)lalytddda Vv Fe Cold) (14) 


gives the Haar functional, as one may easily check. 


12.3.34 Willis Theory for Some p-Adic Lie Groups Helge Glockner 
[1998a], [1998b] shows how to calculate the scale function at the Lie algebra 
level for Lie groups over local fields. This is a key breakthrough since it is 
fairly easy to find tidy subgroups for matrices similar to those in Jordan 
form but not for other matrices in linear groups. A matrix is similar to one 
in Jordan form if the ground field is a splitting field for its characteristic 
polynomial. Unfortunately the algebraic closure of a p-adic field is not a 
finite extension over the ground field, causing great difficulty in applying 
Willis theory directly to these most interesting examples. 

Throughout this subsection we use local field to mean a non-discrete, to- 
tally disconnected, locally compact field. We omit connected (equivalently, 
Archimedean) locally compact fields from the class of local fields. Although 
some of Glockner’s results extend to non-commutative division rings of the 
above type, we shall also omit this more complicated case. Readers may 
wish to review the material on locally compact division rings in §§12.3.4- 
12.3.12. In particular, each local field k has a multiplicative valuation |-],, a 
unique maximum compact, open subring o, = {a € k: |a|, < 1} of integers 
that has a single maximum proper ideal p, = {a € k: |a|x < 1} with o,/p, 
isomorphic to the Galois field of order g = p” for some prime p and natural 
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number n. Many results are restricted to local fields of characteristic zero. 
These are the p-adic completions of algebraic number fields. 

Our analytic background led us to introduce the Lie algebra of a real Lie 
group analytically in Section 12.2. We now very briefly discuss Lie groups 
and Lie algebras over local fields. First we consider linear algebraic groups. 

Suppose that k is a local field and G(k) is the collection of invertible 
matrices in the matrix group GL(n,k) that are the common roots of a 
family P of polynomials. We insist that G(k) be a subgroup of GL(n, k), 
so that for any subfield k’ of k, the common roots G(k’) of P in GL(n, k’) 
are a subgroup of GL(n, k’). Then we call G(k) the algebraic group over k 
defined by P in GL(n, k). 

Towards the end of §12.2.8 we gave a definition of a Lie algebra that 
makes perfectly good sense over any field k not of characteristic 2. (To 
cover characteristic 2 we could replace (2) by [y, y}] = 0 for all y.) It is easy 
to define the Lie algebra of an algebraic group over a local field k. Let A 
be the two-dimensional algebra over k with basis {1,¢} where c? = 0 and 
define G(.A) to be the set annihilated by the vanishing ideal for P. The Lie 
algebra g, of G(k) is the collection of all matrices X € M,(k) such that 
I +eX belongs to G(A). This is a Lie subalgebra of M,,(k) with the Lie 
product [A, B] = AB — BA for all A, B € M,(k). If P is empty or consists 
of multiples of the standard polynomial S2, (cf. Theorem 7.1.13 of Volume 
I), then G(k) = GL(n,k) and g, = M,(k). These ideas generalize §12.2.6 
on linear groups over RK and C. 

A large part of classical (real and complex) Lie theory has been extended 
to analytic groups over local fields. In characteristic zero, this generalization 
is particularly close to its original. We cannot expound the whole theory 
here, so we will give two references: Bourbaki [1989] and Serre [1992] (first 
published in 1972 and 1965, respectively), and a few hints. A theory of 
analytic manifolds over the local field k is first developed which mimics the 
classical theory. Then a Lie group over k is defined to be a group G that 
is also an analytic manifold over k such that the group multiplication and 
inversion are analytic morphisms from, respectively, G x G and G to G. 
Defining the Lie algebra is a bit more complicated. 

Let R be a ring which is either a local field k or the ring o, of integers 
in a local field k. Let n be a natural number and let X and Y denote 
elements in R”. A formal group law in n variables over R is a system of 
n formal power series F, (X,Y), Fo(X,Y),...,F,(X,Y) satisfying simple 
axioms reflecting the existence of inverses and the associative law. The 
axioms force the n-tuple F(X,Y) = (Fi(X,Y), Fo(X,Y),..., Fn(X,Y)) to 
have the form F(X,Y) = X+Y+B(X,Y)+ H(X,Y), where B(X,Y) is 
a bilinear form and H(X,Y) has only higher order terms. Abstractly, the 
corresponding Lie algebra is R” with the Lie bracket 


[X,Y] =B(X,Y)-B(Y,X) VX,YeR". 
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By choosing a coordinate basis, a Lie group G of dimension n over k defines 
a formal group law in n variables over k, and hence a Lie algebra. One 
would first want to show that this construction is independent of the choice 
of coordinates, but of course it is not so long as the Lie algebra is considered 
as a product on k”. Hence we transfer the Lie product to the tangent space 
T. to G at its identity e. When coordinates are chosen, this tangent space 
becomes k” (or R” in the more general construction above). This makes it 
easy to transfer the Lie algebra product to the tangent space, and now it 
is independent of coordinates. We still need a model for what the tangent 
space T, at eis. Just as in the classical case, it can be taken as the space 
of derivations into k on the germs of analytic functions at e in G. The 
germs of analytic functions form a sheaf over G. Denote the stalk over e 
by H(e) and note that it is a direct sum k @ m, where k is imbedded as 
the set of germs of constant functions and m, consists of germs of analytic 
functions vanishing at e. Since T, vanishes on k C H(e), it is the set of 
linear functionals on m,/(m,)?. The Lie product on a space of derivations 
is just the commutator 


(i,0]=d0-06 Vd,0E Te. 


This gives a way to attach a Lie algebra over k to each Lie group over k. 

For a useable Lie theory we also need a way to associate a Lie group 
G over k to a Lie algebra g over k. Finally, some sort of exponential map 
exp:g — G is needed. If the locally compact field k has characteristic 
zero, every Lie algebra defines a unique formal group law. The connection 
between Lie groups and formal group laws is more complicated in general. 
A formal group over 0, always gives rise to a Lie group over k and its 
formal group law. Thus we can associate an analytic group over k to any 
Lie algebra that comes from a formal group law over k derived from one 
over o;. We need the following results on p-adic Lie groups. 


Theorem Let k be a local field of characteristic 0 with ring of integers ox. 
Let G and H be Lie groups over k with Lie algebras g and bh, respectively. 

(a) Every closed subgroup of G is a Lie subgroup and every continuous 
group homomorphism between G and H is analytic. (If k is an 
extension of Q,, then “subgroup” and “analytic” must be interpreted 
over Q, rather than k.) 

(b) There is a compact, open o, submodule U of g on which an 
ezponential function is defined. If H is a k-Lie subgroup of G, then 
its corresponding Lie subalgebra is the k subspace of g generated by 
all6 € U such that exp(o,6) is included in H. 

(c) The Lie algebra of GL(n,k) is My(k) and there is a neighborhood 
U of zero in which the exponential series converges absolutely and 
defines the exponential function. 

(d) For every k-analytic homomorphism 0:G — H there are open 
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neighborhoods U C g and V C § of zero in their Lie algebras on 
which the exponential function is defined and satisfies 


90 expg = exp y od6|f,. 


Proof See Chapter 3 in either Serre [1992] or Bourbaki [1989]. oO 


Let G be a Lie group over a local field k with Lie algebra g. For each 
u € G we define Ad, as a linear map on T, = g defined by 


Ad,(5)(f) =6(foau) Wdeg; f € He), 


where of course a, is the inner automorphism of G defined by u. 


Proposition Let k be a local field of characteristic 0 and let G be a Lie 
group over k with Lie algebra g. 
(a) Under the action of the linear map Ad,,, the linear space g 
decomposes into a direct sum 


9 = 94+ B go O g- where 
d+ = {6€g: (Ad,)%(6) 40 asj +c} = @& Ey, 
|A|>1 
g. = {5€g: (Ad,)(5) > 0 as j + co} = Ba Ey, and 
|A|<1 
go = {5€g: {|l(Ad,)4(5)||: 9 € Z} is bounded} = ED Ey. 


|= 


The characteristic subspaces E) are calculated in a finite algebraic 
extension of k in which the characteristic polynomial of Ad,, splits. 
(b) If K is a tidy subgroup for u, then Ki and Ki4 are Lie subgroups 
and their Lie subalgebras are gi ® go. Hence s(u) is just the factor 
by which Ad, inflates gi © go, which can be calculated from the 
characteristic values of Ad, in the algebraic closure of Q. Finally, 
the range of the scale function is a subset of {q™ :m € N} where 
q =p” ts the cardinality of o,/pr. 


Proof See Gléckner [1998b], §3. 0 


These results allow a strengthened form of Theorem 12.3.24 to be proved. 
Willis has shown that the results of the next corollary do not extend to all 
totally disconnected, locally compact groups. 


Corollary Let k be a local field of characteristic 0 and let G be a Lie 
group over k. Let ( H / N ) be a( closed / closed normal ) subgroup of G. 
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(a) For any u € H, sy(u) divides sg(u). 

(b) If p:G— G/N is the natural map, then for any u € G, sg(u) = 
5n(Qu)8ajn(p(u))- 

Finally, Gléckner explicitly computes the scale function for some of the 
most, common Lie groups over p-adic fields. 


Theorem Let k be a totally disconnected, locally compact field of char- 
acteristic 0. Let k’ be the algebraic closure of k equipped with the unique 


extension |-| =|-|, of the multiplicative valuation | -|, on k. 
(a) The scale function on G = GL(n,k) is given by 
sg(u) = uf JAZ, 


[AL] <JAz|:AG,A; ES p( Adu) 


where multiple characteristic values occur in the product with their 
multiplicities. 

(b) The scale function on S = SL(n,k) is given by ss = sels. 

(c) The scale function on PG = PGL(n,k) is given by spg = sg 08, 
where 0:GL(n,k) + PGL(n,k) is the natural map. 

(c) The scale function on PS = PSL(n,k) is given by sps = sc oO, 
where 0': SL(n,k) ~ PSL(n,k) is the natural map. 


As an example, let k be a totally disconnected, locally compact field 
of characteristic 0 and let A be a matrix in GL(2,k) or SL(n,k). Then 
sc(A) = sg(A) = max{|\,Az"], |A2A7"|} if the characteristic function of 
A has the two distinct roots 41,A2 in k and sg(A) = ss(A) = 1 other- 
wise. Corollary 5.2 in Gléckner {1998a] shows that this result also holds 
for GL(2,k), where k is a commutative local field of non-zero characteris- 
tic. In the same paper (Theorem 7.3) he confirms the (re-assuring) known 
result that if k and k’ are any local division rings (except, possibly, those 
of characteristic 2), then GL(n,k) and GL(n’,k') are homeomorphically 
isomorphic only when n = n’ and k = k’. 


12.3.35 q-Adic Integers and Numbers’ (These have usually been 
called a-adic integers and numbers, but we are changing the letter involved 
to agree better with general notational conventions.) We have discussed the 
ring of p-adic integers (§12.1.27) and the field of p-adic numbers (§§12.3.6, 
12.3.7 and 12.3.8) in some detail. However, q-adic numbers and integers are 
an interesting but less elegant generalization that one is forced to consider 
when dealing with totally disconnected, locally compact abelian groups. 
Our discussion is primarily based on §10 (and §25) of Hewitt and Ross 
[1963], which the reader should consult for further details and for references 
to earlier work of Hensel, Priifer, von Neumann and van Dantzig. 

For each doubly infinite sequence q of integers greater than one, we will 
define a totally disconnected, locally compact, abelian group 2, of q-adic 
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numbers, and a totally disconnected, compact ring Ag of q-adic integers 
that is an additive subgroup of Qq. If q has constant value equal to a prime 
p € N, then Ng is homeomorphically isomorphic to Q and Aq corresponds 
to its ring o, of integers under this isomorphism. However, most {2g have 
no multiplicative structure extending multiplication on Ag. 

Let q: Z - N \ {1} be arbitrary but fixed for the rest of this discussion. 
Denote q(n) by gn. In terms of this basic sequence, define the product set 


Ma = ][{0,1,2,...,¢n - 1} 
neZ 


and another doubly infinite sequence q: Z + Q by 


[pro a if n>O 
g@™ =< 1 if n=O wherene Z. 
ae q, if n<O 


Both Ng and Ag are subsets of IIq. The former is provided with a natural 
addition that we are about to explain and define. The latter is an additive 
subgroup of Ng with the multiplication naturally associated with this ad- 
dition (after choice of the element of Ng corresponding to 1 in Ag). Notice 
that if g, = p for some prime p and all n € Z, then g’™ = p” for all n € Z. 

First, Nq is the set of all a = {an }nez € Iq for which there exists no € Z 
(depending on a) such that a, = 0 for all n < no. Next, we consider the 
subset Qg,o0 Of Nq consisting of all elements a in Qg with only finitely many 
non-zero values. Say a, = 0 unless -m < k <r for some m,r € N. We 
write this element a € Qq 00 as 


a= Qa—mQA—m+1 oe -A_1a9.81Qa2 eee ar 


and associate it with the non-negative rational number 


n(a) = 2 axq'*). 


k=—m 


(Note that the decimal notation is chosen so that n(1.0) = 1 as one would 
expect. The “digits” to the left of the decimal point correspond to non- 
positive “powers” that are farther from zero in the topology that we will 
introduce. “Digits” to the right of the decimal point correspond to pos- 
itive “powers” that are closer to zero in this topology. Hence the topo- 
logical, but not the arithmetic, properties of ordinary decimals are pre- 
served.) It is easy to see that the map n is a bijection of the set Ng oo of 
such finitely non-zero sequences onto the set Qy,00,4 of non-negative ratio- 
nal numbers with denominators (when in reduced form) that divide some 
product Hees qx = (q'-™)—! with m € N. We transfer the addition on 
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Qg,00,+ t0 Qg,00 and then extend it by continuity to Ng by assuming that the 
sequence of partial sums }>;__,,, aeq‘*) of the infinite series )-7° __, ang”? 
converges for every a € Qg. When this has been done, we find that each 
element a in 91, has an additive inverse defined as follows. Assume a, = 0 
for n < no and denote —a by b where b,, = 0 for n < ng} bn, = Any — Ano 
and by, = dn — Gn — 1 for n > no. One can easily check that this description 
agrees with the algorithm we are about to introduce. 

As is customary, for j € Z we will let 6; € Qg,o0 represent the sequence 
with entries 6; given by the Kronecker delta. 

Let Aq be the set of all elements a in Q,4 with a, = 0 for all n < 0. 
(Hence when dealing only with Ag, we do not even need to specify gp, 
for negative integers n.) The set Agoo = AqgMq,00 Of finitely non-zero 
elements of Ag is in bijective correspondence with N° under the map n 
defined above. There is no obstruction in extending multiplication on Ag oo 
(transferred from N°) to all of Ag. This makes Ag into a commutative, 
unital ring with d9 as its multiplicative identity. (Since negative numbers 
are not involved in the definition of multiplication, one may wish to check 
(—1)? = 1. For each n € N let by, € Agoo be the element 


bn = (go — 1).(q1 — 1)(g2 — 1).-- (Gn — 1)00... 


so that d9 +b, converges to zero as n € N increases. Thus b = limyn_,.9 bn = 
—1, and 


(b,)? — do = (b, 5 do)? = 2(by, —_ do) +0 


implies b? = d9, as we wished to show.) 

Let a belong to Mg and define a, to be the finitely non-zero element that 
agrees with a up to the nth-term (n € N) and is constantly zero beyond that 
point. The extension of addition in Qq from Qg,00 and of multiplication 
in Ag from Ag,oo amounts to nothing more than noting that the sequence 
{an}nen converges to a in the topology on N, that we are about to define. 
In particular, if a belongs to Ag, the partial sums correspond under the 
map n to the natural number 


nr 
dang”. 
k=0 


Thus the image of N° is dense in Ag. Since Ag is an additive subgroup, 
the image of Z belongs to Ag and is dense. 


Definition Let q:Z > N \ {1}, I,, 4:2 > Q the set 4, of q-adic 
numbers and the set Aq of q-adic integers be as described above. Define 
addition on the set Ng as follows. Let a,b € Qq be arbitrary. If a is the 
zero sequence, then define a+ b = b. Otherwise, we will denote the sum 
a+b by c. Let no be the largest integer such that a, = 0 for all n < no. 
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Set Cn = by for all n < ng. Set sp,-1 = 0. Now, inductively, for each 
n> No set Cn = Gn + bn + Spy-1 if the sum is in the range {0,1,...,@n — 1}, 
and Cyn = Gn + bn + Sn-1 — Qn Otherwise. If the first formula is used, set 
S, = 0, and if the second formula is used, set sy, = 1. This makes Ng into 
an abelian group, with zero satisfying 0 = n(...00:00...). 

Let Ag be the set of all elements a in Ng with a, = 0 for all n < 0. 
Define multiplication on the set Ag as follows. Let a,b € Ag be arbitrary 
and denote ab by c. Define mo and cp to satisfy agbp = mogo + Co, where 
0 <co < qo. Then inductively define m, and c, for n € N by 


Mn-1 + s- ajbyqF*D — magn + en; 
max{j,k}=n 


where 0 < Cn < Gn. 
Consider the nested, doubly infinite sequence of subsets {Ag n:n € Z} 
where 
Agn = {a€ Nq: ax = 0 for all k < n}. 


(Note Ag = Ago.) For any ko in Z, the subfamily {Ag, : k > ko} is a 
base for the topology of Qg. 


The proof of the next theorem is now just a matter of checking that 
the definitions of addition and multiplication on Qg and Ag, just given 
formally, do agree with the heuristic descriptions supplied before the formal 
definition. Metrizability and o-compactness follow from the countable base 
of compact sets defining the topology. Clearly the infinite series used above 
to extend the algebraic operations do converge in the topology. 


Theorem For any doubly infinite sequence q:Z + N\{1} the set Qq with 
the addition and topology defined above is a metrizable, o-compact, totally 
disconnected, locally compact abelian group with a dense copy of Qg,oo (the 
set of rational numbers with denominators (when in reduced form) that 
divide some product Hes ge = (q'-™)-! with m € N) embedded as 
described above. For each n € Z, Ag n is a compact, open subgroup. 
Furthermore, Ag is a metrizable, totally disconnected, compact, unital 
ring with 1.00... as multiplicative identity and with a dense copy of Z 
embedded as already described. Its additive structure is inherited from Qq. 


Theorem The character group of Qq is homeomorphically isomorphic to 
Qa, where q is defined by Gn = q_-n for alln € Z. The action of b € Nag on 
aE, is given by 


xb(a) = exp} 2 ( > an (> aa) }} 


n=—oco m=n 


where the sums are actually finite. 
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Let Z(q®) denote the following subgroup of T with the discrete topology: 


2nik 


ot] :neN; 0<k< goa am}. 
9091 °°: Im 


Z(q™) = {Sm = exp ( 
The discrete character group of Ag is isomorphic to Z(q™) under the action 


(m) 
Xm,k (a) = (Cia) i 


(m) 
j 


Proof Hewitt and Ross [1963], (25.1), (25.2). oO 


A unital multiplication cannot usually be defined on Q,. Consider the 
abelian group Qg as a Z-module in the usual way. For any unital ring struc- 
ture on Ng let u € Ng be the multiplicative identity. (Our standard choice 
will be the element denoted by 1.000.... This amounts to insisting that the 
multiplication on Ng extend that already defined on Ag. This is the only 
choice we will explore in detail, but the conditions we give can easily be 
translated to many other choices.) The multiplication must agree with the 
embedding of Z into Ng under the action n +> n-u induced by this module 
structure. If u belongs to Ng oo, then multiplication on Qg,00 is completely 
determined, assuming that Q, 00,4 is a multiplicative semigroup. The stan- 
dard choice indicated above gives the ordinary multiplication induced from 
Q by the map n:Qq00 - Q 

There are two obstructions (of different kinds) to defining multiplication 
on 924 with 1.000... as unit. First, Qy,00,4 and hence Qg 00 may not be 
multiplicative semigroups under their usual multiplication. Suppose, for 
example, that a prime p divides only finitely many integers gq, with negative 
indices k. If 7 is one such negative index, then p divides the denominator 
of n(d;). Thus high powers of 6; do not belong to Ng 0. This gives our 
first condition. (These conditions are named for Edwin P. Herman, who 
analyzed the multiplicative structure of Ng in [1997]. The present discussion 
is based on his work, which should be consulted for further details.) 


=a; for0<j<m and a'™ — 0 otherwise. 


where a'™) is defined by a : 


H, Ifa prime p divides any gq, with negative index k, then 
it divides infinitely many integers gq, with negative indices n. 


The second obstruction is more subtle. Even if Qg,00 is a multiplicative 
semigroup, its closure may not be. An example will illustrate the problem. 
Define q by q, = 2 for k < 0 and q = 3 for k > 0. Then 2 = n(2.00...) 
and 1/2 = n(10.00...), so 2.00... is invertible. On the other hand, we get 
(2.00...)(11.11...) = 0.00..., so 2.00... is also a zero divisor. This type 
of problem can be avoided by a second condition. , 


H, Ifa prime power p™ divides some q‘*) with a negative 
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index k, then it divides some q‘”) with a positive index n. 
Theorem Let Qq be the set of q-adic numbers for some doubly infinite 
sequence q:Z + N\ {1}. Then Qq can be given a multiplication making it 
into a ring if and only if any prime that divides a q, with a negative index 
divides infinitely many integers qn with negative indices and infinitely many 
integers Gn, with positive indices. 


Proof See Herman [1997]. Oo 


If the value of g, is independent of n € Z, the conditions of the theorem 
are met. If this constant value is a positive power of a prime p, then Ng is 
isomorphic to the p-adic field. On the other hand, if more than one prime 
divides the constant value, then 9, has divisors of zero, so it is not even 
an integral domain. A proof of these remarks is given in Hewitt and Ross 
[1963], (10.11). If the constant value has the form p/p,” --- pr, where 
P1,P2,---,;Pm are distinct primes, then as a ring Q,q is isomorphic to the 
ring direct sum Q,, Q, -::Q,, : 

We now give some results on the ring of q-adic integers Ag. Of course, 
the values of q at negative integers play no role whatsoever here, so we may 
consider q to be defined only for non-negative integers, if we wish. 


Definition Let A, be the set of q-adic integers for some doubly infinite 
sequence q:Z — N \ {1}. The q-adic solenoid Xq is the quotient group of 
R x Ag by the subgroup {(n,ndo) :n € Z}. 


Theorem The q-adic solenoid is a compact, connected abelian group con- 
taining a continuous image of R as a dense subgroup. Its character group 
is the discrete additive subgroup of Q consisting of all fractions which can 
be written with a denominator of the form qoqi-:-QGm-1 = Pm for some 
meéN’. Fort € R anda € Ag use [(t,a)] to denote the corresponding 
coset in Lig. If s = j/(qoq1 -*:Qm) is in the additive subgroup of Q described 
above, the action is given by 


Xs([(¢, a)]) = exp (ani () — ye ad) 


1=0 


Proof See Hewitt and Ross [1963], (10.13) and (25.3). Oo 


Corollary 1 The q-adic solenoid Ug is homeomorphically isomorphic to 
Liq: if and only if the group of rational numbers that can be written with a 
denominator of the form qoq ---Qm—1 = Pm for some m € N is isomorphic 
to the group of rational numbers that can be written with a denominator of 
the form 44) °°-Qn'_-1 = Pi, for some m' EN. 


Corollary 2. The q-adic solenoid Xq is homeomorphically isomorphic to 
the dual group of the discrete additive group of Q if and only tf each positive 
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integer divides qoqi1-°-'Qm—1 = Dm for a sufficiently high value of mE N. If 
q’ satisfies the same condition, Uq 1s homeomorphically isomorphic to Liq’. 


Proof These two corollaries are immediate consequences of the above the- 
orem and the Pontryagin Duality Theorem (3.6.15). oO 


The classic example of a doubly infinite sequence satisfying this condi- 
tion has gq, =k +2 for all ke N’. 


Definition A subset S of a topological group G is said to generate G 
as a topological group if G is the only closed subgroup of G containing S. 
A topological group that is generated as a topological group by a single 
element is called monothetic. 


Obviously, monothetic groups are abelian. For several of the next the- 
orems, it is convenient to denote the set of all primes in N by P. 


Theorem The following statements are equivalent for an infinite topolog- 
ical group G. 
(a) G is a zero-dimensional, compact, monothetic group. 
(b) G is homeomorphically tsomorphic with Ag for some doubly infinite 
sequence q. 
(c) G is homeomorphically isomorphic to a direct product ||,-p Gp, 
where Gp is either {e}, Z(p) for rp € N or Ap. 


Proof Hewitt and Ross{1963], (25.16). O 


We now quote without proof some relevant results from the book by 
David L. Armacost [1981], where proofs, further results and references can 
be found. 


Definition Let G bea locally compact, abelian group written additively, 
and let p be a prime. Then G is called a ( topological torsion group / 
topological p-group ) if each of its elements wu satisfies 


i np, — 
( lim ntu 0 / jim p u=0). 
Furthermore, the p-component Gp of G is defined by 


— - n,, — 
Gp ={ueG: lim p u = 0}. 


It is easy to see that Ng, Ag, @ and oy are all topologically torsion 
groups, and the latter two are topological p-groups. Obviously topological 
p-groups are topological torsion groups, and G, is always a subgroup of 
G. In general Gp need not be closed, but when G is totally disconnected 
each G, is closed. Arbitrary powers of op are the only torsion-free compact 
abelian p-groups. 
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Theorem A compact abelian group is a topological torsion group if and 
only tf it is totally disconnected. 


Theorem Let G be a locally compact, topological torsion, abelian group 
and let K be a compact, open subgroup of G. Then for each prime p, Kp 
is a compact, open subgroup of Gp and G is homeomorphically isomorphic 
to the restricted direct product [|p(Gp, Kp). 


This last theorem was discovered independently by Naum Yakovlevié 
Vilenkin [1946] and Jean Braconnier [1948]. We can apply it to q-adic 
numbers. Let q be given. Then Ag is a compact, open subgroup of the 
locally compact, topological torsion, abelian group Og. 


Theorem Let q:Z — N \ {1} be a doubly infinite sequence. Then the 
additive group Qq is homeomorphically isomorphic to the restricted direct 
product [[p((Qq)p,(Aq)p). Furthermore, Ag is homeomorphically isomor- 
phic to the direct product ILpep Gp, where, for each prime p € P, (Aq)p ts 
either {e}, Z(p™) forr, € N or Ap. 


Having given such detail on totally disconnected, locally compact abelian 
groups, we mention the standard structure theorem for compactly gener- 
ated, locally compact, abelian groups. 


Theorem Any compactly generated, locally compact, abelian group G 
is homeomorphically isomorphic to the direct product R™ x Z" x K for 
m,n € N° and K a compact abelian group. Moreover m, n and K (up to 
homeomorphic isomorphism) are determined by G. 


Proof Hewitt and Ross [1963], (9.8) and (9.13). Oo 


Many related results appear in Hewitt and Ross [1963] and Armacost 
[1981]. 


Willis discovered his theory while trying to prove the conjecture of Karl 
H. Hofmann and Arunava Mukherjea [1981] that there are no strange lo- 
cally compact groups. We shall not bother to define “strange”, but the 
original authors had proved that there were no strange connected, locally 
compact groups and thus reduced the question to totally disconnected, lo- 
cally compact groups. The problem arose from studying convolution powers 
of probability measures on locally compact groups. Willis theory shows that 
no strange groups exist and thus proves the following theorem. 


12.3.36 Theorem Let G be a non-compact, second countable, locally 
compact group, and let P be any probability measure on G satisfying 


G= J supp(P)”. 


n=1 
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Then P also satisfies 


lim sup{P"(Ku~’) :wEG}=0 VY compact kK CG. 


12.3.37 <A Totally Disconnected, Nilpotent Group that Is not 
Central Let Z2 = {0,1} be written additively. Let A be the direct product 
of the compact, totally disconnected group Z9 and the discrete, weak direct 
sum )|~-_, Zz. Let G be the semidirect product Ax,Z2, where n(é)(a, 8) = 
(a + €G, 8). Since G is the extension of an abelian group by Zag, it is easy 
to see (Theorem 12.4.26 below) that all continuous, unitary, topologically 
irreducible representations are at most two-dimensional. However, G’ = 
Gz = ZX x {0} x {0} shows that G is nilpotent and its derived group is 
compact but G is not central. In the terminology of Definition 12.5.5 below, 
G is a Takahashi group. 


12.4 Introduction to Group Representations 


This section introduces some basic facts about continuous, unitary rep- 
resentations of locally compact groups. These are intimately connected to 
*_representations of several closely related Banach *-algebras. Hence the 
theory of Chapters 9, 10 and 11 is available. The reader may also wish to 
review Section 3.6, where locally compact abelian groups were studied, but 
without explicit mention of unitary representations and *-algebras. 

We are primarily interested in three Banach *-algebras associated with 
G: L'(G), M(G) and C*(G). The first two were introduced in Section 
1.9. They are the usual algebras of absolutely integrable, complex-valued 
functions and of complex, regular, Borel measures, respectively. Both have 
convolution multiplication, and L'(G) may be regarded as the *-ideal of 
M(G) consisting of measures that are absolutely continuous with respect to 
Haar measure on G. Table 3 (page 1484) gives all relevant formulas. (Def- 
initions of the involutions are at the bottom.) Wendel’s Theorem (1.9.13) 
shows that M(G) can also be identified with the double centralizer algebra 
of L'(G). C*(G) is the C*-enveloping algebra of L'(G), as described in 
Definition 10.1.10. We will soon show that L!(G) is reduced for all locally 
compact groups G. Hence its Gelfand—-Naimark semi-norm is actually a 
norm. C*(G) is the completion of L1(G) in this norm and hence we may 
and shall consider L}(G) as a dense *-subalgebra of C*(G). M(G) is unital 
while L'(G) and C*(G) are approximately unital. (These last two algebras 
are only unital when G is discrete.) 

Continuous, unitary representations of groups were introduced in Def- 
inition 9.2.19. Theorem 9.2.20 asserts that if U is a weakly Borel mea- 
surable, unitary representation of G on H, then U is actually continuous, 
which means continuous when its range is given either the weak or strong 
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operator topology. The same results show that 


Ty z = [ seu du VfEeLi(G); ze€H (1) 
We= [Uy du(u) VpeM(G); zEeH (2) 


define essential *-representations of L1(G) and M(G), respectively. Let 


T° :C*(G) > B(H) be the extension of TY guaranteed by Theorem 10.1.12. 
The following formulas also interconnect these representations: 


U,=Ty =limTY = Wu EG, 
where {ea }aca is a bounded, two-sided approximate identity in L'(G), 
—U ss 
T? =Tay=Th Vf Ee L(G) 


where : L1(G) + C*(G) is the usual embedding and 4 is left Haar mea- 
sure. 


12.4.1 Theorem The associations Uo TY «+ TU 4 TF described above 
are natural byective correspondences between: 

(a) The class of all continuous unitary representations of G; 

(b) The class of all essential *-representations of L‘(G); 

(c) The class of all *-representations of M(G) that are essential 

when restricted to L1(G); 

(d) The class of all essential *-representations of C’*(G). 
These bijections respect unitary equivalence. If any of U, TY, TY or tT 
are topologically cyclic or topologically irreducible, then they all are. Fur- 
thermore, the commutants (Ug)’, (Triey)’ : (TH iay)' and Twa agree, 


as do the double commutants (Uc)", (Tyiq))", (Thay)" and Cia 
The *-representation of C*(G) corresponding to a topologically irreductble 
representation of the other algebras will be algebraically irreducible. 


Proof These results are clear from our discussion. Kadison’s theorem (The- 
orem 9.6.2) is used in the last remark. oO 


We record two fundamental consequences of the association between 
continuous unitary representations and these essential *-representations. 
Both results are primarily based on Schur’s lemma, Theorem 9.6.1({c). 


12.4.2 Theorem Any topologically irreducible, continuous, unitary rep- 
resentation of a locally compact abelian group is one-dimensional. 
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Proof Since A = L}(G) is commutative, TY C (TY)! = CI implies this, 
where U is any topologically irreducible, continuous, unitary representation 
of G (Cf. Theorem 9.6.1). oO 


The following theorem was first proved by Anna Gurevié in [1943]. 


12.4.3 Theorem Every continuous, unitary representation of a compact 
group is the direct sum of topologically irreducible subrepresentations, and 
every topologically irreducible representation is finite-dimensional. 


Proof Let U:G — B(H) be a continuous, unitary representation and let 
the Haar measure on G be normalized so that \(G) = 1. For any w € H 
define 


(2) = [ (y,Uy(w))(Uy(w),2)du Wy, 2 EH. (3) 


It is obvious that (-,-),, is an inner product satisfying Proposition 9.1.11(d) 
with |(y,z)w! < |lyl| ||z|| {|w]|?. Hence there is a non-zero operator Sy, € 
B(H) + satisfying (y,z)w = (Sw(y),z) for all y,z € H. However, the left 
invariance of Haar measure shows 


[ (Uy (y), Ua(w))(Uu(w), 2)de 
rf (y,Uy-14(w))(Uy-1,,(w), U2(2))du 


[ (y, Uu(w))(Ua(w), UZ (2))du 
(Su(y), Us (2) = (UsSw(y),2) 


for all w € H and v € G. Hence each S, is in the commutant of TH (G): 
Clearly Sy, is positive. 

Next we show that S, is compact by showing that for any ¢ > 0 
there is a finite rank operator F’ satisfying ||S,, — F|| < «. Assume that 
||w|| = 1. Since G is compact, the function u +> U,(w) is uniformly con- 
tinuous. Hence we can find disjoint Borel subsets B;, Bo,..., Bn of G and 
group elements u; € B; satisfying ||U,,(w) — Uu;(w)|| < ¢/2 for all u € B; 
and j = 1,2,...,n. Define F by F(z) = S05_,A(Bj)(2,Uu;w)Uu;w = 
i Sp, (x, Uy, w)du U,,w for all c € H. Then the range of F is spanned 
by the n vectors U,,w for 7 = 1,2,...,n, so F' is finite rank. We also get 


(SwUy (y), z) 


Su(e)-F@)| < Se / \(a, (Uy —Us,)w)|du ||U., ell 
j=" i 


n 
a I \(z, Vu; w)| ||(Uu — Uu;)w||du < e||z|. 
j=1 j 
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Hence S, is compact. 

Suppose first that U is topologically irreducible. Then Schur’s lemma 
asserts that S, is a non-zero complex multiple s,J of the identity. In 
81.7.7 we showed that J is only compact if H is finite-dimensional. Thus 
topologically irreducible continuous, unitary representations are all finite- 
dimensional. 

Now we drop the assumption that U is topologically irreducible. Since 
Sw is positive, Theorem 9.1.20(f) shows ||S|| = p(S,). Theorem 2.8.7 
shows that each non-zero point in the spectrum of a compact operator is an 
eigenvalue corresponding to a finite-dimensional hyperinvariant subspace. 
Hence U has finite-dimensional invariant subspaces. These are obviously 
the direct sums of irreducible subspaces. Now consider a maximal family 
(supplied by Zorn’s lemma) of orthogonal, invariant, irreducible subspaces. 
The orthogonal complement of their sum is also invariant. But we have just 
shown that the restriction of U to this subspace would include an invari- 
ant, irreducible subspace if it were not zero. Since this would contradict 
maximality, U is the direct sum of irreducible subrepresentations. oO 


Here is an alternative argument, due to Leopold Nachbin [1961], to 
show that a continuous topologically irreducible unitary representation U 
of a compact group G is finite-dimensional. It does not rely on showing 
that S,, is compact. As before, Schur’s lemma asserts that S,, is a complex 
multiple s,,J of the identity. Considering two vectors w,z € H, we get 


/ (2, Uy(w))(Uu(w), z)du = / \(z,Uu(w)) [du 
G G 

| Iw, Uy-1(z)) Pdu = s,||wl]?. 

G 


swllz|l" 


Hence there is some positive constant c satisfying s,, = c||w||? for all w € H. 
If z1, 22,..., Zn iS an orthonormal set in H, then Bessel’s inequality gives 


— 
iI 


[tale IPodu> J Wen tale) Pa 


> | (zz, Uy(21))(Uu(21), ue )du = S582, {ze = nc. 
k=1 ¥G k=1 


Hence the dimension of H is not more than c~!. Thus topologically irre- 


ducible representations of compact groups are finite-dimensional. 0 


Theorems 12.4.16, 12.4.26 and 12.5.6 will discuss other types of locally 
compact groups in which all of the topologically irreducible, continuous, 
unitary representations are finite-dimensional. 

For non-compact, locally compact groups, even commutative ones, the 
assertion that every continuous, unitary representations is the direct sum of 
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irreducible subrepresentations fails completely. Consider U: R + B(L?(R)) 
defined by U;(g)(t) = g(t — s) for all g € L?(R) and s,t € R. If there were 
an irreducible subrepresentation, it would be one-dimensional by Theorem 
12.4.2. But this would imply g(t — s) = ¢,g(t) for some ¢, € T and all 
g € L?(R) and s,t € R. This implies that |g(t)] is a constant almost 
everywhere, which is impossible for any non-zero g € L?(R). Thus U 
has no topologically irreducible subrepresentations. The total failure of 
a direct sum decomposition is replaced by a “direct integral” decompo- 
sition. In the present example, the inverse Fourier—Plancherel transform 
g(t) = fa g(s)e’*'ds expresses this direct integral decomposition into the 
irreducible representations t 4 e*8§. The representation U above of R is 
just the left regular representation, which we now discuss further. 


Regular Representations 


Let G be a locally compact group. The left regular representation 
L:G — B(L?(G)) defined (almost everywhere) by 


Lu(f) =uf or Ly(f)(v) = f(u7'v) VuveG; fEeH=L*(G) 


and its integrated forms T“: L'(G)  B(L?(G)) and T!: M(G) > B(L?(G)) 
were introduced in Definition 9.2.21. We summarize the properties of these 
representations and T’:C*(G) — B(L?(G)) in a theorem. We shall see 


later (Theorem 12.5.14(c’)) that T’ is faithful (and therefore isometric) if 
and only if G is amenable. 


12.4.4 Theorem LetG be a locally compact group. The left regular repre- 
sentation L of G is a faithful, continuous, unitary representation. The cor- 


responding *-representations T”, T“ and T are all contractive, essential 
*_representations with the former two faithful. Moreover, T” is continuous 
from the weak* or Co(G) topology of M(G) to the weak operator topology 
on B(L?(G)). 


Proof After Definition 9.2.21 we showed that L is a continuous, unitary 
representation and that T! and T¥ are essential *-representations. All 


*_representations of C*-algebras are contractive, so T’ is. The definitions 
of T and T” as integrals show that they are also contractive. 

We prove the faithfulness of ZL first. Suppose that v € G is not e. 
Choose a compact, symmetric neighborhood V of e so that v ¢ V?. Then 
V has finite non-zero Haar measure so that its characteristic function h 
is a non-zero element of L?(G). It satisfies L,(h) # h since L,(h) is the 
characteristic function of vV, which is disjoint from V. Thus L is faithful. 

Now suppose that 4 € M(G) is non-zero. Interpretation of M(G) as ° 
Co(G)* via the Riesz representation theorem and the density of Coo(G) in 
Co(G) allow us to choose f € Coo(G) with f, fd 4 0. The function p * f 
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defined by w+ f(u) = f, f(v~'u)dp(v) for all u € G is continuous since f 
is uniformly continuous a px be: satisfies 


lu * flu) — pw F(v)| < |lfu — folloollull  Vu,ve G. 
Since y* f(e) = f., fdu is non-zero, ||T2(f)||3 =f. |u*f(u)|?du > 0 proves 
TL # 0, as we wished to show. The restriction of T¥ to L'(G) is just T, 


which is therefore also faithful. (Note that L, — L, = TL (by —5y) # 0 for 
u #v €G implies that L is faithful without the argument of the previous 
paragraph. ) 

In order to show that T” is continuous from the weak* topology on 
M(G) to the weak operator topology on B(L?(G)), let g,h € L?(G) and 
pt € M(G) be arbitrary. Fubini’s theorem gives 


(F(),h) A A g(u-?v)dye(u) Fw) 


[ (poe rerito*yao) duu) = fa, 


where k = g * h is in Co(G) by Hewitt and Ross [1963], (20.16). Hence 
if a net {ta}aea converges to up € M(G), then (TP (g),h) converges to 


(Ti(g),h) for all g,h € L?(G). Si 


12.4.5 Corollary For any locally compact group G, L'(G) and M(G) 
are reduced *-algebras and hence Jacobson semisimple. 


Proof They are reduced since they each have a faithful *-representation. 
Theorem 9.7.11 then shows that they are semisimple. Oo 


Of course, C*(G) is also reduced and semisimple since this is true of 
any C*-algebra. 

The following result is known as the Gelfand—Raikov theorem. It was 
published by those authors in [1943]. Theorem 12.4.13 below will give an 
improvement due to Walter [1974]. 


12.4.6 Gelfand—Raikov Theorem There are enough topologically ir- 
reducible, continuous, unitary representations of any locally compact group 
G to separate its points. 


Proof The last sentence of Theorem 9.7.2 shows that there are enough 
topologically irreducible *-representations of M(G) to separate points. The 
parenthetical remark in the penultimate paragraph of the proof of Theorem 
12.4.4 gives this as a corollary. O 


12.4.7 Definition Let G be a locally compact group. The right regular 
representation of G is the map R:G + B(L?(G)) defined by 


Ru(g)(v) = A(u)’/*7g(vu) = Wu, v € G; g € L7(G). 
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The unitary involution on L?(G) is the linear map 


W(g)(v) = Atv)? gu") Vue G; g € L7G). 


12.4.8 Proposition Let G be a locally compact group. The right regular 
representation of G is a continuous, unitary representation of G that com- 
mutes with the left regular representation. The unitary involution W on 
L?(G) is a unitary operator in B(L?(G)) that is involutive (W? = I). It is 
a unitary equivalence between the left and right regular representations: 


WL, = R,W and WR, = L,W VueG. 


Proof The proof of the first sentence is similar to the proof of Theorem 
12.4.4. The other statements require mere computations. As an example, 
we establish the first displayed formula using an arbitrary g € L?(G),v EG 
and results from Table 3 (page 1484): 


W L(g) (v) W(ug)(v) = A(v)7!/? yg(v7?) 
A(v)-/?g(u-*y-1) = A(u)/?A(vu)*/29((vu)?) 
A(u)'/?W(g)(vu) = RuW(g)(v). Oo 


lI 


Positive-Definite Functions 


We wish to find a concrete description for positive linear functionals on 
the Banach *-algebra A = L'(G) for any locally compact group G. The- 
orem 11.3.7 shows that all positive linear functionals on an approximately 
unital Banach *-algebra such as A are representable and hence continuous. 
It is well known that L(G) is isometrically isomorphic to the Banach 
space dual of L(G) (cf. Hewitt and Ross [1963], (12.18)) under the map 


he L™@(G)++w,e€ L'(G)* — where 


nS [ h(u)f(u)du = [ h(u-!) f(u)dw 


(Having fA instead of h in this formula is not standard but has several ad- 
vantages. It agrees with our notation in Table 3 (page 1484) and Theorems 
3.6.3 and 3.6.9 of the first volume. Since the next definition shows that a 
function p is positive-definite if and only if pis, this change is unimportant.) 

These remarks show that we may consider Al as a subset of L(G). 
Thus we have identified positive functionals on L'(G) with complex-valued 
functions defined on G. For any w € Al, we know that there is some 
topologically cyclic (hence essential) *-representation T (e.g., T”) of A on 
a Hilbert space H (e.g., H”) and some topologically cyclic vector z € H 
(e€.9., Z,) satisfying w(f) = (T¥(z), z) for all f € A. Theorem 9.2.20 shows 
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that there is a continuous unitary representation U of G so that T = TY. 
Hence the above expression can be written as 


w(f) = [ f(u)(Uu(z),2)du “VF EA. 


Thus p,,(u) = (Uy(z),z) = (Uy(z), z)" = (z,Uy(z)) is the L(G) function 
corresponding to w. Obviously p,, is continuous and it is easy to check that 
it satisfies the next definition. 


12.4.9 Definition Let G be a group. A function p:G —- C is said to be 
positive-definite if it satisfies 


n 
S > aga, p(uz us) > 0 V a1,Q@2,...,Qn €C; V uj,ug,...,Un € G. 


n 
=1 k=1 


Jj 


The reader should be aware that positive-definite functions are not 
positive-valued: p(t) = e” is a positive-definite function on the additive 
group IR. (See Bochner’s Theorem 3.6.9 for a characterization in the case of 
locally compact abelian groups.) However, positive-definite functions are 
bounded. Consider the defining condition with n = 2, u; = e and u2 = u 
for an arbitrary u € G. Suitable choices of a; and a2 give 


piu") =p(u)* — and_—|p(u)|< ple) VueG. 


Hence, in particular, any positive-definite function p satisfies p(e) = ||p|loo 
(cf. Proposition 3.6.8). 
There is a strong converse to what we have already established. 


12.4.10 Theorem Let G be a locally compact group and denote L'(G) by 
A. The isometric linear isomorphism of (L'(G))* onto L©(G) sends the 
set Al = Al, of (necessarily representable and continuous) positive linear 
functionals on A onto the set of continuous positive-definite functions on 
G. The restriction of this map to the set Al, of states is a homeomorphism 
from this set with its weak* topology (equivalently, L'(G)-topology) onto its 
image (the set of positive-definite functions p satisfying p(e) = 1) with the 
topology of pointwise convergence uniform on compact subsets. 

Furthermore, if w is a positive linear functional, p is the corresponding 
continuous, positive-definite function, and U is the unitary representation 
of G corresponding to the topologically cyclic *-representation T” of L'(G) 
defined by w, then p satisfies 


Plu) = Uultw), 2w)i = (Za, Vue) Ju VueG 


and p(e) = ||Plloo = ||w|la = ||]. 
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Proof Theorem 11.3.7 shows that all positive linear functionals on an ap- 
proximately unital Banach *-algebra such as L'(G) are representable and 
hence continuous with respect to both the Gelfand—Naimark norm and the 
complete norm. We have shown that positive linear functionals give rise to 
continuous positive-definite functions. 

Since functions in L°(G) are only determined almost everywhere, we 
obviously mean that each w € A! corresponds to an equivalence class in 
L®(G) that contains a (necessarily unique) continuous function. 

In order to show that the range of the map w + p,, is surjective, we find 
its inverse. Suppose that p:G —> C is positive-definite. First we will check 
that p defines a positive linear functional &, on ¢1(G) (not L1(G)!) by 


Op(f) = >— p(u)f(u) = S> p(u")f(u) Vf € &(G). 


uEcG uEG 


Since the subspace £3(G) of functions with finite support is dense in £1(G), 
in proving positivity it is enough to consider f € £)(G), which we can write 
as f = )07_, a%6u,;. Replacing u by vw7! at the third step gives 


Op(f**f) = >> put) >° f*(v)f(v7tu) 

u€G vEG 

= Si plu) ST fw)" Fo) 
ueG ve€G 

= Do Dd pw) fv)" f(w) 
weG vEG 

on >_> akajp(uz uy) > 0. 
j=l k=1 


Hence W, is positive. The *-representation T’? of £1(G) gives a unitary 


representation U? of G defined by ur 6, +» T;” = UP. 

We now show that if p is continuous, then this unitary representation 
UP is continuous in the weak operator topology and p is related to it by 
the equation 


p(u) = (U2 25) Zip dry = (25% Ul 25,Jé- VueG. (4) 
It is enough to show that 
Ur (UBT ?” 255, T? 255, ip (5) 


is continuous for all T 2 and tT; ’z in the dense subspace Taye (This 
depends on the fact that the norm of unitary operators is bounded above.) 
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The right side of (5) can be rewritten as 


(UfT;” Zip? Ty” Zip )ivp a (To. apees: Zip iy = S~ D(v)g" *0u*f (v) 


veEG 
= 2 YS aloig*(ew) fu tw) = S77 aleuy)9*() Fy), 
vEG weG rEG yEG 


where we used the substitutions x = vw! and y = u~!w. Since the 


last expression is obviously a continuous function of u, U? is a continuous 
unitary representation. Theorem 9.2.20 gives a *-representation TU” of 
L'(G) derived from U?. We repeated the definition as equation (1) at the 
beginning of this section. Combining this with equation (5) above we get 


wolf) = | pw)s(uydu= f U220,,%0,)0, F(u)du 
(TP zitp Ziplap WF EL (G). 


The *-representation TU” is topologically cyclic by construction, so Theo- 
rem 9.4.1 now shows that there is a unitary equivalence from T“? to TU” 
that sends z,,, onto zj,. This verifies the displayed equation in the theorem. 
Corollary 11.3.8 and the remarks on positive-definite functions preceding 
this theorem give the last set of equations. 

We omit the details of showing that the restriction to the set of states 
is a homeomorphism onto its image with the indicated topologies. See 
Dixmier [1977], Theorem 13.5.2, where Raikov’s proof is given. Oo 


(Ty ses Zig Jey 


This proof is quite remarkable. We have used @1(G), the group algebra 
of the group Gg (G endowed with the discrete topology), to construct repre- 
sentations of L}(G) and continuous representations of G. The reader might 
wish to consult Hewitt and Ross [1963], (32.1)—(32.12) and (32-35)—(32.37), 
where this construction is exploited in much greater detail. 

We will denote the cone of continuous positive-definite functions on a 
locally compact group G by P(G). This set is mapped onto D(a), b 
the inverse of the isometric linear isomorphism of the last theorem. Hence 
P(G); = {p € P(G) : p(e) < 1} is mapped onto LG)hy and the state 
space L'(a)t of L'(G) is the image of P(G)s = {p € P(G) : p(e) = 1}. 
Proposition 9.6.5 shows that the set L} (G)b of pure states is the image of 
the set of non-zero extreme points of P(G)1, which is also the set P(G) p of 
extreme points of P(G)s. As noted in the proof, Dixmier [1977], Theorem 
13.5.2 shows that the weak* topology on the state space Day coincides 
(under the identification we are considering) with the topology on P(G)s 
of pointwise convergence on G, which is unter on compact subsets of G. 
These topologies do not agree on Ley rR, and P(G);, since nets of pure 
states can converge weak* to zero. 
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12.4.11 Theorem Let G be a locally compact group. 
(a) For any continuous, unitary representation U:G + B(H) and any 
z EH, the function 


p(u) = (Uyz,z)* = (z,Uyz) VueG 


is continuous and positive-definite. 

(b) Every continuous, positive-definite function p on G arises in this 
way from some topologically cyclic, continuous, unitary representa- 
tion U:G — B(H) and some topologically cyclic vector z € H. The 
function p belongs to P(G)s if and only if ||z|| = 1. In this case, U 
is topologically irreducible if and only if p is in the set P(G)p of 
extreme points of P(G)s. 

(c) Two topologically cyclic, continuous, unitary representations 
U:G > B(H) and V:G > B(K) are unitarily equivalent if and only 
if there are topologically cyclic vectors z € H andw € K satisfying 


(U,,z,z) = (V,u,w) VueG. 
(d) The cone P(G) is closed under pointwise products. 


Proof The first two statements are already clear. (c) depends on Theorems 
9.4.1 and 12.4.4. 

(d): Suppose that p; and pe belong to P(G). By (b) write p,(u) = 
(Uz), 21:)* and po(u) = (U2z2, z2)*, where U/ is a continuous, unitary 
representation of G on H/ for j = 1,2. Theorem 10.1.32 allows us to write 


pi (u)po(u) = (UL @ U2 2, ® 22, 21 ® 22) VueG, 
proving (d). O 


The Gelfand—Raikov- Walter Theorem 


Theorem 12.4.6 above is the Gelfand—Raikov theorem. In [1974] Martin 
E. Walter proved a stronger result. We shall give the proof due to Zoltan 
Sasvari [1991], which depends on the following lemma. 


12.4.12 Lemma Let G be a locally compact group. If there exists a 
positive-definite function p € P(G)s and n € N elements uj, uU2,..-,Un of 


G satisfying 
Re (> nu) <2-n, 


k=1 


then there is an extreme positive-definite function q € P(G)p satisfying 
q(uz) # q(e) = 1 fork =1,2,...,n. 
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Proof Suppose that there is no such gq € P(G)p. Then P(G)p can be 
written as a union U?_,Q;, where QO; = {g € P(G)p : q(u;) = q(e)}. In 
this case the Krein—Milman theorem would give a net {pa}aca GC P(G)s 
converging to p with pa = ae da,j, Where each gg,; was a non-negative 
multiple of an element of Q;. For each j, {q € P(G): : g(u;) = q(e)} is 
compact, so there is a subnet {pg}gep in which each {gg,;}sep converges 
to some q; € P(G); satisfying q;(u;) = q;(e). This gives 1 = p(e) = 
> 25-1 97(€)- The inequality Re q;(u) > —q;(e) implies 


f 
rs 
40) 
M4 
od 
S 
S 
I 
= 
+ 
S 
rd 
M 
S 
a 


Re (x: i) 
k=1 


k=1j9=1 k=1 jfk=1 
nr 
> 1- So (n —1)q;(e) =2-n, 
j=l 
which contradicts our assumption, thus proving the lemma. oO 


12.4.13 Gelfand—Raikov—Walter Theorem Let G be a locally compact 
group. Then for any v #4 e and w # e inG there is some topologically 
irreducible, continuous, unitary representation U of G satisfying U, # I, 
Ug Fa: 


Proof By Theorem 12.4.6 we may assume v # w and v 4 w_!. For the 
lemma we need a p € P(G)sg satisfying Re(p(v) + p(w)) < 0. Choose a 
symmetric neighborhood V of e so that V2 does not contain v, w, wv, 
vw or v-!wv. Proposition 3.6.8(a) shows that yy * xv = x?, belongs to 
P(G), where yy is the characteristic function of V. Define p by 

B(u) = xi(u) + ey2(v-' uv) — x¥(v-'u) —xP(u7'v) — VueG. 
Applying Theorem 12.4.11(a) to u 4 x%(u), it is easy to see that p is 
positive-definite. The obvious calculations give p(v) < 0 and p(w) = 0. 
Hence we choose p = (p(e)~')p. 

The continuous, unitary, topologically irreducible representation of G 
defined by g in the lemma establishes the theorem. oO 


We now consider some properties of locally compact groups related to 
their representation theory. The class [Z] of locally compact central groups 
(those G with G/Gz compact) was introduced in Definition 12.1.23. 


12.4.14 Definition The following symbols denote the class of all locally 
compact groups G having the indicated properties. 
(a) G €[Moore] if all continuous, unitary, topologically irreducible 
representations of G are finite-dimensional. 
(b) G €[MAP] if there are enough finite-dimensional, continuous, 
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unitary, topologically irreducible representations of G to separate 
its points. 
(c) G €[CCR] if all continuous, unitary, topologically irreducible 
representations U of G satisfy Ty € Be(H") for all f € L(G). 
(d) G €[Type I] if all (or all factorial) continuous, unitary representa- 
tions of G generate Type I von Neumann algebras. 
Locally compact groups in [Moore], [MAP], [CCR] and [Type I] are called 
Moore-groups, maximally almost periodic groups, completely continuous 
representation groups, and Type I groups, respectively. The terms MAP- 
group and CC'R-group are also used. 


With the exception of Moore-groups, these names are self explanatory. 
The exceptional term reflects the importance of the paper [1972] by Calvin 
C. Moore. The Bohr compactification is defined and discussed in §3.2.16 
and §3.2.17 of Volume I. The next result was proved by von Neumann [1934] 
who first defined and studied MAP-groups. 


12.4.15 Theorem The following four conditions on a locally compact 
group G are equivalent. 
(a) G E[MAP]. 
(b) There are enough continuous, almost periodic functions on G to 
separate its points. 
(c) There is a continuous, injective homomorphism of G into some 
compact group. 
(d) The homomorphism y:G — bG of G into its Bohr compactification 
1s enjective. 
Proof For the reader’s convenience we give a proof although the equivalence 
was already established in §3.2.17 of Volume I. 
(a)=(b): Almost periodic functions were introduced in §3.2.16, but we 
repeat the definition. A function f € C(G) is said to be almost periodic if 
any, hence all three of the sets 


{uf:ueEG} {fu:ueG}  {ufy:u,ve G} 


have compact closure in C(G). Since translation is continuous, it is obvious 
that all continuous functions on a compact group are almost periodic. If U is 
a finite-dimensional continuous unitary representation of a locally compact 
group on a Hilbert space H, then for all z,y € H 


uty (Uyz,y) VueG 


is almost periodic since each of the three sets of translations above is 
bounded in a finite-dimensional space. Hence there are enough almost 
periodic functions on a MAP-group to separate its points. (If z = y in the 
last displayed equation, the resulting function is positive-definite as well as 
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almost periodic. The resulting positive linear functional on L'(G) defines 
a finite-dimensional *-representation. This proves (b)=>(a) directly.) 

(b)<(d): Obvious from the definition of the Bohr compactification in 
§3.2.16. 

(d)=(c): Obvious. 

(c)=>(a): Let K be a compact group and let y:G — K be a contin- 
uous, injective homomorphism. If U is a finite-dimensional, continuous, 
unitary, topologically irreducible representation of K, then U oy is a finite- 
dimensional, continuous, unitary, topologically irreducible representation 
of G. Hence there are enough such representations to separate the points 
of G. (See §3.2.16 for the generalization of this argument when finite- 
dimensional, continuous, unitary, topologically irreducible representations 
do not separate the points of G.) 

We include a direct proof of the following extra implication for interest. 

(a)=>(c): Let U be a family of finite-dimensional, continuous, unitary, 
topologically irreducible representations of G that separates its points. For 
each U € U the range Ug of U is a compact group. (Think of it as a closed 
bounded subset of M, ~ R”™ .) Let K be the product []y<,,Ug. This is 
a compact group by Tychonoff’s theorem. The map u + @ € K, where 
u(U) = U, for all U € U, is a continuous, injective homomorphism of G 
into K. O 


12.4.16 Theorem (a) The following proper inclusions hold. 
[Z] € [Moore] Cc [CCR] c [Type I]. 


N M 
[MAP] ¢ [Um] 


(b) A locally compact group G belongs to [CCR] or [Type I] if and only 
if its C*-algebra C*(G) is a CCR or Type I C*-algebra, respectively. 

(c) The inclusion [MAP] /N [IN] C [SIN] holds. 

(d) A compactly generated [MAP] group belongs to [SIN]. 


Proof (a): [Z] C [Moore]: Let U be a continuous, unitary, topologically 
irreducible representation of a locally compact group G. Theorem 9.6.1(d) 
(applied to the related *-representation of L'(G)) shows that the commu- 
tant is CJ. For any z € Gz, U, is in the commutant. Thus U, = x(z)I for 
every z € Gz where x:Gz — T is in the character group of Gz. 

We now modify the first proof of Theorem 12.4.3 to cover this case. 
By what we have just shown, the integrand in (3) is constant on cosets of 
Gz. If f is any function constant on cosets of a closed normal subgroup 
N, we can define f on G/N by f(uN) = f(u) for all u € G. Then f is still 
continuous if f was, since the natural map y:G — G/N is open. 
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From now on G is a central group. Replace the Haar functional on G 
in equation (3) by the Haar functional on the compact group G/Gz. The 
rest of the proof of Theorem 12.4.3 is unchanged. We cannot draw the 
conclusion of the last paragraph of that proof, because our assumption on 
invariance depends on the topological irreducibility of U. 

[Moore] C [MAP]: The Gelfand-Raikov Theorem 12.4.6 proves this. 

[Moore] € [CCR] C [Type I]: Since all linear operators on a finite- 
dimensional space are compact, the first inclusion holds. CCR and Type I 
C*-algebras were introduced in §9.3.26. Theorem 12.4.1 shows that G be- 
longs to [CCR] or [Type I] if and only if C*(G) has the corresponding 
property. This gives the second inclusion. 

[MAP] C [Um]: (This inclusion was first proved by Leptin and Robert- 
son [1968], but this simpler proof was discovered by Mosak and Robertson 
independently and published by the present author in [1978] with their 
kind permission.) Let u € G be arbitrary and choose a compact, sym- 
metric neighborhood W of e containing u. Haar measure and the modular 
function on the open subgroup H = (J, W™ is just the restriction of 
Haar measure and the modular function on G. However, H is a compactly 
generated MAP-group and hence a [SIN] group (by (d) below), so A(u) = 1. 

[CCR] C [Um]: This follows from structural results of Moore and Rosen- 
berg [1976]. 

We need examples to show that these inclusions are proper. The al- 
most connected Lie group semidirect product R x, Z2 of §12.2.3, the to- 
tally disconnected semidirect product Q, xX, Ze of §12.3.30 and the discrete 
semidirect product Z x, Zz of §12.4.21 are all Moore-groups that are not 
central. The group in §12.6.4 is an [FD]~ , Moore-group that is not even a 
finite extension of a central group. 

Many groups belong to [MAP] but are not Moore-groups, but it is harder 
to find examples in [MAP] N [CCR] that are not Moore-groups. The totally 
disconnected, semidirect product in §12.4.20 below has this property. The 
integer Heisenberg group discussed in §12.1.19 is a discrete MAP-group 
that is not a Moore-group. Two more discrete examples are in §12.5.4 
and §12.5.15. For almost connected groups, [MAP] equals [Moore], and for 
connected groups [MAP] even equals [Z]. 

Any discrete group is unimodular, but we give a discrete group in §12.5.3 
that does not belong to [MAP]. The central extension of §12.1.30 is uni- 
modular but not in [MAP] nor in any other class mentioned here. The 
Heisenberg group (§12.1.18 and §12.4.22), the toroidal Heisenberg group 
(§12.1.20) and SZ(2,R) (§12.2.16) are all connected, unimodular, [CCR], 
Lie groups not in [MAP] nor in [Moore]. In §12.4.23 we give a compactly 
generated, totally disconnected CCR-group not in [MAP] or [Moore]. Fi- 
nally, the affine group of the line (§12.1.21) is a connected, solvable Lie 
group that is Type I but not in any other class discussed here. (For dis- 
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crete groups, the classes [Type I], [CCR] and [Moore] agree.) 

(b): Obvious from the definitions. 

(d): (This result was stated by Weil [1940] but the first detailed proof is 
by Karl Heinrich Hofmann and Paul S. Mostert [1963].) Choose a compact 
symmetric neighborhood W of e that generates G. Let W be the compact 
neighborhood ay,(W)~ = {aw(z):w,z€W}- CWWW-!. Let p:G > 
K be an injection into a compact group K. Proposition 12.1.9 shows that 
compact groups belong to [SIN], so let U be a base for the neighborhood 
system of e in K consisting of compact, invariant neighborhoods. For each 
U €U denote py (U) NW by U. Since each yt (U) is a closed invariant 
neighborhood of e in G, each U is a compact neighborhood of e in G. 
These neighborhoods satisfy (\g<,U = {e}. Hence there is a Uy €U so 
that U C W for all U C Up. Any such U satisfies ay (U) C ay, (p* (U)) e 
ay (W) C yp (U)NW =U. Since W generates G, U is invariant under all 
inner automorphisms. Thus {U : U C Up} is a base for the neighborhood 
system at e in G consisting of compact invariant neighborhoods. 

(c): Replace W in the proof of (d) by any compact invariant neighbor- 
hood of e. Then {U : U € U} is a base for the neighborhood system at e 
in G consisting of compact invariant neighborhoods. oO 


12.4.17 Definition Let G be a locally compact group. Let Il¢-(g) be 
the structure space (Definition 7.1.4 in Volume 1, ef. §12.4.19, below) of the 
C*-algebra of G and let G be the collection of unitary equivalence classes 
of continuous, topologically irreducible unitary representation of G. (It is 
customary to ignore the equivalence relation to the extent of writing U € G 
when U:G > Bu(H") is a continuous, topologically irreducible unitary 
representations of G.) For any U € G, we write k(U) € IIc-(g) for the 


kernel of the *-representation T :C*(G) > B(HY). (This is well defined 


since ker(T’ ) is invariant under unitary equivalences.) The topology of G 
is the Jacobson topology of II¢-(g) pulled back through the map k. The 


topological space G is called the unitary dual of G. From now on, the 
structure space IIc¢-g) of C*(G) will usually be denoted by Ig and called 
the structure space of G. 

The subset of G consisting of (equivalence classes of) finite-dimensional 
representations is denoted by Gr. 


If G is an abelian locally compact group, this notation appears to con- 
flict with the definition in Section 3.6 of the dual group G as the set of 
continuous group homomorphisms of G into T. However there is no real 
conflict. Theorem 12.4.2 asserts that every continuous, topologically ir- 
reducible unitary representation of a locally compact abelian group G is 
one-dimensional. Hence it may be regarded as a continuous group homo- 
morphism into T C C. Two such maps are unitarily equivalent if and only 
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if they are equal. Hence, as a set, G is the same under either interpreta- 
tion. Theorem 3.6.3 shows that the topology of the dual group of a locally 
compact abelian group G can be identified with the Gelfand topology on 
T',1(g). Theorem 3.6.14 shows that L'(G) is completely regular, so that the 
Gelfand topology of I'z1/g) is the same as its Jacobson topology. Propo- 
sition 10.5.9 shows that L1(G) is *-regular, so that the Jacobson topology 
on I';1(g) can be identified with the Jacobson topology on II¢+(g). Hence 


the topology of G is also the same under either interpretation. 

If G is locally compact abelian, then the dual group G has a natural 
group structure. This is lacking when G is not abelian. Nevertheless, the 
last paragraph shows that we will encounter no difficulty in using G in both 
contexts. 


12.4.18 Theorem Let G be a locally compact group. 

(a) The unitary dual G of G is naturally identified as a topological space 
with the dual space C*(G)* of C*(G). Hence it is a quasi-compact 
Baire space with the natural map C*(G)* — G continuous and 
open. 

(b) Assume that G is also second countable. Its unitary dual is To if 
and only if G belongs to [Type I] and if and only if any two 
continuous, topologically trreducible unitary representations U and 
V of G satisfying k(U) = k(V) are unitarily equivalent. In this 
case, G can be identified with Ig = cq). 

(c) Assume that G is also second countable. Its unitary dual G is a T, 
topological space if and only if G belongs to |CCR]. In this case, 
each U € G satisfies Tic = Bx(H"), so each primitive ideal of 
C*(G) is a maximal closed ideal and is thus modular if and only if 
it has finite codimension. 

(d) G is a Moore-group if and only if each primitive ideal of C*(G) is 
mazimal modular of finite indez. 

(e) If G is abelian, its unitary dual and its dual group (both denoted by 
G) are naturally identified as topological spaces. 


Proof (a): This is an immediate consequence of the definition above and 
results in §9.6.13. ; 

(b): Theorem 7.1.3 shows that the Jacobson topology is always Tp, soG 
is To if and only if the map k is injective. Glimm’s theorem in §9.1.3 shows 
that this is equivalent to C*(G) (or equivalently G by Theorem 12.4.1) 
being Type I. 

(c): If G is [CCR], then for each continuous, unitary, topologically ir- 
reducible representation U of G the range of T” is exactly the set of all 
compact operators. Since this is a topologically simple algebra, k(U) is a 
maximal closed ideal. The definition of the Jacobson topology on IIc¢- gq) 
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shows that a singleton set is closed if and only if its only element (ideal) is 
maximal in II¢~(g). Hence we have shown that IIc g) is Ti. By (b), k is 


a homeomorphism of G onto cg): 


Conversely, if G is T,, we have just seen that k is injective, so this is 
equivalent to II¢-(g) being T;. Since C*(G) = A is at least Type I, the 
range JT‘, of each irreducible *-representation on a Hilbert space H includes 
the ideal Bx (H) of compact operators (cf. §9.3.26). If T4 = Bx(H), the 
kernel of T is clearly maximal. If equality does not hold, the preimage of 
Br(H) under T is a larger proper *-ideal, so ker(T) is not maximal. Hence 
G is CCR if G is T}. 

(d): Theorems 10.5.2(c) and 12.4.1 make this clear. 

(e): We proved this just before stating the theorem. Oo 


12.4.19 Ideal Theory for Group Algebras We have already noted the 
three Banach *-algebras associated with a locally compact group: L(G), 
C*(G) = C*(L'(G)) and M(G) ~ D(L'(G)). We will not discuss the 
ideals in M(G). For any Banach *-algebra A, recall that M4, II% and =, 
denote, respectively, the spaces of all primitive ideals, of all kernels of topo- 
logically irreducible *-representations and of all maximal modular ideals. 
Each of these spaces is provided with its Jacobson topology. (We ignore 
the fact that these spaces make sense in a wider context than Banach *- 
algebras.) In the present discussion, it will be convenient to write Il, 
and =F for the spaces of primitive ideals that are maximal (but not nec- 
essarily modular) among all closed ideals and of maximal modular ideals 
of finite codimension, respectively. (Primitive ideals and maximal modular 
ideals are always closed in Banach *-algebras.) We will use II4,, I4,m,«, 
SA and =, -. for the subsets of the un-starred spaces consisting of ker- 
nels of *-representations. (We caution the reader that in perfectly general 
Banach *-algebras a primitive *-ideal (even a maximal modular *-ideal of 
finite codimension) need not be the kernel of a *-representation: consider 
{0} in any of the simple, finite-dimensional *-algebras M,,, introduced in 
Theorem 9.1.46(e).) Each of these spaces carries its Jacobson topology. 
Theorem 9.8.2 gives Irving Kaplansky’s [1947a] result that in any her- 
mitian *-algebra, each primitive ideal is a *-ideal. Theorem 10.4.15 shows 
that for a yS*-algebra (a@ fortiori for a hermitian Banach *-algebra) I, is 
included in II*,. A locally compact group is said to be hermitian, or to be- 
long to [Her], if L1(G) is hermitian and therefore a yS*-algebra. Corollary 
10.5.4 notes that the spaces II_4 and II*, are equal for a C*-algebra. 
Theorem 12.4.1 describes the bijections between the classes of 

(1) continuous unitary representations of G; 

(2) essential *-representations of L1(G); and 

(3) essential *-representations of C*(G). 
It also points out that these remain bijections when restricted to topolog- 
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ically irreducible representations. Hence ,as sets, G, L'(G)* and C*(G)* 
are naturally identified. Traditionally G is given the topology of C*(G)*, 
which is just the Jacobson topology of IIc¢«g) pulled back through the map 


k:C*(G)* > II¢-(g) defined by associating the kernel of T” with the (class 
of) VE G. By definition of the topology of G, Theorem 12.4.1 and Corol- 
lary 10.5.4, k is always a continuous, open surjection. Theorem 12.4.18(b) 
states that it is a bijection (hence a homeomorphism) if and only if G is a 
Type I group. For many interesting Type I groups George Mackey’s “little 
group” method [1963] can produce the set G rather easily. (Lawrence W. 
Baggett and Arlan Ramsay [1980] show that the separability restriction in 
Mackey’s method is really essential. The need for the hypothesis of “reg- 
ularity” (existence of Borel cross sections) is abundantly clear.) A little 
more work is then required to get the topology. (Without explaining the 
method, we give some examples of calculations below.) 

In the case of a locally compact group G, Corollary 10.5.7 describes the 
continuous surjection 
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@: IT¢-(@) ea Wr) 
induced by the completion map ® : L1(G) > C*(L'(G)) = C*(G). The 
group G is called a Boidol group if the map ® is a homeomorphism of 
IIc+(g) onto IVF 1, G): The class of locally compact Boidol groups is denoted 
by [B]. 

The middle line (second full line) of the the next diagram needs some 
explanation. On the left, 117 1G) is clear. On the right, we use =11(G), F 
as an alternate symbol for =;1(g),r,.. Because of our ignorance (and per- 
haps because of the complicated nature of the situation) we are forced to 
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define Th ia),m and =r1(G) awkwardly as ®(I1c+g),m) U Ir1¢g),m,« and 


(Ec¢~(g))UEz1(G),«, respectively. Then a perfectly general locally compact 
group gives the preceding commutative diagram of natural continuous maps 
and topological spaces. 

We now describe how diagram (6) simplifies under various conditions. If 
G is Type I, the top two vertical arrows labeled k become homeomorphisms. 
If G is a CCR-group, then it is Type I, and every primitive ideal of C*(G) 
is a maximal closed ideal by Theorem 12.4.18(c). In this case, II¢-(g) and 
No-(q),m are identical. Hence IT 4(G).M is 51g) U p1(G),Myx = WF 1g): 
Since the range of any irreducible representation of C*(G) is exactly the 
full set of compact operators, an ideal in IIc¢+g) is modular if and only if 
its range is finite-dimensional: Eo+(g) = Ec+(g),r- If G is both Boidol and 
hermitian, Proposition 10.4.27 shows that this criterion extends to ideals 
in L(G), so we have =11(G) = =11(G),F? =11(G) = =11(G),F- 

If G is Boidol, then the row of four vertical arrows marked ® are all 
homeomorphisms. In this case, Proposition 10.5.19 asserts that each closed 
*_ideal P of C*(G) is the closure of its intersection PN L'(G) with L1(G). 
Hence if Q € Ij1(q) is a maximal ideal of L(G), it has the form #(Q7) 
where Q~ is the y-closure in C*(G) and hence is maximal among closed 
ideals there. In this case, the sets II, G),M and =11(G) are just the subset 
of 71g) consisting of maximal closed ideals and =;1(g),,, respectively. 

If G is hermitian, the next to the bottom row of spaces (those with a 
final subscript *) can be removed along with the row of downward pointing 
arrows below it, since these *-spaces are the same as the corresponding ones 
in the bottom row. If G belongs to [SIN], then the Proposition in §5.1.9 
shows that L'(G) has a central approximate identity. Hence the quotient 
modulo any primitive ideal P has a non-zero center. Theorem 4.2.11 thus 
shows that L'(G)/P is unital, so every primitive ideal is modular. Hence 
the second column of spaces in diagram (6) may be dropped since it is the 
same as the third column. 

A group in [Nil] or [FC]~ or an almost connected group in [PG] is both 
Boidol and hermitian, so both simplifications hold for these groups. The 
simplified diagram is on the next page. (Given a class such as [PG], we use 
the symbol [PG],, to denote all almost connected locally compact groups 
in [PG].) 

If an [FC]~-group is also Type I (e.g., the Heisenberg group and the shift 
group considered in §12.4.22 and §12.4.23 below), then it is a CCR-group 
since it is in [T,]. In this case we get only two different spaces. Notice that 
groups covered by the second diagram on the next page belong to [MAP] 
if and only if they belong to [SSS]. 

An [FIA]~-group belongs to [SIN] as well as [FC]~. Hence the diagram 
simplifies even more. 
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Groups in [FC]~, [Nil], [PG].. or [B]N[Her] 
G Gr 
| |} 
Io+(a) a IIo+(G),M — =c*(G) go =C*(G),F 


2I 2 2I 2| (7) 


* 2) * = > = 
V1 (a) es Wh 3(G),M — =L1(G) *— =11(G),F 


Je [e I | 


D) _ V—_ 
ITr1(g) <— Ilz1(g),m eres =L1(G) re =L1(G),F 


Groups in [Nil],, or [B]Q[Her]N[7i] or Type I Groups in [FC]~ 


G Gr 
2| | 
Hoxg) = Te a),m as =o-(G) = 0*(0),F 
” 21 q 21 (8) 
bye) = Ubye,m Enya) = Envoyer 
U Je [ I 
nue) = Ilz1a),m — =11(G) = =L1(G),F 


Groups in [FIA]~, [Nil]N[SIN] or [B]A[Her]N[SIN] 


G Gr 
ra ra 
5 os et 
ITo- (G) <— Io+(G),M = =C*(G) —CO* (G),F 
2| 2I 2I 2| (9) 
A ) : = ae 
h(a) ia" Wh 1(G),m = =11(G) *— =L1(G),F 
Je [e [ | 
ITz1(g) = Ipi¢a),m = =11(G) = =11(G),F 


In §12.6.6 (where we discuss Moore-groups), we will note Kaniuth’s 
[1971] result that a group in [SIN] is Type I if and only if it is also in 
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[Moore]. Moore-groups are [SIN], hermitian, Boidol, CCR and Type I, 
so the above diagram simplifies even further. All of the indicated maps 
are homeomorphisms. (Our previous remarks only guaranteed that IIz1(q) 
would be a subset of IT71(gy> but since finite-dimensional topologically ir- 
reducible representations are obviously algebraically irreducible, the two 
sets are equal for Moore-groups.) Hence for Moore-groups, these 17 related 
topological spaces are all naturally homeomorphic. 


Moore-Groups or [SIN]N[Type I]-groups 


A A k ~ & * on 
G= Gr —> IIc+(qg) = =c+(a),F—Up1¢) = 271 (G),F (10) 


= Tp(@),* = £114), F.« = Wn1(@) = =11(G),F 


We wish to calculate the unitary dual of four diverse Type I groups. For 
most Type I groups (up to a regularity condition that amounts to choosing 
a Borel cross section) George Mackey’s “little group” method [1963] (cf. 
[1951], [1958]) can produce the underlying set of the unitary dual fairly 
easily, as in these cases. Understanding the topology is harder. Unfor- 
tunately, space forbids even an introduction to the little group method, 
which depends on constructing representations induced by representations 
of subgroups, usually normal subgroups. See James Michael Gardner Fell 
[1962], Fell and Doran [1988ab], Lajos Pukanszky [1999], Marc A. Rieffel 
[1974a], Horst Leptin and Jean Ludwig [1994]. Our first, third and fourth 
examples have infinite-dimensional representations, but the second one is a 
Moore-group. 

Many MAP-groups are not Moore-groups. Our first example is also 
in [CCR]. This group was noted by Shingo Murakami [1950] and further 
studied by Grosser and Moskowitz [1967b], page 385. 


12.4.20 A Totally Disconnected, Hermitian, Polynomial Growth, 
MAP- and CCR-Group that Is not in [FC]~, [Moore], [IN] or 
[CR] Let N to be the discrete direct sum }>~°, Z. Let Zz = {+1} be 
written multiplicatively and define K to be the compact, product group 
[Ip Z2. Let G = N x, K be the semidirect product where 


n(u)(w)(n) = u(n)w(n) Vue K;weEN; nen. 


Clearly G is totally disconnected and not compactly generated. The derived 
subgroup is }.-_, 2Z x {1}, so G is solvable but not nilpotent and not 
in [FD]~. Theorem 12.3.26(b) shows that if G belongs to [IN], it has a 
compact, open, normal subgroup. If there were such a subgroup, denote it 
by Z and consider the compact group LK that includes K. By compactness, 
its intersection with N is {e}. Considering the natural map LK — LK/K, 
we see LK = K. Since none of the many compact, open subgroups of K 
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are normal in G, we see that G does not belong to [IN]. Hence it cannot be 
in [Moore]. 

In order to see that G belongs to [MAP], let H be the semidirect product 
Z Xy Zz in §12.4.21 below. For each m € N consider the homomorphism 
~m:G — HA defined by Ym(w,u) = (w(m),u(m)). Since H is in [MAP] 
and the family of these homomorphisms separates points in G, G belongs 
to (MAP]}. 

This group is amenable since it is solvable, but it is even in [PG] since 
it is a compact extension of an abelian group and [PG] is closed under 
compact extensions (Yves Guivarc’h [1973], Théoréme 1.4). Similarly, Ir- 
win Schochetman [1970], Proposition 4.3 shows that [CCR] is closed under 
compact extensions, so G belongs to [CCR]. Either Ramesh A. Gangolli 
[1977] or Theorem 4 of Leptin [1976b] shows G € [Her]. Finally, we will 
show that G is not completely regular, thus completing the determination 
of its membership in all of our classes. This will also show G € [MAP], 
directly. 

The Pontryagin dual of N is []?-,T. The set C = [[°-, T+ with 
T, = {¢ € T : Im(¢) > 0} intersects each orbit of the action of K on 
N in a singleton. If u € C satisfies u(k) = +1 except for n values of k, 
then the associated induced representation of G is 2”-dimensional. Denote 
the subset of u € C for which such a finite n exists by Cr. Then the 
points of Gr are parameterized by Cr x[]-—, Ze and the topology of Gr is 
described by Baggett [1968], Theorem 3.3 in terms of this parameterization. 
His Theorem 2.5 and the corollary to Theorem 7.3 show that G F is not 
Hausdorff. Since G belongs to [CCR]N[Her]M[B], diagram (8) describes its 
ideal theory and shows that Gr is homeomorphic to =11(G),F © =11(a)- 
Hence G is not completely regular. 


12.4.21 A Discrete, Non-[FC]~, Non-Nilpotent, [Moore]-Group 
This is the discrete version of the almost connected group in §12.2.3 and 
the totally disconnected group in §12.3.30. Let G be the semidirect product 
ZX, Zz where Zz = {+} is written multiplicatively and n(+)(n) = +n for 
alln € Z. Thus we have 


(n,e)(m,6) =(n+em,ed)  (n,e)' =(-en,e) VWn,meZ;¢,6€ Ze 


Q(n,e)(m, 6) = (n +em — dn, 6) [(n, €), (m, 6)] = (n —6n — (m— em), 1). 


It is now easy to see Gz = {e}, G’ = 2Z x {1} and Grc = Z~x {1}. Hence G 
is solvable but not nilpotent and does not belong to [FC]~. Theorem 12.4.26 
shows that this extension of an abelian group by Z2 is a Moore-group with 
all unitary, irreducible representations of dimension 1 or 2. 

Diagram 4, page 1487, determines its status with respect to all other 
classes except [CR]. The unitary dual of G will show that G is not com- 
pletely regular. For any f € £'(G) denote f(n,+) by fi(n) for all n € Z. 
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Using convolution in £1(G) on the left and in @!(Z) on the right we see 


(feg)4 =fergitfe*g- (fg) =fsrg_t+f-*9;  Vifige 2G), 


where (as usual) h(n) = h(—n) for all h:Z > C and n€ Z. Any ideal I of 
£'(G) is closed under convolution by 6(9,-1), which interchanges g, and g_. 
Hence Z, = {9, :g € Z} = {g_ : 9 € T}. It is easy to see that Z, is an ideal 
in ¢1(Z) and that any such ideal J gives rise to an ideal J = {g € £1(Z): 
g+,g9- € J} in €1(G). Each maximal (necessarily modular) ideal of €'(G) 
corresponds in this way to either @'(Z) (with a further linear restriction) or 
to a maximal (necessarily modular) ideal of @1(Z). In §1.8.17 of Volume I, 
we showed that £!(Z) is isometrically, isomorphic (actually, *-isomorphic) to 
the Fourier algebra A(T) under the Fourier and inverse Fourier transforms. 
In particular, the Gelfand space of ¢'(Z) can be identified with T in its 
usual topology. 
Clearly G has four one-dimensional, irreducible representations: 


Utne) =] Une) =e Une) = i=l) Ulan. €é) = (-1)"e. 


For each ¢ € T with Im(¢) > O there is a two-dimensional, irreducible 
representation 


_ C* 0 0 Cr 
Us = ( 0 oe) a € 0 ) : 


(A ¢ with negative imaginary part gives a representation unitarily equiva- 
lent to that of ¢*.) The kernels of these representations are 


I = {gEl(G): > gi(n)+>_ g-(n) =0} 

I = {gE L(G): >  g4(n)— > g-(n) =0} 

T° = {ge @(G): > /(-1)"94(n) + 9 (-1)"g9_-(n) = 0} 

T= {ge l(G): > (-1)"94(n) -— $_(-1)"g_(n) = 0} 

To = {ge L(G) :G5(0) = 5567) =9-() = 9-(C")} 
where fi is the Fourier transform in £1(Z). The intersections 


me na" {g € 2(G) : 94(1) = g-(1) = 0} 
IND" = {ge &(G):9+(-1) = 9-(-1) = 9} 


show that the sequence {Z°"*},en in G converges to both Z°° and 2°! 
whenever the sequence {¢,}nen in T converges to either +1 or —1. Since 
G is a Moore-group, display (10) shows =,1(g) = IT}, (gy = Hc-(q@). Hence 
=¢1(q) is not Hausdorff, so G is not completely regular. 
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12.4.22 The Unitary Dual of the Heisenberg Group The Heisen- 
berg group H was introduced in §12.1.18 and we will use the notation given 
there. We saw that it was a nilpotent group homeomorphic to R® with or- 
dinary Lebesgue measure as left and right Haar measure. In our notation 
Hz = H' = Ao- = {(0,w,0) : w € R} and H is the semidirect product 
R? x, R where n(u)(v,w) = (v,w + uv) for u,v,w € R. Since H is con- 
nected and nilpotent but not in [FC]~, [FD]~ or [IN] (which coincide for 
connected groups), its membership in all of the classes of Sections 12.5 and 
12.6 are determined except for [CR] and [SSS]. Our calculation of H will 
show that H does belong to the former but not the latter. 

Following Mackey’s method as presented in Garth Warner’s book [1972], 
p. 442, we see that our semidirect product representation gives the one- 
dimensional representations 

Uet | = ellsuttye) «= ss tER; (v,w,u) CH 


(v,w,u) 
and the infinite-dimensional representations on L?(R) 
Ul wu h(t) =e" TM h(t+u) Wr e R\{0}; (v,w,u) € H; he L?(R). 
The corresponding one-dimensional representations of L'(H) are 


Ty = f(t,0,s)  WfeL(H); s,teR 


where f is the ordinary Fourier transform of f as a function on R®. The 
infinite-dimensional representations become 


T7h(t) = [ [fever stewart + u)dudvdw 


7 f.(-rt,-r)h(t+u)du Vfe L(H); re R; he L(R, 


where f,: R? + C is defined by 
fu(v,w) =f(v,w,u) Vf eL'(A); uvweR 


Thus as a set H consists of a plane of one-dimensional representations and 
a punctured line of infinite-dimensional representations. 

The topology of H was first calculated by Jacques Dixmier [1960]. The 
plane and the punctured line each get their usual topologies. However, H 
is not Hausdorff because any net on the punctured line with its parameters 
converging to 0 converges to every point of the plane. The ideal theory of 
connected nilpotent groups is described in (8) above. Thus the topology 
in H is the same as that in Ig+(q) and in Iy.(H)- The kernels of these 
representations are maximal modular if and only if they are finite- (hence 
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one-) dimensional. Hence the Heisenberg group is completely regular. It is 
not strongly semisimple because it is not a MAP-group. More explicitly, 
the Fourier transform of L’-functions in (), ,cp2ker(T**) are unrestricted 
as functions of their middle variable, away from zero. 


12.4.23 The Unitary Dual of the Shift Group on the Product 
of a Finite Abelian Group We will outline the Mackey “little group” 
calculation of the unitary dual of the group G = N x,Z of §12.1.22 when the 
finite group F is abelian. We refer back to §12.1.22 for all of our notation. 
We have already noted that G is totally disconnected, compactly generated, 
solvable but not nilpotent, in [FD]~ but not in [MAP] or [SIN], with center 
given by Gz = F' x {0} ~ F, where F is the set of constant functions in 
N=F*. 

The Pontryagin dual of N = F* (cf. Hewitt and Ross [1963], (23.21)) 
is the discrete, weak direct sum )~, F of copies of the finite abelian dual 
group F (which is un-naturally isomorphic to F). The duality is given by 


I] Xn(u(n)) Vxe) Fl ueN, 
Zz 


n=—Oo0 


where Xx, is the nth component of x so that the product is actually finite. 
We denote the identity of both F and N by 1. 

First we need a Borel cross section of N under the action of 7(Z): a 
Borel set with exactly one element in each orbit. We will use CU {0} where 
Cis the sett C= {x e€ N:xn=1 foralln <0;x9 # 1}. Since no element 
of C is fixed under the action of 7(Z), George W. Mackey [1963], page 647 
gives 


G={US:CET}U{U% :a€C}, 


where for each ¢ € T, US is the one-dimensional representation U a m) = Ce 
and for each a € C,, U® is the infinite-dimensional representation 


Ut, m)(f)(n) = Il xe(ulk—n))f(ntm) Vf Eel@(Z);neZ. 


k=—00o 


Notice that U@, 9) is simply multiplication by [];2_.. xk(u(k — n)) = 
TT oo 1(") (Xe) (u(k)) = H(n)(x)(u). Hence N x {0} is a large compact 
subgroup in Mackey’s terminology, making G a CCR-group. 

Since G belongs to [FD]~ and [CCR], display (8) portrays its ideal 
theory. Hence we can identify G with II* L1(G),M* An ideal in this set 
belongs to =,1(g) if and only if it is cofinite. 


Having calculated G for several different groups, we wish to return to 
the definition of this topological space. For an abelian group G, Theorem 
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12.4.18(e) confirms that the character group of G, (the space of contin- 
uous group homomorphisms h:G — T with the compact—open topology) 
is naturally homeomorphic to the space G as defined for arbitrary locally 
compact groups. However, considering the function h as an element of 
L©(G) ~ L'(G)*, we see (with the aid of Theorems 9.6.10 and 12.4.1) that 
the character group can also be identified with the set of pure states on the 
*_algebra L1(G). The character group of a locally compact abelian group 
is also homeomorphic to IIc¢-(g). Up to now, we have described the topol- 


ogy of G as arising from II¢+(g). Now we consider its relationship to the 


pure state space L! (Gb. Theorem 12.4.11 identifies this space with the 
space of extreme points of the set of continuous positive-definite functions 
p on G satisfying p(e) = ||p||..5 = 1. Each positive-definite function defines 
*_representation of L!(G) by the Gelfand—Naimark construction. This 
induces a continuous, unitary representation of G by Theorem 12.4.1. If 
we start with an extreme point, we get a topologically irreducible represen- 
tation. Since unitarily equivalent representations have the same Postive: 
definite functions (Theorem 9.4.1), this gives a natural map of L!(G)! p onto 
G. We shall refer the reader to Chapter 3 of Dixmier’s book [1977] for the 
details of the proof that the next definition captures the topology of G. 


12.4.24 Definition Let G be a locally compact group. A continuous, 
unitary representation V of G is said to be weakly contained in a set S 
of continuous, unitary representations of G if every continuous positive- 
definite function associated with V is the pointwise limit and uniform limit 
on compact subsets of sums of continuous positive-definite functions asso- 
ciated with representations in S. 

The support of a continuous, unitary representation U of G is the set 
of equivalence classes in G of continuous, topologically irreducible unitary 
representations V of G weakly contained in {U}. The reduced dual G, of 
G is the support of the left regular representation U”. 


12.4.25 Theorem Let G be a locally compact group. 
(a) If V and S are, respectively, an element in G and a subset of G, 
then V is weakly contained in S if and only if V is in the closure of 
S in the topology of G. 
(b) If S = {U} is a singleton, then V is weakly contained in S if 
Crh (q)) 18 @ quotient of C* (Thi (gy) under a *-homomorphism 
preserving the image of L}(G). In particular, the reduced dual of 


G is naturally homeomorphic to the dual space C*(G)/ker(L) 
where (as usual) L is the left regular representation lifted to C*(G). 


Proof (a): Dixmier [1977], Propositions 18.1.4 and 18.1.5. Our Theorem ° 
12.4.10 shows that Definition 12.4.24 implies that every state on L!(G) 
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associated with V is a weak* limit of convex combinations of states asso- 
ciated with *-representations in S. Since these states are all continuous in 
the C*-norm on L!(G), they extend to states on C*(G). One may then 
check that the weak* topology on L!(G)* and on C*(G)* agree, under this 
extension. Dixmier’s Theorems 3.4.4 and 3.4.10 then give the connection 
to the Jacobson topology on the primitive ideal space and the topology of 
C*(G)*. 

(b): This follows from Dixmier’s Theorem 3.4.4. Oo 


The next theorem is the first (and easiest) result from Moore’s famous 
paper [1972]. The main theorem of Elmar Herbert Thoma [1968] plays a 
major role in the proof and is stated in the last sentence of the theorem. The 
theorem is also related to Theorem 5.2 of Grosser and Moskowitz [1967b]. 


12.4.26 Theorem The following are equivalent for a locally compact 
group G. 

(a) G is a Moore-group with a finite upper bound for the degree of 
its continuous, unitary, irreducible representations. 

(b) For somen€N, G has enough continuous, unitary, irreducible 
representations of dimension less than or equal to n to separate its 
potnts. 

(c) G has a closed abelian subgroup of finite indez. 

(d) G has an open, abelian, normal subgroup N of finite indez. 

When these conditions hold, G, is abelian and the maximum indez [G : N] 
in (d) is equal to the mazimum degree of any continuous, unitary, topolog- 
ically irreducible representation. 

A discrete group is Type I if and only if tt satisfies these conditions. 


Proof The final sentence is Thoma’s main theorem from [1968]. 

(a)=>(b): The Gelfand—Raikov Theorem 12.4.6 proves this. 

(b)=(c) and (d): Consider G as a discrete group (denoted by Gz) with 
group algebra £1(G). Let So, be the polynomial of Theorem 7.1.13 that 
vanishes on all n x n-matrices. For any U in the separating family of 
representations and any f € '(G), Sen will vanish on Ty . Hence So, 
vanishes on £1(G). If V is any topologically irreducible representation of 
'(G), then S2, would vanish on all of the operators on its representation 
space. Hence the dimension of V is at most n. This shows that the discrete 
group Gq satisfies Thoma’s theorem [1968] and hence is a finite extension of 
an abelian group. A finite group has to be discrete, so the abelian normal 
subgroup it extends has to be open in the original locally compact topology. 
This gives (d), which immediately implies (c). (We used two easy parts of 
Theorem 12.1.33.) 

(c)=(d): A closed subgroup 4 of finite index is also open since the union 
of the cosets other than H is closed, so that the complement H of this union 
is open. If H is a subgroup of G of finite index n, then G = Uj_, u;H, 


_— 
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so N = (\yeqguHu! = (\j_, u;Hu;" is a normal subgroup of index less 
than n”. 

(d)=(a): Now suppose that N is an open normal subgroup of index n 
in G. Let U € G and V € N be arbitrary. Induced representations and 
Frobenius reciprocity are trivial in this essentially classical case. Hence the 
space of operators intertwining U and the representation V° of G induced 
by V has the same dimension as the space of operators intertwining V 
and the restriction U|y of U to N. Since V is one-dimensional, V@ is 
n-dimensional. Hence U is at most n-dimensional. 

Result (d) immediately implies that G, is abelian. The final remark 
follows from the argument using Frobenius reciprocity and induced repre- 
sentations just given. Oo 


We shall not even summarize the proofs of the next results from Moore 
[1972] and Robertson [1969]. 


12.4.27 Theorem The following are equivalent for a locally compact 
group G. 
(a) G is a Moore-group. 
(b) Every finite extension of G is a Moore-group. 
(c) G is the projective limit of Lie groups that are also Moore-groups. 
(A Lie groups that is a Moore-group is a finite extension of a 
central group, but this is not true for all Moore-groups.) 
(d) G is a finite extension of a Takahashi group (Definition 12.5.5). 
(e) G is a semidirect product R” x, H with H €[Moore], H. compact 
and H containing a normal subgroup N of finite index such that 
the semidirect product reduces to a direct product on R" x N. 


The following fundamental result was discovered by Hans Freudenthal 
in [1936], at a time of intensive work on MAP-groups by von Neumann and 
others. No proof using only the ideas in the statement is yet known. 


12.4.28 Freudenthal—Weil Theorem The following properties are 
equivalent for any connected locally compact group G. 

(a) G is the direct product of a vector group and a compact group. 

(b) G belongs to [Z]. 

(c) G belongs to [SIN]. 

(d) G belongs to [MAP]. 


Partial Proof (d)=(a): Dixmier [1977], Theorem 16.4.6 gives a complete 
proof of this theorem. This step depends in a crucial way on Lie theory and 
representation theory. Starting from (d), the direct product G ~ R" x K 
of (a) is constructed by looking at the structure of the Lie algebras of the 
approximating Lie groups as in Definition 12.2.14. Since nothing in the 
statement suggests Lie theory, Dixmier asks in 16.5.4 for a proof of this 
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theorem independent of Lie theory. We know of no such proof. Except for 
this step, the proof is easy and only (c)=>(b) requires almost connectedness. 

(a)=(b): Since Gz is homeomorphically isomorphic to R"® x {Kz}, 
G/Gz is homeomorphically isomorphic to K/Kz and is thus compact. 

(b)=>(c): Theorem 12.1.24 shows [Z] c [FIA]~ c [SIN]. 

(b)=(d): Theorem 12.4.16 shows [Z] C [Moore] c [MAP]. 

(c)=>(b): (See the proof of Theorem 4.3 in Grosser and Moskowitz 
([1967a] for another argument.) Choose a compact, symmetric, invariant 
neighborhood U of e. Since G is connected, Proposition 12.2.2 shows that 
each element u € G belongs to U” for some n. Hence ag(u) has com- 
pact closure and G belongs to [FC]~. Theorem 12.1.25 shows G € [FIA]~. 
Hence G/Gz is injectable into a compact group. Thus the (hard) impli- 
cation (d)=(a) shows that this quotient is the direct product of a vector 
group and a compact group. 

We now show that the preimage N of the vector group V is Gz so 
V = {0} and G is central (G/Gz is compact). For any v € N and w in 
a generating set for G, we will show that any continuous homomorphism 
x € Gz must vanish on the commutator vwwy-!w-! € Gz. This, of course, 
will complete the proof. For any ¢ > 0 choose a neighborhood W of e in G 
so that u€ WOGz implies |x(u) — 1| < e < V2. Then choose a compact, 
symmetric, invariant neighborhood U of e in G satisfying U? C W. For any 
u €U, vuv—'u-! belongs to Gz. Writing vuv—! = zu for some z € Gz and 
conjugating repeatedly, we get v"uwv"" = z"u for any n € N. This gives 


2” = (v"uv ")u-! € U2 CW, 


which implies |x(z") — 1] < ¢. Since this holds for arbitrarily large n, 
x(uvu~tv—1) = y(z) = 1. Since G is connected, every element is a product 
of finitely many u€ U, so N =Gz. O 


12.4.29 The Fourier Algebra, Fourier—Stieltjes Algebra and von 
Neumann Algebra of a Locally Compact Group To begin with, 
we consider a locally compact abelian group G. It has a dual group G 
introduced in Definition 3.6.1 of Volume I. As a set, this dual group is the 
set of all continuous group homomorphisms of G into the one-dimensional 
torus T = {A € C: |A| = 1}. When these functions are multiplied pointwise 
and G is given the compact open topology it becomes a locally compact 
abelian group. The Pontryagin duality theorem (Theorem 3.6.15) shows 


that the evaluation map 6:G — G defined by 


O(ul(h)=h(u) VueG;heG 


is a homeomorphic group isomorphism of G onto the dual group G of G. 
Since G and G are naturally identified, there is a perfect duality between 
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G and G. Given a choice of Haar measure on G there is a unique Haar 
measure on G that satisfies the inversion theorem (Theorem 3.6.6) and the 
Plancherel theorem (Theorem 3.6.13). Let us assume that G and G are 
endowed with such a matched pair of Haar measures \ and \, respectively. 

Theorem 3.6.3 gives a homeomorphism h +> w;, of G onto the Gelfand 
space ['71(G) of L'(G). Since each h € G is a bounded continuous function 
on G, it can be thought of as an element of L™®(G). In order to make 
the Gelfand transform of f € L'(G) agree with the classical Fourier trans- 
form, we actually define w, € I'z1(g) C L'(G)* to be the continuous linear 


functional on L!(G) defined by the element h of L(G). Thus 


i(h) = / f(u)h(u7!)du = wal f) = Fwy) VF ELNG); hEG, 


where the the equation on the left is the definition of the Fourier transform 
f of f € L(G) and the equation on the right is the definition of the Gelfand 
transform f of f € L(G). Duality shows that there is a homeomorphism 
Ut+ Wy of G onto the Gelfand space I’; 1g) of L'(G). To make the Gelfand 
transform on L} (G ) agree with the classical definition of the inverse Fourier 
transform, we define w,,(g) to satisfy 


5(u) = [ 90(u)dd = g(h)h(u)dh = wa(g) = Gwu) V9 € L(G); eG, 


where g is the inverse Fourier transform of g € L(G) and @ is the Gelfand 
transform. This shows that g is continuous, bounded and vanishes at in- 
finity on G. An easy computation using Fubini’s theorem shows that the 
inverse Fourier transform of a convolution product is the pointwise product 
of the inverse Fourier transforms of the factors. These remarks partially 
justify the following definition. 

Definition 3.6.4 names the dense, spectral subalgebra 


A(G) = {9:9 € L'(G)} 


of Co(G) the Fourier algebra of G. Definition 3.6.5 introduces the Fourier- 
Stieltjes algebra of G as the unital subalgebra 


B(G) = {ji: we M(G)} 


of C(G) where ji is the inverse Fourier—Stieltjes transform of the regular 
Borel measure yz on G defined by 


ji(u) = [, h(w)du(h) VueG. 


The inverse Fourier-Stieltjes transform is a *-isomorphism of M(G) with 
its convolution multiplication onto B(G) with its pointwise multiplication. 
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Thus A(G) is a *-ideal in B(G) since L'(G) is a *-ideal in M(G). Further- 
more, { A(G) / B(G) ) is a commutative Banach *-algebra under the norm 
(frollfll: / +> |[u|| (the total variation norm on M(G)) ). 

The Fourier inversion theorem (Theorem 3.6.6) implies that the inverse 
Fourier transform also sends pointwise products into convolution products. 
Since L!(G) is the pointwise product of L?(G) with itself, the Plancherel 
theorem (3.6.13) shows that A(G) is the convolution product of L?(G) with 
itself. For a locally compact abelian group G such as the one we are now 
discussing, L(G) is preserved by both the maps g ++ g and h++h. Hence 
the left regular representation L of G satisfies 


(Lug, h) = [ a(o-'uyn(o)dv =g*h(u) WueG; g,he L(G), 


so that the Fourier algebra may also be interpreted as the collection of 
coefficient functionals for the unitary representation L. 


The Fourier-Stieltjes Algebra for General Locally Compact Groups 


We want to define the algebras A(G) and B(G) in the case when G 
is locally compact but not necessarily abelian, so that we can no longer 
construct its dual group G. These ideas were first explored and exploited 
by Pierre Eymard in his thesis [1964]. There are several ways to define the 
Fourier—Stieltjes algebra B(G). Any bounded, continuous, complex-valued 
function g in C(G) can be regarded as an element of L°(G) and hence as 
a continuous linear functional w, on L'(G) defined by 


u(f) = [ g(u)f(ujdu Vf eEL\G). 


In addition to its complete norm ||-||,, L(G) carries the (smaller) Gelfand- 
Naimark norm 7, which we now use. 


Definition As a set, the Fourier-Stieltjes algebra of a locally compact 
group G is 


B(G) = {g € C(G) : wy is continuous with respect to y on L*(G)}. 


It turns out that this is a subalgebra of C(G) (under pointwise multiplica- 
tion). Furthermore, if we define a norm || - ||g on B(G) by setting ||g||s 
equal to the dual norm of wy induced by the Gelfand—Naimark norm on 
I} (G), then (B(G), || - ||s) is a Banach algebra. 


It is not immediately obvious that B(G) is a subalgebra nor that the 
norm is submultiplicative and complete. However it is obvious, after a bit 
of reflection, that B(G) can be described as the set of coefficient functions 
from all continuous unitary representations of G. We show this now. If 
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U:G — B(H) is such a representation and x,y are elements of the Hilbert 
space H, then 
g(u)=(Uuz,y) WueG 


clearly defines a continuous bounded function in C(G). Furthermore, we 
find 


ways [ flu)(Uye,y)du = (T¥e,y) VFELYG); ay eH, 


where TY is defined in display (1) before Theorem 12.4.1. Hence w, is 
continuous with respect to the Gelfand—-Naimark norm since TY is. Thus 
coefficient functions belong to B(G). Conversely, if w, for p € B(G) is a 
(necessarily representable and continuous by Theorem 11.3.7 or 11.3.4(f)) 
positive linear functional on L(G), then we know that it is a coefficient 
function from the continuous unitary representation of G related to the 
*-representation of L'(G) it induces. Furthermore, any w, for g € B(G) 
is a linear combination of positive linear functionals by Theorems 10.1.3(c) 
and 9.7.7(c). Thus every function in B(G) is a linear combination of coef- 
ficient functions. However, by taking Hilbert sums of representations, such 
a function can be written as an actual coefficient function rather than a 
linear combination of such. 

We have also just shown that B(G) is the linear span of the cone of 
continuous functions p with w, a positive linear functional on L(G). The- 
orem 12.4.11 shows that this cone is the cone P(G) of continuous, positive- 
definite functions on G. Hence Theorem 12.4.11(d) shows that B(G) is 
a subalgebra of C(G). (This could also be proved without mentioning 
positive-definite functions by considering coefficient functions and tensor 
products.) Bochner’s theorem (3.6.9) shows that our present definition 
agrees with the definition of B(G) for locally compact abelian groups. 

Since the Gelfand—Naimark norm on L1(G) is continuous with respect 
to the complete norm (Theorem 11.1.4(b)), every linear functional on L}(G) 
continuous with respect to 7 arises from a norm-continuous linear functional 
and hence from a function in L(G). However, we have just seen that 
these functions are linear combinations of positive-definite functions that 
are continuous functions on G by Theorem 12.4.10. Hence our definition of 
B(G) as a Banach space describes the dual space of the completion C*(G) 
of L1(G) in the Gelfand-Naimark norm 7. (In [1964], Eymard actually 
carried out this whole construction relativized to weakly closed subsets of 
the space of (equivalence classes of) continuous, unitary representations of 
G and the C*-semi-norms they induce, but we shall omit this refinement.) 

Since the involution in L!(G) is an isometry, Theorem 11.1.4(a) and (b) 
show 7(f) < ||f||1 for all f € Z'(G). This shows that the norm of B(G) 
satisfies ||g||B > ||wg|| = |lglloo for all g € B(G), where ||wg|| is the norm 
in the dual space L1(G)* of L1(G). 
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Theorem 12.4.10 also shows that ||p||B = ||p||~o. = p(e) for any continu- 
ous, positive-definite function p € P(G). From this we derive the following 
formula for the norm of a function g in B(G): 


n 
llgile = sup{ 5 Ang(ue) >. EN; A, ECG, uy € G Satisfying 
k=1 
nr 
S- A‘U yu, || < 1 for all continuous, unitary representations U of G }. 
k=1 


In fact, any hermitian element h in B(G) can be written as the difference 
h=ht —h~ where ht,h~ € P and ||h|| = ht (e) +h (e). 


In the case of a locally compact abelian group, this last decomposition arises 
from the Jordan decomposition of the real measure associated with h. 

As usual, we use Gy to denote the discrete underlying group of the 
locally compact group G. Eymard [1964] showed B(G) = B(Ga)N C(G) 
which was already known for locally compact abelian groups. Since the 
criterion for positive-definiteness is pointwise, this remarkable result proves 
that B(G) is pointwise closed in C’(G). 

The Fourier-Stieltjes algebra B(G) is a contravariant functor on the 
category of locally compact groups and continuous group homomorphisms. 
If ¢:G — H is a morphism (continuous group homomorphism) in the cate- 
gory of locally compact groups and g belongs to C'(#), then goy obviously 
belongs to C(G). Definition 12.4.9 makes it clear that if g is positive- 
definite, so is go y. Considering B(G) as the linear span of P(G), this 
shows that g +} go > is a contractive, unital, algebra homomorphism of 
B(H) into B(G) since it certainly preserves pointwise products. If y(G) is 
dense in H, then this map Is an isometry. In particular, if y:G + H is the 
Bohr compactification of G (§3.2.16 of Volume I), then B(H) is mapped 
isometrically isomorphically onto the algebra AP(G) of continuous, almost 
periodic functions on G. 

Since B(G) is the dual of C*(G), it is the predual of the universal 
von Neumann algebra W*(G) = C*(G)** of G (cf. the discussion before 
Definition 9.3.10). 


The Fourter Algebra for General Locally Compact Groups 


Definition The Fourier algebra of a locally compact group G is the set 
of functions . 
A(G) ={fx*xh: f,h € L?(G)}. 


Multiplication is pointwise, and the norm can be taken as 


lIgl] = min{ ||fll2 llhll2:g=feh f,he L?(G)}. 
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Reversing an equation we wrote in the abelian case, we get 
fxh(u) = [ soy hun tvyae = (Lyh, f) VueG; f,he L(G). 


(If G is not unimodular, f need not be in L?(G) when f is in L?(G).) 
This shows that A(G) is a subset of B(G) since the functions in A(G) are 
exactly the coefficient functions of the left regular representation. This also 
shows that the norm we defined above is bounded above by the norm of the 
Fourier-—Stieltjes algebra B(G). Eymard, in his thesis [1964], showed that 
the two norms are equal. Results in this subsection that are not otherwise 
attributed are proved in this reference. 

Note that the set Coo(G) of continuous, complex-valued functions with 
compact support on G is closed under both pointwise and convolution prod- 
ucts and also under the map f + f. Since it is dense in L?(G), the 
formula for the norm of A(G) above shows that the convolution square 
Coo(G)*? C Coo(G) of Coo(G) is dense in A(G). Thus A(G) can be taken 
as the closure of Coo(G)*? in B(G) or the completion of Coo(G)*? in the 
norm of B(G). This, together with the fact that the norm of B(G) domi- 
nates the supremum norm, shows that A(G) is included and dense in Co(G). 
Another consequence is that A(G) = B(G) if G is a compact group. 

In [1970] and [1972] Walter proved that two locally compact groups G 
and H are homeomorphically isomorphic if and only if A(G) and A(#) 
are isometrically isomorphic. Also G and H are homeomorphically isomor- 
phic if and only if B(G) and B(A) are isometrically isomorphic. Thus 
either algebra is an isomorphism invariant for its group despite the fact 
that it has pointwise multiplication and is commutative while the group 
need not be. Thus the norm codes the really detailed information stored 
in B(G) and A(G). The recovery of G from B(G) is accomplished in the 
following beautiful way. The Gelfand space gig) of B(G) is a subset of 
the Banach space dual of B(G). But this dual space is also the universal 
von Neumann algebra W*(G) of G. Hence we can consider the intersec- 
tion 'g(g) NW*(G)y with the unitary group of this von Neumann algebra. 
This is a locally compact group in the weak* topology (B(G)-topology) and 
evaluation maps G homeomorphically isomorphically onto this group. The 
elements of W*(G) in gig) are just those elements that act multiplica- 
tively when represented by a tensor product of representations. Finally the 
elements in 'g(g) 7 W*(G)u can be naturally identified with the Gelfand 
space of A(G). 

In [1974] Walter went on to provide a full fledged duality theory for 
Fourier-Stieltjes algebras based on the group Aut(B(G)) of isometric al- 
gebra automorphisms of the Fourier-Stieltjes algebra B(G) of a locally 
compact group G. For any uv € G the map (, that sends g € B(G) to yg © 
(defined by ,g(u) = g(v~‘u) for all u € G in Table 3, page 1484) is an au- 
tomorphism of B(G). Similarly, for any function a in the group AAut(G) 
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of all homeomorphic group automorphisms or group anti-automorphisms of 
G, the map at: B(G) > B(G) defined by a'(g) = goa! for each g € B(G) 
is an isometric automorphism. It turns out that the factorization 


n= By oat n € Aut(B(G)); v € G; a € AAut(G) 


exists on AAut(G) and is unique. Furthermore, A(G) is the smallest, non- 
zero, norm closed ideal of B(G), which is invariant under the action of 
Aut(B(G)). The underlying set of the dual group of B(G) is the set 


{y € Taq) : 7 restricted to A(G) is non-zero }. 


Considering the Gelfand space of B(G) as a subset of the Banach space 
dual of B(G), we give this set the weak* topology (B(G)-topology). It 
is easy to see that this topological space (which we denote by Ggiq)) is 
locally compact. Thus we have recovered the topological space of G from 
the Banach algebra structure of B(G). (To avoid anti-automorphisms of G 
one must use only completely bounded linear automorphisms of B(G).) We 
need to provide Gg) with the multiplication of a locally compact group. 
The factorization of automorphisms of B(G) plays a crucial role, but the 
presence of both automorphisms and anti-automorphisms in this factoriza- 
tion must be overcome. Recall that B(G) is the linear span of the set P(G) 
of continuous positive-definite functions on G. The set P(G) (considered 
as continuous linear functionals on L1(G) by the inclusion P(G) C L™(G)) 
is just the set of (necessarily representable) positive linear functionals on 
L1(G). Hence it is natural to denote by P(G)s and P(G)p, respectively, 
the subsets consisting of p € P(G) corresponding to states and pure states. 
Hence P(G)s = {p € P(G) : |lp|| = p(e) = 1} and P(G)p is the set 
of extreme points of P(G)s5. Define 7 € Aut(B(G)) to be coherent if it 
satisfies 


lp — en (p)|? + [p+ e?n(p)||? =4 VWOER pe P(G)p. 


This condition can be interpreted in terms of the factorization in AAut(G). 
In fact, 7 = B, oat is coherent if and only if at(p) is either p or al (the 
inner automorphism defined by v € G) for each pure state p € P(G)p. A 
pair 7, and 7 of coherent automorphisms of B(G) is said to be compatible 
if their product 7; 072 is coherent. This implies that 72°07; is also coherent. 
If 7 is coherent with itself, the factorization gives an automorphism of G 
rather than an anti-automorphism. 

There is a unique element Yo of the Gelfand space of B(G) that satisfies 
Yo(p) = ||p|| for all p € P(G)p (and hence for all p € P(G)). We define 
a surjection of Aut(B(G)) onto Gag) by 7 4 n* = 707 for all 7 € 
Aut(B(G)). It turns out that if we choose any subgroup G of compatible 
automorphisms in Aut(B(G)) this map # sends G onto G B(G)- The topo- 
logical space Gig) becomes a locally compact group homeomorphically 
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isomorphic to G under the group operations transferred under # from G. 
The choice of G amounts to choosing either all right or all left translates of 
B(G). This whole construction can be slightly altered to work with A(G) 
instead of B(G). 

In [1974] Walter defines a group G4 associated with a general normed 
algebra. If A = B(G) or A = A(G), Gy is the group homeomorphically 
isomorphic to G just defined. He then finds abstract characterizations of 
which normed algebras A are the Fourier or Fourier-Stieltjes algebras of 
their group G4. 

B(G) and A(G) have two natural order structures: the one defined by 
the cone P(G) of continuous positive-definite functions and the one defined 
by the cone of non-negative-valued functions. Wolfgang Arendt and Jean 
De Canniére [1983] show that order isomorphisms with respect to either 
order on either algebra are isometric isomorphisms and hence by Walter’s 
result imply homeomorphic isomorphisms of the underlying groups. De 
Canniére and Ronny J. E. Rousseau [1984] characterize A(G) and B(G) as 
ordered algebras. 

Let T” be the left regular representation of L1(G), which is just the in- 
tegrated form of the left regular representation L of G (cf. Theorem 12.4.4). 
Then T/1(g) is a *-subalgebra of B(L?(G)). Its completion in the operator 
norm is a C*-algebra, called the reduced C'*-algebra of G and denoted by 
C'*x(G). Its closure in the weak operator topology or its double commutant 
(which are equal by the von Neumann double commutant theorem (Theo- 
rem 9.3.3)) is called the (reduced) von Neumann algebra of G and is denoted 
by VN(G). The duality is given by 


wy(S)=(Sh,f) where g=fxh VSEVN(G); f,heE L(G). 


It is easy to see that VN(G) is also the von Neumann algebra (i.e., the 
double commutant) of the set {L,, : u € G} of representing operators of the 
left regular representation of G. The predual of V.N(G) can be identified 
with all of the ultraweakly continuous linear functionals on T/, (gy: Since T : 
is faithful, ultraweakly continuous linear functionals are special norm linear 
functionals on £1(G). Thus they can be identified with certain functions 
in L°(G). These are just the coefficient functions arising from the left 
regular representation. But we have already seen that these are exactly the 
functions in A(G). Thus the Fourier algebra A(G) is the predual of the 
von Neumann algebra V N(G) just as the Fourier-—Stieltjes algebra B(G) 
is the predual of the universal von Neumann algebra C*(G)**. In the 
commutative case, an extension of the inverse Fourier transform identifies 
L™©(G) with VN(G). 

Since A(G) is a subalgebra of Co(G), each u € G defines an element of . 
the Gelfand space I'4(g) of the Fourier algebra by u++ w, where 


Wu(g) =g(u) WueG;ge A(G). 
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In fact the map u ++ w, is a homeomorphism of G onto ['4(g). Hence 
A(G) is a spectral subalgebra of Co(G) (cf. Section 2.5 of Volume I). One 
consequence of this fact is a non-commutative version of Norbert Wiener’s 
Tauberian theorem [1932]: Any closed ideal of A(G) that does not vanish 
identically at any point of G is the whole Fourier algebra. 

Eymard also proved an analogue of Vitalli Arsenievi¢ Ditkin’s theorem 
(1939]: The ideal of functions in A(G) vanishing at u € G is the closure of 
the ideal of functions in A(G)MCoo(G) that vanish in a neighborhood of u. 

Since A(G) is a *-ideal of B(G), it is also a spectral subalgebra of B(G). 
This also shows that A(G) is never unital unless it equals B(G) and thus 
G is compact. If G is just amenable, then C*(G) is isomorphic to the 
reduced C*-algebra of G, which is the operator norm closed subalgebra 
generated by TY, (ay © B(L?(G)). Horst Leptin [1968b] shows that A(G) is 
approximately unital if and only if G is amenable. Johnson [1994] shows 
that some amenable locally compact groups G have A(G) non-amenable. 
Zhong-Jin Ruan [1995] shows that G is amenable if and only if A(G) is 
operator amenable. Effros and Ruan [1990] show that the multiplication 
on A(G) defines a complete isometry from the tensor product A(G) @ A(G) 
with the operator tensor norm to A(G). One may consider bimodules with 
this property and their duals. Then A(G) is operator amenable if all deriva- 
tions into one of these dual bimodules are inner. For C*-algebras, operator 
amenability and amenability coincide. 

In [1965] Alessandro Figa-Talamanca introduced algebras A,(G) for 1 < 
p < co where A2(G) is just A(G). Much of the theory has been extended 
to these more general algebras, and in particular Leptin’s characterization 
of amenability extends to A,(G) for any p. 

Let us call the algebra 


MA(G) = {h € C(G) : hg € A(G) for all g € A(G)} 
the multiplier algebra of G. This algebra has a natural norm 
[P| [aca = sup{||hg|| : g € A(G) and ||g|| < 1}. 


Since A(G) is an ideal in B(G) that has a submultiplicative norm, B(G) 
is included in MA(G) and any g € B(G) satisfies ||g||aa < ||g||.. Viktor 
Losert [1984] showed that G is amenable if and only if B(G) equals M A(G). 

A further refinement was introduced by Carl Herz [1974]. The set 
MoA(G) of completely bounded multipliers of A(G) has been character- 
ized in a number of ways, but we will say that g € MA(G) is completely 
bounded if g @ 1 belongs to MA(G x H) for every locally compact group 
H. This algebra, which always lies between B(G) and MA(G), has been 
much studied. We mention in particular a paper by Michael Cowling and 
Uffe Haagerup [1989]. 
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If G is locally compact abelian, the Lebesgue decomposition M(G) = 
L'(G) ® M,(G) (where M,(G) is the set of measures singular with respect 
to Haar measure) gives rise to the direct decomposition B(G) = A(G) ® 
B,(G), where B,(G) is the set of inverse Fourier—Stieltjes transforms of 
singular measures. Gilbert Arsac [1976] extends this to non-abelian locally 
compact groups and also generalizes it to representations other than the 
left regular one. His simplest case gives B(G) = A(G) @ B,(G), where the 
last algebra consists of all coefficient functions disjoint from the left regular 
representation. 

In addition to the references already given, related results can be found 
in Figa-Talamanca [1979a], De Canniére and Rousseau [1984], Walter [1989], 
Bekka, Kaniuth, Lau and Schlichting [1998], Barry E. Johnson [1994], Ar- 
lan Ramsay and Walter [1997], and various papers by Anthony To Ming 
Lau, Edmond E. Granirer and Brian Forrest. 

John R. Liukkonen and Michael W. Mislove [1975] determine when 
B(G) is symmetric for certain compactly generated groups or Lie groups. 

All of these results can be restated in terms of Hopf-von Neumann al- 
gebras. Considering A(G) as the predual of VN(G), the multiplication 
on A(G) induces a comultiplication on V N(G) (i.e., a suitable map from 
VN(G) to VN(G) ®VN(G)). A nice description of this theory is given in 
the book “Kac algebras and duality of locally compact groups” by Michel 
Enock and Jean-Marie Schwartz [1992]. Earlier versions are given in some of 
the papers already cited and in Grigorii Isaakovié Kac [1961], John Ernest 
[1967], Masamichi Takesaki [1969], [1972], Leonid I. Vainerman and Kac 
[1974], Jean De Canniére, Enock, and Schwartz [1979]. See also Enock and 
Jean-Michel Vallin [1993] and Alfons van Daele [1993], [1994], [1997]. 


12.4.30 Tensor Products of Unitary Representations Let G and H 
be locally compact groups. Let V and W be continuous, unitary represen- 
tations of G and H, respectively. For each v € G and w € A let V, ® Wy, 
be the operator in B(H” @H.™) described in Theorem 10.1.32. Then the 
map (v,w) » V, ® W, is a continuous, unitary representation of G x H. 
This follows directly from the definitions involved. There is an interesting 
converse first noted by Lynn H. Loomis [1953]. 


Theorem LetG and H be locally compact groups with at least one Type I. 
For any continuous, unitary, topologically irreducible representation U of 
G x H there are continuous, unitary, topologically irreductble representa- 
tions V and W of G and H, respectively, satisfying U ~V QW. 


Proof The algebras generated by U|gx4¢} and U|,e}x4 Commute with each 


other and together generate B(H”). Hence the centers of al L1(Gx{e}) and | 


P| Geiss) are just CJ. Theorems 10.1.33(e) and 12.4.1 now give this 
result. O 
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12.4.31 Kirillov’s Method for the Dual of an Exponential Lie 
Group’ Exponential Lie groups were introduced in Definition 12.2.24 
above. In [1962] Aleksander Aleksanrovié Kirillov showed how to define 
a bijection K:Og — G from the topological space Og of G-orbits in the 
dual linear space g* of the Lie algebra g of a connected, simply connected, 
nilpotent Lie group G to the dual space G of G. He conjectured that this 
bijection was a homeomorphism, and this was confirmed by Ian D. Brown 
[1973]. The excellent book by Horst Leptin and Jean Ludwig [1994] gives a 
complete proof that this map is also a homeomorphism for all exponential 
Lie groups. The proof in this wider setting involves new features, but it 
gives a very explicit way to construct the dual space G as a topological 
space. We shall briefly explain the construction and proof, but refer the 
reader to the cited book for all details. 

For the remainder of this subsection, let G be an exponential Lie group 
with Lie algebra g. Hence G is a connected, simply connected, solvable Lie 
group and the exponential function exp: g — G is a surjective diffeomor- 
phism. Let w be a linear functional on the finite-dimensional real linear 
space g. The orbit 2), of w under the coadjoint representation of G on g* 
is the set of all linear functionals Ad*(w) = ,w € g* for u € G defined by 


Adi, (w)(g) = uw(g) =w(Ad,-1(g)) WueG;geg. 


(The adjoint map Ad:G -+GL(g) was defined in §12.2.8.) 
A Lie subalgebra of g is said to be subordinate to w if it satisfies 


w([b, b]) = 0. 


In this case w defines a one-dimensional representation (or abelian charac- 
ter) x” on the Lie subgroup H of G corresponding to h C g by 


Xexpiny =O) WEB. 


We denote by U“»» the continuous, unitary representation of G induced 
from x“°9 on H. Any representation like this one, induced from a one- 
dimensional representation on a subgroup, is said to be monomial. Since 
G is exponential, it can be shown that any continuous, topologically irre- 
ducible, unitary representation of G is monomial. It lies much deeper that 
such a unitary representation is induced from some x“). If G is nilpo- 
tent, then U“»» is topologically irreducible if and only if the dimension of 
b is minimal among dimensions of Lie subalgebras subordinate to w. This 
fails for general exponential Lie groups, but in [1967] Lajos Pukanszky was 
able to show that U“»® is topologically irreducible if and only if the affine 
subspace w + h+ of g is included in the orbit ,,. In that case U“» be- 
longs to G and (up to unitary equivalence) is independent of the choice of 
h subordinate to w and satisfying Pukanszky’s condition. Hence we may 
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use the notation U” instead of U“»». Kirillov’s map K is just the map that 
associates with the orbit 2,, the element U“ of G 

Pierre Bernat [1965] had already shown that K was a bijection for all 
exponential Lie groups. Pukanszky [1968] showed that K was continuous, 
and the book [1994] by Leptin and Ludwig gives the first complete proof 
that it is a homeomorphism. Hence, G is Type I (zbid., p. 66). 

Poguntke goes beyond the calculation of G for an exponential Lie group 
to actually calculate IT,1(g) in [1983b] as a set. The parameterization (The- 
orem 8) depends in the end on dividing all the algebraically irreducible 
representations into sets depending on the elements of N where N is the 
nil-radical of G. Within these sets the parameterization comes from certain 
characters of a quotient group Z/N depending on the chosen element from 
N. All of the algebraically irreducible representations of L1(G) contain 
finite rank operators. This work depends particularly on Poguntke’s previ- 
ous papers [1982a], [1982b]. One motivation for the work was that it allows 
a characterization of which exponential Lie groups are hermitian (Theorem 
10 of [1983b]). These turn out to be exactly those that are Boidol, as shown 
in Boidol [1980]. No analogue for hermitian groups of Boidol’s extension of 
his work in [1982a] seems to have been established yet. 


12.5 Classes of Locally Compact Groups: Definitions 


A great deal is known about locally compact abelian groups and about 
compact groups. Frequently the same result has been proved in both cases. 
For instance, all of the continuous, unitary, irreducible representations are 
finite-dimensional in both cases. Thus it is natural to look for common 
generalizations of these two quite different hypotheses: abelian and compact. 

In this section we will define 22 important classes of groups (and some 
less important ones) each of which contains all compact and all locally 
compact abelian groups. Symbols for these classes and for some other 
properties (mostly topological) are listed in Table 4, page 1485 at the end 
of the chapter. A symbol enclosed in square brackets denotes the class of 
all locally compact groups with the property represented by the symbol. 

Each definition in this section (many of which have been given pre- 
viously) will be accompanied by enough results and remarks (including 
historical remarks) to orient the reader. Diagrams 1-4, pages 1486,1487 
show the inclusion relations among our 22 principal classes for (1) all lo- 
cally compact groups, (2) all almost connected, locally compact groups, (3) 
all connected, locally compact groups and (4) all discrete groups. Table 5, 
pages 1488-1490 relates the classes to various examples given in this work. 

The next section surveys the extensive literature on the subject, which - 
could be said to begin with André Weil’s remarks on page 129 of [1940]. 
These two sections update and expand the author’s survey [1978], which 
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in turn was based on the seminal work of Siegfried Grosser and Martin A. 
Moskowitz [1971la]. The primarily structural work of Karl Heinrich Hof- 
mann and Paul S. Mostert [1963] also deserves special notice here. 

Our first classes are defined by structural conditions that bridge the gap 
between compact and abelian groups in relatively obvious ways. Several of 
the following conditions were first studied for abstract groups (cf. Bernhard 
Hermann Neumann [1951]) before the topological versions were introduced. 
The accepted notation reflects this history. However, see David van Dantzig 
[1932], Hans Freudenthal [1936] and Kenkichi Iwasawa [1951]. 


12.5.1 Definition Let G be a topological group and let B be a subgroup 
of HAut(G) that includes InAut(G). The following symbols denote the 
class of all locally compact groups G having the indicated properties. 

(a) G € [Z] = {central groups} if G/Gz is compact where 
Gz = {v€G: uv = vu for all u € G} is the center of G. 

(b) G € [FD]— = {groups with pre-compact derived subgroups} if the 
closure of the derived subgroup or commutator subgroup G' 
generated by the set {uvu~!v~! : u,v € G} of group commutators 
is compact. (FD stands for finite derived subgroup and the 
superscript bar denotes the topological version of the condition 
that replaces finite by pre-compact.) 

(c) Ge [FC]~ = {groups with pre-compact conjugacy classes} if the 
closure of the conjugacy class ag(u) = {vuv™! : v € G} is compact 
for each u € G. Also, G € [FC], = {groups with pre-compact 
B-conjugacy classes} if the closure of the B-conjugacy class B(u) = 
{B(u) : 8 € B} is compact for each u € G. (FC stands for finite 
conjugacy classes, interpreted as in (b) above.) 

(d) G € [FIA]~ = {groups with pre-compact inner automorphism groups} 
if the closure of InAut(G) = {a, : v € G} is compact in HAut(G). 
Also, G € [FIA], = {groups with B pre-compact} if the closure of 
B is compact in HAut(G). (FIA stands for finite inner automorphism 
group, interpreted as in (b) above.) 

(e) G € [SIN] = {groups with small invariant neighborhoods of e} if each 
neighborhood of the identity includes a compact neighborhood of e 
that is invariant (as a set) under all inner automorphisms. Also, 

G € [SIN]|s = {groups with small B-invariant neighborhoods of e} 
if each neighborhood of the identity includes a compact neighbor- 
hood of e that is invariant (as a set) under all automorphisms in B. 

(f) G € [IN] = {groups with an invariant neighborhood of e} if G has a 
compact neighborhood of e that is invariant (as a set) under all 
inner automorphisms. Also, G € [IN]g = {groups with a B-invariant 
neighborhood of e} if G has a compact neighborhood of e that is 
invariant (as a set) under all automorphisms in B. 

(g) G € [Um] = {unimodular groups} if its ordinary modular function 
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A:G — R& has 1 as its only value. Finally, we write G € [Um]p = 
{B-unimodular groups} if the Braconnier modular function of each 
automorphism £ in B satisfies A(8) = 1. 


Central groups were introduced by Grosser and Moskowitz in [1967a] 
and [1967b] preceded by two AMS Bulletin announcements the previous 
year. These authors continued to successfully exploit their ideas in [1971al], 
[1971b] and [1973]. Roger Godement introduced the class [FIA]~ under the 
name “central groups” in [1947a]. In [1947b] he showed [FIA]~ C [Moore] 
and noted that a connected group in [FIA]~ is the direct product of a vec- 
tor group and a compact group. George D. Mostow [1951] considered the 
condition [SIN] for Lie groups (using Lie algebra techniques) and Iwasawa 
[1951] immediately extended his results to locally compact groups. There 
are two natural uniformities (left and right) associated with any topological 
group. The condition SIN is exactly the property that these two uniformi- 
ties are equal. (See Hewitt and Ross [1963], (4.14)(g).) Mostow noted that 
[IN], which had been mentioned by Weil [1940], page 129, does not always 
imply [SIN], as Weil had originally believed. 

The subscript B notation was introduced by Grosser and Moskowitz 
in [1971la]. It works well despite an apparent logical difficulty (since B C 
H Aut(G)). If B equals InAut(G), then [ -]g = [ - ]. 


12.5.2 Theorem In the following diagram, arrows represent implications. 


. i [D] 


These implications, the equation 


[FIA]~ = [FC]—n [SIN] (1) 
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from Theorem 12.1.25, and the results immediately implied by them are the 
only possible implications that exist between these conditions for general 
locally compact groups. A locally compact group G belongs to [FD|~ if and 
only if it is the extension of a compact group by an abelian group. 

If a subscript B 1s attached to every possible symbol and all of the other 
symbols except [D] are deleted, all of the implications still hold. 

Theorem 12.1.31 gives several structural characterizations of groups be- 
longing to [IN]z. 


Proof All of these implications are easy except [Z]=>[FD]~, [FC], =>[IN]z, 
[FC], 9 [SIN]s >[FIA],, and (to a lesser extent) [FIA]; =>[SIN]z. 

Theorem 12.1.24 shows (K]=>[Z], [A]=[Z], (Z]=[FIA]~. Theorem 12.1.25 
establishes [FC]; ON [SIN]g <=> [FIA]. Proposition 12.1.9 and remarks at 
the end of §12.1.12 show [D]>[SIN]s>[IN]s >[Um]p. 

[Z]=>[FD]~: This is proved in Corollary 1 of Theorem 4.4 of Grosser 
and Moskowitz [1967a]. I do not know an easy proof. However, note that 
the map (uGz,vGz) ++ uvu—!v—! is a well-defined continuous map of the 
compact set G/Gz x G/Gz onto the set of all commutators in G, so this 
set is compact. Even though G’ is the group generated by this set, it is far 
from obvious that this implies the compactness of the closure of G’. 

[FD]~>[FC]~: For any v € G, the inclusion (ag(v))~ C (G’)~v implies 
this. 

[FIA];=>[SIN]g: Let U be a neighborhood of e in G. By the continuity 
of (8,2) + B(u) proved in Theorem 12.1.12(b), for each G € HAut(G) we 
can find neighborhoods of Wg of 6 in HAut(G) and Vg of e in G so that 
We x Vg is mapped into a compact neighborhood U of e included in U. Since 
B~ is compact, we can cover B™ by finitely many Wg: B™ C Uj_, Wg,. 
Let V be N3_,Vg;. Then all 6 € B™ map the neighborhood V of e into U. 
Hence (Ugep-6(V))~ is acompact, B-invariant neighborhood of e included 
in U. 

[FC];=> [IN]: This follows from Theorem 12.1.31(e) or (f). No elemen- 
tary proof seems to be known. 

If G belongs to [FD]~, then it is the extension of the compact group 
G'~ by the abelian group G/G'~. Conversely, if G is the extension of some 
compact group K by an abelian group A, then every commutator is clearly 
in the kernel K of the natural map of G onto A, so G belongs to [FD]~. 

We now cite more than enough examples to show that no other implica- 
tions hold. The extra examples exclude theorems under various additional 
hypotheses. Of course, one must use the known implications to eliminate 
unmentioned possibilities. 

[Z] * [K]: Any non-compact abelian group, such as R or Z, shows this. 
The former shows that [A] does not imply [D] and the latter shows that [Z] 
and [D] together do not imply [K]. 
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[Z] 4 [A]: Any non-abelian compact group, such as the connected group 
SO(3) or the nilpotent, discrete, eight-element dihedral group cited in 
§1.9.1, shows this. (We remark that the eight-element dihedral group can 
be realized as the Heisenberg group over Z2, showing that it is nilpotent.) 
The former group shows that [K] does not imply [D] and the latter shows 
that [Z], [D] and [Nil] together do not imply [A]. 

[Z] A [A x K]: The Freudenthal—Weil theorem (Theorem 12.4.28 above) 
shows that connected central groups are the direct product of an abelian 
group and a compact group. The example discussed in §12.6.2 below shows 
that central groups do not even have to be semidirect product extensions 
of a compact and an abelian group. 

((FD]~- and [FIA]—) # [Z]: The central extension discussed in §12.1.30 
is a nilpotent, compactly generated Lie group that is a counterexample. 
Similarly the group in 12.3.37 is a totally disconnected, nilpotent coun- 
terexample. We give a discrete example in §12.5.3 below. In 812.6.5 we 
give a totally disconnected, compactly generated example and in §12.6.4 an 
example that is not even a finite extension of a central group. 

({FIA]~ and [D]) # [Z] or [FD]~: §12.5.3 already excludes this possible 
implication, but we want to note that the much simpler example in §12.5.4 
below also provides a counterexample to this less restrictive situation. 

[FD]~— # [FIA]~: The toroidal Heisenberg group of §12.1.20 is a con- 
nected counterexample to this implication. The shift group of §12.1.22 is a 
compactly generated, totally disconnected, solvable semidirect product of 
abelian groups, which is also a counterexample. 

[SIN] # [FC]~ or [FIA]~: Any discrete group with some non-precompact 
conjugacy class is a counterexample (e.g., §12.4.21). oO 


The class [FD]~ of abelian extensions of compact groups is quite restric- 
tive, but we will see that compact extensions of abelian groups need not 
even belong to [FC]~ although they are always in [PG]. 


12.5.3 A Discrete, Nilpotent, [FD]~-Group G not in [MAP] This 
group G was introduced by Grosser and Moskowitz as Example 5.10 in 
[1971a]. Let k be a countably infinite field of prime characteristic p > 0 
and let H be the Heisenberg group over k: 


lu w 
H= 0 1 vi:uvweEek>. 
0 0 1 


Both k and H are discrete. The computations in §12.1.18, which are inde- 
pendent of field, show 


1 Ow 
H,=H'= 0 1 OJ] :wek>). 
0 0 1 
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Regarding k as a linear space over its prime subfield 
Z,p= {0,1,14+1,...,L+1+-:-+1} Ck 


(where the last sum has p—1 terms), we may find a complementary subspace 
Zs satisfying k = Z)@® Z>. As in §12.1.18, we write the typical element 
of H, displayed in a matrix above, as (v,w,u). Let N be the subgroup 
{(0,w,0) : w € Z>} of Hz where w varies over Z>. 

Let G be the discrete quotient group H/N with natural map by y: H > 
G. Then G is nilpotent since H is. One sees immediately that the derived 
subgroup G’ of G is just H'/N ~ k/k+ ~ Z,. Similarly, the center of G 
includes y(Hz). Using the formula for the commutator from §12.1.18, we 
see that (v,w,u) + N belongs to Gz if and only if it satisfies uy — vz € k+ 
for all z,y € k. Note that 1 € Z, implies 1 ¢ k+. If u # 0, then we could 
choose y = u~! and x = 0 to give uy — vz = 1 ¢ k+. We conclude u = 0 
and similarly v = 0 if (v,w,u) +N is in Gz. Hence Gz = y(Hz) ~ Zp, so 
G is not a central group. 

In fact G does not belong to [MAP]. We will show that any finite- 
dimensional irreducible representation U of G must vanish on Gz. Suppose 
that U does not vanish on Gz. Since Gz has p elements, U, # I for all 
w € Gz \ {e}. Schur’s lemma shows that for any w € Gz, Uy = XI for 
some complex number 4. For any u ¢ Gz there is some v € G satisfying 
[v,u] # e. Since G’ = Gz, we have vuv-'u-! = w € Gz with w F e. 
Putting these results together gives 


Tr(U,,) = Tr(U,U,U,*) = Tr(UwUu) = ATr(Uu), 


where \ # 1. Hence Tr(U,,) is zero for all u ¢ Gz. If w were in the kernel 
of U, it would satisfy Tr(U,,) = dim(U). Thus we have shown that U is 
faithful on G. In fact we have shown: 


Proposition No infinite MAP-group G can have G' = Gz of prime order. 


Since G is a discrete nilpotent group in [FD]~ and not in [MAP], Dia- 
gram 4 for discrete groups determines its membership in all of our classes. 


12.5.4 A Discrete, [FIA]~-Group not in [FD]~ Let G be the discrete 
weak direct sum of countably many copies of a finite non-abelian group 
H. To simplify notation assume that G is the collection of all of those 
sequences (based on N) of elements in H that are equal to ey at all but 
finitely many indices. Since G is discrete it belongs to [SIN]. The elements 
in the conjugacy class of any given element v € G are equal to ey at all 
but the finitely many n € N where v differs from ey. Hence G belongs 
to FCC(FC]~ and thus to [FIA]~ by the Grosser-Moskowitz-—Ascoli—Arzela 
theorem (12.1.25). Since we can represent each summand individually, G 
belongs to [MAP]. Since it is not a finite extension of an abelian group, it 
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is not a Moore-group. It is easy to see that G’ is the discrete weak direct 
sum of H'. Thus G does not belong to [FD]~. 

Therefore Diagram 1 (or Diagram 4) determines its membership in all 
of our classes. G will be nilpotent or solvable exactly when H is. 


Next we recall from Section 12.4 the classes of locally compact groups 
defined in terms of representation theory. 


12.5.5 Definition The following symbols denote the class of all locally 
compact groups G having the indicated properties. 

(a) G € [Moore] = { Moore-groups} if all continuous, unitary, topologi- 
cally irreducible representations of G are finite-dimensional. 

(b) G € [MAP] = { mazimally almost periodic groups} = {MAP-groups} 
if there are enough finite-dimensional, continuous, unitary, 
topologically irreducible representations of G to separate its points. 

(c) [Tak] = { Takahashi groups} is the intersection of [FD]~ and [MAP]. 

(d) G € [CCR] = {completely continuous representation groups} = 
{CCR groups} if all continuous, unitary, topologically irreducible 
representations U of G satisfy TY € Bx(HY) for all f € L'(G). 

(e) Ge [Type I] = { Type I groups} if all (or all factorial) continuous, 
unitary representations of G generate Type I von Neumann algebras. 

Denote the structure space II¢-(g) of C*(G) by Ig and call it the structure 
space of G. 

(f) G € [T,] = {[T,]-groups} if its structure space Ig is a T; topological 
space. 

(g) G € [To] = {[T>]-groups} if its structure space Ig is a Tz topological 
space. 


The symbol [Moore] reflects the importance of the paper [1972] by 
Calvin C. Moore that initiated the study of this class. It was bestowed 
by Lewis C. Robertson in [1969]. (Moore’s paper was widely known be- 
fore publication since it is mentioned in Robertson [1969] and Grosser and 
Moskowitz [1971a], both submitted in 1968.) John von Neumann [1934] ini- 
tiated the study of the class [MAP] and recognized the equivalence of (a), 
(b), (c) and (d) of our Theorem 12.4.15 above. This accounts for the name 
he gave to the class. Takahashi groups were named for Shuichi Takahashi, 
who in [1952] provides a beautiful duality theory for groups in that class 
[Tak]. The usual unitary dual G has extra properties in this case, so that 
he was able to define a dual group Gr of G. Detlev Poguntke [1972] shows 
that G7 can be defined in a wider setting but that the natural injection of 
G into Gr is a homeomorphic isomorphism (the basic result of Takahashi’s 
original duality) if and only if G € [Tak]. Again the name and symbol [Tak] 
were first used by Robertson [1969]. 

In [1951b] Irving Kaplansky introduced the idea of CCR and GCR C*- 
algebras (cf. §9.3.26 above). The latter class has essentially mutated into 
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Type I, as explained in §9.3.26. In a series of papers George W. Mackey 
built a beautiful and subtle theory of group representations based on ideas 
from C*-algebras and von Neumann algebras (as the developers of those 
theories had hoped). He conjectured [1957a], and James G. Glimm [1961] 
proved, that the unitary dual G is a reasonably well-behaved space (in a 
precise technical sense) if and only if G belongs to [Type I]. For two decade 
this was generally interpreted to mean that only Type I groups could have 
reasonable dual objects. This is now regarded as at best a half-truth. 

Recall (Theorem 12.4.18) that G is Type I if and only if its unitary dual 
G satisfies the To separation axiom. Similarly, G belongs to [CCR] if and 
only if G satisfies the T; separation axiom. Recall also (Theorem 7.1.3 of 
Volume I) that IIg always satisfies the Tg separation axiom. Furthermore 
IIg is 7; exactly when each primitive ideal is maximal. This is partial 
justification for considering the classes [7] and [Tz]. The former class has a 
substantial history, but the most definitive study is in Moore and Jonathan 
Rosenberg [1976], incorporating some unpublished results of the first author 
from a decade earlier. The symbol [Tak*] denotes all extensions of groups 
in [Tak] by finite groups. Other exponents are interpreted similarly. 


12.5.6 Theorem (a) The following equation and proper inclusions hold 
for arbitrary locally compact groups. 


(Z] c [Tak] C [Moore] = [Tak¥] = [Type I] n [SIN] c [CCR] ¢ [Type TJ 


N N 
[MAP] [71] 
M 
[Um] 
(b) The following equations and proper inclusions hold for almost connected 
groups. 
[Z] = [Tak] = [FIA]~ = [V x K] Cc [Moore] = [MAP] = [SIN] 
a N 
[FD]~ = [FC]- = [KY] c_ [IN] = [FC*] 
N N 
[CCR] /N [To] C [CCR] c [Type ]j 
M N 
[T2] Cc (7;] Cc [Um] 


An almost connected, locally compact group G belongs to [MAP] if 
and only if it is a semidirect product V x, K where V is a vector 
group, K %s compact and n(K) ts a finite subgroup of HAut(V) = 
GL(n,R) for some n € N°. Furthermore, G is a MAP-group if and 
only if G/Z(G_.) is compact, where Z(G.) is the centralizer of the 
connected component G. inG. 
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(c) The following equations and proper inclusions hold for connected groups. 
[Z] = [Tak] = [FIA]~ = [Moore] = [MAP] =[SIN] = [V x K] 


M 

(FD]- = [FC]- = [IN}=[KY] c [CCR] c [Type]] 
N M 
[T2] S (T;] Cc [Um] 


(d) The following equations and proper inclusions hold for discrete groups. 


[Z] = [Tak] Cc [Moore] = [CCR] = [Type J] = [AF] 
M ‘e N 
[FD]—- c [FC]~— =[FIA]—- c [XK] [MAP] 


Proof (a): Theorem 12.4.16 establishes the inclusions [Z] ¢ [Moore] C 
[CCR] ¢C [Type I] and [Moore] C [MAP] C [Um] and shows that they 
are all proper. Since Theorem 12.5.2 shows [Z] C [FD]~, we conclude [Z| 
C [Tak]. We are not aware of any easier proof that [Tak] is included in 
[Moore] than that given on page 233 of Eberhardt Kaniuth [1971]. Moore 
[1972] shows that [Moore] is closed under finite extensions, so any finite 
extension of a Takahashi group belongs to [Moore]. Conversely, Robertson 
[1969] shows that in a Moore-group the union of all conjugacy classes with 
compact closure is a normal subgroup of finite index that is a Takahashi 
group. Finally, Theorem 12.4.18(c) establishes the inclusion [CCR]c [74]. 
Kaniuth [1971], page 247 shows that a SIN-group is a [Moore]-group if and 
only if it is a Type I group. 

Examples 12.6.4 and 12.6.5 are solvable groups with a compact, con- 
nected open normal subgroup and, respectively, compactly generated and 
totally disconnected, which show that [Z] is a proper subset of [Tak]. Ex- 
amples 12.4.21 (Z x nZ2), 12.3.30 (Q, x nZe) and 12.2.3 (IR x 7Z2) are 
all Moore-groups which are not Takahashi groups. Example 12.1.19 (the 
integer Heisenberg group) is a discrete group proving that the inclusion 
[CCR]c [7,] is proper while Example 12.1.30 (a central extension of T by 
Z*) is a compactly generated, Lie group establishing the same thing. 

(b): The first four equations are from Proposition 4.4 in Grosser and 
Moskowitz |1971a]. Theorem 2.9 in the same paper extends the Freudenthal- 
Weil theorem (12.4.28 above) to show that almost connected groups belong 
to [SIN] or (equivalently) [MAP] if and only if they are semidirect products 
V x, K with n(K) finite. Theorem 2.18 and Corollary 2.17 in the same 
paper give the other results stated here for these classes. The properness of 
the inclusion on this first line is established by Example 12.2.3 (R x Zo). 

Theorem 3.20 of {1971a] shows that any compactly generated locally 
compact group satisfies [FC]~ =[FD]~ and is an extension 


{fe} —> P— G—- VxD — {i}, 
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where P is a compact characteristic subgroup, V is a vector group and D 
is a finitely generated, discrete, torsion-free abelian group. Hence if G is 
almost connected, D must be the one-element group. Theorem 3.7 of John 
R. Liukkonen [1973] gives a different proof of the structure theorem for 
almost connected [FC]~ groups and shows that they belong to [CCR] and 
[T>]. 

Theorem 12.1.31(f) shows that an almost connected, locally compact 
group in [FC]~ belongs to [IN] and that this class equals the class of finite 
extensions of [FC]~ groups. Since the class [CCR] is closed under even 
compact extensions, finite extensions of almost connected [FC]~ groups 
belong to [CCR]. Finally, Moore and Jonathan Rosenberg [1976], Theorem 
4 shows that an almost connected group in [74] is the projective limit of Lie 
groups that are Type R on their radicals (cf. §12.6.32 below). A remark at 
the beginning of §7 (ibid.) uses this to show that [J] is included in [Um] 
for almost connected groups. All other displayed results under (b) have 
already been established. 

The structure theorems on almost connected MAP-groups are Theorem 
2.9 and Corollary 2.17 of Grosser and Moskowitz [1971a]. 

(c): The Freudenthal—Weil theorem (Theorem 12.4.28 above) gives the 
first line. A connected group cannot be a non-trivial finite extension, so 
(b) above shows [IN] = [FC]~. The rest of the results also follow from (b). 

(d): A discrete Takahashi group G is a discrete Type I group and hence 
the extension of an abelian group A by a finite group F' by Elmar Herbert 
Thoma’s theorem ([1968], or the last sentence of Theorem 12.4.26 above). 
For each u € F choose an element tu in G mapped onto u. Denote u > [#, u] 
for u € A and v € F by ad,(u). This does not depend on the choice of 0 
since A is abelian. Since F is finite, there are only finitely many maps ad,. 
Since ad, = ad, is equivalent to v and w being in the same coset of Gz, 
G is central. 

The rest of the first line also follows from Thoma’s theorem and (a). 
Since discrete groups obviously live in [SIN], the second line follows from 
Theorem 12.5.2 and (a) above. a) 


Next we introduce two slow-growth conditions and a closely allied struc- 
tural condition. For any subset K of a group G and any n € N we denote 
the set {ujue---Un : U1,U2,...,Un € K} of products by K”. If K isa 
compact neighborhood of 0 in G = R?, then K is included in some ball B 
of finite radius so that Haar measure X (p-dimensional Lebesgue measure) 
satisfies 

A(K”) < A(nB) < (B) n?P Vn EN. 


A similar thing happens in any locally compact abelian group. The Haar 
measure of a compact group is finite, so that A(K™”) is always bounded in 
a compact group as n increases. 
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The following slow-growth properties hold for all compact sets with non- 
empty interior in a topological group if and only if they hold for all compact 
neighborhoods of e. Proposition 12.2.2(a) shows that in a connected group 
slow-growth properties hold for all compact neighborhoods of e if they hold 
for one. More generally, if G is compactly generated but not-necessarily 
connected and if one compact, generating neighborhood of e satisfies a 
slow-growth property, then all compact neighborhoods of e satisfy it. 


12.5.7 Definition The following symbols denote the class of all locally 
compact groups G having the indicated properties. 

(a) G € [PG] = {polynomial growth groups} if each compact set K with 
non-empty interior has A( A") bounded by some polynomial function of n. 

(b) G € [EB] = {exponentially bounded groups} if each compact set K 
with non-empty interior has \(K") bounded by some constant multiple of 
t” for each t > 1. A group that does not belong to [EB] is said to have 
exponential growth. 

(c) G € [NF] = {groups that have no free subsemigroups} if G includes 
no uniformly discrete free subsemigroup F' on more than one generator. 
Uniformly discrete means that F satisfies F MU = {e} for some neighbor- 
hood U of e in G. 


12.5.8 Proposition The following inclusions hold. 
IPG] ¢ [EB] c_ [NF 
M 
[Um] 
The first inclusion is an equality at least for almost connected groups and 
the other two are strict inclusions. 


Proof The first inclusion is clear. To see the inclusion [EB] C [NF], suppose 
that G includes a uniformly discrete free subsemigroup F on the two gener- 
ators w and z and U is a neighborhood of e in G satisfying FNU = {e}. We 
can find a compact, symmetric neighborhood V of e satisfying V2 C U, so 
that uV NvV £0 with u,v € F implies u-!v € V? CU, and hence u = v. 
(This justifies the term uniformly discrete.) Since uwV C uVvV holds for 
any u,v € F, we find A((wV UzV)”) > 2°X(V). This is the contrapositive 
of the desired implication. : 

If G is not unimodular, it has exponential growth since any v € G with 
A(v) > 1 and any compact neighborhood U of e satisfy (Uv)” D Uv” and 
hence A((Uv)”) > A(v)"A(U). With the remarks above, this completes the 
proof of the diagram. 

Jenkins theorem (12.5.12, below) shows the equality of [EB] and [PG]. 
for almost connected groups. 


12.5.9 Classes of Locally Compact Groups: Definitions 1433 


Examples 12.6.30 (the Mautner group) and 12.5.15 (the free group on 
two generators) are, respectively, a connected and a discrete group that 
belong to [NF] and are unimodular but are not exponentially bounded. O 


Joe W. Jenkins [1972], Example 4.1 shows that there exist groups with 
closed, free subsemigroups on two generators that are not uniformly dis- 
crete. The example is just the subgroup of GL(3,R) generated by the 
compact, connected group SO(3,R) of orthogonal 3x3-matrices with de- 
terminant 1 and a single diagonal matrix with all entries strictly larger than 
1. This group is a semidirect product SO(3, R) x, Z. He shows that it is a 
hermitian group. 

The growth of groups in the sense defined above was first considered 
by John Milnor [1968] and Joseph A. Wolf [1968] for discrete groups and 
Lie groups. Yves Guivarc’h [1973] then published a systematic analysis 
of fundamental issues in the context of general locally compact groups. 
Simultaneously Joseph W. Jenkins revolutionized the subject by proving 
his fundamental theorem stated below. Joseph Rosenblatt [1979] (delayed 
in publication) soon unified growth with a line of research on distal actions 
begun by Moore [1968] using Jenkins’ discovery. We record his definitions 
before incorporating his work into Jenkins theorem. 


12.5.9 Definition A topological group G is said to be: 

(a) distal if e is not included in the closure of the set {uvu—! : u € G} 
for any v # e. 

(b) contracting if e is included in the closure of the set {u"vu—” : n € N} 
for some u,v € G with v # e. 

(c) mnon-contracting if it is not contracting. (Equivalently, e is not 
included in the closure of the set {u“vu~” : n € N} for any u,v € G with 


v#e.) 


Obviously a distal group is non-contracting. The name “distal” arises 
from the following interpretation. A group is distal if and only if the set of 
pairs {(uv, uw) : u € G} is separated from the diagonal in G x G by a uni- 
form neighborhood. The next example and theorem are due to Rosenblatt 
[1979]. 


12.5.10 A Non-Contracting Group that Is not Distal This is a 
semidirect product of the compact, abelian tubby torus K = TN, introduced 
in §12.1.13, with the group P of all permutations of N, each of which moves 
Only finitely many integers. The elements of K are arbitrary functions 
¢:N > T, multiplication is pointwise, the topology is the product topology 
and we denote its identity element by 1. The elements of P are all those 
permutations 7:N — N, each of which moves only finitely many integers. 
We give P the discrete topology and denote its identity element by s. Define 
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n: S + HAut(K) (ef. §12.1.13) by 


n(t)(C)(k) = C(r*(k)) Va eP; C EK; KEN 


Our example is the semidirect product G = K x, P. Each m € P can be 
regarded as being a permutation of the set of n integers that it moves and 
hence satisfies 7” =. for some n € N. Hence some power of each element 
of G belongs to K x {x}. Thus G is non-contracting. 

For n € N and ¢ € T \ {1}, define ¢, € K to have the value 1 € T at 
every integer except n where it has the value ¢ and define z, € P to be the 
permutation that interchanges n and n+ 1. Then (1,7,) conjugates (Cn, t) 
into (Cn41,). Since the sequence {(¢,,¢)}nen converges to the identity 
element (1,2) of G, G is not distal. 

The group F is polynomial growth and amenable since it is the union of 
the finite groups P,, = {permutations moving only 1,2,...,n} forn EN. 
Hence G belongs to both these classes. It is easy to check directly that G 
belongs to [IN] but not [SIN] or [FC]~. Since [MAP] / [IN] C [SIN], this 
shows G ¢ [MAP]. We do not know about its membership in other classes. 


12.5.11 Theorem Let G be a locally compact group. 

(a) If G is distal, it is non-contracting, but the converse is false. 

(b) If G is ( distal / non-contracting ), then any closed subgroup is 
( distal / non-contracting ). 

(c) If G is compact, it is distal. 

(d) If G is nilpotent, it is distal. 

(e) If G is a compact extension of a closed normal subgroup N, thenG 
is distal if and only uf N 1s. 

({) If G is a connected extension of a compact normal subgroup N by 
a group H ~ G/N, then G is distal if and only if H is. 


Proof See Rosenblatt [1979]. O 


The following fundamental theorem is from Jenkins [1973b]. A Lie 
group G is said to be Type R if all of the characteristic values of Ad, have 
absolute value 1 for all u € G where Ad:G — GL(g) is the usual adjoint 
representation introduced in §12.2.8. (Note that a semisimple Lie algebra g 
will be Type R (1.e., will have the proper values of its adjoint representation 
ad: g — gl(g) all purely imaginary) if and only if it is compact.) 


12.5.12 Jenkins Theorem The following are equivalent for an almost 
connected locally compact group G: 

(a) G has polynomial growth (G €[PG]). 

(b) G is exponentially bounded (G €[EB)}). 

(c) G belongs to [NF]. 

(d) G is distal. 

(e) G is non-contracting. 
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(f) One (hence all) approzimating Lie groups of G are Type R. 


Proof We shall mostly cite references for this proof. First we note that we 
can reduce to the connected case. Guivarc’h [1973] showed that polyno- 
mial growth and exponential boundedness are stable under extension by a 
compact group, so that an almost connected group is ( polynomial growth 
/ exponentially bounded / distal / non-contracting ) if and only if its con- 
nected component G, is. The approximating Lie groups of G and G, are 
also the same. If G belongs to [NF], clearly G, does. Conversely, if G, 
belongs to [NF], Jenkins [1973b] shows that it also belongs to [PG]. Hence 
the above results show G € [PG] C [NF, 

Jenkins [1973b] considers only the connected case. If a connected Lie 
group is not Type R, he shows explicitly that it includes a uniformly discrete 
free subsemigroup on two generators. Using previous easy results, this gives 


[PG] ¢ [EB] ¢ [NFL C_ [YypeRl, 


where [Type R] temporarily represents the class of locally compact groups 
with Type R approximating Lie groups. Lie algebra techniques then show 
that a Type R Lie group has polynomial growth. Hence if an approximating 
Lie group is Type R, the original almost connected group has polynomial 


growth. 
The connection with distal and contracting actions is through the Type 
R property, as shown in Rosenblatt [1979]. oO 


Our next concept, amenability, is one of the most important. Unfor- 
tunately, there is no convenient definition that makes this importance im- 
mediately obvious. Hence we will use the definition that preserves Mahlon 
M. Day’s original pun [1950] and then state a theorem listing some of the 
enormous number of conditions known to be equivalent. The short book by 
Frederick P. Greenleaf [1969] and the more comprehensive books by Alan 
L. T. Paterson [1988] and Jean-Paul Pier [1984] should be consulted for 
additional information. 


12.5.13 Definition Let G be a locally compact group and let f:G > C 
be a function. Recall f(u) = f(u)* for all u € G and ,f(v) = f(u7!v) for 
all u,v € G. Let ¥ be a linear subspace of the set of all bounded complex- 
valued functions on G and define 7%, = {f € 4%: f(u) >0 for all u€ Gh. 
Assume that ¥ contains the constant functions, is closed under the maps 
fu.uf and f 4 f and is such that every real-valued function in ¥ is the 
difference of two functions in ¥,. A mean on 4 is a linear map 


mxX>C 
satisfying 
mf) > 0 VWfEry (2) 
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mi) = 1. (3) 


Notice that (2) and (2) and (3), respectively, imply 


m(f) m(f)* VfEr and (4) 
Im(f)| < Wfllo VWVfFER. (5) 


A mean m on 4% is said to be left invariant if it satisfies 


mMuff/=m(f) VfEXx;ueG. (6) 


Let P(G) = {p € L'(G) : p(u) > O for allu € Gand fpdd = 1}. If 
xX C L(G) is closed under convolution from the left with functions in 
L(G), a mean m on % is said to be topologically left invariant if it satisfies 


m(p*f)=m(f) VWfEerx; pe P(G). (7) 


Right and two-sided invariance and topological invariance are defined in an 
analogous fashion. 

A locally compact group G is said to be amenable if there is a left- 
invariant mean on L(G) (the usual space of essentially bounded, measur- 
able, complex-valued functions on G). 

A Banach algebra A is said to be amenable if the Johnson—Hochschild 
cohomology groups H"(A,4*) equal {0} for all n € N and all Banach 
A-bimodules 7%. 


Topologically invariant means are usually easier to work with than plain 
invariant means, and in most situations they are invariant means. They 
were introduced and many of their properties established by Andrzej Hu- 
lanicki [1966a]. 

Space limitations have forced the omission of our chapter on the coho- 
mology theory of Banach algebras. For the background of the definition 
of amenable Banach algebras, we refer the reader to Barry E. Johnson’s 
original fundamental papers [1972a], [1972b] and to Alexandr Yakovlevié 
Helemskii’s two books [1989b], [1993]. Johnson and Helemskii develop the 
theory from distinctly different viewpoints. 

Lebesgue knew that his integral on R was unique among translation- 
invariant integrals satisfying the monotone convergence theorem. Specu- 
lation on whether this last property was necessary led to the realization 
early in the present century that, for instance, CR) has a mean that can 
be thought of as arising from a finitely additive (but not countably ad- 
ditive) measure on the real numbers considered as a discrete space. In 
another direction, Stefan Banach and Alfred Tarski published their para- 
dox on decompositions in R? in 1924 by extending early investigations of 
Felix Hausdorff. They knew that similar decompositions were impossible in 
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R and R?. John von Neumann [1929b] saw that this difference between di- 
mensions was due to the structure of the group of rigid motions and defined 
the first notion of amenability. This work and that of Alfred Tarski [1938] 
established the connection between the existence of nice finitely additive 
measures on groups and the non-existence of paradoxical decompositions. 
Progress was somewhat impeded until about 1950 since the means were 
viewed as finitely additive measures rather than linear functionals. 

The following theorem is obviously the work of many hands. The equiv- 
alence of the first ten conditions (and many other similar ones) provides 
great technical facility in proofs by allowing a wide choice of the most ap- 
propriate tools. Conditions (c) and (c’) were first noted by Hulanicki [1964]. 
Condition (d) was proved by Neil W. Rickert [1967a] after substantial pre- 
liminary work by Day. The ergodic condition (e) was established by Hans 
Reiter [1965]. Conditions (g) and (h) evolved in several steps. Hulanicki 
[1964] gave the final proof. (The symbol A in (bg) denotes symmetric 
difference. ) 


12.5.14 Theorem The following conditions on a locally compact group 

G are equivalent. 

(a) G its amenable (i.e., there is a left-invariant mean on L™(G)). 
(ac) There is a left-invariant mean on C(G). 

(al) There is a right-invariant mean on L™(G). 

(a,) There is a two-sided-invariant mean on L™(G). 

(a,) There is a topologically left-invariant mean on L™(G). 

(by) There is a net {ps}scea in P(G) weakly convergent to left 
invariance. This means that for eachu € G, {ups—ps}sea converges 
to zero in the weak topology of L'(G) defined by L™~(G). 

(bs) There is a net {ps}scea in P(G) strongly convergent to left invari- 
ance. This means that for each u € G, {ups — ps}sea converges 
to zero in the norm topology of L1(G). 

(bst) There is a net {ps}sea in P(G) strongly convergent to topological 
left invariance. This means that for each p € P(G), {p*ps —ps}sea 
converges to zero in the norm topology of L'(G). 

(br) G satisfies Reiter’s condition (P,). This means that for every 
€ > 0 and compact subset K of G there is ap € P(G) satisfying 


up — pili <e Vue K. 


(br) G satisfies the Fglner condition: Given any e > 0 and any compact 
subset C of G there is a compact set K = Kec satisfying 


MuKAK)/MK)<e Vue. 


(c) Every topologically irreducible, continuous, unitary representation 
is weakly contained in the left regular representation. 
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(c') The Gelfand-Naimark norm of L(G) is given by f + ||Lys\|, where 
L: L'(G) — B(L?(G)) is the left regular representation. 

(d) G has the fixed point property. This means that whenever G acts 
continuously and affinely on a compact convex subset C of a locally 
conver topological linear space, then there is a point inC fixed under 
the action of G. 

(e) For each function f € L'(G) 


|| fdd| = inf {|| >_ t; u;fdd||:n EN; t; > 0; ae? = 1; u; € G}, 
G 


j=l j=l 


where the norm on the right ts the total variation norm. 
(f) L(G) is amenable. 
If G is almost connected, then these are also equivalent to: 
(g) G/Graa is compact. 
(h) G does not have a closed subgroup isomorphic to the free group on 
two generators. 
Exponentially bounded, Boidol or solvable groups are amenable. No amenable 
group G has a closed subgroup isomorphic to the free group on two genera- 
tors (at least if G is o-compact and second countable). 
Amenability is preserved under taking continuous homomorphic images, 
closed subgroups, extensions (of an amenable group by an amenable group), 
and injective limits. 


Proof Each of the three books mentioned before Definition 12.5.13 proves 
essentially everything stated here. The extended introduction to Paterson’s 
book illustrates many of the conditions in elementary concrete settings. The 
penultimate paragraph is the only portion of the theorem for which we will 
outline proofs. 

Notice that a compact group K is amenable since the normalized Haar 
functional is a left-invariant mean on L®(K). This easy result can also be 
derived from our proof for exponentially bounded groups. The solvability of 
G is independent of any locally compact topology on G. Hence the discrete 
group Gg underlying a solvable, locally compact group G is also amenable. 
For any locally compact group G, the space of bounded continuous functions 
on Gq is just the set of all bounded functions, so a left-invariant mean on this 
space is certainly a left-invariant mean when restricted to L(G) or C(G). 
Hence G is amenable whenever G4 is amenable. In our discussion of the free 
group on two generators below, we will show that some amenable groups 
G have Gg non-amenable. If we show that abelian groups are amenable, 
it will follow that solvable groups are amenable since amenability is passed 
on to the extension of one amenable group by another. 
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Since abelian groups are certainly exponentially bounded, we only need 
to note that this implies amenability. The argument is given in §12.6.18 
below. 0 


Left-invariant means and topologically left-invariant means have been 
considered on a number of spaces other than C(G) and L™(G), but the 
latter space plays a central role in the theory. The natural embedding 
K: L'(G) > L'(G)** ~ L©(G)* sends a function p € L'(G) onto a mean if 
and only if p belongs to P(G). This helps to explain the role of P(G) in 
the theory. 


12.5.15 Free Groups The free group generated by a single element is 
just Z since Z is singly generated without any non-trivial equation involving 
just its generator. The free abelian group generated by a non-empty set S 
is just the weak direct sum }°, Z for similar reasons. 

The free (non-abelian) groups F(S) generated by a set S with more 
than a single element can be described as follows. A word in F(S) is a 
formal expression of the form sj" sj? ---s%, where n € N, 51, 80,...,8n is 
a list of not-necessarily distinct elements of S and each n; is either 1 or 
-1. A word in F(S) is said to be reduced if nj41 = nj; whenever sj41 = 3;. 
The non-negative integer n is called the length of the reduced word. The 
empty word is denoted by e and considered to be a reduced word with 
length n = 0. Then F(S) is the set of all reduced words. Given two 
reduced words s = s7's7?...s and t = t$'t§?---tS~ in F(S) form the 
word 87? 57? ...1 ¢$1452 ...£6™ by concatenation. If this word is reduced, it 
is the product st. If it is not reduced, reduce it by successively eliminating 
the last factor in s and the first factor in ¢ if they are the same element of 
S raised to opposite powers. Under this product, e is an identity element 
for F(S). The topology on F(S) is the discrete topology. Any group G 
generated by a subset S C G is a homomorphic image of F'(S): The map 
s' +» s for all s € S extends to a homomorphism. Thus F(S) may be 
considered the most complicated group generated by card(S) elements. In 
many ways it is poorly behaved, but it does have enough homomorphisms 
into finite groups to separate points. 


Theorem Let S be a set with card(S) > 1 and let w € F(S) be a word 
of length n > 0. Then there is a homomorphism yy: F(S) > Un+e with 
Yw(w) not equal to the identity permutation in Unio. In fact, py may be 
chosen to be trivial at every word of length 1 that is not a factor of w. 


Proof See Hewitt and Ross [1963], (2.9) and (4.21) (e). Oo 


One consequence of this theorem of Iwasawa [1943] is that F'(S) has a 
dense embedding into a pro-finite group, called its completion. (Just con- 
sider the projective limit of F(.S)/N, where N runs through all normal 
subgroups of finite index. Since F(S) is dense rather than closed in this 
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projective limit, it is not locally compact in the relative topology, which is 
therefore not the discrete topology.) Assume that S has at least two ele- 
ments. The completion of F(S) is a compact, hence amenable, group that 
includes F'(S) as a non-closed subgroup, showing that the word “closed” 
is needed in the penultimate paragraph of the preceding theorem. We will 
now show that FS) is not amenable when card(S) > 1. 

Denote by F» the free group generated by two elements uv and w. It is 
easy to see that this group (and hence free groups on more than 2 genera- 
tors) is not amenable. For any u € {v,v~!,w,w7'}, let Fo, be the set of 
all reduced words in Fo beginning with u. If m were a left-invariant mean 
on C(F2) = €°(F2), we could consider it as a function defined on sets by 
associating its value at the characteristic function of the set with the set 
itself. This would give the contradiction 


l=m(Fo) = mi({e}) + m(Fo.) + M(Fo,-1) + M(Fow) + M(Fo w-1) 


m(Foy) + M(vFo y-1) = m(F2,y) + m(Foy-1) 
= M(Fow) + m(wF2 w-1) = M(Fo,w) + M(Fo,y-1). 


Suppose that G includes (a copy of) Fp as aclosed subgroup. Then F» is 
locally compact in its relative topology. Since it is countable, this topology 
must be the discrete topology. Hence there is a neighborhood U of e in G 
with UN F, = {e}. Choosing V to be a compact, symmetric neighborhood 
of e satisfying V? C U, we find that the compact cosets Vu and Vv are 
disjoint for u # vu € Fy. Since these sets have non-zero finite measure, the 
above contradiction can be extended to show that G is not amenable. 

Tadeus Pytlik [1981] gives details of the structure of a free group and a 
direct integral decomposition of its left regular representation in which none 
of the irreducible pieces are equivalent to any irreducible representation in 
the classical decomposition from Hisa-aki Yoshizawa [1951]. 

Let H and K be two discrete groups. The free product H *« K of H 
and K is a fairly obvious generalization of the free group generated by 
a two-element set. (Free products of more than 2 groups can either be 
defined directly or built up from an associative succession of free products.) 
First, we require that H and K be disjoint. A word in H * K is a formal 
expression of the form uju2---un for some n € N where each u; is an 
element of H UK. If two successive factors in a word are from the same 
group, these two factors can be replaced by the single element representing 
their product in that group. Any factor that is the group identity element 
from either group can simply be removed. A word is reduced when neither 
of these reductions can be performed on it. The free product H * K is 
the set of reduced words with juxtaposition followed by reduction as the 
group product. The group identity element is the empty word. There is" 
an obvious, unique homomorphism of H * K onto a group G in which each 
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element is a product uv of an element u € H and v € K, where H and K 
are specified homomorphic images of H and K, respectively. 

Now suppose that H and K have subgroups Hy and Ky and there is 
an isomorphism y: Hy — Ky. Then we can form the free product of H and 
K amalgamated over yp: Hn > Kn denoted by H *, K. We form words as 
before but allow one additional step in the reduction process: If p(w) occurs 
in a word, replace it by u. (The asymmetrical description of this product 
is technically simpler than the more elegant symmetrical description.) The 
rest of the construction is unchanged. 

A group is called an amalgam if it is a free product of H and K amal- 
gamated over an isomorphism y: Hy > Ky with both Hy and Ky proper 
subgroups. Roger Alperin [1982] shows that no almost connected locally 
compact group is a non-trivial amalgam. These results are related to group 
actions on trees. 


The next classes are defined by properties of the group algebra L1(G). 
Given a *-algebra such as L'(G), one would first want to know whether 
it is commutative, unital and hermitian. It is trivial to see that L'(G) is 
commutative if and only if G is abelian. It is unital if and only if G is 
discrete. There is no simple property of groups known that determines the 
almost equally fundamental question of whether L!(G) is hermitian. 


12.5.16 Definition A locally compact group G is said to be hermitian if 
the *-algebra L'(G) is hermitian. The class of locally compact hermitian 
groups is denoted by [Her]. 


A group is said to be locally nilpotent if each finite subset generates a 
nilpotent subgroup. Temporarily, we will denote the class of locally nilpo- 
tent, locally compact groups by [locNil], but we do not intend to use this 
symbol elsewhere. 

The main arguments in the next theorem were discovered by Hulanicki 
[1966b], [1971]. Zenobia Anusiak [1970] ingeniously extended Hulanicki’s 
proof for discrete FC-groups to cover arbitrary [FC]~-groups. Our proof 
outline uses the theory of yS*-algebras from Section 10.4. 


12.5.17 Theorem A locally compact, locally nilpotent group or an [FC|~ - 
group has polynomial growth and is hermitian. In symbols: 


[locNil] U [FC]> Cc  [PG|N [Her]. 


Proof Outline Let K be a compact neighborhood of e in a locally nilpotent 
group G. Then there is a finite set F C K satisfying K? C FK. By induc- 
tion this implies K" C F"—1K. Since F generates a nilpotent subgroup, 
the number of elements in F” is bounded by a polynomial in n. Hence G 
has polynomial growth. 
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Not all polynomial growth groups are hermitian. However, Hulanicki 
gives the following proof of a partial result for polynomial growth groups. 
Consider the dense *-subalgebra A = Coo(G) of L'(G). Let o be the 
C*-norm on A given by the left regular representation L: A > B(L?(G)): 
o(f) = ||Zy\||. By the Cauchy—Schwarz inequality, an arbitrary hermitian 
element h = h* € A with support K satisfies 


anti = | In"dd < (K®)"/2 |b" lo < MK®)/20(A®-?)IIhlla- 
Kn 


This implies 
p(h) = lim ||A"||1/" < lim A(K")*/2"9(h)!-/ | [AII3/" = oh), 


which shows that A is a yS*-algebra by Theorem 10.4.8(c). The problem is 
to use other information on G to extend this from Co9(G) to all of L1(G). 

Anusiak [1970] does this for an [FC]~-group G by estimates on the norm 
of powers of f = g +h, where f € L1(G) is arbitrary and g € Coo(G) is 
chosen so that A has very small norm. oO 


Results in the next theorem have a long history. Duane W. Bailey [1968] 
gave the basic idea for finite extension but with a gap in the proof that 
matrix algebras over hermitian algebras are hermitian. Horst Leptin [1974] 
filled the gap and then Josef Wichmann [1974] simplified his argument. 
The other two properties in (a) and result (e) seem to have been first noted 
by the present author [1978]. We do not know who first stated (b), but 
Anusiak [1970] must have been aware of it. Naimark [1956] proves that 
SL(2,C) is not hermitian, and Jenkins [1973a], Proposition 4.5 extended 
this argument to prove (c). Ludwig [1979] proved (d). Jenkins proved (f) 
in [1970a] and then gave the simplified proof we provide in [1971]. 


12.5.18 Theorem (a) A finite extension, a quotient or an open subgroup 
of a hermitian group is hermitian. 

(b) A locally compact group in [Moore] is hermitian. 

(c) A compact extension of a nilpotent group is hermitian. 

(d) A connected, reductive Lie group is hermitian if and only if its 
semisimple quotient is compact. 

(e) A locally compact, almost connected, hermitian group is amenable. 

(f) A discrete, hermitian group belongs to [NF]. 


Proof (a): Consider the short exact sequence {e} ~ N >~ G > F —- {e}, 
where F is a finite group, G is locally compact and N is an open normal 
subgroup of G’. The restriction of the Haar measure of G to each open coset 
of N is the Haar measure of this coset. Left-invariance shows that each 
coset is identical as a measure space. Hence as a Banach space L1(G) can 
be identified with a collection of functions from the finite set F into L'(N). 
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The first Theorem in §1.9.12 of Volume I shows that there is a contractive 
*-algebra homomorphism of L'(G) onto L}(G/N) ~ £1(F). However, é!(F) 
is a semisimple, finite-dimensional algebra over C and hence a direct sum of 
full matrix algebras by the Wedderburn theorem (8.1.1 of Volume I). Thus 
L\(G) can be identified with a closed *-subalgebra of a direct sum of full 
matrix algebras over L'(N). Thus Theorem 11.4.2(b) and (1) prove that G 
is hermitian if N is. 

The first Theorem in §1.9.12 shows that if N is a closed normal subgroup 
of a locally compact group G, then L'(G/N) is a quotient Banach *-algebra 
of L'(G). Theorem 11.4.2(d) now shows that if G is hermitian, so is G/N. 

Similarly, if H is an open subgroup, §1.9.12 shows that L'(H) can be 
identified with a closed *-subalgebra of L'(G), so Theorem 11.4.2(b) shows 
that H is hermitian if G is. 

(b): The equation [Moore] = [Tak¥] from Theorem 12.5.6(a), the inclu- 
sions [Tak] Cc [FD]~ c [FC]~ Cc [Her] from the definition of [Tak], Theorem 
12.5.2 and Theorem 12.5.17 together with the closure of [Her] under finite 
extensions from (a) give this. 

(c): Ludwig [1979], page 191 shows that any compact extension of a 
nilpotent group is hermitian. (This generalizes results in Barnes [1981], 
Ramesh A. Gangolli’s result [1977], Hulanicki [1970b], Kaniuth [1975], 
(Lemma 4), Leptin [1973b] and Poguntke [1977b].) Ludwig’s proof is 
more general, proving that if N,; and Nez are closed normal subgroups with 
N, C No, and if each coset in N2/N, belongs to a compact G/Nj-invariant 
neighborhood of ey,/y,, then if the positive linear functional on L'(N1) 
corresponding to a modular left ideal of L'(G) is non-zero, its positive lin- 
ear functional on L'(N2) is also. Induction then establishes hermiticity for 
both compact extensions of nilpotent groups and for [FC]~-groups (which 
we proved in the last theorem). 

(d): We will only summarize Jenkins’ proof of Proposition 4.5 in [1973a]. 
Reductive Lie groups and the Iwasawa decomposition G = K AN are intro- 
duced before Definition 12.2.4 and in §12.2.23, respectively. Recall that K 
is a maximal compact subgroup corresponding to € in the Cartan decom- 
position. 

(e): Yamabe’s theorem (12.2.15) shows that an almost connected group 
G has compact normal subgroups K with L = G/K an almost connected 
Lie group. By (a), Lis hermitian if G is. Let H be the connected component 
of the identity in L/L,aq. It must be open, so it is also hermitian by (a). 
Jenkins [1973a], Proposition 4.5 shows that H must be compact. Hence 
L/Lraa, L and finally G are all amenable by the stability properties of 
amenable groups. 

(f): Suppose that z and w generate a free subsemigroup in G. Choose 
complex numbers a, #8 and y so that ja| = |8| = y| = 1/3 but sup{|a + 
Br + yA2|: A € T} < 1. Thus the spectral radius p(a) = p(a + Bz + yz?) 
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of a = at Bz + yz? € £(G) is strictly less than 1 and p(w) = 1. If 
£'(G) were hermitian, the submultiplicativity of the spectral radius on the 
set of normal elements (Theorem 10.4.8(d) or Corollary 10.4.21(c)) would 
imply p(aw) < 1. We will show that p(aw) = ||a|| ||w|| = 1, so that 2'(G) 
cannot be symmetric when G contains a subsemigroup with two or more 
generators. When we write out (aw)" = (aw + Bzw + yz?w)”, none of the 
3” terms will become equal, so that the @'-norm is calculated by simply 
adding together the absolute values of the coefficients. But these add up 


to (1/3 + 1/3 + 1/3)" =1. Thus p(aw) = limps |[(aw)"||1/" =1. 


We introduce three more classes defined by properties of L1(G). Com- 
plete regularity for non-commutative Banach algebras (Definition 7.2.1 of 
Volume I) was introduced by Alfred B. Willcox [1956a] as a generalization 
of an important concept in commutative Banach algebras. In [1956b], he 
showed that the direct product of a locally compact abelian group with a 
compact group had a completely regular L'-algebra. Irving E. Segal [1941] 
originated the notion of strong semisimplicity (which he originally called 
semisimplicity) and proved that the group algebra of a locally compact 
group or a compact group is strongly semisimple. He asked whether this 
might be true of a general locally compact: group. Both of these concepts 
involve the collection of maximal modular ideals of L1(G). 

Joachim Boidol, Leptin, J. Schirman and D. Vahle in [1978] introduced 
the concept that we call Boidol, following a suggestion of Leptin. Sec- 
tion 10.5 of the present work is devoted to the notion of *-regular Banach 
*_algebras that grew from the special case of group algebras. The condition 
requires that a certain natural, continuous, surjection from the structure 
space IIc-(g) of C*(G) to the space ITF 1g) of kernels of topologically irre- 
ducible *-representations of L!(G) be a homeomorphism. 


12.5.19 Definition The following symbols denote the class of all locally 
compact groups G having the indicated properties. 

(a) G € [CR] = {completely regular groups} if L'(G) is completely 
regular (Definition 7.2.1 in Volume I). 

(b) G € [SSS] = {strongly semisimple groups} if L'(G) is strongly 
semisimple (Definition 4.5.1 in Volume I). 

(c) G € [B] = {Boidol groups} if L1(G) is *-regular (Definition 10.5.8). 


The next theorem combines results from several authors. The inclusion 
(FIA]~ C [CR] was proved in different ways by Kaniuth and Steiner [1973], 
Corollary p. 324 and Liukkonen and Mosak [1974b], Corollary 2.5. The 
inclusion [FIA]~ C [SSS] was also obtained by both Kaniuth and Schlichting 
[1970], Satz 2 and Mosak [1972], Corollary 1.7. Results in (c) were first 
noted in Boidol et al. [1978]. 


12.5.20 Theorem (a) A locally compact group in [FIA]~ belongs to both 
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[CR] and [SSS]. 

(b) A locally compact group in [MAP] belongs to [SSS]. 

(c) A locally compact group in [PG] belongs to [B] and a locally compact 
group in [B] belongs to [Am]. 


Proof (a): We have cited two proofs for both results, but they are too 
complicated to reproduce here. For complete regularity one proves that 
L1(G) is weakly central (Definition 7.2.15 of Volume I) and its center is 
completely regular. Then Theorem 7.2.17 applies. 

(b): If U is a finite-dimensional, continuous, unitary, irreducible rep- 
resentation of G, then the corresponding representation of L!(G) is finite- 
dimensional and irreducible, so its kernel is a maximal modular ideal. If 
G € [MAP], there are enough such representations of G to separate points 
of G. They must also separate points on L'!(G), so G belongs to [SSS] as 
shown in Bruce A. Barnes [1983b]. 

(c): Suppose that G has polynomial growth. This implies that G is 
unimodular and that Co9(G) is hermitian, as noted in the proof of Theorem 
12.5.17 above. The basic meaning of *-regularity for L!(G) is that if two 
*_representations T and S of L'(G) satisfy ker(T) C ker(S), then they 
satisfy ||Sy|| < ||T;|| for all f € L(G). If the latter condition fails, then 
there is an f € Coo(G) with ||T;|| < ||Sy||. Then ||Ty+e¢|| = ||Ty||? < 
|Sy|{* = ||Sp-«z]] shows that we may choose f to have the form g* * g for 
some g € Coo(G) and hence non-negative spectrum. Choose a continuous, 
bounded, real-valued function h on R satisfying h(t) = 0 for t < ||Ty|| and 
h(||S¢||) = 1 so h vanishes on the spectrum of h but ||A(S¥¢)|| = |[Sacgy|] > 1. 
Then hof € Co9(G) is in the kernel of T but not in the kernel of S, contrary 
to our assumption. 

Theorem 10.5.12(c) is the basic result that a *-regular *-algebra has a 
unique C*-norm. Hence Theorem 12.5.14(c’) implies that G is amenable if 
it is Boidol. O 


Our last four definitions are based on the ideal theory of L!(G), includ- 
ing various generalizations of Wiener’s Tauberian theorem. 


12.5.21 Definition A locally compact group is called: 

(a) Tauberian if every proper, closed ideal of L!(G) is included in a 
maximal modular ideal of L'(G) (i.e., some ideal in =,1(g)). The class of 
Tauberian groups is denoted by [Taub]. 

(b) Wiener if every proper, closed ideal of L'(G) is included in the kernel 
of some topologically irreducible *-representation of L1(G) (i.e., some ideal 
in ITF 1 (gy): The class of Wiener groups is denoted by [W]. 

(c) Weakly Wiener if every proper, closed ideal of L'(G) is included in 
a primitive ideal of L’(G) (i.e., some ideal in IIz1(g)). The class of weakly 
Wiener groups is denoted by [WW]. 
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(d) Left Wiener or Leptin if every proper, closed, one-sided ideal in 
L'(G) is annihilated by a non-zero, continuous, positive-definite function. 
The class of these groups is denoted by [L]}. 


Definition 7.3.1 in Volume I called L'(G) topologically Tauberian ex- 
actly when G is Tauberian. In this context, the term Tauberian is due to 
Alfred B. Willcox (1956a]. The last three terms above were all introduced 
by Leptin (1973b], [1976a], [1979], respectively. 

These definitions make the inclusions [Taub] C [WW] and [L] C [W] ob- 
vious. Since L1(G) = £'(G) is unital for discrete groups, Theorem 2.4.6(d) 
shows that any discrete group belongs to [Taub] and hence to [WW]. The 
inclusion [Her]JN[WW] C [W] follows from Theorem 10.4.15. Losert [1982] 
shows that the class [L] equals [SIN] N [Her]. We will state these and other 
inclusions formally in Section 12.6. 


12.6 Classes of Locally Compact Groups: Results 


In this section we give systematic references to the major results con- 
cerning the classes of groups introduced in the last section. For each class 
we first give references to the inclusions of that class in other classes that 
are shown on the diagrams and to structure theorems for groups in the 
class. Second, we mention results on the stability of the class. Third, we 
mention diverse results concerning groups in the class including compli- 
cated hypotheses that imply membership in the class. Finally, we mention 
examples of groups in the class that are not in more restrictive classes. 
Obviously any property that holds for all groups in a given class holds for 
all groups in more restrictive classes. Customarily, we only mention results 
in the maximum generality for which a proof is known to us. In particular, 
we usually omit references to results that have subsequently been proved in 
greater generality. Thus, for instance, in order to find all known properties 
of central groups one must read all of the results mentioned as holding for 
any of the classes. 


12.6.1 Central Groups: [Z] This class of groups has been extensively 
studied by Grosser and Moskowitz [1967ab], [197lab] and (with Richard 
Mosak) [1973]. All of the following references refer to their works. The 
fairly difficult inclusion {Z] C [FD]~ is Corollary 1 of Theorem 4.4 of [1967a]. 
The considerably easier inclusion [Z] C [Moore] (our Theorem 12.4.16) was 
published as Theorem 2.1 of [1967b]. Since the Gelfand—Raikov theorem 
(our Theorem 12.4.6) implies [Moore] C [MAP], these results give [Z] C 
[Tak]. Proposition 12.1.16 above shows that the set Gp of periodic elements 
is a closed characteristic subgroup of any G € [FC]~. We quote Theorems 
5.4 and 5.5 of [1967al. 
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Theorem Let G belong to [Z]. Then Gp is the union of all compact nor- 
mal subgroups and of all compact subgroups. Furthermore, G/Gp is the di- 
rect product V x D of a vector group V and a discrete, torsion-free, abelian 
group D. 

Hence G has a maximum compact subgroup if and only tf Gp is compact. 
This happens if and only if G/G'~ is the direct product V x D x K, where 
K is compact and V and D are as above. 

In a compactly generated central group, Gp is compact and D has the 
form Z” for some n € N. An almost connected central group is the direct 
product V x K of a vector group and the compact group K = Gp. 


Theorems 4.1 and 4.3 of the same reference give the following stability 
properties for [Z]. The continuous homomorphic image of a central group 
is central. A direct product is central if and only if each factor is. A closed 
subgroup H of acentral group is central if (a) H is open, (b) H is connected, 
(c) Gz is open, or (d) H is o-compact and HGz is closed. The Freudenthal- 
Weil theorem (Theorem 12.4.28, above) shows that a connected central 
group is a direct product V x K of a vector group V and a compact group 
kK. Hence a group locally isomorphic to a connected central group is central. 
An extension of a discrete central group by a connected group is central, 
but [Z] is not closed under finite extensions (consider R x, Z2 of §12.2.3). 
In particular, although a group is a central group if and only if it is a 
compact, central extension of an abelian group, non-central extensions need 
not be central even if they are almost connected, finite extensions of abelian 
groups. 

An explicit Plancherel theorem for central groups is given in Theorem 
4.1 of Grosser and Moskowitz [1971b]. Reference [1973] by the same authors 
contains an extensive duality theory (Theorem 2.3) relating properties of 
G and G, a Fourier inversion theorem (Theorem 3.3), a Poisson summation 
formula (Corollary 3.4) and a type of Wiener Tauberian theorem (Theo- 
rem 3.8). The last result has been extended to [FIA]~-groups and will be 
presented under that heading. 

Robert W. Bagley and Jeong Sheng Yang [1982] prove some results on 
extensions of central groups. Let G = N x, H be a semidirect product of 
groups and define N,, to be the fixed points in N under the action of n(H). 
The formulas in §12.1.14 show easily that the center of G is given by 


Gz ={(n,h):n€ Ny; he Hz; n(h) = a7,"}. 


Hence the continuous group homomorphism (n,h) + h induces a well- 
defined continuous group homomorphism y:G/Gz — N/N,. The next 
theorem is purely topological. 


Theorem LetG = N x,H be a semidirect product of central groups such 
that n(H) acts trivially on the center Nz of N. Then G is central if and 
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only uf the continuous homomorphism yp defined above is a closed map. If 
H is countably compact and G/Gz has a countable neighborhood basis at 
e, then » is automatically closed, so G is central. 


The examples of Takahashi groups that are not central given below 
rule out many hypotheses that one might have hoped would imply that 
a group is central. However, Grosser and Moskowitz do prove in [1971al, 
Proposition 4.12 that a finitely generated [FC]~ group in which the periodic 
subgroup Gp is discrete must be central. 

The following example from {1967a] shows that the extension in the 
structure theorem quoted earlier need not split. 


12.6.2 A Finitely Generated, Discrete, Central Group that Is not 
a Split Extension of its Periodic Subgroup Let Zz = {+1} be the 
two-element group written multiplicatively. Let G be the discrete, central 
extension group that is Z2 x Z x Z as a set with multiplication given by 


(€,71,N2)(v,m1,M2) = (Ev(—1)™"™,n, +m), n2 + m2) 
Ve,yv € Zo; 21,N2,7™1,Me E Z. 


Easy calculations show 
e=(+1,0,0)  (€,n1,n2)7* = (e(—1)™™, —n1, —n2); 
Q(e,ny,ng)(V;M1,M2) = (v(—1)™™t™"™ mM, , m2); 
[(E, 1,2), (v,mi,m2)] = ((-1I)7™F™",0,0) so Gipg- = G; 
Gz = {(€,n1,n2):1,nN2 are both even} and G’ = Gp = Zz x {0} x {0}. 


Hence G/Gz ~ Z2 x Zz is compact, so G is a central group. Also, G’ C Gz 
shows that G has nilpotent length 2. Notice that neither the extension 
{+1} ~ Zz > G > Z? — {0} by which we defined the group nor the 
extension {e} > Gz > G > Zz x Z2 — {0} split. Of course, G belongs to 
all of our other classes. 

This group is a central extension closely related to the one discussed in 
§12.1.30. If we change the factor system there from f((m,n), (p,q)) = e*”4 
to f((m,n), (p,q)) =e", the center becomes T x 2Z x 2Z, so the group 
is central. The group discussed here is a closed subgroup of this altered 
form of the group in §12.1.30. 


12.6.3 Takahashi Groups: [Tak] Recall that [Tak] is defined to be 
the intersection of [FD]~ and [MAP] since Takahashi [1952] had provided 
a deep duality theory for this class of groups. Lewis C. Robertson [1969] 
outlined a proof that every Moore-group is finite extension of a Takahashi 
group. The main step is showing [Tak] C [Moore], for which Eberhardt 
Kaniuth [1971] gave a complete proof on page 233. The inclusion [Tak] 
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C [FIA]~ follows easily from [Moore] C [SIN], [FD]~ C [FC]~ and the 
equation [FIA]~ = [FC]~/N [SIN] of Theorem 12.1.25 above. Robertson and 
Theodore W. Wilcox [1972] give the following structure theorem, which 
holds in a slightly wider class than Takahashi groups. 


Theorem Let G belong to [MAP] 1M [FC]~. Then G belongs to [SIN] and 
G~VxN, where V is a vector group, N belongs to [FC]~N [MAP] and 
N contains a compact, open, normal subgroup K. 


Grosser and Moskowitz [1971a] give another structure theorem (their The- 
orem 4.6) that again holds in another slightly wider class than [Tak]. 


Theorem Let G belong to [SIN] N[FD]~. ThenG2V x N, where V is 
a vector group and N contains a compact, open, normal subgroup K. 


A discrete Takahashi group G is central as noted in Theorem 12.5.6(d). 

The class of Takahashi groups is stable under continuous homomorphic 
images since the image would be in [FD]~/NM [Moore]. It is stable under 
forming closed subgroups since both [FD]~ and [MAP] are. A direct prod- 
uct of groups is Takahashi if and only if each factor is. However [Tak] is not 
stable under forming finite extensions since every Moore-group is a finite 
extension of a Takahashi group. (Or consider R x, Z2 of §12.2.3.) Detlev 
Poguntke [1972] gives an interesting discussion of the Takahashi duality 
theorem which points out that any homomorphism of a locally compact 
group G into a Takahashi group factors uniquely through its canonical in- 
jection into its Takahashi quasi-dual G7. Hence G belongs to [Tak] if and 
only if G = Gr. This implies the following result, where bG is the Bohr 
compactification of G. 


Theorem The following are equivalent for a locally compact group G: 
(a) G is a Takahashi group. 
(b) The canonical homomorphism of G into G/G'~ xbG is an injection. 
(c) There is a continuous injection of G onto a closed subgroup of the 
direct product of a vector group and a compact group. 


The discussion of Chu duality in Herbert Heyer [1973] shows many points 
of similarity but does apply to a wider class of groups. For another view of 
such duality theories see Marc A. Rieffel [1974b], page 61. 

Moore [1972] shows that every Lie group which is a Moore-group (a 
fortiori every Takahashi Lie group) is a finite extension of a central group. 
This gives particular interest to the next example given by Moore. 


12.6.4 A Takahashi Group that Is not a Finite Extension of a 
Central Group Let N =[]>~, T and let H = >°”~_, Ze with Z2 = {+1} 
written multiplicatively. Define 7: H — HAut(N) by 


n(u)(C)=¢* where (¢*), = CH VCEN; we A; neNn. 
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Let G be the semidirect product N x, H so it satisfies 


(C,u)(E,v) = (CE*, pv) VC,EEN; pvedH 


(Cu) = (C4) eu (6,¥) = (61° G4, v) 
[(¢, #4), (E, v)] = (ams aoe 9 Giecj- = Gp = G G. = IV {1} 


OO 
G' = {(¢,1) : ¢, = 1 for all but finitely many n} Gz = [[ {+3 x {1}. 
n=1 
The surjective, locally homeomorphic, group homomorphism y: T > T 
defined by y(¢) = C? for all ¢ € T has kernel {+1}. Hence the map 
®:G — G defined by ®(¢, u) = (¢?, uw), where (C?),, = (C,)? for each € EN, 
wu € H and n€ N induces a homeomorphic isomorphism of G/Gz onto G. 
Therefore G is not a finite extension of a central group. On the other hand 
G' = N is compact, so G belongs to [FD]~. Mackey [1958] or Moore [1965] 
shows that every representation of G is finite-dimensional with dimension 
a power of 2. Hence G is a Moore-group and thus a Takahashi group. 


12.6.5 A Compactly Generated, Totally Disconnected, Takahashi 
Group that Is not a Central Group The properties of this group are 
derived as Counterexample 4.11 in Grosser and Moskowitz [197la]. The 
arguments are too long for us to repeat here. It is a semidirect product 
Op X, Z of the group op of p-adic integers (§12.1.27 and §12.3.6 above) with 
Z. Hence it is solvable, but it is not nilpotent. Let q be a prime different 
from p. Then a: 0p —> 0p defined by a(a) = ga for all a € 0, belongs to 
HAut(o,). Define 7 by 


n(n)(a) = a"(a) = q"a Vn€ Z; a€ op. 


The representation theory is computed explicitly in the cited reference. 


The semidirect product group ([];~_, Z2 x 77, Ze) Xn Ze in §12.3.37 
is a totally disconnected, nilpotent, Takahashi group in [FIA]~ that is not 
central. 


12.6.6 Moore-Groups: [Moore] Moore-groups were introduced in 
Definitions 12.4.14 and 12.5.5. Theorem 12.5.6 explains the relationship 
between the class [Moore] and various related classes. We review these 
results briefly. The inclusions of [Moore] in [MAP] and [CCR] are obvious 
from the Gelfand—Raikov theorem and the definition of [CCR], respectively. 
Robertson [1969] outlined a proof and Kaniuth [1971] supplied a complete 
proof that a locally compact group G belongs to [Moore] if and only if 
it is a finite extension of a Takahashi group. Since any Takahashi group 
belongs to [SIN], [PG] and [Her], and since these classes are all closed under 
finite extensions, this fundamental structure theorem proves the inclusion 
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of [Moore] in each of these three classes. The classical Freudenthal—Weil 
theorem (our Theorem 12.4.28) shows that a connected Moore-group is the 
direct product V x K of a vector group and a compact group. If G is an 
almost connected Moore-group, it has the form V x, K with n(K) finite. 
These structural characterizations already hold for connected and almost 
connected MAP-groups and SIN-groups. We discuss them further under 
those headings. 

There are three theorems in the article [1972] by Calvin C. Moore that 
caused this class to be named for him. The first (Theorem 12.4.26, above) 
shows that there is a finite upper bound for the dimension of all continuous, 
topologically irreducible representations of a locally compact group G if and 
only if G is a finite extension of an abelian group (or, equivalently, if and 
only if there is an open subgroup of finite index in G). This generalizes 
Elmar Thoma’s [1968] (and the last sentence of Theorem 12.4.26 above) 
characterization of discrete Type I groups. The proof of sufficiency for 
Moore’s Theorem 1, in his Proposition 2.1, shows that [Moore] is closed 
under finite extensions. 

Moore’s second theorem shows that a Lie group is a Moore-group if and 
only if it is a finite extension of a central group. (We have already given (in 
§12.6.4) Moore’s example of a locally compact Takahashi group (hence a 
Moore-group) that is not a finite extension of a central group.) The article 
then shows that a locally compact group belongs to [Moore] if and only if 
it is the projective limit of Lie groups in [Moore]. In fact, Proposition 2.2 
shows that if any locally compact group G = Ee G/K is the projective 


limit of a collection of groups G/K with each K € K a compact, normal 
subgroup, then every factorial representation of G vanishes on some K € K 
and thus is essentially a representation of one of the approximating groups. 

In order to prove the necessity (structural characterization) of his The- 
orem 2, Moore first reduces to the necessarily open (by the definition of 
Lie groups) connected component G, of the Lie group G in [Moore]. This 
is a connected MAP-group and hence is the direct product V x K of a 
vector group V and a compact group K by the Freudenthal—Weil theorem 
(Theorem 12.4.28, above). Since G/G, is a discrete Moore-group, it is a 
finite extension of an abelian group by Thoma’s result [1968]. However, the 
class [Moore] and the collection of groups satisfying the structural charac- 
terization are both closed under finite extensions, so we may assume that 
G/G, is abelian. The rest of the proof is too technical for us to repeat 
here. For the necessity of Theorem 3, Moore shows that Moore-groups are 
SIN-groups, and that SIN-groups are pro-Lie groups. We state this third 
theorem formally. 


Theorem A locally compact group G belongs to [Moore] if and only if it 
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is the projective limit 
G = lim G/K, 
<_ KEK 
where K is a family of compact, normal subgroups K intersecting in {e} 
such that each G/K is a Lie group and a finite extension of a central group. 


Satz 1 of Kaniuth [1971] is the fundamental result 
[Moore] = [SIN] NM [Type I]. 


This result was also obtained by Liukkonen [1973], Corollary to Theorem 
4.6. It generalizes Thoma’s theorem in a different direction. In fact, Kani- 
uth shows that if the von Neumann algebra V N(G) generated by the regular 
representation of a SIN-group is Type I, then the group is a Moore-group. 
His Lemma 2 shows that a two-step nilpotent group is a Moore-group if its 
center is open. 

We also state Robertson’s two theorems formally. 


Theorem 1 A locally compact group G belongs to [Moore] if and only if 
it is a finite extension of a Takahashi group. 


Theorem 2 A locally compact group G belongs to [Moore] if and only 
if G =~ V x, B, where V is a vector group and B is a Moore-group with 
a compact connected component, and a normal subgroup N of finite index 
such that V x, N ts a direct product. 


Kaniuth [1971] proves Theorem 1 on page 234 and Robertson [1969] 
notes that the structural results above show that [Moore] is closed under 
taking, quotients, closed subgroups, finite extensions and inverse limits. 
The closure under finite extensions was a key result of Moore [1972] (our 
Theorem 12.4.26). 

The split extensions R x, Zo, Q xX, Ze Z Xy Ze discussed in §§12.2.3, 
12.3.30 and 12.4.21, respectively, are an almost connected and Lie, a totally 
disconnected and a discrete finitely generated version of the same construc- 
tion. Each is a solvable finite abelian extension of an abelian group and 
hence a Moore-group in which all irreducible representations are of degree 
bounded by 2. None are nilpotent, in [FC]~ or in [CR]. 


12.6.7 Groups with Pre-Compact Inner Automorphism Groups: 
[FIA]~ The Grosser-Moskowitz-Ascoli—Arzela theorem (12.1.25 above), 
which asserts [FIA] = [SIN] N [FC]~ (even if each symbol has a subscript 
B), is the most fundamental result about [FIA]~- and [FIA],-groups. The 
inclusion [FIA]~ C [CR] was obtained in different ways by Liukkonen and 
Mosak [1974b], Corollary 2.5, and by Kaniuth and Steiner [1973], Corollary, 
page 324. Mosak [1972], Corollary 5.3 shows that the structure space Ig = 
TIc¢~(g) of an [FIA]~-group equals =¢- gq) and is locally compact, Hausdorff. 
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Hence G belongs to [T,]. The inclusion [FIA]~ C [SSS] was obtained by 
Kaniuth and Schlichting [1970], Satz 2 and by Mosak [1972], Corollary 1.7. 

Theorem 4.6 of Grosser and Moskowitz [1971a] shows that if B satisfies 
InAut(G) C B C HAut(G), then any G in the slightly more restrictive class 
[FD]5/ [SIN] has the form V x H, where H has a compact open subgroup 
K and the vector group V, H and K are all B-invariant and the discrete 
group H/K is B-fixed. Theodore W. Wilcox [1974] proves a slightly weaker 
theorem for [FIA]5-groups: A [SIN] s-group belongs to [FIA], if and only 
if it has the form V x H, where H has a compact open subgroup K and 
the vector group V, H and K are all B-invariant. The example in §12.5.4 
(in which H = G and K = {e}) shows that under this wider hypothesis, 
one cannot choose H/K to be B-fixed, which in this case would force the 
group to be in [FD]~. 

Since any discrete group belongs to [SIN], [FIA]~ equals [FC]~ for 
discrete groups. An almost connected [FIA]~-group is the direct product 
V x K of a vector group V and a compact group K by Theorem 12.5.6(b) 
above. Since a compactly generated [FC]~ is in [FD]~, [FIA]~ C [FD]~ 
in this case. Proposition 4.5 of Grosser and Moskowitz [1971a] states that 
a compactly generated [FIA]~-group is the extension of an open normal 
subgroup of the form V x K (as above) by Z’ for some r € N°. 

The class [FIA]~ is stable under taking open subgroups and quotients 
since both [SIN] and [FC]~ are. Similarly, a direct product is in [FIA]~ if 
and only if both factors are. The formulas in §12.1.14 show that a semidirect 
product N x, A of an [FIA]~-group N with an abelian group A is in [FIA]~ 
if 7(A) is compact. 

Liukkonen and Mosgak [1974b] prove a number of properties of the center 
L1(G)z of L}(G) for an arbitrary locally compact group by reducing to the 
case of [FIA]~-groups. Volker Runde [1994a] shows that a locally compact 
group G belongs to [FIA]~ if and only if each closed cofinite ideal of L’(G) 
contains a bounded approximate identity in the center of L'(G). 

Klaus Hartmann, Rolf Wim Henrichs and Rupert Lasser [1981] show 
that for any [FIA]g-group the dual of the hypergroup of B-orbits is again 
a hypergroup. 

In §12.1.30 we describe a central extension of T by Z?. It is a nilpotent 
[FIA]~-group in [FD]~ that is not a Takahashi group. Similarly, §12.5.3 
describes a discrete, nilpotent, group in both [FIA]~ and [FD]~ that is not 
a Takahashi group. Finally, §12.5.4 describes a discrete group in [FIA]~NM 
[MAP] that is neither in [FD]~ (and hence not Takahashi) nor in [Moore]. 
This example is a weak direct sum of countably many copies of a non- 
abelian finite group F. The example is ( nilpotent / solvable but not 
nilpotent / not even solvable ) exactly when F is chosen to have the same 
property. 


12.6.8 Groups with Pre-Compact Derived Subgroups: [FD]~ The 
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inclusion ag(u)~ C (G’u)~ implies [FD]~ C [FC]~. Theorem 12.5.6(b) 
shows that an almost connected group in [FD]~ = [FC]~ is the extension 
of a compact group by a vector group. 

It is easy to see that [FD]~ is stable under forming continuous homo- 
morphic images and closed subgroups and that a direct product is in [FD]~ 
if and only if all its factors are. Hewitt and Ross [1963], (5.24)(a) shows 
that the extension of a compact group by an [FD]~-group is in [FD]~. 

Liukonnen and Mosak [1974b], Proposition 3.1 shows that the center 
of L'(G) satisfies the Wiener—Ditkin property when G € [FD]~ but that 
the obvious semidirect product of R® with a discrete copy of SO(3) does 
not have this property. Giinter Schlichting [1975] notes that if G is locally 
compact and G’ is finite, then G belongs to [MAP] (and hence to [Tak]) if 
and only if it is a finite extension of a central group. 

The central extension of T by Z? discussed in §12.1.30 is a nilpotent, 
compactly generated, Lie group in [FD]~N [FIA]~ that is not in [Tak], 
[MAP] or [Type I]. Similarly, the example in §12.5.3 is a discrete, nilpo- 
tent group in [FD]~/N [FIA]~ that is not in [Tak], [MAP] or [Type I]. The 
toroidal Heisenberg group discussed in §12.1.20 is a nilpotent, connected 
Lie group in [FD]~ that does not belong to [FIA]~, [MAP] or [SIN]. It is 
completely regular but not strongly semisimple. The shift group on a prod- 
uct of countably many copies of a finite abelian group discussed in §12.4.23 
is a totally disconnected, compactly generated, solvable group in [FD]-, 
[CCR] and [CR] that is not in [Tak], [MAP], [FIA]~, [SIN] or [SSS]. 


12.6.9 An [FD]~ Group that Is not Pro-Lie Let N be the tubby torus 
T discussed in §12.1.13, and let G be the semidirect product N x, Z where 
Z acts by translation: n(n)(u)(m) = u(m — n) for alln,me€ Z and u e€ HA. 
The formulas for semidirect products in §12.1.14 show G’ C N, soG € 
[FD]~. Because of the translation action of Z on N, there is no invariant 
neighborhood of e in G smaller than N and no small subgroups. Thus G 
belongs to [IN] but not to [SIN]. It is also not pro-Lie. It is compactly 
generated (by, e.g., N x {0,+1}). By Theorem 12.4.16 G is not a MAP- 


group. 


12.6.10 Groups with Pre-Compact Conjugacy Classes: [FC]~ 
Lewis C. Robertson [1969] announced the following fundamental structure 
theorem. 


Theorem Any (FC]~-group is the extension KY ** © of a compact group 


K by the direct product of a vector group V and a discrete group FC with 
finite conjugacy classes. 


Liukkonen [1973] supplied a complete proof as Theorem 2.2. This implies 
the inclusion [FC]~ C [IN], since our Theorem 12.1.31 shows that a group 
belongs to [IN] if and only if it is the extension of a compact group by an 
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IN-group. It is easy to see that V x FC belongs to [IN]. In fact, Liukkonen 
proves as a corollary to his Theorem 2.2 that a group G belongs to [IN] if 
and only if Gjpoj- is open in G, giving another proof of the inclusion. In 
Theorem 12.1.31 we followed Wu and Yu [1972] in proving this last result. 

The inclusion [FC]~ C [Her] is due to Zenobia Anusiak [1970]. An- 
drzej Hulanicki [1966b], Proposition 2 shows that a discrete [FC]~-group 
has polynomial growth. The Robertson—Liukkonen structure theorem just 
quoted extends this to any locally compact [FC]~-group, since the exten- 
sion of any compact group by a PG-group is in [PG] and [PG] is closed 
under forming direct products. Liukkonen and Mosak [1974a] shows that 
IIg is Hausdorff (hence T;) if G is a o-compact [FC]~-group. They believe 
that the o-compact hypothesis is unnecessary. 

The Grosser—-Moskowitz—Ascoli—Arzela theorem (§12.1.25 above) shows 
that [FC]~ and [FIA]~ coincide for discrete groups. 

For InAut(G) C B C HAut(G), Grosser and Moskowitz, [1971a} The- 
orem 3.16 shows that in any [FC]5-group the closed, topologically fully- 
invariant [FC] ,-subgroup Gp of periodic elements is the intersection of all 
compact, normal, B-invariant subgroups and that G/G'p is the direct prod- 
uct of a vector group V and a discrete torsion-free abelian group A with 
V x A an [FC],-group. In §12.6.14 we give their example, which shows 
that this structure does not characterize [FC],-groups. Their Corollary 
3.18 shows that the closure (G’)~ of the derived subgroup of an [FC]~- 
group G is included in Gp. For a compactly generated [FC]~-group G, 
their Theorem 3.20 asserts that Gp is compact and G is an extension of 
Gp by the direct product of a vector group V and a finitely generated, 
discrete, torsion-free abelian group. Hence [FC]~ = [FD]~ for compactly 
generated groups. From this it follows that an almost connected [FC]~- 
group is the extension K" of a compact group K by a vector group V. See 
Theorem 3.7 of Liukkonen [1973] for another proof. 

Shu Ping Wang [1971], Theorem 4.6 characterizes [FC]~-groups as those 
groups G such that (1) G, has a unique maximal compact subgroup K with 
G./K a vector group in the center of G/K and (2) for each u € G there 
is a closed normal subgroup N of G with u € G.N and with N either 
compact or the semidirect product of a compact group with Z. In the 
same paper, Theorem 3.5 shows that a connected group G is an [FC]~- 
group if Gjpcj- is dense in G. Since we know that Gipcj)- is open in an 
IN-group, this is equivalent to saying that an IN-group is an [FC]~-group 
if and only if Gipcj- is dense. This result was stated by Wu and Yu [1972] 
as Corollary 2, page 302. Wang [1972] gives other results for groups G with 
Gircy- dense. Justin Peters [1975b] characterizes [FC]~ -groups in terms of 
positive-definite functions. 

It is clear that [FC]~ is closed under forming closed subgroups, contin- 
uous homomorphic images, and direct products. Hewitt and Ross [1963], 
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(5.24(a)) shows that the extension of a compact group by an [FC]~-group is 
in [FC]~. The semidirect products R x Zo, Q, x Ze and Z x Zz (discussed 
in §12.2.3, §12.3.30 and §12.4.21) are not [FC]~-groups, which rules out 
several otherwise plausible stability results. 

Kaniuth and Steiner [1973], Theorem 5 shows that a discrete, nilpotent 
group G belongs to [FC]~ if and only if =,1(g) is Hausdorff. Liukkonen 
[1973], Theorems 3.1 and 3.6 show that a Type I, [FC]~-group belongs to 
[FD]~ C [CCR] and has its dual space G Hausdorff. Giinter Schlichting 
[1975] considers the set Gro of those elements in a locally compact group 
G with finite conjugacy classes. Let Gyn = Nyeg, ker(U) be the Von 
Neumann kernel of G. (Obviously, Gyn is {e} if and only if G € [MAP].) 
He notes that G/Grc and Gc are both finite if and only if Gyn is finite 
and G/Gyn is a finite extension A* of an abelian group. 

The example in §12.5.4 is a discrete [FC]~-group (thus in [FIA]~) which 
also belongs to [MAP] but not to [FD]~ or [Tak]. The toroidal Heisenberg 
group of §12.1.20 is an [FC]~-group (actually in [FD]~) that is not in [MAP] 
or [SIN] and thus not in [FIA]~. The shift group on a product of finite 
groups discussed in §12.1.22 and §12.4.23 is a compactly generated, totally 
disconnected [FC]~-group (also in [FD]~) that is not in [MAP] or [FIA]~. 


12.6.11 Maximally Almost Periodic Groups: [MAP] The inclu- 
sion [MAP] C [SSS] is established in Theorem 3.1 of Grosser and Moskowitz 
[1971b]. The inclusion [MAP] C [Um] was first noted by Leptin and Robert- 
son [1968], but we have given an easier proof in Theorem 12.4.16(a) above. 
For compactly generated groups, the inclusion [MAP] C [SIN] was stated by 
Weil [1940], first proved by Hofmann and Mostert [1963] and proved in the 
present chapter as 12.4.16(d). Theorem 12.4.16(c) notes the related result 
[MAP] 9 [IN] C [SIN]. Theorem 12.5.6(b) shows that an almost connected 
MAP-group is a Moore-group that is a semidirect product V x, K, where 
V is a vector group, K is compact and 7(K) is a finite subgroup of the 
general linear group GL(V). Furthermore, an almost connected group G is 
a MAP-group if and only if G/Z(G,) is compact where Z(G,) is the cen- 
tralizer of the connected component in G. Similarly, the Freudenthal—Weil 
theorem (Theorem 12.4.28, cf. Theorem 12.5.6(c)) shows that a connected 
MAP-group is a central group that is the direct product V x K of a vector 
group V and a compact group K. (When G is a not necessarily connected 
MAP-group, many proofs begin by applying the Freudenthal-Weil theorem 
to the connected MAP-group G,.) Corollary 2.10 of Grosser and Moskowitz 
(1971a] shows that an almost connected group G belongs to [MAP] if and 
only if its connected component G, does. These results have a long history, 
going back to Kuranishi [1950] and Murakami [1950]. 

The various conditions equivalent to membership in [MAP] given in - 
Theorem 12.4.15 make various stability properties obvious. A closed sub- 
group of a MAP-group is a MAP-group and a direct product belongs to 
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[MAP] if and only if both factor groups do. Murakami [1950], Lemma 4 
already shows that a finite extension of a MAP-group belongs to [MAP]. 
Leptin and Robertson [1968] show that the quotient of a MAP-group by its 
center or by a compact, normal subgroup is a MAP-group. 

Robertson and Wilcox [1972], Theorem 2 shows that if G is a MAP- 
group, then the direct product decomposition G. = V x K given by the 
Freudenthal—Weil theorem can be chosen so that V is normal in G. Theorem 
3 of the same paper shows that a group G in [MAP] C [FC]~ can be written 
as a direct product V x K” of a vector group V and a discrete extension of a 
compact group K in [MAP] C [FC]~. They give other results on compactly 
generated MAP-groups. 

The Freudenthal—Weil theorem (our Theorem 12.4.28) shows that con- 
nected MAP-groups are in all of our classes. The semidirect product Rx, Z2 
(cf. §12.2.3) is an almost connected MAP-group (actually, a Moore-group) 
that is not in [FC]~ and hence not in [Z]. The free group on two gener- 
ators (cf. §12.5.15) is a discrete MAP-group not in [Type J], [Ji], [FC]-, 
[Am], [CR], [NF], [Her], [B] or [EB]. Jenkins group (cf. §12.6.23) is a dis- 
crete, solvable (hence amenable) group that does not belong to any of these 
classes except possibly [CR] and [B], for which we have not determined its 
membership. The Fountain-Ramsay-—Williamson group, §12.6.24, is an- 
other discrete MAP-group, but this time it has polynomial growth. It is 
not hermitian, Type I, [FC]~ or Moore. 


12.6.12 Groups with Small Invariant Neighborhoods of e: [SIN] 
The inclusion [SIN] C [IN] is obvious from the definitions. The Freudenthal- 
Weil theorem (Theorem 12.4.28) shows that a connected SIN-group is the 
direct product V x K of a vector group V and a compact group K and 
hence is central. Theorems 3.9 and 3.18 of Grosser and Moskowitz [1971a] 
show that an almost connected SIN-group is a semidirect product V x, K, 
where V is a vector group, K is compact and 7(K) is a finite subgroup 
of the general linear group GL(V). Hence such a group is a Moore-group. 
Theorem 2.11 of the same reference (or Lemma 4.3 of Moore [1972]) shows 
that a SIN-group is a pro-Lie group as described in Definition 12.4.14 above. 
For InAut(G) C B C HAut(G), Theorem 2.13 of Grosser and Moskowitz 
[1971a] shows that G belongs to [SIN], if and only if it is an extension of 
the form (V x K)? where V is a vector group, K is a compact group, V x K 
is B-invariant, D is a discrete group and the closure of (the image of) B is 
compact in HAut(V x kK). Finally, Theorem 2.17 of this reference shows 
that an almost connected group G is a SIN-group if and only if G/Z(G,) is 
compact where Z(G.) is the centralizer of the connected component of G. 

It is easy to see that [SIN] is closed under taking open subgroups, quo- 
tients and finite extensions. (In order to see the last assertion, consider the 
extension {e} > N + G - F - {e}, where F is finite and N belongs to 
[SIN]. Since N is open, if U is a neighborhood of e in G, then there is some 
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compact, N-invariant neighborhood W of ein NNU. The intersection of 
the finitely many conjugates of W in G is a compact G-invariant neighbor- 
hood of e in G.) Theorem 2.2 of Grosser and Moskowitz [1967a] shows that 
[SIN] is stable under local isomorphisms for connected groups. 

Wilcox [1974] notes that G € [SIN] belongs to [FIA]~ if and only if 
it has the form V x KF©, where FC denotes a discrete group with finite 
conjugacy classes. The same reference contains a proof that a compactly 
generated SIN-group has the form V x K2” for some m € N°. 

Satz 1 of Kaniuth [1971] is the fundamental result that [Moore] equals 
[SIN] N [Type I]. This result was also obtained by Liukkonen [1973], Corol- 
lary to Theorem 4.6. 

We have noted already that [SIN] is equivalent to equality of the left and 
right uniformities on G (Hewitt and Ross [1963], (4.14g)) and to the exis- 
tence of a two-sided bounded approximate identity in the center of L1(G) 
(Mosak [1971]). Barry E. Johnson [1972] shows that certain cohomology 
groups vanish for SIN-groups along with amenable groups and various ex- 
amples of semisimple Lie groups. 

Dixmier [1977], 13.10.5 shows that the von Neumann algebra V N(G) 
generated by the left regular representation of a unimodular locally compact 
group G is finite if and only G is a SIN-group. Kaniuth [1971] shows that a 
SIN-group is Type I if and only if it is a Moore-group. Kaniuth also shows 
that VN(G) is Type Ih if and only if either G/Gipc)- is infinite or it is 
finite, but the closure of the commutator group of Gircj- is not compact. 

For SIN-groups G, Kaniuth [1973] gives several duality results connect- 
ing the topological properties of G and G. Theorems 2 and 3 deal with 
[SIN] N [7] and [SIN] N [Am], respectively. For G € [SIN] N [Am], Hauen- 
schild [1974], Lemma 6, page 272 shows that ITg is Hausdorff if and only if 
G € [FIA]~, or equivalently G € [FC]~. Theorem 3 of the same reference 
shows that for G € [SIN] N [Am], (1) G has a non-empty open Hausdorff 
subset if and only if G € [FD]~ is a finite extension of Gjpcj- and (2) G has 
an open dense Hausdorff subset if and only if G € [Type J] (or equivalently 
G € [Moore]). An example shows that amenability is required for at least 
the first of these results. Theorem 5.3 of Liukkonen [1973] shows that a 
SIN-group G has a Hausdorff dual space G if and only if it is a projective 
limit of central groups, and hence a Moore-group. Such groups also belong 
to [FC]~. 

Robert W. Bagley and Jeong Sheng Yang [1982] prove the following 
result on the extensions of central groups by SIN-groups. 


Theorem If G=WN x, 4H is the semidirect product of a central group N 
and a SIN-group H in which n(H) acts trivially on the center Nz of N, 
then G belongs to [SIN]. 


Diagram 3 shows that connected SIN-groups belong to all of the other 
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classes. The free group on two generators (§12.5.15) and the Jenkins group 
(§12.6.23) are finitely generated discrete groups which show that Diagrams 1 
and 4 portray all inclusions of [SIN] in wider classes. The almost connected 
semidirect product R x, Z2 discussed in §12.2.3 proves that Diagram 2 
shows all possible inclusions of [SIN] in other classes. Other interesting SIN- 
groups are the compactly generated irrational rotation group (§12.6.15), the 
discrete direct sum of (§12.5.4), the integer Heisenberg group (§12.1.19) and 
the discrete Fountain-Ramsay-—Williamson group (§12.6.24). 


12.6.13 A Nilpotent Group in [MAP] NM [SIN] but not in [FC]~ 
This example was introduced by Hofmann and Mostert [1963] and further 
studied by Robertson and Wilcox [1972]. In both cases it was used to show 
the limitations of their splitting theorems. Let G be the closed subgroup 
of the Heisenberg group H (§12.1.18 and §12.4.22) in which the two non- 
central variables are in Z: 


G= {(v,w,u)€ H:u,ve Z}. 


G is a compactly generated, nilpotent Lie group and G, = Gz = Gigcj- = 
R is the subgroup where the two integer-valued variables are zero. Hence 
G is not in [FC]~. Consider the closed normal subgroup G, = {(v,w,u) € 
H : u,v € nZ} for each n € N. The natural map of G onto the product 
[],-1 G/Gn is injective, so G belongs to [MAP]. Hence it belongs to [SIN] 
by Theorem 12.4.16(d). Because it is nilpotent, it belongs to [PG]. Both the 
infinite-dimensional, topologically irreducible representations of the Heisen- 
berg group given in §12.4.22 and the structure theorems for Moore-groups 
show that G is not a Moore-group. Since G is a SIN-group, it is not Type I 
by Kaniuth’s theorem [1971]. Hence [CR] and [7;] are the only classes for 
which we have not determined the membership of G. 


12.6.14 A Discrete Semidirect Product of Abelian Groups This 
example is closely related to the example in §12.6.5 and was introduced by 
Grosser and Moskowitz in [1971la] after their Corollary (3.19). Let p be a 
prime in Z. Let Z(p®) be the subgroup {exp(27ij/p*) : 7 € Z; k € N°} 
of T with the discrete topology. Hewitt and Ross [1963], (25.2) shows that 
this is the dual group of the compact, abelian group A, ~ 0, of p-adic 
integers discussed in §12.1.27 and §12.3.4-6 above and used in §12.6.5. Let 
q # p be another prime and define a € HAut(Z(p™)) by 


a(g)=¢? WOE Z(p™). 


This is the adjoint of the automorphism a € HAut(op) used in §12.6.5. 
It is surjective since Z(p©) is divisible and injective since p and q are 
relatively prime and it has infinite order. Form the discrete semidirect 
product G = Z(p™) x, Z where 


n(n)(¢)=a"(G)=CT VnEZ; CE Z(p®). 
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It is easy to see that Z(p™) x, {0} is the periodic subgroup Gp of G. 
Hence G satisfies the structural conditions of Theorem (3.16) of Grosser 
and Moskowitz in [197la]. However, G does not belong to [FC]~ since the 
conjugacy class of (1,1) € G is {(¢{'-9, 1) : C € Z(p®)} = Z(p®) xy {1}. 

Since G is not a finite extension of an abelian group, it is not Type I. 
It is solvable, hence amenable, but not nilpotent. 

We are indebted to Horst. Leptin (personal communication) for the fol- 
lowing proof that G is not a MAP-group. The subgroup N = Z(p®) is the 
union of the subgroups JN, of the p"th roots of unity. We will show that if 
a continuous, irreducible, unitary representation U € G does not vanish on 
N then it is infinite dimensional. 

For each n € N, N,, is a normal subgroup of G with quotient G/N, 
isomorphic to G. Hence we may as well assume that U does not vanish on 
the generator exp(27i/p) € N,. Let T be the *-representation of L!(G) 
associated with U. Since L}(G) is *-isomorphic to the twisted algebra 
L'(Z, Z(p®%)) it is also *-isomorphic to the twisted algebra L'(Z, A(op)) 
where A(o,) is the Fourier algebra of the dual group o, of Z(p®). Thus 
T can be described as a pair T; and T> of representations of Z and A(o,) 
satisfying T; (—n)T2(a)Ti(n) = T2(a”) for all n € Z and a € A(o,), where 
a”(b) = a(a™(b)) = a(b% ) for all b € oy. Consider Ty as a representation 
of o, and let H be the hull of its kernel. Let A(H) = 0,/ker(T2) be the 
algebra of restrictions of functions in A(o,) to H. Since H is Z-invariant, Z 
acts on A(H). Hence the *-representation T can be defined on L'(Z, A(H)) 
where it factors. T> is faithful on A(H). Since T> is non-trivial on Z(p®™) 
it is non-trivial on A(H) proving that A(#7) is non-trivial. This shows that 
there is a P € H with its infinite orbit under the action of Z in H, which is 
therefore infinite. Since T> is faithful on A(#), it is an infinite dimensional 
representation. Thus G is not a MAP-group. 

We do not know which other classes G belongs to. 


12.6.15 The Irrational Rotation Group’ Let G be the semidirect 
product C x, Z where n(n)(a) = ea (n(1) could be a rotation through 
any irrational angle). Then G is a compactly generated, solvable, SIN- 
group since K = C, x {0,+1} is a compact generating set and eC, x {0} 
is a compact invariant neighborhood of e for each e > 0. Theorem 5.4 of 
Grosser and Moskowitz [1971a] shows that G is not a MAP-group since the 
non-trivial orbits of 7(Z) acting on C are infinite. Since the powers of the 
compact generating neighborhood given above satisfy \(K") = (2n+1)n?z, 
G has polynomial growth. G is not an [FC]~ -group since Gipc)- = Cx {0}. 
The corollary on page 110 of Auslander and Moore [1966] shows that G is 
not Type I. We do not know whether this group belongs to [T;], [Her], [CR], 
or [SSS]. 


12.6.16 Groups with an Invariant Neighborhood of e: [IN] The 
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theory of IN-groups is quite similar to that of SIN-groups. In part this 
results from the fact (originally due to Kenkichi Iwasawa [1951]; proved in 
Theorem 12.1.31(c) above) that a group belongs to [IN] if and only if it is 
the extension of a compact group by a SIN-group. The compact, normal 
subgroup in this extension is just the intersection of all compact, invariant 
neighborhoods of e. Our Theorem 12.1.31(e) also gives the elegant result 
that a locally compact group G belongs to [IN] if and only if Gipgj- is 
open. This result was first proved by different methods by Wu and Yu 
[1972], Theorem 1 and Liukkonen [1973], Corollary 2.2. 

The almost obvious fact that IN-groups are unimodular (already known 
by Weil [1940]) was proved in Proposition 12.1.9 above. The last result 
mentioned in the paragraph above implies that an almost connected IN- 
group is a finite extension of an [FC]~-group and that a connected IN- 
group is itself an {[FC]~-group. These results show that an almost connected 
IN-group has polynomial growth since [FC]~-groups do and since [PG] is 
closed under finite extensions. Liukkonen [1973], Theorem 4.6 shows the 
inclusion (CCR] C [IN] for second countable (almost surely unnecessary) 
almost connected groups. Corollary 2.8 of Grosser and Moskowitz [1971a] 
shows that a connected IN-group is the extension K” of a compact group 
K by a vector group V and hence an [FD]~-group also. 

The class [IN] is obviously closed under taking closed subgroups and 
quotients. Consider the extension {e} + N-4G—>F ~ {e} where F is 
a finite group. Let U be a compact, invariant neighborhood of e in N. 
Then U?_,u;p(U)u;* is a compact, invariant neighborhood of e in G when 
F = {W(u;):j = 1,2,...,2}. Hence [IN] is closed under finite extensions. 
We have already noted in Theorem 12.1.31(d) that the extension K° of a 
compact group K by an IN-group G is an IN-group. 

Theorem 2.11 in Grosser and Moskowitz [1971la] shows that any IN- 
group has a compact normal subgroup that is a Lie group. Liukkonen 
[1973], Proposition 4.1 uses Thoma’s theorem [1968] to show that G/Girc)- 
is open in any Type I IN-group. Theorem 5.2 of Liukkonen [1973] shows 
that the following conditions are the same for a second countable IN-group 
G: (1) G is Hausdorff; (2) G € [Type I] n [FC]~; and (3) G € [CCR] nN 
[FC]~. The corollary on page 273 of Hauenschild [1974] gives essentially 
the same result. 

It is easy to see that the center L!(G)z of L'(G) is non-trivial if and only 
if G is an IN-group. Liukkonen and Mosak {1974b] were the first to exploit 
this. For IN-groups they showed that L!(G)z is a completely regular, 
Tauberian, hermitian Banach *-algebra. Some of these results were already 
proved for direct products of a compact and an abelian group by Willcox 
[1956b]. 

The toroidal Heisenberg group (§12.1.20) is a connected Lie group that 
belongs to [IN] but not [SIN]. It is completely regular but not strongly 
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semisimple. The shift group on the product of a finite group (§12.1.22 and 
a special case in §12.4.23) is a compactly generated, totally disconnected 
CCR-group that belongs to [FD]~, hence [IN], but not a [SIN], [MAP] or 
[SSS]. This group is solvable in the special case where the finite group is 
solvable or abelian but not solvable otherwise. The semidirect product of 
the tubby torus with a permutation group (§12.5.10) is in [IN] but not in 
[SIN] or [FC]~. 


12.6.17 Polynomial Growth Groups: [PG] The inclusion [PG] C 
[EB] is obvious from the definitions. Jenkins’ fundamental paper [1973b] es- 
sentially established (our Theorem 12.5.12) that the following are equivalent 
for an almost connected locally compact group G: (a) G has polynomial 
growth; (b) G is exponentially bounded; (c) G belongs to [NF]; (d) G 
is distal; (e) G is non-contracting; (f) One (hence all) approximating Lie 
groups of G are Type R. 

The inclusion [PG] C [B] was established independently (and by some- 
what different methods) by Boidol, Leptin, Schtirman and Vahle [1978] and 
Barnes [1981]. For almost connected groups the inclusion [PG] C [Her] was 
proved by Ludwig [1979] (cf. the paper by Barnes just cited). 

The class [PG] is clearly stable under taking quotients. Furthermore, 
if K is a compact normal subgroup of G, then G has polynomial growth 
if and only if G/K does. If G is a compact extension of a closed normal 
subgroup N, then G has polynomial growth if and only if N does. These 
results are Theorems 1.3 and 1.4 of Guivarc’h [1973] (cf. Hulanicki [1971], 
Theorems 3.2 and 3.4). See also Theorem 12.5.17 for the inclusions [Nil] 
C [PG] C [Her] first established in Hulanicki [1966b], Proposition 5 and 
[1971], Theorem 3.1. 

The Heisenberg group discussed in §12.1.18 and §12.4.22 is a connected 
and simply connected, nilpotent, polynomial growth Lie group that does not 
belong to [FC]—, [IN], [MAP] or [SSS]. The Mautner group is a connected 
and simply connected, solvable, polynomial growth Lie group that does 
not belong to [FC]~, [IN], [MAP] or [Type I]. The toroidal Heisenberg 
group discussed in §12.1.20 is a connected, nilpotent, polynomial growth 
Lie group that does not belong to [MAP] or [SSS]. The almost connected, 
semidirect product R x, Ze discussed in §12.2.3 is a Moore-group (hence 
PG-group) not in [FC]~ or [CR]. The irrational rotation group (§12.6.15) 
is a compactly generated PG-group not in [FC]~, [MAP] or [Type I]. The 
semidirect product of §12.4.20 is a solvable (but not nilpotent), totally 
disconnected, polynomial growth, hermitian, MAP- and CCR-group that 
does not belong to [FC]~, [Moore], [IN] or [CR]. The finitely generated, 
discrete semidirect product Z x, Za of §12.4.21 is in [Moore] and hence 
[PG] but not in [FC]~ or [CR]. 


12.6.18 Exponentially Bounded Groups: [EB] The theory of ex- 
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ponentially bounded groups is essentially the same as that of polynomial 
growth groups. Jenkins theorem (Theorem 12.5.12, above) shows that the 
two classes coincide for almost connected groups. It is possible that this is 
true for all locally compact groups. 

Proposition 12.5.8 above shows [EB] C [Um] and [EB] C [NF]. In order 
to prove [EB] C [Am], we will derive the Fglner condition for groups in [EB] 
and refer to Theorem 12.5.14(br) above. For any compact set C choose a 
compact neighborhood U of e satisfying CUC~! C U. Then any n € N 
and u € C satisfy 


0 < Aw" AU") = A(uUU" \ U") + ACU" \ uw") 
= A(uU"\U") + A(u7'U" \ U") 
< 24U"*T\U") = 2(A(U"*") — A(U")). 


This implies 


_ , ~-A(UU"AU”) ae AUT?) 
—_—__— < f2( ———— - 1] = 0. 
mint “ay SHimint (“Vay -1) =9 


Hence given any € > 0 we can find an n € N so large that K = U” satisfies 
the Fglner condition relative to C. 

The known stability properties of the class [EB] are exactly the same 
as for [PG]. Jenkins [1976b] shows that every compactly generated expo- 
nentially bounded group satisfies a certain powerful fixed point theorem, 
which he calls property F. He also shows that a discrete solvable group or a 
connected locally compact group with property F is exponentially bounded. 

John W. Milnor [1968] and Joseph A. Wolf [1968] show that a finitely 
generated discrete solvable group is exponentially bounded if and only if it is 
a finite extension of a nilpotent group. For other results see Jenkins [1974], 
[(1976a], Hulanicki [1974a], [1974b], [1975], Hulanicki, Jenkins, Leptin and 
Pytlik [1976] and Rosenblatt [1974]. The last reference gives very detailed 
results for discrete groups. 

G. M. Adel’son-Vel’ski¥ and Yu. A. Sreider [1957] seem to have been 
the first to consider exponential boundedness. They show that it implies 
amenability for discrete groups. Hulanicki [1966b] shows that for discrete 
groups it implies that any function f with finite support in @'(G) satisfies 
¥(f) = p(f) where + is the Gelfand-Naimark norm and p is the spectral 
radius. 


12.6.19 Boidol Groups: [B] This is the most recently defined class 
to be included in this survey, but it is fundamentally important. Because 
the C*-category is so much easier, most of what is known at present about 
the structure and ideal theory of the group algebras of locally compact 
groups relates to C*(G). The class [B] is the largest class for which this 
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information carries over directly to the much more interesting *-algebra 
L(G). Furthermore, the class of Boidol groups seems to be closely related 
to the class of hermitian groups, and this latter class is still mysterious 
despite its own fundamental importance. 

The idea of Boidol groups grew out of the detailed ideal theoretic stud- 
ies of Horst Leptin but was first seriously addressed in Boidol, Leptin, J. 
Schurman and D. Vahle [1978]. In the present book the most detailed study 
of *-regularity is in Section 10.5. Corollary 10.5.7 defines the natural con- 
tinuous surjection @:Ig¢ = Io+(g) > ITT 4(q): The locally compact group 


G is called Boidol if and only if L'(G) is *-regular, which means that © 
is a homeomorphism. The article mentioned above establishes that [PG] 
is included in [B], which is included in [Am]. We proved these results in 
Theorem 12.5.20(c). Joachim Boidol’s thesis [1979] (mostly published in 
[1980b]) began the systematic study of this class, prompting Leptin to sug- 
gest using the name “Boidol” and the symbol [B] to designate the class. 
(See also the historical and explanatory comments in Section 10.5.) 

The inclusion [B] C [Am] is the only one shown on any of the four 
diagrams. 

Boidol [1982a] characterizes Boidol groups among connected, locally 
compact groups. The characterization requires some preparation. Let P 
be arbitrary in Ig. Hence P is a primitive *-ideal of C*(G) associated 
with a unique (up to unitary equivalence by Theorem 12.4.1) continuous, 
topologically irreducible, unitary representation U = U” of G satisfying 
P = ker(T ). Let G, be the collection of all continuous group homo- 
morphism of G into T. (If G were abelian, this would be all of G.) The 
functions in G, act on L'(G) by pointwise multiplication. This action is 
an automorphism of L‘(G), as the following easy calculation shows: 


hf * hg(u) [ h(v) f(v)h(v7u)g(v7!u)dv 


h(u)f *g(u) WheGi; f,ge L(G). 


Since the action is continuous in the Gelfand—Naimark norm, it extends 
to an automorphic action of h € G; on C*(G) that we will denote by Bp. 
Hence for each P € IIg we can define the following sets: 


Gip = {he€Gi:Bn(P) =P} (1) 
Np = {ue€G:h(u) =1 forall he Gir} (2) 
Mp = {u€G:U"(u) =I} =ker(U"). (3) 


A moment’s thought shows that Np and Mp are closed normal subgroups 
of G satisfying Mp C Np. Hence, we form the quotient 


Op = Np/Mp VP Ellg. (4) 
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Definition An ideal P € Ig is said to polynomially induced if Op has 
polynomial growth. A locally compact group G is said to have a polynomi- 
ally induced dual if every ideal in Ig is polynomially induced. 


In the cited paper, Boidol shows explicitly (using Fell [1962]) that when 
G has a polynomially induced dual each U? in G is weakly equivalent to 
the representation induced from the restriction of U? to Np with G/Np 
abelian. Hence each element of G is essentially (i.e., modulo its kernel in 
G) induced from a polynomial growth group. 


Boidol Theorem A connected locally compact group G is Botdol if and 
only if it has a polynomially induced dual. 


For an exponential Lie group G, Boidol had already proved this in [1979] 
and [1980b], giving a more explicit description in terms of the dual g* of the 
Lie algebra g of G: G is Boidol if each linear functional in g* satisfies any 
one of four concrete equivalent conditions. (Theorem 6 and its Corollary 
3 extend some of these explicit tests for Boidol groups to connected and 
simply connected, solvable Lie groups and to such groups that are also Type 
I, respectively.) The following is Theorem 10 in Poguntke [1983b], which 
shows that for exponential Lie groups these properties of G are equivalent 
to L'(G) being hermitian. 


Theorem K_ An exponential Lie group 1s hermitian if and only if it 1s 
Boidol. In this case, the Kirillov map (§12.4.31) is a homeomorphism of 
the orbit space Og onto Wyp1(g) = Wiig) = Ig. 


Boidol [1982a] also has results showing conditions under which a locally 
compact group is not Boidol. Proposition 1 notes that if a connected Lie 
group is Boidol, then the radical of its simply connected covering group 
must be co-compact. 

Theorem 2 and Proposition 1 of Boidol [1982b] state: 


Theorem E Let N and H be abelian. Any connected extension of N by 
H or any semidirect product N x, H 1s Boidol. 


He also proves that a locally compact group is Boidol if and only if 
every open, compactly generated subgroup is Boidol. This last result is in 
strong contrast to the class of hermitian groups as shown by the Fountain— 
Ramsay-—Williamson group of §12.6.24. However, it implies: 


Theorem D Any discrete, hermitian, solvable group is Boidol. 
Finally, he states two conjectures: 


(C,) Every hermitian group is Boidol. 
(C,) Every almost connected Boidol group is hermitian. 


To the best of my knowledge these two conjectures are still open As we 
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have just seen, Poguntke [1983b] established both conjectures (and more) 
for exponential Lie groups. Propositions 2 and 3 of Boidol [1982b] show 
that (C;) is true if every compactly generated, second countable, hermitian 
group is Boidol. 

The Poguntke group (§12.6.27) is the only connected, solvable Lie group 
of dimension 4 or less that is not Boidol. Poguntke [1979] has found all non- 
hermitian Lie groups of dimension 6 or less and shown that these are exactly 
the same as the non-Boidol Lie groups in this range. The affine group of 
the line (§12.1.21) and the hyperbola group (§12.6.26) are connected Lie 
groups in [B] that do not have polynomial growth. (Of course, they do have 
polynomially induced duals.) The Jenkins group (§12.6.23) is a discrete 
Boidol group (since it is a semidirect product of abelian groups) that is not 
hermitian. The Fountain-Ramsay—Williamson group discussed in §12.6.24 
is another discrete Boidol group (since it has polynomial growth) that is 
not hermitian. 


12.6.20 Amenable Groups: [Am] Theorem 12.5.14 gives 15 equivalent 
properties that could be taken as the definition of amenability for locally 
compact groups. The list is far from exhaustive. The many equivalent 
conditions allow proofs to be carried out in the most convenient setting 
and give some hint of the rich theory surrounding this class. 

In the infancy of the subject von Neumann conjectured that any discrete 
non-amenable group must contain a free group on two generators as a sub- 
group. Jacques Tits [1972] shows that a finitely generated linear group (i.e., 
a group that can be faithfully embedded in some matrix group) is either a 
finite extension of a solvable group (and hence amenable) or contains a free 
group on two generators. Furthermore, Rickert ({1967a], [1967b]) show that 
an almost connected group is amenable if and only if it contains no free 
group on two generators. However, Alexandr Yu. Ol’shanskii [1980] con- 
structs a non-amenable group where all proper subgroups are cyclic; hence 
none are free groups on two generators. The proof of non-amenability de- 
pends on results of Rostislav I. Grigoréuk [1977]. Anatoli M. Vershik [1982] 
throws more light on this question. 

Our diagrams indicate no inclusion of [Am] in any larger class. An easy 
proof that any solvable group is amenable follows from 1.2.1 and 1.2.6 in 
Greenleaf’s book [1969]. The important result that an almost connected 
group G is amenable if and only if G has G/G,;aq compact (and hence is 
the extension of a connected solvable group by a compact group) is 3.3.3 
in the same book. 

The stability properties of the class of amenable groups are particularly 
well understood. Section 2.3 of Greenleaf’s book [1969] contains proofs that 
[Am] is closed under formation of continuous homomorphic images, closed 
subgroups, extensions by amenable groups and increasing unions. 

Many alternative definitions of amenability are known involving the 
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existence of invariant means on various spaces of functions, topological 
invariance, nets converging to invariance, Reiter’s condition, fixed point 
properties, deforming bounded representations into unitary ones, weak con- 
tainment of all irreducible representations in the left regular representation 
(mentioned previously), Fglner’s condition and ergodic properties. For all 
of these we refer the reader to Greenleaf’s book [1969]. However we wish to 
briefly mention two other more recent characterizations. Johnson [1972a] 
develops a cohomology theory for Banach algebras that is just Hochschild’s 
cohomology theory for algebras with suitable topological restrictions. He 
shows that a locally compact group G is amenable if and only if the coho- 
mology groups of L'(G) all vanish. This suggests calling a Banach algebra 
amenable if and only if all of its cohomology groups vanish. Along the same 
lines, John W. Bunce [1976] has shown that a discrete group is amenable 
if and only if the C*-algebra generated by its left regular representation is 
amenable. (This incidentally provided the first examples of non-amenable 
C*-algebras.) We refer the reader to Section IV of Guivarc’h [1973] for 
other results on amenability. 

Example 12.1.21 is a connected, amenable group that is not in [NF], 
[Um] or [SSS] and Example 12.6.30 is a connected amenable group which is 
not Type I. We have no connected amenable group that is not completely 
regular, but Example 12.2.3 is an almost connected example. Example 
12.6.27 is a connected amenable group that is not hermitian. Finally, Ex- 
amples 12.5.3, 12.4.21, 12.1.19, 12.6.23 and 12.6.24 provide examples of 
discrete amenable groups that do not belong to [MAP], [CR], [Her], [NF] 
or [T;], but we have no example that is not strongly semisimple. 


12.6.21 Groups Without Free Subsemigroups: [NF] These are 
locally compact groups that lack a uniformly discrete free subsemigroup 
on two or more generators. Jenkins [1973b] shows that a connected [NF]- 
group has Type R approximating Lie groups and hence belongs to [PG]. 
Consideration of the connected component shows that the same is true for 
almost connected [NF]-groups, which are therefore in [Ti] by Moore and 
Rosenberg [1976]. (The second countability hypothesized in [1973b] is not 
needed in the proof.) Jean Ludwig [1979] shows [NF] C [Her] for connected 
groups. 

The class [NF] is obviously stable under formation of closed subgroups 
and continuous homomorphic images (cf. Jenkins [1972], §1). 

In [1972] Jenkins gives a number of conditions which imply that a group 
does not belong to [NF]. Counterexamples for connected or almost con- 
nected [NF]-groups are the same as for [PG]-groups. We know of no com- 
pactly generated [NF]-groups not in [Am], [Um], [PG], [Her] or [Z;], but 
Example 12.1.19 is not Type I. Examples 12.4.21, 12.1.19, 12.6.24 and 12.5.3 
are discrete [NF]-groups with the first two not in [CR], the third not in [Her] 
and the last not in [MAP], but we know of no discrete [NF]-group not in 
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[Am], [PG], [SSS] or [7;]. In fact [NF] = [PG] may hold for general groups 
as far as we know. 


12.6.22 Hermitian Groups: [Her] The very fundamental question 
of when L'(G) is hermitian attracted attention comparatively late, per- 
haps in part because good results do not come easily. Andrzej Hulanicki 
[1966b], [1970a], [1970b], Duane W. Bailey [1968] and Zenobia Anusiak 
[1970] were early entrants. Horst Leptin [1974], [1976b], [1977] and Joe 
Jenkins[1970a], [1971], [1973a] undertook more systematic investigations 
carried on in part by Jean Ludwig [1979] and Detlev Poguntke [1977b], 
[1979], [1980a], [1980b]. Many questions do not yet have satisfactory an- 
swers. 

In this work, Theorems 12.5.17 and 12.5.18 assert that locally nilpotent, 
[FC]~, compact extensions of nilpotent and Moore-groups are hermitian 
and that almost connected hermitian groups are amenable while discrete 
hermitian groups belong to [NF]. They also show that a connected reductive 
Lie group is hermitian if and only if its semisimple quotient is compact. 
References to the appropriate papers above are given close to the theorems. 

Leptin [1977] proves two main theorems on semidirect product exten- 
sions of vector groups that show that many connected solvable Lie groups, 
including all but one of those of dimension four or less, are hermitian. The 
Poguntke group (Example 12.6.27) is not hermitian. This analysis was ex- 
tended to dimension six by Poguntke [1979]. Leptin ([1976a], p. 277) notes 
that discrete, finitely generated solvable groups are hermitian if and only if 
they are finite extensions of nilpotent groups, and hence if and only if they 
have polynomial growth. Poguntke [1983b] (stated formally in §12.6.19) 
shows that an exponential Lie group G is hermitian if and only if it is 
Boidol and if and only if its Kirillov map is a homeomorphism onto Ig. 

Leptin and Poguntke {1979] show that [Her] is stable under forming 
semidirect product extensions by compact groups. By considering tensor 
product algebras, one can show that the direct product of a hermitian group 
with an abelian group is hermitian. Furthermore, [Her] is stable under the 
formation of open subgroups since a closed *-subalgebra of a hermitian 
Banach *-algebra is hermitian (Rickart [1970], 4.1.7 and 4.1.10). Finally 
we note that [Her] is stable under formation of quotients since the quotient 
of a hermitian Banach *-algebra is obviously hermitian. 

For related results we mention Zenobia Anusiak [1971] (see the Theorem 
on p. 290 and Proposition 5.5). 

Example 12.1.21 is a connected hermitian group that is not unimodular 
nor [NF]. Examples 12.1.20, 12.4.22 and 12.1.21 are connected hermitian 
groups that are not strongly semisimple. Example 12.6.30 is a connected 
hermitian group that is not Type I. We know of no connected hermitian - 
group that is not completely regular, but Example 12.2.3 is an almost 
connected example. It seems reasonable to guess that all hermitian groups 
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are amenable. Examples 12.4.21 and 12.1.19 are discrete hermitian groups 
that are not completely regular, and Example 12.5.3 is a discrete hermitian 
group that is not [MAP]. However, the discrete hermitian groups we know 
are all strongly semisimple and of polynomial growth. 


12.6.23 Jenkins Group This group J was introduced by Joe W. Jenkins 
[1969] to show that not all solvable groups were hermitian, as had been 
previously hoped. It is the discrete matrix group generated by 


re(W2 2) nd wa(WP 1). gy 


Clearly J is a subgroup of the affine group of the line but with the discrete 
topology. Hence J is solvable and therefore amenable. Denoting the matrix 


(0 1) 


by (r,s) (as we did in the affine group of the line §12.1.21), we easily see 
that the group operation is given by (r, s)(u,v) = (r+ su, sv) for all (r,s), 
(u,v) in J and that each r and s has the form r = p2% and s = +2” 
with n, p,q € Z and p odd. Hence r and s belong to the discrete ring Dg of 
dyadic numbers with s in the multiplicative group D§ of invertible elements 
in Dg. Just as in the case of the affine group of the line, J is the semidirect 
product Dg x, D§ of the additive group of Dg with the multiplicative group 
DS where 7(s)(r) = sr. The isomorphisms of Dg and D§ into J are given 
by s+ (0,s) and r+ (r,1). It is easy to check that the derived subgroup 
J’ equals {(r,1) : r € Da} and the center Jz and [FC]~ subgroup Gipc)- 
are both the trivial subgroup {(0, 1)}. 

The two generators are connected only by the relation z~*w = w7*z in 
J, so they generate a free subsemigroup, as shown in the cited reference. 
Thus J does not belong to [NF] and therefore not to [Her] by 12.5.18(f) 
and not to [7T;] by Moore and Rosenberg [1976], Theorem 5 as noted in 
12.6.32, below. Rewriting the equation z~'w = w~'z = (0,-1) as z7! = 
w 'zw-! = (—2,2) and w = zw7!z, we see that each element of J has a 
unique expression of the form 


1 1 


where m, pz, qx € N for k = 1,2...,m and po,gmii1 € N°. 


Hence G/G' is isomorphic to Zz x Z under the map (r, +2”) + (+1, —n). 
In terms of the generators and the standard form displayed above for an 
arbitrary element we get the algebraic length n = >>)" 9 Dr — ety dk 
and the parity + = (—1)? of its w-length q = BAe qx. Hence an element 
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belongs to J’ if and only if its algebraic length and the parity of its w-length 
are Zero. 

The set N = {(r,+1) € J} is a normal subgroup including J’ and 
isomorphic to the natural semidirect product of the discrete abelian additive 
group Dy with Z2 = {+1}. The abelian subgroup A = {(0,s) € J} = 
{(0, +2") :n € Z} ~ Ze x Z is generated by w7+z = (0,—-1) and wzw7! = 
(0,1/2). J is the semidirect product of both J’ and A and also of N and 
Z = {(0,2-") : n € Z} ~ Z. Theorem 5 of Wilcox [1967] shows that 
J belongs to [MAP] if and only if the set F of elements of the dual group 
J'~ D, with finite orbits under the action of A is dense in J’. (Equivalently 
if and only if F separates points on J’.) Formula (2) in (25.3) of Hewitt 
and Ross [1963] gives the dual of Dg as the compact 2-adic solenoid Lz, 
which is described concretely in (10.15) of the same reference. A typical 
element of 2 has the form (t,€) = (t;€o,€1,€2,--.), where t € [0,1[ and 
En € {0,1} = Ze. The duality is given by 


n-1 
(p2-", (t,€)) = exp {na ¢ — >»: at] ! V p,n € Z; p odd. 
k=0 


The action of wzw~! € A on (t,€) € J' is given by 


(2t; 0, €0,€1, €2,-..) if 2t<] 
(t,E) > (2t¢ —131,1,...1,0,€0,€1,€2,..-) if 2t > 1 and €, iS 
(n+1 ones) the first. non-zero €,. 


By using this action, it is easy to see that for any rational number p/q in 
(0, 1[ with p and q relatively prime and g odd there is an eventually periodic 
sequence € = €9,€1,€2,.-. such that (p/q;e) belongs to F’. For instance, all 
of (1/3; 1, [1, 0]), (2/3; 0, 1, [1,0]), (1/531, [0,1, 1, 0]) and (1/731, [1, 1, 0]) are 
in F’ where the square brackets enclose the repeating section. Using the 
topology of X_ described in (10.15) op. cit., we see that F' is dense, so J 
is a MAP-group. Thus J is a finitely generated, discrete, solvable group in 
[MAP], [SIN], [IN], [Um] and [SSS] and in no other classes except possibly 
[CR]. 


12.6.24 The Fountain-Ramsay-—Williamson Group This group was 
introduced in [1976], written by those for whom it is named. Let G be a 
discrete group with generators {u; : 7 € N} and relations 


us=e forallj EN and ujujuguy = uupujyu; for alli,j <kEN. 
The original paper shows that G is locally finite (each finite subset generates . 
a finite subgroup) and hence in [PG], [B], [Am], [NF], etc., but it is not 


hermitian. Hence it does not belong to [FC] nor is it Type I, etc. It is 
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also shown that G is a MAP-group and thus strongly semisimple, but its 
membership in [T;] and [CR] are unknown. 


12.6.25 Hulanicki and Bomash Groups The groups in this example 
are discrete, solvable, semidirect products of abelian groups that have poly- 
nomial growth but are not hermitian. Hulanicki’s example is from [1980] 
and already exhibits most of the interesting properties of all of these groups. 
The other class of examples was introduced by E. M. Bomash [1983]. All 
of these examples are so similar that we treat them together. In all cases, 
H will be a discrete abelian group that we will write additively and N 
will be the discrete collection of all finitely non-zero functions from H into 
Zo = {0,1} with pointwise addition. (This simplification of Hulanicki’s 
original choice was suggested by Bomash in his review of the article.) The 
action of H on N is given by 


n(h)(u) = up where un(k) = u(k — h) sO 


(u,h)(v,k) =(u+va,h+k); (u,h)~* = (ua, —h); 
Q(u,n)(v,k) = (u + vn + ug, k); and 
[(u, 2), (v, &)) = (u + up + + vp, 0) Vu,veN;h, ke dH. 


We denote Hulanicki’s example by G = N x, H, where H is the discrete, 
direct sum of countably many copies of Zz = {0,1}. For 7 = 1,2,3,... 
Bomash’ examples are G; = N x, H;, where H; is the discrete, direct sum 
of j copies of Z. 

These groups are examples of wreath products. The wreath product 
K 0 — of discrete groups K and H is the semidirect product N x, H where 
N is the collection of all functions u: H — K with values different from e 
only finitely often. The group product in N is pointwise and the topology 
is discrete, so N is the direct sum of card(H)-copies of K indexed by H. 
The action of H on N is given by 


n(h)(u) = un where un(k) = u(h—'k) VueN; hked. 


Wreath products are often defined for groups acting on sets. Our definition 
corresponds to the groups acting on themselves by left translation. 

Consider the Hulanicki group G first. It is locally finite (each finite 
subset generates a finite subgroup) and each element has order at most 
four since (u,h)? = (u+un,0), (u, hk)? = (up, h) and (u,h)* = (0,0). Hence 
G is not finitely generated but has polynomial growth. For the proof that 
G is not hermitian we refer the reader to the original article. Since this 
discrete, solvable group G is in [PG] but not in [Her], and hence not in 
[FC]~, its membership in all classes except [CR], [MAP], [SSS], [T2] and 
[ZT] is determined. We do not know about these last five classes. 
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The Bomash groups were previously considered in relation to random 
walks on groups. In that context, G; and G2 behave in a fundamentally 
simpler fashion than G, for all higher values of 7. Since G; is non-hermitian 
for all values of j, this simple random walk behavior can occur in non- 
hermitian groups. Bomash finds a large class of hermitian elements in each 
G; for which he is able to estimate the capacity (§2.3.15 in Volume I) as 
greater than half the spectral radius. Hence these hermitian elements do 
not have real spectrum. 

The finite set S; = {(uo,0), (0,1), (0,h2),...,(0,h;)} generates the 
group G;, where uo € N assumes the value 0 except at 0 € Z and hy, € Z/ 
has a 1 in the kth position and 0 elsewhere. Each G; has polynomial growth 
by direct calculation with Sj. 


12.6.26 The Hyperbola Group’ Let G be the semidirect product 
IR? x, R given by the homomorphism 


n(t)(u,v) = (e'u,e*v) WteR; (u,v) € R’. 


This is a connected, simply connected, solvable Lie group. Since it is not 
Type R, Jenkins theorem (Theorem 12.5.12, above) shows that G does not 
belong to [PG], [EB] or [NF]. It also does not belong to [T;] by Moore 
and Rosenberg [1976]. It is easy to check that three-dimensional Lebesgue 
measure is both left and right Haar measure, so G is unimodular. Since it is 
a regular semidirect product of abelian groups, it is Type I. It is amenable 
since it is solvable, and it is hermitian by Leptin {1977]. We have checked 
that G is completely regular but not strongly semisimple. It is Boidol by 
Theorem E from §12.6.19. 


12.6.27 The Poguntke Group, P Let P be the semidirect product of 
the Heisenberg group H with R given by the homomorphism 7(t)(v, w, u) = 
(e~'v, w,e’u) using the notation (v,w,u) for the standard element of H 
introduced in §12.1.19. We call this group the Poguntke group since Detlev 
Poguntke in [1979] first established its exceptional character. Multiplication 
is given by 
(v,w,u,t)(y,z,2,8s)=(vt+e ywtzte ‘uy,ut+e'as,t+s) 
Vs, t,U,U,W,2,Y,2 ER. 


We can write this as a four-dimensional linear group in M3: 


1 etu w 
P= 0 ef v:tuvweER), (6) 
0 0 l 


where the displayed matrix corresponds to (v, w,u,t). We calculate 


(v,w,u,t)~) = (—e’v, uv — w, —e~*u, —t) 
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Q(v,w,u,t) (Ys z, 2,8) am (1 oe e °)u te e~*y, 
z+(1l—e-*)uv + e*uy — e Suz, (1 — e*)u + e's, s) 


[(v, w, u, t), (yz, Ly, s)] = (1 _ e°)u a) Mise e~*)y, 


(1—e7*)uv +(1—e*)zy —(1—e7* — e® uy —e' Suz, (1—e*)u—(1—e')z, 0). 


Clearly P is a four-dimensional, connected and simply connected, exponen- 
tial Lie group. Four-dimensional Lebesgue measure is both left and right 
Haar measure, so P is unimodular. Since it is exponential, it is Type I. The 
center of P is the image of the center of H: {(0,z,0,0): z € R}. Hence 
P/Pz is homeomorphically isomorphic to the group discussed in the previ- 
ous paragraph. Thus it is neither [7)] nor [CCR]. It is the only exponential 
Lie group of dimension 4 or less that is not hermitian and the only one that 
is not Boidol by Poguntke [1979]. This determines the membership of the 
Poguntke group in all our classes except [CR] and [SSS]. It is not Wiener 
by Leptin and Poguntke [1979]. 


12.6.28 Completely Continuous Representation Groups: [CCR] 
A C*-algebra is said to be CCR if the range of each of its irreducible 
*_representations is exactly the ideal of compact operators on the represen- 
tation space. Since *-representations of C*-algebras are always continuous, 
it is obvious from Definition 12.4.14 that G belongs to [CCR] if and only if 
C*(G) is CCR. The inclusions [CCR] € [Type I] and [CCR] C [7;] now fol- 
low from Theorem 5.5.2 and Corollary 4.1.11 in Dixmier’s book [1977]. The 
fact that [CCR] = [Type I] N [Ti] is considerably more difficult to prove. 
Theorem 4.6.4 in Sakai’s book [1971] shows the difficult fact that the range 
T,4 of each irreducible *-representation T of a Type I C*-algebra A con- 
tains a non-zero compact operator (for a separable C*-algebra a more lucid 
proof is given as Theorem 9.1 in Dixmier [1977]). Theorem 4.3.7 of Dixmier 
[1977] thus shows that T', includes the ideal of all compact operators on the 
representation space. However, if II, is 71, then T4 is topologically simple, 
so T’, equals the ideal of all compact operators. Applying this to C*(G) we 
see [CCR] = [Type ]] N [T,]. Theorem 9.1 in Dixmier’s book [1977] shows 
that a second countable group G (for which C*(G) is necessarily separable) 
with G Tp is Type I. Hence a second countable group for which G is T, is 
CCR (Dixmier [1977], 4.7.15). 

The class [CCR] is stable under taking quotients and open subgroups 
by Dixmier [1977], 4.2.4 and the existence of maps between the C*-algebras 
in these cases. Also, [CCR] is stable under compact extensions (see, e€.g., 
Irwin E. Schochetman [1970], Proposition 4.3). Ronald L. Lipsman (({1972], 
Theorem 3.2) and Moore ([{1972], remark following Proposition 2.2) have 
Shown that a projective limit of CCR groups is CCR. 
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It has been known for some time that motion groups (7.e., semidirect 
products Ax, with A abelian and K compact), connected semisimple Lie 
groups and nilpotent Lie groups are CCR. For proofs see 4.5.2.1, 4.5.2.11 
and 4.5.7.2 (or 4.5.7.3) in Warner’s book [1972]; 15.5.6 in Dixmier’s book 
[1977]; Dixmier [1960] and Kirillov [1962]. Since [CCR] is stable under 
projective limits, almost connected groups satisfy [Nil] C [CCR] (Lipsman 
[1972], p. 461). Moore in Chapter 5 of [1966] (written with Auslander) 
shows that a connected, solvable Lie group that is in [CCR] must be Type 
R (Theorem 1’, p. 174) and that a Type R connected, simply connected, 
solvable Lie group is in [CCR]. (A Lie group is said to be Type R if all of the 
eigenvalues of its adjoint representation on its Lie algebra are of absolute 
value one, or equivalently the roots of its Lie algebra are purely imaginary. ) 
These results have been extended by Lipsman [1975], Pukanszky [1978], 
and Moore and Rosenberg [1976]. 

Pukanszky [1978], Theorem 2 (announced in 1975) characterizes when 
a simply connected Lie group G (with Lie algebra g) is in [CCR]. This 
is based on his characterization of Type I groups mentioned in the next 
section. Any Lie algebra g is uniquely the direct sum of a semisimple Lie 
algebra and a Lie algebra gnss with no semisimple factors. G is CCR if 
and only if its subgroup Gnsr corresponding to gns¢ is Type I. Moore and 
Rosenberg [1976], Theorem 4 (improved by Poguntke [1977a]) gives a re- 
lated characterization for when IIg is 7; for an almost connected locally 
compact group G. This is true if and only if one (hence all) of its approxi- 
mating Lie groups are Type R on their radical (cf. §12.6.32 below). Thus 
G belongs to [CCR] if and only if it is Type I and satisfies this criterion. 

Moore and Rosenberg [1976], Theorem 5 (improved again by Poguntke 
[1977a]) shows that a finitely generated, discrete, amenable group G is in 
T, if and only if it is a finite extension of a nilpotent group. However 
Thoma’s theorem [1968] (last sentence of Theorem 12.4.26 above) shows 
that a discrete group is Type I (hence [CCR]) if and only if it is a finite 
extension of an abelian group. 

The above results give many examples. Before singling out one charac- 
teristic example, we note that Examples 12.4.21 and 12.2.3 are, respectively, 
discrete and almost connected [CCR]-groups that are not in [SSS]. We know 
of no connected [CCR]-group that is not in [CR] nor of any [CCR]-group 
that is not unimodular. An almost connected example of the latter phe- 
nomenon would be most interesting. 


12.6.29 Type I Groups: [Type I] The only inclusions of this class in 
larger classes shown on our diagrams are in Diagram 4, page 1487. These 
results all follow easily from Thoma’s theorem [1968] that a discrete group 
is Type I if and only if it is a finite extension of an abelian group. 

Pukanszky [1978], Theorem 1 characterizes when a connected and sim- 
ply connected Lie group G with Lie algebra g that has a co-compact radical 


12.6.30 Classes of Locally Compact Groups: Results 1475 


(z.e., g/t has a negative definite Killing form) is Type I. The condition is 
that each orbit O in a certain subset W(G) C g’ is open in its closure with 
finite index. 

The class [Type I] is stable under taking open subgroups (Dixmier 
[1977], 4.3.5; Liukkonen [1973], Proposition 4.5 or Kallman [1973a], Propo- 
sition 2.4), continuous homomorphic images (compose the representations 
of the image with the homomorphism) and extensions by compact groups 
(see Lipsman [1974], p. 79 for this result of Mackey). Furthermore, Kall- 
man [1973a] has shown that if G is almost connected (Corollary 6.4) or a 
Lie group (Theorem 6.1) and G contains a closed Type I subgroup H with 
G/H compact, then G is Type I. (Errors in the published version of this 
important result have been removed.) The class [Type I] is also stable un- 
der certain regular extensions (see Mackey [1963] and Auslander and Moore 
[1966]). The same references given under [CCR] show that the projective 
limit of Type I groups is Type I. 

Lipsman ({1972], Theorem 4.1) notes that if an almost connected group 
G has Gyaq nilpotent, then G is Type I. Liukkonen ({1973], Proposition 
4.1 and Theorem 4.6) shows that a Type I IN-group G is CCR and has 
G/Grc finite. Also, Proposition 3.1 and Theorem 3.6 show that a Type 
I ([FC]~-group is in [FD]~, has G T2 and can be written as K”*4, where 
A is discrete abelian. Finally, the Corollary to 4.6 of the same reference 
deduces that a Type I SIN-group is in [Moore] (cf. Mosak [1972], Theorem 
5.12 and Kaniuth [1971], Satz 1). 

Example 12.2.16 shows that a connected Type I group need not be her- 
mitian nor amenable. Examples 12.1.20, 12.4.21 and 12.1.21 show that a 
connected Type I group need not be strongly semisimple. We know no 
example of a connected Type I group that is not completely regular, but 
Example 12.2.3 is almost connected and satisfies these conditions. Exam- 
ples 12.1.21 and 12.6.26, respectively, show that a connected Type I group 
need not be unimodular nor [7]. Thus the only inclusion of [Type J] in any 
other class that might be missing from our diagrams is [Type I] C [CR] for 
connected groups, and we doubt that this is true. 


12.6.30 The Mautner Group Let G be the semidirect product C’ x,R, 
where 7(t) rotates the two copies of C at incommensurable rates; say 
n(t)(a, B) = (e*a,e'"*B8). Then G is a connected, solvable, Type R Lie 
group and hence belongs to [J;] but not to [Type I] by Theorem 2 and 
the Corollary on page 110 of Auslander and Moore [1966]. Hence G is not 
in [CCR], [IN], etc. Jenkins theorem ((1973] and Theorem 12.5.12 above) 
shows that G is in [PG], [EB] and [NF]. We do not know whether it be- 
longs to [CR] or [SSS]. Although this is a non-regular semidirect product, 
so that Mackey theory does not apply directly, Satoshi Kawakami [1981] 
gives a large number of irreducible representations by extending Mackey’s 
methods using cohomology theory. 
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12.6.31 [T2]-Groups: [T72] This is the class of groups for which the 
primitive ideal space IIg of C*(G) satisfies the Hausdorff separation ax- 
iom. These groups were formally introduced in Definition 12.5.5. Liukko- 
nen and Mosak [1974a] show that [FC]~ C [T2] holds at least for o-compact 
groups. Mosak ((1972], Corollary 5.3) had previously noted that [FIA]~- 
groups belong to [T2]| and satisfy M M(C*(G)) = Hg without any countabil- 
ity restriction. Liukkonen ({1973], Theorems 3.6 and 3.7) had also shown 
[FC]~ C¢ [T2]n [CCR] for almost connected or Type I second countable 
groups. Theorems 5.2 and 5.3 in the same paper note that a Type I IN- 
group in [T2] belongs to [FC]~ and a Type I SIN-group in [T2] is even a 
projective limit of [Z]-groups. The first result in the last sentence is also 
obtained by Hauenschild ((1974], Korollar p. 273). In the same paper he 
also considers the existence of open T» subsets of G. 

We could also ask whether C*(G) is completely regular. We denote 
the class of locally compact groups for which this is true by [C*CR]. For 
groups in [SIN] M [%] we have [C*CR] C [T>] since MM(C*(G)) = Ig 
holds in this case. For a discrete group in [T;] we have [C*CR] = [T9] 
since all ideals are modular. Peters [1975a] obtains interesting results on 
a condition closely related to [C*CR]. In particular, his Corollary 3 shows 
[SIN] N [Am] N [C*CR] C [FIA]~. 


12.6.32 [T,]-Groups: [7,] Recall that Ig satisfies the T, separation 
axiom if and only if each primitive ideal is maximal. (This is an immediate 
consequence of Definition 7.1.4 in Volume I.) Moore and Rosenberg [1976], 
in a remark at the beginning of §7, show that [JT] is included in [Um] for 
almost connected groups. Their Theorem 4 together with the slight but 
crucial extension due to Poguntke [1977a] shows that an almost connected 
group belongs to [Jj] if and only if it is the projective limit of Lie groups 
each of which satisfies the condition that the restriction of the adjoint rep- 
resentation Ad:G — GL/(g) to the radical t of g has all of its eigenvalues of 
absolute value 1. (Such a Lie group is said to be Type R on its radical.) This 
shows that whether an almost connected Lie group belongs to [T;] depends 
only on its Lie algebra (i.e., is invariant under local isomorphism) whereas 
the Type I property is not determined by the Lie algebra. Essentially the 
same results for connected and simply connected Lie groups were obtained 
by Pukanszky [1978] and for connected algebraic groups by Lipsman [1975]. 

In another direction Moore and Rosenberg [1976], Theorem 5 shows 
that a discrete, finitely generated, amenable group is in [T)] if and only if 
it is a finite extension of a nilpotent group. (Our replacement of “solvable” 
in the hypothesis of their Theorem 5 by “amenable” is justified by their 
remark after the proof of Theorem 5 and by Poguntke [1977a].) It should 
be noted that among discrete, finitely generated, solvable groups these are - 
exactly the groups in [Her] and exactly the groups in [PG]. 

As already noted, [T\] is stable under local isomorphisms among con- 
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nected groups. Theorem 3 of Moore and Rosenberg [1976] and the main 
result of Poguntke [1977a] show that G is stable under taking finite exten- 
sions or open subgroups of finite index. Every closed ideal of a C*-algebra 
is the intersection of primitive ideals (Rickart [1960], Theorem 4.9.6), so 
IIg is T, if and only if each primitive ideal is a maximal closed ideal and 
hence if and only if the range of each irreducible *-representation of C’*(G) 
is topologically simple. Hence the argument used previously to note that 
[CCR] is stable under quotients shows that [T\] is stable under quotients. 
Thus Lipsman [1972], Theorem 2.1 or Moore [1972], Proposition 2.2 shows 
that a projective limit is [T,] if and only if the approximating groups are 
(T)]. 

Example 12.2.16 shows that a connected [T\|-group need not be her- 
mitian nor amenable, and Examples 12.1.20 and 12.4.22 show that such 
a group need not be strongly semisimple. Example 12.6.30 is a connected 
(7, ]-group that is not Type I, but we do not have an example of a connected 
[T;]-group that is not completely regular. Example 12.2.3 is an almost con- 
nected [J\|-group that is not completely regular. Examples 12.4.21 and 
12.1.19 are discrete [7,|-groups that are not completely regular. We know 
of no discrete (T,]|-group which is not in [Am], [NF], [Her], [PG], or [SSS]. 


12.6.33 Unimodular Groups: [Um] Our diagrams show no inclusion 
of [Um] in a larger class. 

An open subgroup or a closed normal subgroup of a unimodular group 
is unimodular since in the first case the Haar measures agree and in the sec- 
ond case (15.23) of Hewitt and Ross [1963] applies. Leptin and Robertson 
[1968] show that if N is a compact normal subgroup of G or if N is Gz, then 
G is unimodular if and only if G/N is unimodular. Propositions 8 of Kall- 
man [1973b] or 2.8 of Liukkonen and Mislove [1975] show that a compact 
extension of a unimodular group is unimodular. (These results subsume 
earlier results of Baggett [1968] and of Leptin and Robertson (1968}.) 

A number of published theorems have unimodularity in their hypotheses 
because the proofs depend on Hilbert algebra techniques. (For interesting 
examples see Peters {1975a].) For a unimodular group G, Coo(G) provided 
with convolution multiplication and the inner product of L?(G) is a Hilbert 
algebra, but if G is not unimodular, one only gets a generalized Hilbert 
algebra or Tomita algebra. (For the theory of such algebras see Masamichi 
Takesaki, [1970].) Since the theory of Tomita algebras is newer and less 
developed than the theory of Hilbert algebras, it seems likely that the proofs 
of some (but probably not all) of these results can be generalized. 

Martha K. Smith [1973] notes that if the regular representation of a 
unimodular group G weakly contains an n-dimensional (n < oo) represen- 
tation, then G/Grc has at most n? elements. 

Examples 12.1.20 and 12.4.22 show that a connected unimodular group 
need not be strongly semisimple. Examples 12.6.30, 12.2.16 and 12.6.26 
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show that a connected unimodular group need not belong to [Type J], 
[CCR], [Her], [NF], [Am] or [J,]. We have no example of a connected 
unimodular group that is not completely regular, but Example 12.2.3 is an 
almost connected example. 


12.6.34 Strongly Semisimple Groups: [SSS] Our diagrams show no 
inclusions of [SSS] in larger classes. No general stability properties of [SSS] 
occur to us either. 

Kaniuth [1975] proves some interesting results related to the class [SSS]. 
Define Gi. to be Grc and for n > 1 define GZ, inductively by Gio = 
{x € G: Gio € (G/Gic')rc}. Then G is said to be FC-nilpotent if 
Gic = G for some finite n. Kaniuth shows that FC-nilpotent groups in 
[SIN] M [Her] belong to [SSS]. (C'*(G) is strongly semisimple even if the hy- 
pothesis G € [Her] is dropped.) Hence if G € [SIN] contains a closed nilpo- 
tent subgroup of finite index or has G/Grc finite, then G belongs to [SSS]. 
Furthermore, since G € [Her] N [SIN] M [J] implies Prim(G) € =,1(q), it 
implies G € [SSS]. Notice that each of these results generalizes [FIA]~ C 
[SSS]. Results of Miiller-Roemer ({1976], 2.11) show that contracting exten- 
sions never belong to [SSS]. 

We remark that [SSS] N [Her] N [CCR] C [MAP] holds since =,1(g) 
equals =,1(G),r in this case, so Grosser and Moskowitz [1971b], Theorem 
3.1 can be applied. Hence for almost connected groups [IN] M [SSS] C 
[Moore] holds and for connected groups [IN] N [SSS] C [Z] holds. For the 
same reason a connected nilpotent group in [SSS] must belong to [Z]. 

The only interesting counterexample we know of for connected or almost 
connected strongly semisimple groups is Example 12.2.3, which is an almost 
connected strongly semisimple group that is not completely regular. Among 
compactly generated strongly semisimple groups, Example 12.2.3 is not in 
[Am], [NF], [Type J] or [T,] and Example 12.1.30 is not in [MAP] or in [Type 
I]. For discrete strongly semisimple groups, Examples 12.5.4, 12.5.3, 12.4.21, 
12.5.15, 12.1.19, 12.6.23 and 12.6.24 rule out all additional implications. 


12.6.35 Completely Regular Groups: [CR] Our diagrams show no 
inclusion of [CR] in any other class. However, under some strong additional 
hypotheses [CR] is included in [FC]~. In particular, Kaniuth ({1975], Corol- 
lary 2) shows that if G is a SIN-group that is a finite extension of either a 
closed nilpotent subgroup or Gro, then G is completely regular if and only 
if G belongs to [FC]~. From Corollary 1 of the same paper one can also 
conclude that a Moore-group is completely regular if and only if it belongs 
to [FC]~. (This also follows from Corollary 3 of Peters [1975a].) Finally, 
Theorem 1 of Kaniuth [1975] shows that a group in [Am] N [SIN] M [Her] 
N [CR] must have (G/Grc) rc trivial. 
The only obvious stability property of [CR] is that the quotient of a 
completely regular group is completely regular. This follows from Rickart 
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[1960], 2.7.2 and the canonical homomorphism of L!(G) onto L1(G/N). 
Miiller ((1976], 2.11) shows that contracting extensions of completely regu- 
lar groups are completely regular. 

Example 12.1.21 is a connected completely regular group that is not in 
[SSS], [NF], [Um] or [7,]. We know of no connected or almost connected 
completely regular group that is not Type I, but Example 12.1.30 is a 
compactly generated example. Among discrete, completely regular groups 
Examples 12.5.4 and 12.5.3 are not in [FD]~ and [MAP], respectively. We 
know of no discrete completely regular group not in [NF], [PG], [FC]~, 
[SSS], or [7;]. All completely regular group that we know are amenable 
and hermitian. This lack of examples results at least in part from our 
inability to determine whether various groups belong to [CR]. In particu- 
lar, Examples 12.6.23, 12.6.24, 12.6.15, 12.6.30, 12.2.16 and 12.6.27 might 
provide counterexamples if all of their properties were determined. 


12.6.36 Tauberian [Taub], Wiener [W], Weakly Wiener [WW] and 
Left Wiener [L] Groups These properties, which generalize Wiener’s 
Tauberian theorem, were introduced in Definition 12.5.21. The next theo- 
rem collects the known relationships. 


Theorem (a) In the diagram below, descending arrows show inclusion 


[D] M [Her] [PG] [FIA]- [Moore]  [NilK] ({D] N (EB) 


U ([D] 2 [Sol]) 
U ([A1 x» Aa) 


[Taub] 9 [L] 


[D] [WW] / [Her] [L] = [SIN] N [Her] 
[Taub] [W] 2 [Her] 
[WW] [W] 


of the upper in the lower class of locally compact groups. 
(b) An almost connected group belongs to [L] if and only if it 
belongs to [Moore]. An almost connected [PG]-group belongs to [W]. 
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(c) A connected group belongs to [L] if and only if it belongs to [Z]. 


Proof (a): The definitions make the inclusions [Taub] C [WW] and [L] C 
[W] obvious. For discrete groups, L1(G) = é'(G) is unital. Thus Theo- 
rem 2.4.6(d) of Volume I shows that any discrete group belongs to [Taub] 
and hence to [WW]. The inclusion [Her]N[WW] C [W] follows from the 
fact (Theorem 10.4.15) that every primitive ideal in a hermitian Banach 
*-algebra A belongs to II%,. 

Losert [1982] shows that the class [L] equals [SIN] 9 [Her]. Together 
these results imply that discrete hermitian groups belong to [Taub] M [L] 
and hence to [W]. 

Theorem 12.5.6(a) shows that [Moore] = [SIN] n [Type I] and that 
Moore-groups are finite extensions of Takahashi groups. Since the class 
of hermitian groups is closed under finite extensions and [Tak] C [FD]~ C 
[FC]— C [Her], we conclude [Moore] C [Her]. Hence [Moore] C [L]. Diagram 
(12.4.10) in §12.4.19 shows that [Moore] is included in [Taub] since it is 
included in [L]. 

Kaniuth and Steiner ({1973], Theorem 4) and Liukkonen and Mosak 
({(1974b], Remark 2.8) show [FIA]~ C [Taub]. [FIA]~ groups are also in 
both [SIN] and [FC]~, hence [Her]. 

Ludwig [1979], Lemma 2 shows that [PG] is included in [WW]. These 
results imply [FC]~ C [W] (which was previously proved in Hulanicki et al. 
[1976]) and improve various results of Leptin [1976a]. 

In [1976a] Leptin shows that all semidirect products of abelian groups 
belong to [W]. Ludwig [1979] page 194 shows that all exponentially bounded, 
discrete and solvable, discrete groups belong to [W]. Ludwig [1979], pages 
191 and 192 show that arbitrary compact extensions of nilpotent groups 
belong to [WW] /N [Her]. (Gangolli [1977] had already shown that the 
semidirect product A x, K of an abelian group A and a compact group K 
belongs to [Her] N [WW] C [W].) 

(b): The equation [L] = [SIN] N [Her] and Theorem 12.5.6(b) show that 
an almost connected group in [L] is in [Moore], and the converse holds for 
arbitrary locally compact groups. Henrichs and H.-L. Skudlarek [1982] also 
prove this and that an almost connected locally compact group G belongs 
to [L] if and only if it belongs to [SIN]. Since an almost connected [PG] 
group belongs to [Her] by Jenkins theorem (12.5.12, above), it belongs to 
W 


(c): Losert’s result [L] = [SIN] N [Her] and the Freudenthal—Weil theo- 
rem show that any connected Leptin group must be the direct product of 
a vector group and a compact group. (In [1979] Leptin had already proven 
(later extended and simplified by Rolf Wim Henrichs [1980]) that a con- 
nected group belongs to [L] if and only if it is a direct product A x K of an ° 
abelian group A and a compact group K.) im 
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All connected solvable Lie groups of dimension < 4 with one exception, 
and various other counterexample groups such as our Example 12.6.30 (the 
Mautner group), belong to [W]. The exceptional group, Example 12.6.27, 
shows that not all connected solvable groups belong to [W]. In [1973] Miiller- 
Roemer shows that the affine group of the real line belongs to [Taub] (and 
hence to [W] since it is now known to be hermitian). In [1976] he extends 
this result to show that a contracting extension N” belongs to [Taub], 
[WW] or [W] if and only if H does. Hauenschild and Kaniuth ([{1975], 
Theorem 5) show [Am] M [SIN] M [Her] N [SSS] C [Taub] N [W]. From this 
they conclude that a [SIN] group G that is a finite extension of either Gro 
or a closed nilpotent subgroup is in [Taub] N [W]. 

It is obvious that [W], [Taub] and [WW] are closed under taking quo- 
tients since L'(G/N) is a quotient of L!(G). Leptin ([1976a], Corollary to 
Theorem 6) shows that a connected group belongs to [W] if and only if its 
approximating Lie groups do. 

Among our examples, all but Examples 12.3.29, 12.6.27, 12.2.16, 12.3.32and 
12.3.31 belong to [W]. Example 12.2.16 does not belong to [W] since no 
non-compact semisimple Lie group does (Leptin [1976a] appendix due to 
M. Duflo). All our Examples that belong to [SIN] belong to [Taub] ex- 
cept possibly 12.6.13 and 12.6.15. In addition, Example 12.1.21 belongs to 
[Taub]. We have not determined this property for the rest. 


12.6.37 Additional Classes Besides the 22 classes fully considered in 
this section, many other classes, each of which includes [K] U [A], have been 
or could be considered. By intersecting various classes one gets classes, some 
of which may prove interesting (e.g., [Tak] = [FD]~N [MAP] and [FIA]~ 
= [FC]—/ [SIN]). Results from Robertson and Wilcox [1972], Liukkonen 
[1973] and Hofmann and Mostert [1963], which we have quoted previously, 
show [FIA]~N ([FD]~ = [FD]~n [SIN], [FIA]~N [Moore] = [FIA]—N [Type 
]] = [FD]~—/N [Moore] = [FC]~/N [Moore] = [Tak], [FIA]~N [MAP] = [FC]—n 
[MAP], [FD]~/n [Type I] = [FC]—n [Type I], [MAP] q [SIN] = [MAP] 9 [IN], 
[SIN] N [Type I] = [Moore], and [IN] N [Type I] = [IN] N [CCR]. However, 
our 38 examples are enough to show that there are no non-obvious equations 
connecting these classes, our previous 22 classes, [FD]~N [SIN] and [MAP] 
MN [Type I]. 

The class [MAP] [SIN] that lies properly between [Moore] and [MAP] 
was called [Mur] (for Murakami) by Robertson in [1969]. Heyer [1973] has 
noted that the class [Chu] of groups satisfying the Chu duality theorem lies 
properly between [Moore] and [MAP], but he provides an example showing 
[Mur] Z [Chu]. He shows that [Chu] is stable under projective limits, finite 
direct products and finite extensions. Two other classes lying between 
[Moore] and [MAP] are studied by Poguntke in [1976]. 

Many duality results have been proved for non-abelian groups G that 
characterize properties of G in terms of properties of various dual objects 
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(G, IIg, etc.) and thus generalize the usual duality results involving the 
Pontryagin duality theorem for abelian groups. Under various circum- 
stances Ilg can be identified with certain spaces of character functions 
on G (Pukanszky [1974]; Kaniuth [1969], Satz 2; Mosak [1972], Theorem 
5.2; Kaniuth and Steiner [1973]) and thus duality theories are sometimes 
stated in terms of these spaces and usually proved by reference to them. 
The most detailed duality theorem can naturally be proved for [Z] groups. 
Grosser, Mosak and Moskowitz [1973], Theorem 2.3 is such a result. For 
[FC]~-groups, Kaniuth ([1969], Satz 3) shows that G is compact or discrete 
if and only if G is discrete or compact, respectively. Mosak ([1972], Corol- 
lary 4.3) and Sund [1975] obtain similar results for groups in [FIA]~ and 
[FC]~. Kaniuth [1973] gives duality theorems for groups in [SIN] and [SIN] 
M [T,]. Lawrence W. Baggett [1972] shows that any second countable group 
is compact if G is discrete but that the non-discrete group R x, Z with 
n(n)z = e”x has acompact dual. Stern [1971] has removed the countability 
restriction from the result just quoted. 

Grosser and Moskowitz [1971b], Theorem 4.1 gives a Plancherel formula 
for central groups For Moore-groups, a similar formula is given in Hauen- 
schild and Kaniuth [1975], Satz 4. For related results see Kaniuth and 
Schlichting [1970], Satz 4 and 5 and Lipsman [1972], Theorem 5.4. 

Consideration of the centers L}(G)z, C*(G)z, M(G)z of L1(G), C*(G) 
and M(G), respectively, arises naturally in various contexts and plays a role 
in a number of the duality results proved above. In [1970], Satz 1, Kaniuth 
and Schlichting show that the Gelfand space of L'(G)z can be identified 
with a space of characters when G belongs to [FC]~. Mosak obtains similar 
results for [FIA]~-groups in Theorem 4.1 of [1972]. In Corollary 1.6 he notes 
that L1(G)z is dense in C*(G)z at least for [FIA]~-groups. In [1971] Mosak 
and Moskowitz show that for IN-groups each central idempotent of M(G) 
is supported on a compact subgroup (cf. Kaniuth and Schlichting [1970], 
Satz 7). Liukkonen and Mosak [1974b] extend a number of results known 
for L'(G) when G is abelian to L}(G)z when G is not abelian. 

Finally, we wish to describe the class [Type T] of Type T groups intro- 
duced by Azencott [1970]. Let u be a regular Borel probability measure 
on a group G such that not every convolution power of y is singular with 
respect to Haar measure. Let H,, denote the set of functions f:G — C that 
satisfy 


f(a) = [ f(ey) duly) V2eG 


and are uniformly continuous with respect to the left uniformity of G. This 
set is a commutative C*-algebra under the multiplication 


fg(z) = lim [ f(y) g(zy) du"(y) Vhg © Au, 


12.6.37 Classes of Locally Compact Groups: Results 1483 


where yz” denotes the nth convolution power of yw. Let II, be the carrier 
space of H,. The group G operates naturally on each II, and we say that 
G is Type T if it operates transitively on each II,,. In the cited reference it 
is shown on page 92 that [Type T] is stable under formation of quotients 
and on page 112 that Type T groups are unimodular. On page 93 it is 
shown that a group G is Type T if and only if it is almost connected and 
has an approximating Lie group that is Type T and has a finite number of 
connected components. The combined work of Brown and Guivarc’h [1974] 
and Moore and Rosenberg [1975], [1976] shows that a Lie group G for which 
G/G,aq has finite center is Type T if and only if it belongs to [T;]. In [1975] 
the restriction on the center of G/G,aq in the above theorem is shown to be 
essential by considering the covering group of SZ(2, R). Hence for almost 
connected groups [Type T] and [7;] are closely related but not identical. 


The next seven pages contain tables and diagrams summarizing much 
of the basic information from Chapter 12. 
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Table 3: Formulas for a Locally Compact Group G 


For any function f:G — C and any u, v € G, we define: 
f(u)=f(u"); — F(u) = f(u)*; 
uf(v) =f(u-'v); — fu(v) = f(vue*). 
Then this notation satisfies: 
KA=fa Deshi 
ulvf) =u ulfo) =(uf)os (fu)u = fur. 


Denote left Haar measure by dA, du or dv and the modular function by A. 
For u € G and p, v € M(G), define p*v, 6,, fs and fin M(G) and A by 


[ray KY = [ r(ue)dy(u)do(e) VheCy(G); A(Eu) = A(u)X(E), 


6,(E) = ; : ; = , P(E)=p(E"), BE) =p(E)* V Borel sets E. 


Then any f, 9 € L'(G), u,v EG, p, v € M(G) and h € Co(G) satisfy: 


[.ta-= | ta [faa = atu) | far, A=A™} 


/ fAd)\ = / fdy; / fdd = / f Add (when defined) 


~ 


Out f=uaf; f * by = A(u) fu; Ou = Oy-13 Ouv = Oy * Oy; 


p+ f(u) = | fv u)dulv); we f = ‘ ufdw(): 


f*xp(u) = [07 swe )dulv) feu= | Afedu(u) 


f * g(u) J f(v)g(v-*u)de fxg J f(u) ugdu 

J f(uv)g(v-*)dv J fu-1 g(u)du 

Jf A(w) f(uv*)g(v) dv J Alu) fu g(u)du 

J Atv") f(v~™ )g(vu) dv; fA(u)f(u) u-1gdu. 
For hE Co(G), ke L©(G), p, v € M(G) and f, g € L'(G), define 


wra(w) = | hdu and wpz(f) = [kta 
Then this notation satisfies: 


lI 
I 


Wh (*V) = Wyah(H) = Waedy(Y); wk (f * 9) = Woxk(f) = weeas(g)- 
Finally, for » € M(G) and f € L'(G), the involution is defined by 
wt =p and f* =Af-. 
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Table 4: Classes of Locally Compact Groups 


Name 


Abelian 
Amenable 
Boidol 


Completely Continuous Representation 


Completely Regular 

Discrete 

Exponentially Bounded 

Finite 

Pre-compact Conjugacy Classes 

Pre-compact Derived Subgroup 

Pre-compact Inner 
Automorphism Group 

Hermitian 

Invariant Neighborhood 

Compact 

Left Wiener or Leptin 

Lie Group 

Maximally Almost Periodic 

Moore 

No Free Subsemigroup 

Nilpotent 

Polynomial Growth 

Small Invariant Neighborhoods 

Solvable 

Strongly Semisimple 

T, Structure Space 

T> Structure Space 

Takahashi 

Tauberian 

Type I 

Unimodular 

Vector (R” for some n € N) 

Wiener 

Weakly Wiener 

Central 


Definition 


—— 


5.13 

10.5.8, 5.19 
4.14, 5.5 
5.19 

3.25 

5.7 

1.15, 5.1 
5.1 


1.23, 5.1 
5.16 
5.1.9, 1.8, 5.1 


5.21 
4.14, 5.5 
4.14, 5.5 
5.7 

1.17 


1.23, 5.1 
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Discussion 


Sect.3.6 
6.20 
6.19 
6.28 
6.35 


6.18 


6.10 
6.8 


Topological Properties: almost connected, AC; connected, C; discrete, D; 
finitely generated, FG; compact, K; compactly generated, KG; has a com- 
pact, connected, open, normal subgroup, KCONS; Lie, Lie; totally discon- 
nected, TD. 
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Diagram 1: General Locally Compact Groups 


KI ie, yi Al [D 
[Z] 
{ 
[Tak]= 
(MAP]N[FD]~ 
se malar 
| [FI } — — [Moore]=[Tak¥]= 
[FD]~  (SINJA[FC}- [Nil] 7\ [SIN]7[Type I] 
l 
i> 
[FC]-= Kye) [> 
Ss 


[MAP] [CCR] 


[CR] [Am] [NF] [Her] ~(Um] [SSS] [7i] [Type ]] 


Diagram 2: Almost Connected Locally Compact Groups 


[Z]=[Tak]=[FIA]- =[SIN]O[FC]- =[V xK] 


=[Vx,K:n(K) €[F] ] 


[FD]~ =[FC|-=[KY} 


[IN]=[K°"]=[FC*] 


[CR] [Am] [Um] [Type J] [SSS] 
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Diagram 3: Connected Locally Compact Groups 


(Z]=(Tak]=[ to [MAP]=[SIN]=[V xk] 


aa INJ=[KY] _ [Nil] 
., aa 
| 
< [Sol] [73] 
i” ae 
[CR] Y [Um] [Typel] [SSS] 


Diagram 4: Discrete Groups 


(Z]=(Tak]=[MAP]N[FD]- 


[FD]~ [MAP]n[FC]- [Moore]=[CCR]=[Type I|=[A*] 
[FC]~ =[FIA]- 
| <a [Nil] 
A NN, a K [MAP] 
[B] [EB] [Sol] [Her] 


[CR] [Am] [NF] [SSS] [T;] 
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Table 5 


Group 


Reference 
All are §12 
Topology 
Nilpotent 


q-adic numbers 3.30 | TD YEY 
i HAPCSMMMERS 
Krull Galois(A/Q) 3.3 K, TD Y!|Y 
zxziconex. [62 [red [wiv |y|y|y 
(1 Ze x 3" Za) x, Z 3.37 | TD 
ee 65 |o,m [w[ Ny [Ny 
[[ T x, >> Ze 6.4 KCONS |N|N/] Y{NIY 
ge iso | [wily [y[N 
R x, Ze 2.3 AC, Lie N|N|]|Y{NIUIN 
2 jin [rap [x [xxi sy 
oF 5.4 D Ni} +/],2+]N]N 
Fez cen tx. | 130 [Katie || ¥ [¥ |x| ¥ 
Grosser, Moskowitz 5.3 D N;|Y{Y]N{N 
ea [62_|kcoxs |w| x |y[N |x 
Toroidol Heisenberg 1.20 | C, Lie N;|Y{]Y{|N {IN 
Acoma [ios |xo,1 [ww |y[N|w 
F“ x,Z 122 | KG,TD |N|N{]+ {NIN 
fentty sao [xcons || NL NN |W 
{(v,w,u)€ H:u,v€ Z} || 6.13 | KG, Lie N/]|Y{|Y {NIN 
ings Hebenbers [30 [red |W | ¥ | ¥ | y [ 
FRW 6.24 | D N| Nj? {]NI{N 
> Z x, ][Ze 4.20 | TD N|N/]Y{NIN 
Sains js [> [x{wiy|y[n 
Free ty 5.15 | FG, D N|N/]NIN 
torent few |v” wi | y|N |S 
Cx,Z 6.15 N|N|Y 
Hulanicki 6.25 N MAL 
N{|N|Y 
Y 


N | N 

N | N 

Mautner 6.30 i Lie N | N 
Heisenberg | 42 | Cotie_ | N 

N | N 

Affine(Q, ) 3.33 | TD N | N 
“i eaNNBG 

Ni N 

N | N 


Hyperbola 6.26 C, Lie 

Affine(R) | 1.21 | C, Lie 

Poguntke 6.27 | C, Lie “iE aES 
suam aie [ete |u| |r 
ae(te) gai | | ws Ls 
Aut(Tree) 3.31 | TD N|NI{N 


1489 


Classes of Locally Compact Groups: Results 


1.19 


6.24 
JHMM 
4.20 
aH 


Ea Pree reed: 
[BO propa bebe pope bebe eb mb 
a sbsbbotobobobebb 
[BRL pe ee ee ape bee me ze oo of 
[___PMOON om ee me fz = e s oe f= 
(aal ‘[Ddl pe om pe mm mf me em i bef me em > mf 
nf sbsb-pobobsbsbsbopob= 
|W pepe bbe bebe been zp nb 2 
ipumcomaoas 
pebobsnebebobrbers 
bob obskskobobobors 
aaa 
aiaalaia 


dls Go Ss a 
poppe e alee 


9.15 
6.14 


od 


: gals aegis ets 
GOO Ho led 9 lo a 
aogngnn 
sohobo bebe ef 
sa eaaopor poh 
=ebebo kab opope 
=opobeeabsbsk= 
aeomdos 
“Shobak kek 
=shekoko kop 
=sbsbeksbb 
=sbskspspob> 
Sanne 
cbse bee= ke 
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i! 


Amenable 
Unimodul 


[WW] 


Reference 
ome 
[T;] 
[NF] 


Tauberian 


TD 


a Eee 
m Oo 
“J Ot 
wa 
Q 
nm 
— 

o 


< 


oO 

NO 

hr} 

> 

—, 
Pereeeee 
PEreeeer ere 
<< 


Dw 
on Oo 
-~]J 
oe, ne 
. 4 
Sy a, 
© we, ; 


= 

WN NO 

Ww © 

AO 

als 

re © 

, 

cc 
EEEeEee 


Erereee 


1.22 | KG, TD 
5.10 | KCONS f 


KG 

6.24 | D 

4.20 | TD 

; 

5.15 | FG, D N 

6.15 | KG Y 

30 | C, Lie Y 

6.26 | C, Lie N 
N 
N 
N 


o> § ee) ie ore ee ars 

© be| bo Blt wl) OA 
aie, aaa 

AO 
GC 
e) 
Zz 
cA 


3.33 | TD 

3.29 | KG, TD 
6.27 | C, Lie 
3.32 | KG, TD 
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locally compact, abelian 421, 878 


242 


index 


locally Euclidean topological 1318 

locally nilpotent 1441 

MAP, [MAP]- 338, 1394 

Mautner 1475 

maximally almost periodic 145, 338, 
1394 

monothetic 1380 

Moore 1393 

motion 1280 

Murakami 148] 

nilpotent 1281 

no free subsemigroups 1432 

no small subgroups 1318 

non-contracting 1433 

orthogonal 1280 

Poguntke 1472 

polynomial growth 1432 

(with) pre-compact conjugacy classes 
1423 

(with) pre-compact derived subgroup 
1423 

(with) pre-compact inner automor- 
phism group 1288 

profinite 1327 

projective limits of 1290 

pro-Lie 1318 

radical 1283 

restricted direct product 1346 

second countable 1272 

semidirect product 1278 

semisimple 1283 

shift on a finite group 1287 

[SIN]- 529, 1273 

(with) small invariant neighborhoods 
of e 529, 1273 

solvable 1281] 

special linear 1319 

special orthogonal 1280 

strongly semisimple 1444 

(T,] 1428 

(T2| 1428 

Takahashi 1428 

Tauberian 1445 

topological 133, 1266 

topological p- 1380 

torsion 1380 

topologically finite inner automorphism 
145 

toroidal Heisenberg 1285 

torsion-free 201 

totally disconnected 1266, 1303 

Type lI 1394 

Type R 1434 

Type T 1482 

unimodular 1273 

weakly Wiener 1445 

Wiener 1445 


Haar functional 140, 1271 

Haar measure 142, 1272 
on Q, 1339 

Hamel) basis 4 

Hausdorff (T2) 1267 

Hensel’s lemma 1339 


hermitian bilinear functional 808 
hermitian element 376, 799 
hermitian part 799 
Hilbert algebra 1214 

fulfillment of 1220 

full 1220 


Hilbert, David (1862-1943) 90, 128, 191 


Hilbert’s fifth problem 1317 
Hilbert space 108, 809 
adjoint 109 
tensor product 1060 
Hilbert-Schmidt matrix algebra 1212 
Hilbert-Schmidt norm 73 
history of 
algebras 4 
amenability 1466 
analytic functional calculus 343 
Banach algebras 11 
Fourier analysis 127 
Hilbert-Schmidt operators 832 
ideals and quotients 6 
matrix algebras 72 
radicals 503 
*-regularity 1124 
representations 438 
spectrum 191 
symmetric *-algebras 1008 
homomorphism 5 
of Boolean algebras 913 
injective, surjective 5 
from derivations 593 
unital 18 
*-homomorphism 799 
homotopic in G 411 
homotopy 411 


hull of a subset of A 620, 323, 408, 446 


hull-kernel topology 621, 326 
hyperinvariant subspaces 294 


ideal (two-sided) 5 
asymptotic 612 
continuity 571 
of finite rank operators 23 
left, right, one-sided 5 

maximal 542 
maximal 235 
minimal 667 
minimal closed 667 
modular 235, 448, 634 
nil 481 
nilpotent 48] 
primary 640 
prime 446, 483 
primitive 443 
proper 235 
quasi-regular 475 
semiprime 481 
standard 372 
two-sided continuity 572 
ultraprime 450 
uniqueness 1132 

ideal class group 1348 

idealizer 29 
left, right 29 

*-ideal 799 
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idele 1347 
class group 1348 
group 1347 
principal 1348 
unit 1348 
volume of 1348 
idempotent 4, 67, 479 
existence of 357 
minimal 667 
order among 668 
orthogonal 4 
identity element, multiplicative 3 
image of a morphism in a category 501 
implicit function theorem 405 
inclusion of subobjects 501 
inductive system of algebras 42 
normed 42 
infinite prime 1340 
initegrable positive definite element 1256 
initial projection 822 
injective tensor product 99, 175, 473 
inner automorphism (group) 1265 
inner product 108, 808 
invariant subset in a group 529 
invariant subspace 225, 440 
inverse Fourier transform 125, 423 
inverse Fourier-Stieltjes transform 424 
inverse of a relation 2 
inversion theorem 424 
involution 109, 798 
on the disc algebra 816 
on double centralizer algebra 799 
exotic 843, 1004 
on £1(G) 803 
on L'(G) 806 
on M(G) 805 
on a quotient algebra 801 
on unitization 799 
involutive 798 
irrational rotation algebra 259 
isometric 1] 
isometric Banach spaces 81 
isometry 11 
isomorphic Banach spaces 81 
isomorphism 5 
isomorphism in a category 499 
Iwasawa decomposition of a Lie algebra 
1325 


Jacobson, Nathan (1910-1999) 235, 305, 
438, 446, 474, 506, 579, 1334 
Jacobson radical 225, 474, 585 
Jacobson topology 621 
Jenkins theorem 1434 
James space 79 
algebra structure of 79 
Johnson, Barry E. 25, 229, 466, 554, 1419, 
1436 
Johnson-Rickart uniqueness of norm 
theorem 229, 557 
joint spectrum 383 
Jordan (for Camille) 
block 284 
canonical form 284 
Jordan (for Ernst Pascual) 


Index 


derivation 614 
homomorphism 580 

*. homomorphism 1030, 1048 
positivity 1031 

product 579 


Kadison, Richard V. (1925-) 
965 
Kadison’s theorem 965 
Kaplansky density theorem 890 
Kaplansky, Irving (1917-) 193, 206, 213, 
245, 409, 479, 556, 576, 604, 
628, 700, 890, 904, 973, 990, 
1009, 1099, 1148, 1211, 1335 
Kaplansky’s theorem 244 
kernel of a 
linear map 5 
morphism in a category 501 
set of prime ideals 620 
subset of f4 323 
Killing form 1324 
Kirillov’s method 1324 
Koszul complex 416 
Krein—Milman property 85 
Krull’s Galois theorem 1330 


892, 959, 


L-homomorphism 436 
L-space 435 
L-subalgebra 436 
lattice 897 
complete 897 
é1-group algebra of G 130 
left A-module 455 
left coset 1266 
left Hilbert algebra 1234 
full 1242 
orthocomplemented 1255 
left invariant mean 1436 
left kernel of a positive linear functional 
924 
left von Neumann algebra of A 1217 
Leibniz’ formula 592 
Leptin radical! 1013 
Lie algebra 1313 
of a Lie group 1313 
reductive 1325 
Lie bracket 580, 1308 
Lie group 1307 
Lie homomorphism 591, 1314 
Lie ideal 592, 1316 
Lie nilpotent 241 
Lie product 241, 591 
Lie subalgebra 241, 1316 
Lie subgroup 1315 
liminal 904 
limit 
inductive or direct 42 
normed inductive 42 
normed projective 44 
projective 44 
linear functional 21 
positive 799, 922 
linear map 
completely positive 1021 


hermitian 1020 
positive 1020 
unital 18 
linear space 
normed, semi-normed 10 
semi-topological 7, 8 
topological 7 
local Lie group homomorphisms 1314 
local Lie subgroup 1318 
local spectral theory 296 
locally bounded topological linear space 
298 
locally compact division rings 1331-1346 
locally convex semi-topological linear space 
20 
logarithms in Banach algebras 359 


M-component of the zero ideal 646 
M-primary 640 
Mackey, George W. (1916-) 
majorize 14 
Markushevich basis 372 
matrix algebra 
over an algebra 74 
norms on 72 
matrix representation of a linear operator 
70 
matrix units 69 
maximal ideal space 304 
mean 1435 
measure algebra of a group 137 
minimal polynomial 275 
minimum subgroup 1349 
Minkowski functional 20 
mixed identity 49 


Index 


Mobius—Potapov-Harris transformation 1174 


modular function 141, 1271 
modular group defined by a splitting 1232 
module 455 

Banach 455 
modulus of continuity 1157 
monodromy principle 1315 
monomorphism 500 
morphism in a category 499 

coimage 501 

cokerne] 501 

image 501 

kernel 501 
multilinear maps 159 

bounded 166 
multilinear non-commuting polynomial 628 
multiplicative linear functionals 304 
multiplier 28 
multivariable functional calculus 378, 388 


N x Nmatrix *-algebra 997 
Nagumo, Mitio (1905-?) 11, 201 
Naimark, Mark Aronovié (1909-1978) 
11, 869, 919 

natural map 

wi: XX" 22 

onto quotient group 1266 
neighborhood 7, 1267 
von Neumann density theorem 888 
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von Neumann, John (1903-1957) 11, 158, 
205, 338, 520, 579, 821, 832, 
888, 889-919, 1318, 1394, 1437 
von Neumann mean 338 
Newburgh theorem 222 
nil subalgebra, dense 514 
nilpotent element 4 
nontrivial, proper 4 
topologically 18 
nilpotent length 1282 
nilpotent Lie algebra 1323 
non-synthesis, sets of 666 
non-commuting polynomial 627 
norm 
complete algebra 215 
from inner product 860 


minimal 558 
minimal spectral 558 
regular algebra 19 
supremum or uniform 64, 303 
tensor 159 
admissible 179 
dual 180 
injective 99, 175 
nuclear 180 
projective 99, 167 
reasonable 180, 524 
uniform 180 
weak 175 
uniform 813 
weakly spectral 223 
norm topology is minimal 558 
norm topology is minimum 558 
norm-unital 260, 952 
normal element 376, 799 
normal series 1281 
normalizer of S in G 1269 
normed bimodule 455 
normed left A-module 455 
normed symmetric algebra of quotients 
452 
nuclear norm 98 
nullity of T 274 
numerical radius 261, 264, 817 
numerical range 261, 817 


objects in a category 499 
one-parameter group, subgroup 595, 1311 
one-sided identity 477 
open mapping theorem for analytic spaces 
549 
operator 22 
approximable 88, 712 
closable, closed 1245 
closure of 1245 
compact 88, 289, 532, 711 
completely continuous 88 
decomposable 296 
diagonalizable 275 
elementary 453 
finite-rank 23, 87, 673, 812 
Fredholm 108 
Hilbert-Schmidt 109, 826 


inessential 108, 712 

integral 101 

intertwining 443 

nuclear 98 

positive 817 

projection 276, 817 

along a linear subspace 276 
onto a linear subspace 276, 817 

Riesz 108, 295, 704 

self-adjoint 817 

strictly singular 93 

trace class 109, 832 

transcendental topologically nilpotent 

286 

unbounded 1244 

weakly compact 88, 91, 712 
operator norm 22 
operator topologies 885 

strong, strong*, weak 885 
ordering ideal 995 
orthogonal 809 
orthogonal complement 809 
orthonormal basis 109, 824 
orthonormal set 824 


p-adic integers 1293 
p-component 1380 
pairing 672 
normed 672 
parallelogram law 860 
Parseval’s identity 120, 431 
partial isometry 822 
partition of the identity 634 
Peirce, Benjamin (1809-1880) 4, 18 72 
Peirce, Charles Saunders (1839-1914) 25, 72 
permanently quasi-singular 250 
perturbation set 480 
Pettis lemma 549 
piecewise smooth function 127 
Plancherel theorem 431 
point derivation 375 
point spectrum 286 
polar decomposition 822, 897, 1250 
polar expansion 836 
polarization identity 809 
polydisc 382 
polynomial identity 627 
polynomial polyhedron 381 
polynomially convex hull, set 203, 318, 
381 
polynomially induced 1464 
polyradius of a polydisc 382 
Pontryagin duality theorem 432 
positive cone 799 
positive definite 424, 808, 1256, 1389 
positive element 532, 799 
positive linear functional 532, 799 
admissible 928 
extensible 922 
hermitian 922 
Hilbert bounded 922 
normal 895 
representable 930 
positive square root 821, 860 
power bounded 271 
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pre-Hilbert space 809 
pre-reducing ideal of A 988 
pre-*-representation 863 
presocle 672 
prime structure space 621 
principal component of a topological group 
200 
product of sets in a linear space 5 
product, categorical 38 
projection 799 
minimal 1142 
projection-valued function 913 
projective Banach algebra tensor product 
171, 61 
projective system of algebras 44 
normed 44 
projective tensor product 99, 166, 340, 631 
proper continuous map 814 
proper vector 274 
properly infinite relative to A 900 
property B 296 
pure state 966 
pure states on My 971 
purely infinite relative to A 900 


q-adic integers and numbers 1374 
q-adic solenoid 1379 
quasi-dual of A 977 
quasi-equivalent 977 
quasi-expectation 1024 
quasi-group of A 193 
quasi-inverse (left, right two-sided) 193 
quasi-left Hilbert algebra 1227 
quasi-multiplication 193 
quasi-nilpotent 18 
quasi-product 193 
quasi-singular 193 
quasi-unitary elements 1084 
quaternions 1334 

rational 1334 
quotient object 501 
quotient of £ 446 
quotient Lie algebra 1316 


Raikov, Dmitrif Abramovié (1905-7?) 
189, 417 

Raikov’s criterion 1101 

radical 474 
Baer 485, 585 
Barnes 1132 
Brown-McCoy 490, 585 
completely symmetric 1013 
Gelfand 304 
Jacobson 225, 474, 585 
Leptin 1013 
of a Lie algebra 1323 


11, 


nil 483 
pre-*-radical 988 
prime 485 
reducing ideal 979 
strong 490 


symmetric 1013 
radical of a group 1283, 1323 
radical subcategory of a category 502 


radical weight function 372 
Radon-Nikodym property 85 
Raikov—Ptak functional 1077 
range projection, range space 822, 1245 
rank of a left ideal 690 
rank of T 274 
Ransford’s three circles theorem 227 
rational function 198 
real form of a Lie algebra 1324 
recalcitrant systems 602 
reduced dual of G 1408 
reduced von Neumann algebra of G 1418 
reducing ideal 979 
reduction of a representation 441 
regular homomorphism 26 
regular module action 591 
regular unitization of algebra norm 20 
Reiter’s condition 1437 
relative consistency 578 
relative identity, left, right, two-sided 235 
relative inverse 205 
relatively regular 
algebra 205 
element 205 
renorming an algebra 15 
represent w 930 
representation of an algebra 224, 440, 456 
continuous 456 
cyclic 440 
equivalent 440 
extended left regular 25 
extended right regular 25 
faithful 440 
internal models of cyclic 442 
irreducible 225, 440 
left regular 25 
normed 456 
right regular 25 
strongly continuous 456 
topologically completely irreducible 
460 
topologically cyclic 456 
topologically equivalent 456 
topologically irreducible 456 
trivial 440 
representation of a group 132 
bounded 132 
continuous 151 
continuous, bounded 338 
cyclic 874 
finite-dimensional 338 
invariant subspace of 874 
irreducible 874 
left regular 877, 1386 
normed 132 
right regular 1387 
topologically cyclic 874 
topologically irreducible 874 
unitarily equivalent 874 
unitary 874 
*-representation of a *-algebra 863 
Calkin 882 
continuous 863 
cyclic 863 
essential 865 
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factorial 977 
faithful 863 
internal direct sum 863 
irreducible 863 
left regular of a group algebra 877 
normed 863 
standard of B(H) on Bys(H) 879 
strongly continuous 863 
topologically cyclic 863 
topologically irreducible 863 
trivial 863 
unitarily equivalent 867 
the universal 1040 
universal 1040 
*-representation topology of a *-algebra 
981 
residual spectrum 286 
resolvent function 217 
resolvent set of a 196, 217 
restriction of a 
function 2 
representation 441 
homomorphism T 441 
reverse of an algebra 7 
reverse of a function on a group 135 
Rickart, Charles E (1913-) 409, 438, 463, 
554, 579, 870, 920, 979, 1099, 
1187, 1197, 1204 
Rieffel norm 1221 
Riemann-Lebesgue Lemma 122 
Riesz Lemma 89 
Riesz representation theorem 137 
Riesz, Frigyes (1880-1956) 90 
right A-module 455 
right coset 1266 
right invariant mean 1436 
right von Neumann algebra of A 1217 
root of a non-commuting polynomial 627 
Runge approximation theorem 347 
abstract 218 


scale function 1349 
Schauder’s theorem 89, 289 
Schmidt, Erhard (1876-1959) 128, 192 
Schur’s lemma 443, 463 
Schwarz map 1023 
section 648, 626 
Segal, Irving E. (1918-1998) 12, 235, 461, 
476, 490, 506, 520, 798, 869, 
920, 1051 
semidirect product of algebras 34 
semifinite relative to A 900 
semigroup algebra 155 
semi-norm 10 
algebra 10 
nontrivial algebra 10 
quotient 14 
equivalent 14 
semisimple (Jacobson) 225, 304, 474, 602 
semisimple Lie algebra 1323 
separating function 563 
separating spaces of y 563 
separating vector, separating set 868 
set difference 2 
sheaf of algebras 648 
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unital 648 
short exact sequence of Banach algebras 
33 
short five lemma 518 
g-compact 1270 
Silov boundary 319 
Silov idempotent theorem 408 
Silov, Georgi Evgenyevié (1917-1975) 12, 
252, 301, 314, 319, 326, 370, 
: 379, 408, 507, 561, 619, 640 
Silov idempotent theorem 408 
simply connected 1315 
single elements 709 
single valued extension property 296 
singularity set of » 576 
skew hermitian element 799 
skew hermitian part 799 
smooth dual 976 
socle 671 
left, right 671 
soft sheaf 648 
solvable length 1282 
solvable Lie algebra 1323 
spectral 
mapping theorem 199 
norm 212 
radius p(a) 196, 208 
resolution of S 278 
semi-norm 212, 226, 252, 687 
examples 188 
stability of 219 
state 244, 934 
subalgebra 245 
examples 190 
synthesis 434, 640 
theorem 
for W*-algebras 914 
for unbounded self-adjoint oper- 
ators 1248 
theory of compact operators 289 
spectrum Sp(a) of a 196 
boundary of 253 
continuity of 222, 362 
spectrum of an algebra 304, 974 
spectrum of WC L(G) 434 
sphere, unit 14 
split exact sequence 1280 
splits H (real subspace) 1230 
square integrable 1259 
square root axiom 1077 
Square root lemma 1160 
square roots in Banach algebras 360 
stalk 626 
standard polynomial 627 
Stokes’ theorem 395 
Stone, Marshall Harvey (1903-1989) 14, 
66, 211, 323, 334, 620 
Stone—Cech compactification 335 
Stone—Weierstrass theorem 66 
strict topology 525, 940 
strictly dense 464, 674 
strong operator topology on B(4,)) 22 
strong spectral radius 207 
strong spectrum 207 
strong structure space 621 


strongly exposed point 85 
strongly y-measurable 156 
structure space 304, 621 
structure space of G 1397 
*_structure space 974, 1119 
subadditive 10 
subalgebra 3 

hereditary 6 

normal 6 

unital 3 
*-subalgebra 799 

S*-subalgebra 1077 
subcategory of a category 502 
subdirect product 41, 496, 625 
subgroup 

derived 1266 

fully invariant 1265 

normal 1265 

topologically fully invariant 1269 
subharmonic functions 230 
submultiplicative 10 
subobject 500 
subrepresentation 441 
* subset 798 
sufficient family of n-dimensional 

representations 630 

suitable contour 344 
sum of a family of ideals 40 
sum of sets in a linear space 5 
support of a function 2 
support hyperplane 959 
support projection, support space 822 
support of a representation 1408 
supremum norm 813 
Sylvester, James Joseph (1814-1897) 72 
symmetric element 265 
symmetric subset of a group 134, 1266 


T-invariant subspace 440 
Table 2 (some finite dimensional *-algebras) 
857-859 
Table 3 (group notation) 1484 
Table 4 (classes of groups) 1485 
Table 5 (examples of groups) 1488-1490 
tame linear functional 145 
Tauberian theorem 435 
Taylor functional calculus 416 
Taylor spectrum 416 
tensor map 159 
tensor products of matrices 73 
tensor products of *-algebras 1055, 1073 
and *-regularity 1135 
spatial 1066 
tidy subgroup 1353 
Tomita algebras 1244 
of a group 1225 
Tomiyama’s property (F) 1138 
topological category of 
Banach algebras 32, 517 
Banach spaces 32, 81 
normed algebras 31 
normed linear spaces 32 
topological divisor of zero 250 
joint, two-sided 250 
left, right 250 


topological equivalence of representations 
456 
topological invariant mean 1436 
topological quasi-divisor of zero 250 
joint, two-sided 259 
left, right 250 
topologically cyclic subset, vector 
874 
topologically nilpotent 213 
topology 
defined by a semi-norm 14 
of coordinatewise convergence 300 
separation properties 8, 1267 
of uniform convergence on compact 
sets 96 
X on X* 22 
X* on X 22 
weak 22 
weak* 22 
total space 626 
trace for positive operators 1223 
associated linear trace 1223 
faithful 1223 
finite 1223 
ideal of definition of 1223 
natural 826, 1224 
normal 1223 
trace class of operators 832 
trace identity 70 
trace norm on Br(H) 832 
trace of a projective tensor product 170 
trace on Byn(%) (# has approximation 
property) 100 
trace on Br(H) 832 
trace on a matrix algebra 70 
normalized 70 
translation by v 135, 1268 
translation invariance 112 
trigonometric polynomials 113 
tubby torus 1276 
Type I, II, I, In, Mein, 11, Hoo factors 
901 


868, 


ultrafilter 45 
countably incomplete 45 
fixed, free 45 
ultrametric inequality, norm 1334 
ultrapower 46 
ultraprime constant 450 
ultraproduct 46 
ultraweak topology 894 
unimodular 141, 529 
unique Banach algebra topology 553 
unique C*-norm 1122 
unique normed algebra topology 553 
uniscalar 1360 
unitary dual of a group 1397 
unitary equivalence 867 
unitary group 800 
unitary involution 1226, 1388 
unitary isomorphism, unitary map 824 
unitary semi-norm 1084 
unitization of an algebra 19 
norm 20 
universal von Neumann algebra 1415 
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unordered sum 39 


valuation 
multiplicative 1333 

on Q 1341 
vanish at infinity 65 
Varopoulos algebra 173 
vector state 941 
vertex 959 
Vidav—Palmer theorem 951 


weak countable compactness 83 
weak direct sum of groups 12.1.11 
weak operator topology on B(¥,)) 22 
weak relative inverse 205 
weak sequential completeness 83 
weakly almost periodic 60, 80, 472 
weakly B-measurable 156 
weakly analytic Banach space valued 
function 217 
weakly contained 973, 1408 
weakly invertible 207, 492 
weakly positive 1031 
weakly quasi-invertible 492 
weakly quasi-regular 492 
weakly relatively regular element 205 
weakly sequentially complete 83 
weakly Wiener 1201 
Wedderburn splitting, algebraic 665 
Wedderburn splitting, topological 665 
Wedderburn theorem 658, 662 
Wedderburn, Joseph Henry Maclagan 
(1882-1948) 4, 72, 505, 658 
Wedderburn-—Artin structure theorems 72 
weight function 154, 436 
weight sequence 373 
basic 373 
convex 373 
ordinary 373 
star-shaped 373 
unicelullar 372 
weighted shift 372 
Weil’s formula 146 
Wendel’s theorem 148, 149 
Weyl spectrum 295 
Wiener, Norbert (1894-1964) 11, 128, 1201 
1445 
Wiener property 1201 
Willis theory 1348-1364 
for p-adic Lie groups 1370 
without order 25 
wreath product 1471 


Yamabe theorem 1319 


Zermelo—Frankel axioms 578 
zero-dimensional 1326 

zero object in a category 499 
zero subobject 501 


SYMBOL INDEX 


Miscellaneous 


(... f/ ... / ...) (choices in text) 3 
B,C (algebras) 

, Y, Z (linear spaces) 

(empty set) 2 

\B={ae€A:a¢ B} 2 

S+T={stt:sE€S,teET} 5 

a+T={a+6.b€ET} 5 

ST =span{st:sE€S,teET} 4 

AB (product of subsets of a group) 1265 

A/T (quotient algebra) 5, 8 

G/N (quotient group) 1266 

S° (interior of S) 2 

S~ (closure of S) 2 

OS (boundary of S) 2 

9,4 (boundary of A) 319 

A (fulfillment of a Hilbert algebra) 1220 

Ba (idealizer) 29 

(v,w) (pairing) 672 

A+ (set of positive elements) 798 

Ky, K44, K-, K-— 1354 

Ri, R- (positive, negative parts) 820 

[u,v] (group commutator) 1266 

[a,b] (closed interval) 3 

[a,b] (Lie product) 241, 580 

Ja, b[ (open interval) 3 

acocb=a+b—-ab 193 

aob (Jordan product) 579 

& (Gelfand transform) 303 

A (dual space of A) 974 

k (kernel map) 974 

G (dual group) 417 

G (unitary dual group) 1397 


G (double dual group) 422 


A (factorial dual space of A) 977 
|T| =(T*T)*/? 821 


1 


1 (multiplicative identity) 3 
(1-—a)A = {b—a0ab:b€ A} 5 
A! (unitization of A) 19 

A1, *; (closed unit ball) 14 
A" (set of group inverses) 1265 
[| [Ja (unitization of ||- ||) 20 
o} (unitization of 7) 20 


P}/2 (positive square root) 821 
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A 


apSp(T) (approximate point) 286 

[A] (class of abelian groups) 529, 1273 
{Am] (class of amenable groups) 529, 1273 
A(D) (disc algebra) 68, 330 

A(Q) (analytic on interior) 333 

A(G) (Fourier algebra on G) 423, 1416 
A(G) (Fourier algebra on G) 423 


A(T) (Fourier algebra on T) 126 

Ax adele ring 1347 

AC = AC(T) (absolutely continuous 
functions) 113 

AC(*) (AC, convolution) 115 

Ad,, (adjoint representation of u € G) 1313 

AP(G) (almost periodic) 337 

A (category of algebras) 500 

Aa (annihilator ideal) 25 

A!, (admissible positive linear 
functionals) 928 

A(K) (algebra of weight K) 374 

Aut(G) (automorphisms of G) 1265 

a, (group inner automorphism) 1265 

ag(u) (conjugacy class of u in G) 1265 

az(a), ar(a) (ascent) 688 

a(T) (ascent) 289 


B 


b(A) (*-bound of A) 1157 

baS (balanced convex hull) 4 

bG (Bohr compactification) 338 

B(G) (Fourier-Stieltjes) 424, 1413 

B(G) (Fourier-Stieltjes) 424 

B(Q) (bounded functions) 65 

{B] (class of Boidol groups) 1444 

BA (Banach algebra category) 500 

lf \lssz (Bochner-Schoenberg-Eberlein 
norm) 317 

As (Brown-McCoy radical) 485 

Apa (Barnes radical) 1132 

B,)(V) (operators with a dual from a 
pairing) 672 

B(X), B(X,Y) (operators) 22 

Ba(X), Ba(X,y) (approximable) 88 

Br(X), Br(4#,Y) (finite rank) 23, 87 

B,(X), Br(*%,y) (integral) 101 

Bx(%X), Bk (X,Y) (compact) 88 

Bn(X), Bn(X,Y) (nuclear) 98 


Symbol Index 


Bec(*), Bec(*,Y) (completely 

continuous Operators) 88 
Bss(X), Bss(¥#,¥Y) (strictly singular) 93 
Bw k(*), Bwk(4,Y) (weakly compact) 88 
BQ (Stone-Cech) 335 


Cc 


chr(A) (characteristic polynomial) 273 
coS (convex hull) 4 
cSp(T) (continuous spectrum) 286 


C= c(T) (continuous functions) 115 
C(*) (C, convolution product) 115 


CBV = CBV(T) (continuous bounded 
variation functions) 113 

CBV(«#) (CBV, convolution) 115 

C(Q) (continuous bounded) 65, 333 

Co(Q) (vanishing at infinity) 65, 813 

Coo(Q) (compact support) 65 

c}(T) (continuous derivative) 68 

C@™(V) (infinitely differentiable) 392 

C*(A) (enveloping C*-algebra of A) 1043 

Cy = {uvu!:u € G} = ag(v) 131, 1265 

CC* (category of commutative C*-algebras) 815 

[CCR] (class of groups) 1394 

CH (continuum hypothesis) 579 

CHom(A, B) (continuous homomorphisms) 9 

[CR] (class of groups) 1444 

CT2 (category of compact spaces) 814 

CUC* (category of commutative, unital 
C*-algebras) 815 

A.xt (completely symmetric radical) 1013 


C (complex field ) 2 

C) (C with zero multiplication) 841 
Cz) (rational function field) 1001 
(Ou (n-tuples from C) 380 


D 


{D] (class of discrete groups) 529, 1360 

Det(M) (determinant of M) 71 

D; (domain of f) 344 

Ga (G made discrete) 135 

D(A) (double centralizer algebra) 26 

D(T) (domain of T) 1245 

D?(V) (differential g-forms) 393 

Dp(A) (algebra of bounded double 
centralizers) 26 

D={rv’\€G IA <1} 2 

65 (derivation on D(.A)) 599 

6:; (Kronecker delta) 3 

6z(a), dr(a) (descent) 688 

6(T) (descent) 289 

6, (inner derivation) 592 

bu (du(v) = du,v) 803 

A (modular function) 141, 1271 

A(it) (modular group defined by a 
splitting) 1232 

Ag (q-adic integers) 1376 

A(A) (derivations of A) 591 

A(A, *) (derivations: A to 7) 591 

Asp(A) (bounded derivations) 591 

Ap(A, +) (bounded module derivations 
into V) 591 
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Ar(A), Ar(A, *) (inner derivations) 592 
A(V) (derivations on V) 393 


A (Braconnier modular function) 1275 
vy! (algebraic dual of vy) 313 

Xt (algebraic dual of ¥) 21 

Tt (algebraic dual of T) 21 

Al (positive linear functionals) 922 

B* (dual from pairing) 673 

A? (dual, *-representation topology) 981 
T? (adjoint from pairing) 672 

@BacaA® (direct sum) 39 

@6¢4 A® (Banach algebra direct sum) 39 


E 


e° for a € A (exponential) 202 

exp(iAn) = {e'*:h€ Aw} 1174 

eSp(a) (exponential spectrum) 203 

E*) (matrix units) 70 

[EB] (class of groups) 1432 

Equiv(S,T) (equivalences) 440 

Ext(C, A) (extensions) 34 

G. (connected component of e) 1303 

Al, (extensible positive linear 
functionals) 922 

Al, ={w EAL: |lwll <1} 934 

-X,- (semidirect product of groups) 1278 


F 


f(a) (functional calculi for @ € A) 
199, 342, 349, 353, 388, 816 

f *g (convolution) 129 

f<* (inverse) 2 

f(u) = f(u-") 135 

f(u) = f(u)” 135 

fu(v) = f(vu-") 135 

uf(v) = f(uo'v) 135 

foi No2A++:Noq 393 

f\s (restriction to S) 2 

f9, f-gfor f,gEeA** 47 

[F] (class of finite groups) 1485 


[FC]~ , [FC], (classes of groups) 529, 1280 
[FD]~, [FC] (classes of groups) 1423 
[FIA]~ , [FIA], (classes of groups) 530, 1288 
FS(X) (free semigroup) 509 

Ar (socle) 671 

Girc)—- subgroup of [FO] -elements 1280 
Fa (analytic near Sp(a)) 344, 387 

Fa (germs of above) 349, 387 

F =C[z]] 300, 370 

Fu (analytic on U) 348 

F(X) ={f(z):f EF, 2 Ex} 2 

F (field: RR or (@) 3 

F,, FF, (Galois field) 1336 

@ 4 (factorial structure space of A) 977 
> (involution in left Hilbert algebra) 1228 


G 
G(A) (group of a group algebra) 804 
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GL(n, R), GL(n,C) (general linear groups) 
1267, 1310 

G(N,L) (Galois group) 1329 

G (category of groups) 803 

GBA, GNA (categories) 500 

GB*A (a category of Banach *-algebras) 803 

Ag (invertible group of A) 193 

Ace (component of e in Ag) 1174 

+ (Gelfand—Naimark semi-norm) 1038 

r A (Gelfand space) 303 

lr’, (augmented Gelfand space) 305 

Cc = Pri) 419 

Ar (Gelfand radical) 304 


H 


h(S) (hull in P4) 620 

A(S) (hull in 4) 323 

hP(S) (hull in Pa) 620, 446 

h™(S) (hull in 4) 620, 446 

h=(S) (hull in 2,4) 620, 490 

ha(C)=C" force T 114 

h, € L(G) foryETgG 419 

H°(A) (span of idempotents) 412 

H'(A) = Ac/exp(A) 413 

HAut(G) (homeomorphic automorphisms 
of G) 1275 

[Her] (class of groups) 1441 

Homc(A, B) (morphisms in C) 499 

Hom(.A, B) (algebra homomorphisms) 5 

H = {h,:ne QZ} 114 

Aun (hermitian elements) 376, 798 

Al, (hermitian linear functionals) 922 

Ill (Hilbert bound) 922 

Al, g (hermitian bounded positive linear 
functionals) 922 

ll - lla (Hilbert-Schmidt norm) 73 

Bus (i) 826 

H(A) (Hilbert space of A) 1217, 1228 

HP (*-representation space) 1204 

H (quaternions) 1334 


I 


I, (functional calculus) 349, 388 

I™ (functional calculus) 344, 388 

Ik idele group 1347 

[IN], [IN]s (classes of groups) 529, 1273, 

1276, 1423 

InAut(G) (inner automorphism group) 1265 

A, (idempotents of A) 4, 667 

T(y) (continuity ideal) 572 

Ii(v), Tr(y) (continuity ideal) 571 

A’) (union of A'™)) 384 

I|- {loo (supremum norm) 64, 813 

[lal|°°(a) = inf{|ja"|{'/" . ne N} 16 

o~(a) = inf{o(a")!/" -ne N} 16, 210 
J 

J (conjugate linear involution) 1209, 1226 

A, (Jacobson radical) 225, 474-481 


Ayqz (joint quasi-divisors of zero) 250 
Asz (joint divisors of zero) 250 


J (James space) 79 

J (co) (vanishing near co) 640 
J(M) (vanishing near M) 640 
J(M,oo) (vanishing near M) 640 
J(H) (vanishing near H) 640 
J(H,0o) (vanishing near H, co) 640 


K 


k(B) (kernel of B C Pa) 323, 620 
ker(y) (kernel of wy) 5, 1266 

[K] (class of compact groups) 529, 1273 
[KCONS] (class of compact groups) 1485 
K (real subspace generated by a’a) 1234 
KX > X°* 22,79 


L 
lima Ae (inductive limit) 44 
lim @ Aa (projective limit) 42 


L) (IR, ) (semigroup algebra) 531 

L}(G) (L)-group algebra) 142, 805 

L'(G)* =L©(G) 418 

B=L'(T) 113 

L?(G) (square summable) 431 

L?=1L7(T) 113 

L?@ =L™(T) 113 

L®(*) (L®, convolution) 115 

La, (left regular representation) 25 

L} (extended left regular representation) 25 

L:G 4 B(L?(G)) (left regular 
representation of G) 1386 

L* (representation on Ae) 669 

L4/© (reduction of L by L) 441 

[L] (class of groups) 1446 

LIM (Banach limit) 882 

LCT2 (category of locally compact spaces) 814 

Ax (Leptin radical) 1013 

ALA (left annihilator) 25 

Axgz (left quasi-divisors of zero) 250 

Az (left divisors of zero) 250 

LRLA (annihilator) 679 

¢'(G) (absolutely summable functions) 803 

e'(Z,w) (Beurling algebra) 436 

e'(S, A, W) (weighted cross product) 512 

£1(S, A, W, V) (weighted cross product) 512 

i(G) (algebraic group algebra) 128 

L(A) (left von Neumann algebra of A) 1217 

L(x), L(x.) (linear maps) 22 

L(Y), X2,..., 4": Y) (multilinear) 159 

L:A (quotient of L) 446 

£L, )(¥) (linear with adjoint) 671 

(A —a)A = {Ab -—ab.bE A} 5 

= On Mew dnd eC" 380 

A (left Haar measure) 142, 1272 

A* (complex conjugate of A € © 3 

A (left Haar functional) 1271 

Aw, (Pu for w € A*) 60 


for hermitian linear functionals 933 
for idempotents 668 
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M 


m(A) (modulus of continuity of A) 1157 
mir (minimal polynomial) 275 

M(G) (measure algebra) 137, 435, 805 
MA(G), Mo A(G) (multiplier algebras) 1419 
M,(A) (n x n matrices over A) 74 
Moo(A) (N x N matrices over A) 43 
My (T) (matrix of T) 70 

{MAP] (class of MAP groups) 145, 1393 
{Moore] (class of Moore groups) 1393 
{Mur} (class of Murakami groups) 1481 
Ami (minimal idempotents) 667 

Amp (minimal projections) 1142 

I(M) (M-component) 646 


N 
null(T) (nullity of T) 274 
A" = span{ |] aj; :@a; € A} 551 


j=l 
A” (collection of n-fold products) 1265 
Ni (tz) = {y€ ¥: o(2 —y) < €} 14 
[NF] (class of groups) 1432 
[Nil] (class of nilpotent groups) / 1281 
NA (normed algebra category) 500 
Anit (nil radical) 483 
A'™) (n-tuples from A) 382 
An (norma! elements) 376, 799 
Gyncs) (normalizer of S in G) 1269 
Na (neighborhoods of Sp(a)) 348, 383 
N(A) (space of C*-semi-norms) 942 
N-,(A) (space of C*-semi-norms) 942 
Nso0(0), Ns*o(0), Nwo (0) (neighborhood 


systems at 0) 885 
N (natural numbers) 2 
N° = {0,1,2,3,...} 2 
llall, (norm from Hues ,(A/M)) 642 
\|(L, R)|| (norm in Dp(A)) 26 
|[w{{ (dual norm) 21 
[{{- |[| (Rieffel norm) 1221 
[Il -]|| (Rieffel-Phillips norm) 1253 


O 


O(n) (orthogonal group) 1280 
O(U, #) (analytic functions) 296 
Ao (ordering ideal of A) 994 

Op, Op (p-, p-adic integers) 1337, 1343 
w* 7 (convolution in ¥*) 136 

wr € L'(G)* forh €E L™(G) 418 
Wa, awEA*,a€ A,wE A* 47 
Wr, sw E A*,wé A®, fEeA** 47 
a“ =at+A, 924 

(a”,b”)w =w(b*a) 924 

Ay = {aE A: w(a*a) = 0} 923 
A*®X = A/Aw 924 

H® (completion of AY’) 924 

Qa (q-adic numbers) 1376 


P 


p(a) (functional calculus) 199, 342 
pe L£(X!,X?,... x"; Z) (tensor map) 159 


pc(K) (polynomially convex hull) 203 
perSp,(a) (permanent spectrum) 253 
pSp(T) (point spectrum) 286 

P, (prime ideals) 621, 446 

P(K) (limits of polynomials) 384 
P(D) (limits of polynomials) 331 
P(T) (limits of polynomials) 331 
P(Q) (limits of polynomials) 333, 384 
[PG] (class of groups) 1432 

l- lp. |- lp (p, p-adic valuation) 1337 
(-,:)p (inner product on Ap) 1203 

Gp (p-component of G) 1380 

T? (*-representation on Ap)) 672 
Apr (pre-reducing ideal of A) 988 
Al s (pre-states of A) 988 


Gp (subgroup of periodic elements) 1280 
Ap (set of projections elements) 799 
Ab (set of pure states) 966 


Al , (a set of pure states) 966 

P(C*) (polynomials) 381 

P(S) (perturbation set) 480 

P* (primitive ideal from e) 680 

x) (X) (first cohomotopy group) 411 

TmniAl™ 4 A™) 385 

Tian Al™) + Al™—") 385 

tH: Toco G7 H 1274 

Il, (space of primitive ideals) 621, 446 

Iig (structure space) 1397 

1%, (*-structure space) 974, 1119 

Gee G (product of groups) 1274 

Pere 

Tees A (direct product) 38 

as Qj; = @1Q@2:::a,n 5 

I] : (G, Ka) (restricted direct product) 1346 

Ye (separating space) 563 

«x? (separating space) 563 

Yoysn (quotient group natural map) 1266 

g:II,p 41% 1121 

Be5» By (real partials in C*) 392 

S* (orthogonal complement) 809 

y* (annihilator set) 288 

+ Z (annihilator set) 288 

Wi. (annihilator in L’(G)) 434 

I+ (annihilator in L®) 434 

S' (commutant) 9 

G’ (derived subgroup) 1266 

S" (double commutant) 9 


Q 


a? (quasi-inverse of a) 193 

Age (quasi-group) 193 

Aqu (quasi-unitary elements in A) 1084 
Aqz (quasi-divisors of zero) 250 

Ag ={pEA:W(p) C R,} 269, 951 
QO(*) (generalized Calkin algebra) 108 


Q,, Q) (p-adic, p-adic field) 1337 
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R 


rank(T) (rank of T) 274 

ranp(a) (range projection of a) 898 
ranp(T) (range projection of T) 822 
rSp(T) (residual spectrum) 286 

R* (restriction to Ae) 669 

R(Q) (limits: rational functions) 333 
R, (right regular representation) 25 


Ri (extended right regular representation) 25 


G, (reduced dual of G) 1408 

Grad (radical of a group) 1283 

Areg (largest completely regular sub- 
algebra) 328 

A® (reverse algebra) 7 

Ar (reducing ideal of A) 979 

Al (representable positive linear 
functionals) 930 

Al, ={weE Ab: loll <1} 934 

Ap, ={weE Al, .o% EN,(A)} 943 

I|-||z (regular unitization of ||-|]) 20 Ara 

(right annihilator) 25 

RLRAA (annihilator) 679 

Argqz (right quasi-divisors of zero) 250 

Arz (right divisors of zero) 250 


R(A) (right von Neumann algebra of A 1217 


(real number field) 2 
R, ={te Rt>0} 2 
Rs ={teRet>0} 2 
Ra (discrete real numbers) 134 
pa(a) = p(a) (spectral radius) 196 
Apr => {a E A : p(a) < 1 and T(a) < 
1} 1174 
Apr = {a € A: p(a) < landr(a) < 
1} 1174 


Ss 


8, Sg, §, 5G (scale function) 1349 

spanS (linear span) 4 

span(S) (closed span) 534 

supp(a) (support of a) 898 

suppf (support of f) 2 

supp(T) (support of T) 822 

S(W) (spectrum projection of T) 822 

Sn (standard polynomial) 627 

SA (category of spectral algebras) 500 

[SIN], [SIN]s (classes of groups) 1444 

SL(2, R)) (special linear group) 1319 

[Sol] (class of solvable groups) 1281 

SO(n) (special orthogonal group) 1280 

SU(2) (special unitary group) 1321 

Spa(a) = Sp(a) (spectrum) 196, 383 

Sp5,(a) = Sp*(a) (strong spectrum) 207 

Sp™(S) (Taylor spectrum) 416 

SSA (category of spectral semi-normed 
algebras) 500 

[SSS] (class of groups) 529, 1273, 1423 

As (symmetric elements) 265, 951 

Al ={we Al : {lwl|az = 1} (states) 934 

AL =A, mAb 943 


S2°. ss*e (closure in operator 
topologies) 885 

p>,(a) = p* (a) (strong spectral radius) 207 

S(2n”) (*-simple *-algebra) 841 

7 Aes (spatial C*-norm) 1066 

ou (Minkowski functional) 20 

oy, (separating function) 562 

Xe = {x EX: a(x) =0} 10 

=3 (symmetric group) 659 

Xq (q-adic solenoid) 1379 


Doak G 1274 
a . 
yay I@ (sum of ideals) 40 


a* ina B*¥-algebra 232 

* (continuous dual) 21 

«** (double dual) 22 

T™* (dual of an operator) 286 

A. (predual of a W*-algebra) 895 

“ (usual symbol for an involution) 798 

4 (involution in left Hilbert algebra) 1227 
* (exotic involution on M,) 843 


T 


tX%, = {x@ EX: o(z) < t} 14 

Tr(A) (trace of A) 70, 826, 832 

To, Ti, T2, T3 (separation properties) 8 
[Z1] (class of groups) 1428 

[Z2] (class of groups) 1428 

T',T?: A** + B(X**) 63 

Ta (representing operator) 440 

T” (Geifand—Naimark pre-*-representation) 924 
T” (subrepresentation) 441 

TRly (reduction of T) 441 

To, T1, T2, T3, T3 5 (separation axioms) 1267 
[Tak] (class of Takahashi groups) 1428 
[Taub] (class of Tauberian groups) 1445 
[Type I] (class of groups) 1394 

TG (category of topological group) 1267 
Br(H) (trace class of operators) 832 

Tu : O(U,X%) + O(U, 2X) 296 
T={rAeC jaA| =1} 2 

TN (tubby torus) 1276 

Ain (topological nilpotents) 213 

T = T(T) (trigonometric polynomials) 113 
TA (Raikov-Ptak functional on A) 1077 


6:G—4G 422 

x @w (rank-one operator) 23 

xz @y” (rank one operator) 812 

wey (rank one from pairing) 673 
X'@X*@-.-@X” (tensor product) 160 
X1@X2Q--. QA" (tensor product) 175 
X'OX7Q---@AX™ (tensor product) 166 
Ti ® Tz @:+: @T, (tensor product) 176 
21 @t2@--+@zLy (elementary tensor) 159 


U 


ta(¢) = (1 — aa*)~*/?wa(¢)(1 — a*a)!/? 
1174 

[Um] (unimodular groups) 529, 1273 
[Um]g (B-unimodular groups) 1276 

Av (set of unitary elements) 799 


Aue = {u€ Av . u is in the connected compone 
1174 

Aun (uniqueness ideal) 1132 

Auw (ultraweakly continuous dual) 894 

va (unitary semi-norm on A) 1084 

Y4 (the universal *-representation of A) 

1040 

Ay ({a € A: v(a) = 0}) 1084 


Vv 


V(G x G) (Varopoulos algebra) 173 

[V] (class of vector groups) 1485 

V N(G) (reduced von Neumann algebra of 
G) 1418 

Avy =As+iAs 268 


Ww 


wWa(¢) = (a—¢)(1—¢a*)~! 1174 

W(a), W(T) (numerical range) 261, 817 
W*(G) (universal von Neumann algebra) 
1415 

[W] (class of Wiener groups) 1445 

Aw = {w € A* : w(1) = |lw]| = 1} 261, 
951 

[WW] (class of weakly Wiener groups) 1445 
Awe (weakly invertible) 207 

ll - lly (numerical radius) 261, 817 

sve (closure in operator topology) 885 
B(H)wo (dual in operator topology) 885 
W(S) (weak* closed span) 434 


x 
=~ (maximal modular ideals) 621, 490 
Z 


Z = (21,22,...,2n) 380 

z(A) =A for’ EC 198 

25 (Ai, A2,- Sag Nn) A; 380 

Zw (canonical vector of w) 925 
ZFC (Zermelo—Frankel Axioms) 578 
[Z] (class of central groups) 1288 
Az (center of A) 250 

Gz s) (centralizer of Sin G) 1269 
Gz (center of a group G) 1265 

Z (all integers) 2 

Lp (p-element group, field) 1336 
Z,(z) (rational function field) 1342 


